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Abstract. In an earlier work Hubert and the authors of this paper introduced and studied the notion of
pseudorandomness of binary lattices. Later in another paper the authors gave a construction for a large
family of ‘‘good’’ binary lattices by using the quadratic characters of finite fields. Here, a further large fami-
ly of ‘‘good’’ binary lattices is constructed by using finite fields and the notion of multiplicative inverse.
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1. Introduction

In a series of papers, the authors (partly with further coauthors) developed a
constructive theory of finite pseudorandom binary sequences. In particular, in [7]
they introduced the measures of pseudorandomness, and they showed that the
Legendre symbol sequence

�
1
p

�
;
�

2
p

�
; . . . ;

�
p�1
p

�
has strong pseudorandom proper-

ties in terms of these measures. Later constructions for large families of ‘‘good’’ se-
quences (finite binary sequences with strong pseudorandom properties in terms of
the measures introduced) were also given. In terms of computational time and bounds
for the pseudorandom measures, one of the best constructions is, perhaps, the one
in [8]. This construction is based on the use of the multiplicative inverse modulo p:

Assume that p is a prime number, k; ‘2N, 24 ‘4 p,

k‘<
p

2
;

and f ðxÞ2Fp½x� is of the form

f ðxÞ ¼ ðxþ a1Þðxþ a2Þ � � � ðxþ akÞ
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with a1; . . . ; ak 2Fp and ai 6¼ aj for i 6¼ j. For ða; pÞ ¼ 1, denote the multiplicative
inverse of a by a�1:

aa�1 � 1 ðmod pÞ:
For a2Z, denote the least non-negative residue of a modulo p by rpðaÞ:

a� rpðaÞ ðmod pÞ; 04 rpðaÞ< p:

Define the binary sequence Ep ¼ ðe1; . . . ; epÞ2f�1;þ1gp by

en ¼
þ1 if ð f ðnÞ; pÞ ¼ 1; rpð f ðnÞ�1Þ< p

2

�1 if either ð f ðnÞ; pÞ ¼ 1; rpð f ðnÞ�1Þ> p
2

or pj f ðnÞ:

(
ð1:1Þ

It was proved in [8] (see Theorems 1 and 3) that this sequence Ep has strong
pseudorandom properties. (See also [1], [3], [5], [6], [10], [11] and the references
in these papers for other results on the connection of the multiplicative inverse and
pseudorandomness.)

In [4], Hubert, Mauduit and Sárközy extended this constructive theory of
pseudorandomness to several dimensions. Let InN denote the set of the n-dimen-
sional vectors all whose coordinates are selected from the set f0; 1; . . . ;N � 1g:

InN ¼ fx ¼ ðx1; . . . ; xnÞ : x1; . . . ; xn2f0; 1; . . . ;N � 1gg:
We call this set n-dimensional N-lattice or briefly (if n is fixed) N-lattice.

Definition 1. A function of the type

�ðxÞ : InN ! f�1;þ1g ð1:2Þ
is called n-dimensional binary N-lattice or briefly binary lattice.

(Note that in the n ¼ 1 special case these functions are the binary sequences
EN 2f�1;þ1gN .) In [3], the use of the following measures of pseudorandomness
of binary lattices was proposed:

Definition 2. If � ¼ �ðxÞ is an n-dimensional binary N-lattice of form (1.2),
k2N, and ui ði ¼ 1; 2; . . . ; nÞ denotes the n-dimensional unit vector whose i-th
coordinate is 1 and the other coordinates are 0, then write

