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Abstract In 1975 Philipp showed that for any increasing sequence (nx) of positive
integers satisfying the Hadamard gap condition nygy1/nx > g > 1,k > 1, the discre-
pancy Dy of (nxx) mod 1 satisfies the law of the iterated logarithm

1/4 < limsup N Dy (nxx)(N loglog N)™'? < ¢, ace.

N—o0

Recently, Fukuyama computed the value of the lim sup for sequences of the form
ny = 0%,0 > 1, and in a preceding paper the author gave a Diophantine condition on
(ny) for the value of the limsup to be equal to 1/2, the value obtained in the case of
i.i.d. sequences. In this paper we utilize this number-theoretic connection to construct
a lacunary sequence (7 for which the lim sup in the LIL for the star-discrepancy Dy,
is not a constant a.e. and is not equal to the lim sup in the LIL for the discrepancy Dy .
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2 C. Aistleitner

1 Introduction and statement of result

Given a sequence (x)>1 of real numbers, the values

N
1
Dy = Dy(x1,...,Xy) = sup 2=t Lay (k) b —a),
0<a<b<l N
N
1
D% = Di(x1,....xx) = sup 2 =1 10.0) (%)) 4
0<a<l1 N

are called the “discrepancy”, resp. “star discrepancy” of the first N elements of
(xx)k>1. Here 1, ) denotes the indicator function of the interval [a, b), and (-)
denotes fractional part. A sequence (xx)x>1 is called uniformly distributed mod 1
if Dy(x1,...,xy) — 0as N — oo. By a classical result of Weyl [14], for any
increasing sequence (nx)x>1 of positive integers, (nix)k>1 is uniformly distributed
mod 1 for almost all real x in the sense of the Lebesgue measure. The precise order
of magnitude of the discrepancy of (nrx) is known only for a few sequences (ny),
for example for ny = k[8,9], and for lacunary sequences (ny) [10]. Specifically,
Philipp proved, using methods of Takahashi [13], that if (n;) satisfies the Hadamard
gap condition

nk+1/l’lk2q>1, k=1,2...

then

ND
lim sup M <C4 ae, @)

1
— <
42 T Nooo ~/2NloglogN —

where C, is a positive number depending on g. (For simplicity, we use the notation
Dy (ngx) instead of Dy (n1x, ..., nyx).) Comparing with the Chung—Smirnov law
of the iterated logarithm

. N Dy (&)
imsup —————
Nooo ~/2Nloglog N

(see, e.g. [11, p. 504]) for the discrepancy of i.i.d. sequences (§x)x>1, Philipp’s result
shows that the sequence ({nxx))r>1 behaves like a sequence of i.i.d. uniform random
variablesin [0, 1). The analogy between ({(nxx))x>1 and independentr.v.’s is, however,
not complete. Erd6s and Fortet (see [7, p. 646]) showed that for n; = 2% — 1 and
f(x) = cos2mx + cos4mx the normed sum N—1/2 le{vzl f (ngx) has a nongaussian
limit distribution and it is easy to see that the sequence f(nxx) also fails the LIL,
namely

=1/2 ae. 2)

N
lim sup —Zk:l X =2
Nooo /2N loglog N

|cosmx| a.e.
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Irregular discrepancy behavior of lacunary series 3

As the theory shows, the asymptotic behavior of the sequence (f(nix))i>1 1S
determined by an interplay between the probabilistic properties of ({nx)), the ana-
Iytic properties of f and the number-theoretic properties of the sequence (7). This
makes the study of 211\7:1 f(ngx) a very difficult problem; in particular, the value
of the limsup in (1) has been found only for a few sequences (nx) and it is an open
question if the limsup is always a constant a.e.

Very recently, Fukuyama [6] computed the value of the lim sup for the sequences
ng = ok , where 6 > 1, not necessarily integer. Put

N Dy (0F N D% (0%
Yy = limsup _NDNOX) and X = limsup Lx)
Nooo /2N loglog N Nooo ~2Nloglog N

Among others, Fukuyama proved that

1
Yo =3 = 3 ae. if0" gQforallr €N,
V42
=% = e a.e.,
VO + 10O -2 . . .
Yo = E; = © + Do( ) a.e. if 6 > 4 is an even integer,
2/ —1)3
VO + 1
o =% = 2«/% a.e. if6 > 3is an odd integer.

In our recent paper [1] we proved that if (nx)x>1 satisfies a number theoretic condition
slightly stronger than what is required for the validity of the central limit theorem for
z,i\’:l f(ngx), see [2], the limsup in (1) is equal to 1/2. This covers, for example, the
case when ny1/nr — 0, where 0" isirrational forr = 1, 2, .. .. Note that in all cases,
where the exact value of the lim sup has been explicitly calculated, it is a constant a.e.
and it is the same for the discrepancy and the star discrepancy.

We want to mention that the best possible lower bound in (1) is still unknown.
In all examples where the exact value of the lim sup is known, it is > 1/2 a.e. for
both the discrepancy and the star discrepancy, and it is unclear if this always has to
be the case for lacunary (nx). It is also worth mentioning that recently Fukuyama [5]
constructed a sequence of positive integers (n) satisfying the linear growth condition
1 < ng41 — ng < 5, for which the value of the lim sup in the LIL for the discrepancy
of (nxx) is not a constant a.e.

The purpose of this paper is to construct a Hadamard lacunary sequence (nj)i>1
such that

. N Dy (ngx)
lim sup ——————=
Nooo +/2Nloglog N

is not a constant a.e. Specifically, let

ne1 =28, g =211 k=1,2,..). 3)
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4 C. Aistleitner

Then (nx) = (2,3,16,31,512,1023,...). It is easy to see that ny41/nr > 3/2,
k=1,2,.... We prove

Theorem 1 For the sequence (ni)i>1 defined by (3) we have (Fig. 1)

. NDp (nix) 3
lim sup = a.e.
Nooo /2NloglogN 4.2
and
N D%
lim sup M =U¥*x) ae.,
Nooo ~/2Nloglog N
where
& 0<x<3/8 5/8<x<1
= =X = ) =X =1,
42
J@Ex(1 —x) —
pr = | Y@ 070 3/8 <x<1/2,
V2
dx(1—x)—(1 -
V@x(1 —x) —( X))7 12 <x <5/8.
V2

Interestingly, the limsup in the LIL for the discrepancy Dy (nix) is a constant,
leaving the possibility open that this happens for all Hadamard lacunary sequences
(ng). On the other hand, Theorem 1 disproves a conjecture of Philipp [10, p. 242].
Philipp conjectured that for any lacunary sequence (ny)

0.5
045 |
0 3 5 3 1
4 8 2 8 4
Fig.1 W*(x)
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Irregular discrepancy behavior of lacunary series 5

ND
lim sup N—(nkx) <C ae,

Nooo ~/2NloglogN —

where

1 N 2
5 o (Zk:l (La.p) (nxx) — (b — a))) dx
C“= sup limsup .

0<a<b<l N—o0 N

However, for the sequence (ny) defined in (3) forany 0 <a < b <1

2
Iy (Z) (e Ou) = 0 = @) dx
lim

N—o0 N

2
= [Ty — 0 - a)|;
=b-a(d-0b-a),
and therefore

2 1

C= sup b—a)((l—(b—a))=-.
0<a<b<l 4

This would imply

ND 1
lim sup M < — ae.,

Nooo /2NloglogN — 2

contrary to the result of Theorem 1.

To prove our result we use a “discrepancy splitting” technique due to Fukuyama
[6], together with methods developed in one of our earlier papers [1], which utilize
the connection between the number of solutions of certain Diophantine equations and
the probabilistic behavior of Dy (nyx).

2 Main section

Lemma 1 For any function f satisfying

1
fx+1)=f(x) and /f(x)dx:O
0
we have

b 1
2 2
/f(m dx| < X/If(x)ldx < 21l
a 0
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6 C. Aistleitner

for any real numbers a < b and any A > 0. In particular
b b
2 . 2
cos(2mAx) dx| < n and sin(2rAx) dx| < %

a a

Proof The lemma follows from
b Ab
/f(kx) dx = %/f(x) dx.
a ra

ForN >1,j>1,j > 1,v € Z we define
AN, j, j' vy =#{1 <k k' <N,(, k) # (' k) jnk — j'npg = v}
Lemma2 Forl <j <j<d

T+00) ifj=2jandj =v,

A N’ .7 ./7‘) =
(N . % v) [(’)(1) otherwise,

where the implicit constant may only depend on d.

The proof of this lemma will be given in Sect. 3.

We write I, 1) for the indicator function of the interval [a, b), extended with period

1 and centered at expectation, i.e.

Lupy(x) =1 p({x)) — (b—a), x ek

For non-negative r € Z, N > 1 and a sequence (xi)i>1 of reals we define

> oe Ta) (k)

D;fzir)(xl, L. XN) = sup N

0<a<b<l, b—a<2—"

’

N
Zkzl I[a1 27" ,a277") (xk)
N

>)=r
D§\7 )(xl,...,xN)z max
ay,ar€Z,0<ay<ay<2"

and

N
2 k=1 Lo,a12-7) (k)
N

—r
D;‘V(Zz J(x1s . xN) = max
a1€Z,0<a1 <2"

It is easy to see that always
D}(VZT ) <Dy < D}(VEZ’ ) +2D§V52’)
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Irregular discrepancy behavior of lacunary series 7

and

D;kv(zzir) < D}k\/' < D;kv(zzir) + D}\]Szir). (5)

The idea to split the discrepancy Dy into two parts D,(\,STV) and D](VZTV) to prove an
exact LIL for the discrepancy of (nxx) is due to Fukuyama [6].
We write

o0
Lgpy(x) ~ Zaj(a, b)cos2mjx +bj(a,b)sin2mjx
j=l1

for the Fourier series of Ij, ;), and

d

Dla,b).d(X) = Zaj(a, b)cos2mjx +bj(a,b)sin2mjx
j=1

for the dth partial sum of this Fourier series. Then

1
sin 2w jb — sin 27 j
aj :aj(a,b) :2/I[a’h)(x)005271’jx dx = 2 . - ”]a’ J= I,

0

and

1

—cos2mjb 27
b,-=b,~<a,b>=2/1[a,b><x>sin2njxdx= NP TR =,
T
) J
In particular
1 1 .
J J

ForO <a <b <1, x e Randd > 1 we define functions

ld/2]
1 .