Qkð�Þ ¼ max
b;d1;...;dk ;t

����Xt1
j1¼0

� � �
Xtn
jn¼0

�ð j1b1u1 þ � � � þ jnbnun þ d1Þ

. . . �ð j1b1u1 þ � � � þ jnbnun þ dkÞ
���� ð1:3Þ

where the maximum is taken over all n-dimensional vectors b ¼ ðb1; . . . ; bnÞ,
d1; . . . ; dk, t ¼ ðt1; . . . ; tnÞ such that their coordinates are non-negative integers,
b1; . . . ; bn are non-zero, d1; . . . ; dk are distinct, and all the points j1b1u1 þ � � � þ
jnbnun þ di occurring in the multiple sum above belong to the n-dimensional
N-lattice InN . Then Qkð�Þ is called the pseudorandom (briefly PR) measure of order
k of �. In the one-dimensional special case Qkð�Þ is the ‘‘combined PR-measure
Qk of order k’’ which was also introduced in [7]. This one-dimensional PR mea-
sure Qk is called ‘‘combined PR measure’’ since it combines the ‘‘well-distribution
measure’’ (which measures the irregularities of the distribution relative to arith-
metic progressions) with the ‘‘correlation measure of order k’’. Similarly, in the
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multi-dimensional case the PR measure of order k combines the estimate of the
irregularities relative to ‘‘generalized arithmetic progressions’’ with the estimate of
a quantity of correlation type. Note that if B denotes the box

B ¼ fj1b1u1 þ � � � þ jnbnun : 04 j1 4 t1; . . . ; 04 jn 4 tng;
then (1.3) can be rewritten in the more compact form

Qkð�Þ ¼ max
B;d1;...;dk

���� X
v 2B

�ðvþ d1Þ . . . �ðvþ dkÞ
����:

In [4] we proved that for a fixed k2N and for a truly random n-dimensional
binary N-lattice �ðxÞ we have

Nn=2 � Qkð�Þ � Nn=2ð logNnÞ1=2

with probability > 1 � ", while the trivial upper bound for Qkð�Þ is Nn. Thus an
n-dimensional binary N-lattice � can be considered as a ‘‘good’’ pseudorandom
binary lattice if the PR measure of order k of � is ‘‘small’’ in terms of N (in
particular, Qkð�Þ ¼ oðNnÞ for fixed n and N ! þ1) for small k.

Moreover, in [4] we gave an example for a ‘‘good’’ n-dimensional binary
lattice (for any n) by using quadratic characters of finite fields.

However, in the applications (e.g., in cryptography) one usually needs not just
a few ‘‘good’’ PR binary lattices but we need a ‘‘large’’ family of binary lattices
with strong PR properties. Thus in [9] we presented a construction of this type
which was based again on the use of quadratic characters of finite fields.

In this paper our goal is to show that by using finite fields and a principle of
Davenport and Lewis [2], construction (1.1) based on the use of the multiplicative
inverse also can be adapted and extended to obtain a large family of binary lattices
with strong PR properties. It will take slightly more work than in [9] that the given
construction possesses strong PR properties but this is more than compensated by
the fact that the construction here can be generated at least as fast (note that the
multiplicative inverse can be computed fast, in polynomial time) and it can be
handled at least as well (perhaps, even slightly better) than the one in [9].

2. The construction and the result

Assume that q ¼ pn is the power of an odd prime, ‘2N, a1; . . . ; a‘ are distinct
elements of Fq, and let

f ðxÞ ¼ ðxþ a1Þðxþ a2Þ � � � ðxþ a‘Þ ð2Fq½x�Þ ðwhere ai 6¼ aj for i 6¼ jÞ:
Let v1; . . . ; vn be linearly independent elements of Fq over the prime field Fp
(whose elements we identify with the field of the modulo p residue classes, and
we write i for the residue class � i ðmod pÞ). Define the boxes B1;B2; . . . ;Bn by

B1 ¼
�Xn

i¼1

uivi : 04 u1 4
p� 3

2
; u2; . . . ; un2Fp

�
;

Bj ¼
�Xn

i¼1

uivi : u1 ¼ � � � ¼ uj�1 ¼ p� 1

2
;

04 uj 4
p� 3

2
; ujþ1; . . . ; un2Fp

�
for j ¼ 2; . . . ; n
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and write

B ¼
[n
j¼1

Bj: ð2:1Þ

Define the mapping �ðxÞ : Inp ! f�1;þ1g by

�ðxÞ ¼ �ððx1; . . . ; xnÞÞ ¼
þ1 if f ðx1v1 þ � � � þ xnvnÞ 6¼ 0 and

ð f ðx1v1 þ � � � þ xnvnÞÞ�1 2B

�1 otherwise:

8<
: ð2:2Þ

We remark that the definition of B is made slightly complicated by the fact that
we have to balance between two requirements: the structure of B must be sym-
metric, easy to handle and, on the other hand, its cardinality must approximate q

2
well.