Ola,b),d(X) = 7 (ajz_ + bf) + Z (ajazj + bjbyj) cos2mjx

Jj=l1 j=1

“r((ljsz — aZjbj) sin 27zj s
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8 C. Aistleitner

1

1
010,0)(x) = a(l —a) — E/I[O,l—a)(t) 1o, 2ap(x — 1) dt,

0
Ola,b) (X) = 010,b—a)(x — a).
We assert some properties of these functions:
Lemma3 Forx,y e€[0,1]and0 <a <b <1

010,a)(X) = 070,1—a) (1 — X), @)
1

1
o10,a)(x) = 2a(l —a) — 3 / Lo, 1-a)@®) - Ljo20)({(x — 1)) dt, a <1/2 (8)

0
Ola,b)(x) > 0, 9
|01a,6)(X) — Oa,py(W] < |x — yl, (10)
|070,a+8)(X) — 010,y (X)| < 2018], O0<a+d=<1, (11)

[O1a481,6+8) (X) — O[a,p)(X)| < 21(161] +182), O0<a+dé <b+5H =1 (12)

su A/ O x) = lim max [otio—r in—ry(X), 13
0achet @)= M0 e o V122 ) (1
sup /0(0,q)(x) = lim max . /ojgi2-r)(x), (14)

O<a<l r—>00 jeZ,0<i<2’
3
sup  /Olap(x) = —=, (15)
0<a<b<l .0 42
sup /070,4)(x) = W*(x) (16)
O<a<l

Proof of (7) Using the identity Ijp 4)(x) = —Ijo,1—4)(1 — x) we get

o, 1-ay(1 =x) = (1 —a)(1 — (1 —a))
1

1
- E/I[O,l—(l—a))(t) “Tjo,ca—ayy((1 —x) — 1) dt
0

1

1
=a(l —a)— E/I[O,l—a)(l — 1) - Tjo,2ay) (x + 1) dt
0
1

1
=a(l —a)— E/I[O,lfa)(s) “Tjo,2a)) (x — 8) ds = 0j0,a) ().
0
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Irregular discrepancy behavior of lacunary series 9

Proof of (8) Since by assumptiona < 1/2,

1
1
0[0,0)(x) = a(l —a) — E/I[O,lfa)(t) “Tjo,2ap (x — 1) dt
0

1

1
—a(l—a) - 5/ (Lio.t—ay () — (1 — @) - (1020 (bx — 1)) — 2a) dt

0

1
1 1
= a(l —a) + E(l —a)2a — E/H[O,I—a)(t) . ]l[O,Za)(<x - t))dt.
0

m}

Proof of (9) In view of (7) it suffices to prove (9) for 09,4), 0 < a < 1/2. Using (8)
we have

1
1
o10,a)(x) = 2a(l —a) — 3 / L0,1-a)(®) - Ljo,20)((x — 1)) dt
0

> 2a(l —a) — %min{(l —a),2a} > 0.

]

Proof of (10) By the definition of oy, ;) and (7) it suffices to consider o9 4), a < 1/2.
oo, a)(x) = 070,a) (V)]

1
§/|1102a)(x_t))_ 020 ((y — )| dt <|x —yl.

Proof of (11) Assuming 0 <a <1/2and0 <a + 8§ < 1/2 we have

|070,a+5)(X) — 070,a) (X)|
<2la+81A —a—3)—a(l —a)|

1
+§/ ‘]l[o,l—a—ﬁ)(t) ~Tyo,2a426)({(x — 1)) — Lj0,1—a) (@) - T10,20)({x — l))} dt
< 25]- [2a +8 — 1] +2/8] < 10]3].

@ Springer



10 C. Aistleitner

IfO<a<1/2and1/2 <a+3§ < 1, then

A

010,48 (X) = 070,0) ()| = [070,1/2)(X) = 010,0)(X)| + |070,1/2) (X) = 010,a-+8) (X))

IA

1018] + |o70,1/2)(1 — x) — 070,1—a—8) (1 — X) |
<2008

Together with property (7) this yields (11). O

Proof of (12) Using (10) and (11) we get

|00+, ,.b+82) (X) — Ola,b) (X)]

= 070,p4+8,—a—5)) (x* —a — 81) — 070,p—a)(x — a)]

< [010.64+8,—a—s1)(x —a — 81) — 010,p—a)(x —a — &)
+ [010.6—a)(x —a = 81) — 0[0,p—a)(x — @)

< 20181 + 182]) + 1611 =< 21(|81] + [820).

O
Proof of (13) and (14) These equations are consequences of (12). O
Proof of (15) Again we assume a < 1/2. For x < 2a we have
| 1
010.0)(x) = 2a(l —a) — 5/1[0,17(1)(0 - Lj0,20)({x — 1)) dt
0
| 1
=2a(l —a) — 3 / L10.1-a) () - Lo, x)Ux+1-24.1)} () dt
0
=2a(l —a)—12P{[0,1 —a) N ([0, x) U[x + 1 —2a,l))}
=2a(l —a)—1/2 (min(l — a, x) + max(0, a — x))
9
<2a(l—a)—a/2 < — (17)

32

(here and in the sequel P denotes the Lebesgue measure on (0, 1)), and for x > 2a we
get

010,a)(x) = 2a(l —a) —1/2 (min(l —a, x) — (x — 2a))

<2a(l—a)—aj2 < % (18)
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Irregular discrepancy behavior of lacunary series 11

in a similar way. In view of (7) and the definition of oy, ;) this yields

9
Ola,b)(X) < TR 0<a<b=l, xel01],

which implies

3
su o x) < ——. 19
P VOl (x) =< o (19)

O<a<b<l

On the other hand, for 0 < x < 3/8, using (17) we find

9
010,3/8)(x) = v (20)

Therefore, since by definition o(4 ) (x) = 0[0,p—a) (X — a),

Sup  /0fa,b)(x Z\/maX (010,3/8)(x), 073/8,6/8) (x), O(5/8,1) (X))

0<a<b<l
= \/maX (070,3/8)(x), 070,3/8) (x — 3/8), 070,3/8)(x — 5/8))
3 € [0, 1] 21
=—, X , 1.
4v2
Combining (19) and (21) proves (15). O

Proof of (16) By (17), (18) and (20)

sup /070.q)(x) = 43% =U*(x)

O<a<l

for 0 < x < 3/8 and 5/8 < x < 1. For the other values of x, let us, for example,
assume x < 2q and x € [3/8,1/2], a € [0, 1/2]. Then we have
010,a)(x) = 2a(1l —a) —1/2 (min(l — a, x) + max(0, a — x))
=2a(l —a) —x/2 —max(0,a — x)/2
<2x(1 —x)—x/2,

with “="instead of “<” in the last line if @ = x. Considering all possible cases for a
and x finally yields

9/32 if0<x<3/8or5/8<x <1,
SUp 070.q)(¥) = { 2x(1 — x) — x/2 if3/8 <x < 1/2,
O=a<l 2x(1—x)—(1—x)/2 if1/2 <x <5/8,
which implies (16). O

@ Springer



12 C. Aistleitner

Lemma 4
910,600 = Otay | o, < 3d7"
Proof After some calculations, using some standard trigonometric identities, we find
(ajazj +bjbyj)cos2mjx + (ajbyj — azjb;) sin2mjx

4
= 5 (cos2mj(a — x) + cos2mj(b — x)) (sin(a — b)jn)z.
j*m

This shows

Ola,b),d(X) = 0[0,b—a),d (X — ).

Also, by definition we have o4 p)(X) = 0[0,p—a)(x — a). Thus for the proof of the
lemma it suffices to consider intervals of the form [0, a). We observe that

sin2n2ja a; (0, (2a
a;(0. a) = fa_ 48 )

>1,
m2j 2 -

and similarly b;(0,a) = b;(0, (2a))/2. By a classical result in Fourier analysis
(“convolution theorem™), for

oo
fx) ~ ZajCOSZJzj+bj sin 27 jx
j=1

and
oo
glx) ~ ch cos2mjx +djsin2mjx,
J=1

the function

N =

o
> (ajej —bjdj) cos2mjx + (ajdj + bjc;j) sin 27x
j=1
is the Fourier series of
1
/f(t)g(x —1)dt.
0

Thus, observing that

aj(0,1—a)=—aj(0,a) and b;(©0,1—a)=0b;0,a), ac©1),j=>1,

@ Springer



Irregular discrepancy behavior of lacunary series 13

we see that

N =

ld/2]
z (aj (0, a)az;(0,a) 4+ b;(0,a)by;(0, a)) cos2mjx
j=1

+ (aj (0,a)b2;(0,a) —az2;(0,a)b; (0, a)) sin 27 j x
ld/2]

== Z (aj(O, 1 —a)a;(0, (2a)) —b;(0,1—a)b;(0, (2a))) cos 21 jx
j=1

+ (aj(O, 1 —a)b;(0, (2a)) +a;(0, (2a))b; (0,1 — a)) sin 27 j x
is the |d/2]th partial sum of the Fourier series of
1

1
- E/I[O,lfa)(t)l[0,<2a))(x —1)dt = 0j0,0)(x) —a(l —a). (22)

0

Thus, writing a; and b; for a;(0, a) and b; (0, a), respectively, and using (6) we have

llo10,a),d — 010,a) llo

1 o o0
=3 (@) D lajazl+ lbjbajl + lajbayl + lazjb]
j=d+1 j=ld/2]+1
1 o o0
=2 .—2
S 3
j=d+1 j=ld/2]+1
<3d~ '

Lemma 5 Let r(x) be a function of the form
o
r(x) = z ajcos2mwjx +bjsin2mjx,
j=d+1
where

lajl < i7" and |bj| <j7', j=d+1.
Then

2l ) s
lim sup <Cl|rll < Cd™ 4 ae.,

Nooo ~/2NloglogN —

where C is a positive constant.

@ Springer
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This is Lemma 3.1 of [1].
Lemma 6 For any fixedr > 0

(=27)
D ngx
lim sup N (%) <cr!