We will show that if k is not very large, then Qkð�Þ is ‘‘small’’ for this binary
lattice �:

Theorem. If p; q; n; ‘; f ðxÞ;B and � are defined as above, k2N,

k; ‘ < p; k þ ‘4 pþ 1 ð2:3Þ
and

k‘<
q

2
; ð2:4Þ

then we have

Qkð�Þ< ð2kþ3 þ 1Þk‘nkq1=2ð log pþ 2Þnþk: ð2:5Þ

3. Proof of the Theorem

We will use the following notations: fxg denotes the fractional part of x. kxk
denotes the distance of x from the nearest integer: kxk ¼ minðfxg; 1 � fxgÞ. We
write e2�i� ¼ eð�Þ. For p; q defined as in Sect. 2, Fq denotes the finite field of
order q, and we write F�q ¼ Fq n f0g. We denote by 0 the trivial, by 1 the canonical
additive character of Fq, and for h2Fq we define the additive character  h of Fq by
 hðnÞ ¼  1ðhnÞ. v1; v2; . . . ; vn are linearly independent elements of Fq over Fp.

Write di ¼ ðdðiÞ1 ; . . . ; d
ðiÞ
n Þ (for i ¼ 1; . . . ; k), and consider the general term of

the n-fold sum in (1.3):

�ð j1b1u1 þ � � � þ jnbnun þ d1Þ . . . �ð j1b1u1 þ � � � þ jnbnun þ dkÞ

¼ �ðð j1b1 þ d
ð1Þ
1 ; . . . ; jnbn þ dð1Þn ÞÞ . . . �ðð j1b1 þ d

ðkÞ
1 ; . . . ; jnbn þ dðkÞn ÞÞ: ð3:1Þ

Now write

z ¼ j1ðb1v1Þ þ � � � þ jnðbnvnÞ
so that z belongs to the box

B0 ¼
�Xn

i¼1

jiðbiviÞ : 04 ji4 ti for i ¼ 1; . . . ; n

�
;
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and set

zi ¼ d
ðiÞ
1 v1 þ � � � þ dðiÞn vn ðfor i ¼ 1; . . . ; kÞ:

Then by (2.2), the i-th factor in the product (3.1) is

�ðð j1b1 þ d
ðiÞ
1 ; . . . ; jnbn þ dðiÞn ÞÞ

¼ þ1 if f ðzþ ziÞ 6¼ 0 and ð f ðzþ ziÞÞ�1 2B

�1 otherwise

(
ðfor i ¼ 1; . . . ; kÞ:

Clearly, for all c2Fq we have

2

�
1

q

X
b 2 B

X
h 2 Fq

 1ðhðc� bÞÞ � 1

2

�
¼ þ1 if c2B

�1 if c 2=B

�

whence, for f ðzþ ziÞ 6¼ 0,

2

�
1

q

X
b 2 B

X
h 2 Fq

 1ðhðð f ðzþ ziÞÞ�1 � bÞÞ � 1

2

�
¼ þ1 if ð f ðzþ ziÞÞ�1 2B

�1 if ð f ðzþ ziÞÞ�1 2=B:

�

It follows that the n-fold sum in (1.3) can be estimated in the following way:����Xt1
j1¼0