———= < a.e.,
Nooo +/2Nloglog N
where C is a positive constant.

This is Lemma 3.3 of [1].

Lemma 7 For(0 < a < b <1 and sufficiently large d

Z;i\;] p[a,b),d(”lkx)‘

lim su -/ = ae.
N—)oop 2N loglog N \/m

The proof of this lemma will be given in Sect. 4.

Corollary 1

> Lia) ("kx))

= ‘/a[a,b)(x) a.c.

lim sup

Nooo /2N loglogN

Corollary 2 For any fixedr > 0

(=27")
ND 3
lim sup N () — <C27"? ae.
Nosoo ~/2NloglogN 4.2
and
ND* 2", x

limsupN—(k) — W) < C27* ae.,
N—oo ~/2Nloglog N

where C is a positive constant.

Any function I, ,)(x) can be written as a sum of a trigonometric polynomial
Dla,b).d(x) and a remainder function r(x), both of which satisfy the conditions in

@ Springer



Irregular discrepancy behavior of lacunary series 15

Lemma 7 and Lemma 5, respectively. Lemmas 4, 5 and 7 imply

‘Z;ivzl | (P (nkX)‘
lim sup

Nooo ~/2NloglogN

‘22;1 p[a,b),d(”kx)‘ ‘Zf{v:] r(ngx)
< limsup + lim sup

N—oo /2N loglog N Nooo ~/2Nloglog N

< Volapm.a@) +Crd™V* ae.
< Vol () + Cod 4 ae.

and

‘lecvzl Tja,b) (”kx)’
lim sup

N—oo ~/2Nloglog N

‘Z;ivzl p[a,b),d(”kx)’ ‘Z;ivzl r(ngx)
> lim sup + lim sup ————

N— 00 /2N loglog N N—oo /2N loglog N

> Ol p.ax) — C3d™* ae.
> Jolapy(x) — Cad™V* ae.

for constants C1, C, C3, C4. This yields Corollary 1, since d can be chosen arbitrarily.
Corollary 2 follows from Corollary 1, Lemma 3 and the definitions of DI(V22 " and
D;“\,(ZT’). In fact, by Corollary 1

(=27")
ND ngx
lim sup N ) _

—_— = max [O7i0-r in-ry(X) a.e.,
Nooo 2NToglogN  ijeZ0<i<j<y V 1272 ()

and by (12) and (15)

3 \/7
—= = max Otiner iner (X
‘4\/5 i,jel,0<i<j<2r iz j2-r) (%)
SUp  /0la,b)(X) — max Olia-r _ja-ry(x)

0<a<b<l i,j€L,0<i<j<2"

<44 .2,

which proves the first part of Corollary 2. The second part, concerning D}“\,(Zzﬁ), is
deduced in the same way.

@ Springer



16 C. Aistleitner

Corollary 2 and Lemma 6, together with (4) and (5), prove Theorem 1, since

. NDy(ngx) 3 '
lim sup —
Nooo ~/2NloglogN 442
NDG* Dux) 3 DG mex)

=<

lim su — 4+ 2limsup —————
N_)oop J2NloglogN 42 N_mop /2N loglog N

<C27"?+20r ' >0 ae. as r— oo,

and similarly

. N D} (nx)
lim sup —————= —
Nooo 2N loglog N

W*(X)‘

(=271

ND* 2 (myx D ngx
Nooo ~/2NloglogN Nooo +/2Nloglog N

<C27"? 4+ cr ' >0 ae as r — .

Therefore it remains only to proof of Lemma 2 and Lemma 7. The proof of Lemma 7
(given in Sect. 4) is crucial. Lemma 2 will be shown in the following Sect. 3.

3 Proof of Lemma 2

The proof of Lemma 2 is simple number theory. We subdivide it into three parts
(Lemmas 8—10), which together yield the desired result.

Lemma8 Forl1 < j <j<dandallN > 1
A(N,j,j,0)<C.

(Remark: Here and in the sequel, C denotes appropriate positive numbers, not always
the same, that may only depend on d).

Proof We call two indices a “pair” if they can be written in the form
2l — 1, 21 forsome [ > 1. (23)

Then for k, k' > ko(d) we have

ng ni 1
—>d or — < —
ny ny d
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Irregular discrepancy behavior of lacunary series 17

if k # k' are not a pair. Thus for k, kK > ko(d)
jng = j'npy, where 1<j <j<d, k#k, (24)

is impossible, if k and k" are not a pair. If they are a pair, (24) implies k¥’ > k, i.e.
k=21 —1,k" =2Il. Then

0= j}’lk - j/l’lk/ = j2l2 - j/ (212+1 - 1)
implies
12

i 2
7_212+1_1

b

which is possible only finitely many times for bounded j, j’, since the denominator
of the (irreducible) fraction on the right hand side increases as [ — oo. O

Lemma9 Forv #0and1 < j <j<d
A(N,j,j,v) <C,
provided

j#2j or j #v. (25)

Proof For fixed j' < j and assume

= £2, (26)

~

We define

(mi=1 = mr(j, Ni=1 = (Gni=1 U (G'nides1,

i.e. (my) is the sequence that contains all the numbers

U tmd Ju U {i'm) |

k=1 k=1
sorted in increasing order. Then there exists an kg = ko(/j, j) such that the sequence

(M) k=ky

is lacunary. In fact, assume (my) is not lacunary, i.e. there exist increasing sequences
(ki)i=1 and ([;);>1 with l; > k;, i > 1 such that
my;

— —>1 as i — oo.
my;

@ Springer
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This implies there exist increasing sequences (r;);>; and (s;);>1 such that

ng; J .
— > = as | — o0,
ny, J

which is impossible by (26) since
nak

N2k+1 Ng+2

— 2, — 0, — 0 as k — oo.

n2k—1 nak ng

Thus (mk(j, j')k=ke)> Where ko(d) = max; j ko(j, j), is lacunary for all (j, j"),

i.e. there exists an ¢ = g(d) > 1 such that

mi41(j, j)

— = >q, k=>kod),
m(j, j")

for all j, j satisfying (26) and 1 < j’ < j < d. By a well-known number-theoretic
ymg y

property of lacunary sequences (see [15, p. 203]) this implies

#(k, k), k # K 2 omy(f, ) £mp(j, j) =vh < C,

27)

uniformly in v € Z for all j, j satisfying (26). Now assume (26) does not hold, i.e.

J
and that we have
j' # v

instead. Then
jni — j'ng = jng — %nk’ =v
implies
2v

2ng — (np +1) = — — 1.
J

By (28) and (29) the right-hand side of (30) is not equal zero. It is easy to

Cnp)is1 YU (nk + D>

is lacunary, which proves the lemma.

@ Springer
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Lemma 10 For 1 < j' < j < d assume
j=2j" and j =v.

Then

N
A(N,j,j/,l))—? <C9

Proof We have to estimate the number of solutions (k, k"), 1 < k,k’ < N of the
equation

2n; — (ng + 1) = 0. 31)

Since 2n; and ny + 1 are of the form 2°°+1 or 2°+2 — 2 and 2 + 1 or 2°+! for
some positive [ and m, respectively, it is easy to see that (31) is only valid if k = 2/ — 1
and k¥’ = 21 for some [ > 1, i.e. if k¥’ and k are a pair and k¥’ > k. The number of pairs
with indices bounded by N is [ N /2], which proves the lemma. O

4 Proof of Lemma 7

The following lemma is a slight modification of Corollary 4.5 of Strassen [12]:
Lemma 11 Let (Y;, F;,i > 1) be a martingale difference sequence with finite fourth

moments, let Vy = Z,Ail IE(YZ-2|}",',1) and assume V| = ]EYI2 > 0and Vy — oo.
Assume additionally

1%
liminf 2 > 1 as. (32)
M—oco Ty

with some sequence of positive real numbers ry; — 00 such that
o0 10
(10 rM)
> 22 By < oo (33)
m=1 M
Let ¢ (1) be a positive real function such that t~V/?¢(t) is nondecreasing. Then

PY1+--4+ Yy <od(Vy) eventuallyas M — o0) =1 or 0,

according to

o0
/ 132¢0)e D2 4t < 00 or = oo. (34)
1

@ Springer



20 C. Aistleitner

Following an Argument of Berkes [3], we observe that the Beppo Levi theorem and
(33) imply the a.s. convergence of > 5;_, (log )0 rA_,le(Yf,IU-"M,]), and by (32)
the series Zﬁ=l (log VM)‘OVATIZ]E(Yfll}'M_l) is also a.s. convergent. Hence

% 5
log V

- dog Vi) % ) / X2 dP(Yy < x| Fu1)

M=1 M

x2>Vy(log V) =3

>, (log Vy)'o o
< Z 108 Vm) / xtdP(Yy < x|Fu—1)
M=1 5

o0 10
(log Vi)
= E V—ZE(YJ?H}_M*I) < 00 as.
M=1 M

Thus Lemma 11 follows from Corollary 4.5 of [12]. Choosing the function ¢ (¢) in
Lemma 11 as

¢ () =+/Ktloglogt

for a constant K, it is easy to see that

o o0
/t—3/2¢(t)e—¢(t)2/2t di — /t—3/2(Ktloglogt)l/Ze—(Ktloglogt)/Zt di

1 1
o0
= «/E/t_l(loglogt)l/z(logt)_K/2dt
1

<00 or =00, accordingto K > 2or K <?2.

As a consequence we get
Corollary 3 Under the same assumptions as in Lemma 1 1, plus the additional assump-

tion

. Vu
Iim — =1 a.s.
M—oo Sy

for some sequence of functions (syr) y>1 we have

M
. ’21':1 Y;
limsuyp —————=1 as.

M—oco /25y loglogsy

@ Springer
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Lemma 12 For any interval [a, b) C [0, 1)

L/ Ni+N> 4
/ Z Plab).d(mix) | dx < CN?
0 \k=Ni+1

for all integers N1, Ny > 0.

This is [4, Lemma 2.2].

In this section we assume that a nonempty interval [a, b) and a positive integer d
are fixed, and we write p for pp4.p).4.