� � �
Xtn
jn¼0

�ð j1b1u1 þ � � � þ jnbnun þ d1Þ � � � �ð j1b1u1 þ � � � þ jnbnun þ dkÞ

�
X
z 2 B0

f ðzþz1Þ...f ðzþzk Þ 6¼ 0

2k
Yk
i¼1

�
1

q

X
b 2 B

X
h2 Fq

 1ðhðð f ðzþ ziÞÞ�1 � bÞÞ � 1

2

�����
4

X
z 2 Fq

f ðzþz1Þ...f ðzþzk Þ¼0

14 k‘: ð3:2Þ

Separating the h ¼ 0 term in the general factor of the product we get

1

q

X
b 2 B

X
h 2 Fq

 1ðhðð f ðzþ ziÞÞ�1 � bÞÞ � 1

2

¼
�

1

q

X
b 2 B

1 � 1

2

�
þ 1

q

X
b 2 B

X
h 2 F�q

 1ðhðð f ðzþ ziÞÞ�1 � bÞÞ:

Here we have

1

q

X
b 2 B

1 � 1

2
¼ 1

q

Xn
j¼1

jBjj �
1

2
¼ 1

q

Xn
j¼1

p� 1

2
� pn�j � 1

2

¼ 1

q

p� 1

2

pn � 1

p� 1
� 1

2
¼ q� 1

2q
� 1

2
¼ � 1

2q
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so that on the left of (3.2) we have�����
X
z 2 B0

f ðzþz1Þ...f ðzþzk Þ 6¼0

2k
Yk
i¼1

�
1

q

X
b 2 B

X
h 2 Fq

 1ðhðð f ðzþ ziÞÞ�1 � bÞÞ� 1

2

������
¼
�����

X
z 2 B0

f ðzþz1Þ...f ðzþzk Þ 6¼0

2k
Yk
i¼1

�
1

q

X
b 2 B

X
h 2 F�q

 1ðhðð f ðzþ ziÞÞ�1 � bÞÞ� 1

2q

������
¼ 1

qk

�����
X
z 2 B0

f ðzþz1Þ...f ðzþzk Þ 6¼0

�
ð�1Þk þ

Xk
j¼1

ð�1Þk�j
2j

X
ðb1;...;bjÞ 2 Bj

X
ðh1;...;hjÞ 2 ðF�qÞ

j

�
X

14 i1< ���< ij4k

 1ðh1ðð f ðzþ zi1ÞÞ
�1 � b1Þþ � � � þ hjðð f ðzþ zijÞÞ

�1 � bjÞÞ
������

41þ 1

qk

Xk
j¼1

2j
X

ðh1;...;hjÞ 2 ðF�qÞ
j

X
14 i1< ���< ij4k

�
���� X

z 2 B0
f ðzþz1Þ...f ðzþzk Þ 6¼0

 1ðh1ð f ðzþ zi1ÞÞ
�1 þ � � �þ hjð f ðzþ zijÞÞ

�1Þ
����

�
���� X
ðb1;...;bjÞ 2 Bj

 1ð�h1b1 � � � �� hjbjÞ
����: ð3:3Þ

Consider the penultimate sum. Clearly,�����
X
z 2 B0

f ðzþz1Þ...f ðzþzk Þ 6¼ 0

 1ðh1ð f ðzþ zi1ÞÞ
�1 þ � � � þ hjð f ðzþ zijÞÞ

�1Þ
�����

4

�����
X
z 2 B0

f ðzþzi1
Þ...f ðzþzij

Þ 6¼ 0

 1ðh1ð f ðzþ zi1ÞÞ
�1 þ � � � þ hjð f ðzþ zijÞÞ

�1Þ
�����þ k‘: ð3:4Þ

To be able to estimate this sum, we will need

Lemma 1. Assume that q ¼ pn is a prime power, j2N, ‘2N,

j; ‘ < p; jþ ‘4 pþ 1; ð3:5Þ

j‘<
q

2
; ð3:6Þ

a1; . . . ; a‘ are distinct elements of Fq, h1; . . . ; hj are distinct nonzero elements of
Fq, and m1; . . . ;mj are distinct elements of Fq. Write f ðxÞ ¼

Q‘
i¼1ðxþ aiÞ

ð2Fq½x�Þ, and define QðxÞ, RðxÞ2Fq½x� by

QðxÞ ¼
Xj

i¼1

hi
Y

14 t4 j
t 6¼ i

f ðxþ mtÞ;

222 C. Mauduit and A. Sárközy



RðxÞ ¼
Yj
t¼1

f ðxþ mtÞ

so that

Xj

i¼1

hið f ðxþ miÞÞ�1 ¼ QðxÞ
RðxÞ for every x2Fq with f ðxþ miÞ 6¼ 0 for 14 i4 j:

Then, QðxÞ is not the 0 polynomial.