We divide the set of positive integers into consecutive blocks A’l, Aq, A/z, Ay, ...,
A%, A, ... oflengths 2[2logy /2 11and2i, respectively. Then yl(;;—iﬁ, where i~ denotes

the smallest and i denotes the largest integer in A;, is at most i~* since

Ta-0* _ (3/p)~Hompi — ;=4 =2, (35)
n;—

For k € U,Oi1 A; define i = i(k) by k € A;, put m(k) = [log, nx + 2log, i1, and
approximate the functions p(nj;x) by discrete function ¢ (x) such that the following
properties are satisfied:

(P1) @k (x) is constant for 5l < x < ;TJQ,}), v=0,1,...,2m% _1

(P2) |gr(x) — puex)| < Ci™2, x € [0, 1)
(P3)  E(px ()| Fi-1) =0.

Here ¥; = > ken; Pk (x) and F; denotes the o-field generated by the intervals

v v+1
G}

), 0<v < oml™),

We have

d
|p(nix) — poux)| <2 j~ 2w jmplx — &’
j=1
< anZ‘”’(k>

, v+1

X SW, O§U<2m(k)

v
<ux,

-}
< Ci for i =

Thus it is possible to approximate p(nyx) by discrete functions ¢ (x) that satisfy (P1)
and (P2) only. Then for k € A; and any interval / of the form

v v+ 1
om((i—D+)” pm((i—D")

),Osvsﬂw*ﬁ, (36)
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22 C. Aistleitner

letting | /| denote the length of 7,

1 c
il /wk(X)dx Sm ‘/ (ngx) dx +/l—2

2m((l Dt 2||p||oo LCi
n;—

i n(i—l)*

<C +Ci? < cCi?

ni—

by (35) and since ||p|lcc < C. For every x € [0, 1) we can find an interval of type /
for some v such that x € I, and we put ¢ (x) = @ (x) — [I|7! fI ¢ (1) dt. Then these
functions ¢y (x) satisfy (P1), (P2) and (P3), since F;_ is generated by the intervals
of type (36).

We set

M
Tr= > pux), Tr= D pmx), V= EFZIFi).
keA; keA; i=1
Letting |A;| denote the number of integers in A;, we set
M
s (x) = 0apy.a(x) DAl
i=1

In the following equation, to shorten formulas, we write c(v) and s(v) for cos 2w vx
and sin 2 vx, respectively. We have

T:(x)? — 01a.p).a (V) A

d 2
= D D ajc(im) +bjs(ink)
keA; j=1
2 2 ld/2]
a;j + b; _1Ail
J ]
—|Ai|z1 5 Zl (ajazj +bjbyj) c(j) + (ajbaj — azjbj) s(j)
= J
a;a; bjaj +ajb
=> > LT (et ”k’)‘f‘% sGmk + j'mi)
k.k'eNi 1<j,j'<d
37
a; +b2 ajb;
+ > Z J c(img — jmi) + 225 (g — i) (38)
keA; j=1
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2 2
as+b
R J J
- |AI|Z 5 (39)
j=1
d 2 2
as + b5
J J . .
— 40
+ Z z > c(jnk — jnir) (40)
kK eA; kK j=1
ajair+biby
2 J7T J7J . — i,
+ Z Z (—2 c(jnk — jng)
kk'eAi1<j'<j<d
—((j=2j")A@C:k=20—1,k'=20))
bjajy—ajby .
% S(jng — J/nk,)) 4D
aiai +bibj
2 ]2 J7T . — i'my,
+ Z Z (—2 c(jng — jng)
kk'eAi 1<j'<j<d
(J=2jNF:k=20—1,k'=2¢)
bjajy—ajby )
%S(m _J/”k’)) “2)
1d/2]
[A] . , A
— 5 D2 (@jasj +bibaj) e()) + (@jbaj — az;by) (). @3)
j=1

Now (38) and (39) cancel out, and (42) and (43) cancel out as well. Thus 7} (x)? —
Ola,p),d (X)|A;| is the sum of the functions in (37), (40) and (41). If we collect all
trigonometric functions in 7; (x)% — Ola,b),a (X)|A;| with frequency less than ¢ _1)+
in a function U;, and all trigonometric functions with frequency at least n;_p)+ in a

function W;, we can write
Ti(x)? = 0la.p).a ()| Ai] = U (x) + Wi (x),
where

U; = z cycos2mux + dy sin2mwux,

0§u<n([_1)+

W; = Z cycos2mux +d, sin2mwux.

UZNG_1y+
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24 C. Aistleitner

It is easy to see that

2
d
S altidlis (S 32 sc (44)

uzn;— kea; j=1

For fixed j, k the number of solutions (j', k'), kK" = k of | jng — j'ny| < ng_y)+ is at
most C. In fact, k' > k + logz > (d + 1) implies

3 10g3/2(d+1)
) ng —dng > ng > nG—1)+-

i’ — jng = np —dng > (5

Thus

d
D led+ldd = > > C =i

O0<u<n;— keA; j=1
Additionally, Lemma 2 implies

max |c¢,| <C, max |d,| <C.
O<u<n;— O0<u<n;—

In particular

|Uillo < Ci and ||W;|oo < Ci>. (45)

By Minkowski’s inequality,

1Y? — T lloo < I1Yi — Tilloo 1Yi + Tilloo < ClA;|i %Al < € (46)

and

. C .
|E (0ta.0.d1Fi—1) = lapy.af oo < C27"EDD < Prgy cem”
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we get

Ve —smll2
M

= 1> (BETAIF-) = 1Ailown.q)

i=1

M

+>.C

2 i=1

iE (72~ 18vlotama) 170, + € (i IAi|(3/2)—i) +CM
P i=l

IA

M
> EUi|Fi1)

i=1

IA

(47)

2

M
+ | D_EWilFion)

i=1

+ CM.

(48)

2

First we estimate the term (48). We observe

2

M
(ZE(WM_I)) <2 > EWlF-DEWy|Fiy).

i=1 I<i<i’'<M

By Lemma 1, Minkowski’s inequality and the Jensen inequality

IEW|Fi-Dll, < |E Z cycos2mux +d, sin2mwux | Fi—1)

u>n;—
00

+ z cy CoS2mux + dy, sin 2mwux

Gyt Su<n;—
1/2
i cul +1d

u
u>n;— N_y+ SU<n;—

IA

-2
UG-t z ICul + 1dul +Ci1/2
n

t u>n;—

< Ci1/2
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26 C. Aistleitner

and therefore

M M
E(Z (E(Wim_l))z) <> Ci<CM. (49)

i=1 i=1
For fixed i < i/, since E(W;|F;_1) is F;_1 measurable,

|E (E(W; | Fi—DEWyr |Fi—) |Fi-n)| = [EW; | Fi—DEWy | Fi-)
< [|W; lloo [E(Wir | Fi— 1) < Ci?[E(Wir | Fi—1)| .

Writing W;r in the form

E ¢y cos2mux + dy sin2mwux,

”Z”(i’—l)Jr
where 3 |cu| + |dy| < C(i’)?, and using Lemma 1 we get

EWy|Fi—pl < 2D 3" ol ] + Idu !

MZ"(,-/,UJr

i2
1" NG+
= oDy

n(i/,1)+
S C l2 (l/)2 (3/2)(i—1)+—(i/—1)+
<Ci* (@) @/, (50)

Combining the estimates (49) and (50) we see that the term (48) is at most

1/2
cM? + Z ci* (@)*(3/2)~0-b < CM. (51)

1<i<i’<M

Next we estimate the term (47). Writing

U; = Z cycos2mux +dy, sin2mwux,

U<n;_p)+
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the fluctuation of U; on any atom of F;_1 is at most

> (el + lduly2mu 27D

u<n(i_1)+

—1
=C > e+ dabngs (Pnon)

U<ng_yy+

<ci!
and consequently
[E(U;|Fi-1) = Uil < Ci ™,
which gives

M
> EW)

i=1

M
> EUilFi-1)

i=1

=<

+ Clog M. (52)
2

2
Writing
M
Z Ui(x) = Z cycos2mux +d, sin2mwux,
i=1 u<n(M71)+
where by Lemma 2
leul <C, ldu| =C

and >, (lcu| + |dul) < zlﬂi] Ci < CM?, the right-hand side of (52) is at most

1/2
> ca+d;] +ClogM <CM. (53)

U<nm-n+
Assembling the estimates (51) and (53) for (47) and (48) we obtain
IV —smll, < CM. (54)
If d is large enough, o[y p),¢(x) > 0, and thus sy, > CM?>. Defining sets
Ay = {x €, 1): |V — syl > s]w/s] ,
this implies

P(Ay) < CM2s,_w]4/8 < CM2M~28/8 < cp—12/8,
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28 C. Aistleitner

and by the Borel-Cantelli Lemma

1%
M L1 ae. (55)
SM

We define a numerical sequence (ry7)p>1 by

ry = min sp(x).
xe(0,1)

Then

...V . Vu
liminf — > lim — =1 a.e.
M—oo Iy M—oo Sy

By Lemma 12 and property (P2)
EYy < ClAul> < CM?,
and thus ry; > CM?, M > 1 yields
(log ry)'° (log M)lOM2
s Qoernlpys z cLoeD M o
s

Now by (55), Lemma 11 and Corollary 3

=
lim sup ———
M—oo /25y loglogsy

We add the sums of “short blocks” T/, change from Y; to T;, where |Y; — T;| <
C|A;li™% < Ci™!, and get

=1 ae.

s SENT+T)
lim sup izt PY) = lim sup = g e

Moo 25m10810850 Moo ~/25y l0glog sy

Now we break into the blocks of sums. Since

max > pun)| < ClA| < Ci
NeA;UA/ -
I |keA;UA] k<N

and sy > CM?,

. max -1yt <n=mt dp<y PUUX)]
lim sup

=1 ae. (56)
M— 00 /25y loglog sy
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For N > 1 we define M (N) as the index m, for which N is contained in A, U A/,.
Then (56) can be rewritten in the form

=1 ae.

‘Z;ﬂvzl p(ngx)
lim sup

N—oo +/25m(n) loglog sy ()

Observing

SM(N)

— Ola,b),d(x) as N — oo,

and finally arrive at

P P(”kx)‘
lim sup =

Avicelcan VO X) ae.,

which is Lemma 7.
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