Proof of Lemma 1. If
uðxÞ
vðxÞ is a rational function over Fq such that

deg uðxÞ< deg vðxÞ

and vðxÞ is of the form

vðxÞ ¼ ðxþ a1Þ � � � ðxþ a�Þ

with ai2Fq,

ai 6¼ aj for 14 i< j4�

and

14� ¼ deg vðxÞ< q

2
; ð3:7Þ

then
uðxÞ
vðxÞ has a unique partial fraction decomposition of the form

uðxÞ
vðxÞ ¼

A1

xþ a1

þ � � � þ A�

xþ a�
over Fq:

Again let v1; . . . ; vn denote a basis for the linear vector space Fq over Fp, and now
we take v1 ¼ 1 (which can be done without loss of generality). Then this decom-
position can be rewritten as

uðxÞ
vðxÞ ¼

X
ðx1;...;xnÞ 2 f0;...;p�1gn

Ax1;...;xn

xþ x1v1 þ � � � þ xnvn
ð3:8Þ

where the coefficients Ax1;...;xn ¼ Ax1;...;xn

� uðxÞ
vðxÞ

�
with ðx1; . . . ; xnÞ2f0; . . . ; p� 1gn

are also unique. For such a rational function
uðxÞ
vðxÞ, we define the polynomial P of

n variables over Fq by

P

�
uðxÞ
vðxÞ ; y1; . . . ; yn

�
¼

X
ðx1;...;xnÞ 2 f0;...;p�1gn

Ax1;...;xny
x1

1 . . . yxnn :

Since f ðxÞ ¼
Q‘

i¼1ðxþ aiÞ with a1; . . . ; a‘2Fp, thus we have Ax1;...;xn ¼ 0 for
ðx2; . . . ; xnÞ 6¼ ð0; . . . ; 0Þ so that P

�
1

f ðxÞ ; y1; . . . ; yn
�
2Fq½y1�. We write

P�ðy1Þ ¼ P

�
1

f ðxÞ ; y1; . . . ; yn

�
¼

Xp�1

i¼0

�iy
i
1:
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We will prove by contradiction: assume that contrary to the conclusion of the
lemma QðxÞ is the zero polynomial. Then it follows that

P

�
QðxÞ
RðxÞ ; y1; . . . ; yn

�
¼ P

�Xj

i¼1

hi

f ðxþ miÞ
; y1; . . . ; yn

�

is the zero polynomial; note that now (3.7) holds with this RðxÞ in place of vðxÞ by
(3.6) thus the partial fraction decomposition is unique.

On the other hand, if we write mi ¼ �
ðiÞ
1 v1 þ � � � þ �ðiÞn vn for i ¼ 1; . . . ; j, then

we have

P

�
1

f ðxþ miÞ
; y1; . . . ; yn

�
¼ P

�Xp�1

j¼0

�j

xþ mi þ j
; y1; . . . ; yn

�

¼ P

�Xp�1

j¼0

�j

xþ ð�ðiÞ1 þ jÞv1 þ �
ðiÞ
2 v2 þ � � � þ �

ðiÞ
n vn

; y1; . . . ; yn

�

¼ P

� Xp�1��ðiÞ
1

j¼0

�j

xþ ð�ðiÞ1 þ jÞv1 þ �
ðiÞ
2 v2 þ � � � þ �

ðiÞ
n vn

þ
Xp�1

j¼p��ðiÞ
1

�j

xþ ð�ðiÞ1 � pþ jÞv1 þ �
ðiÞ
2 v2 þ � � � þ �

ðiÞ
n vn

; y1; . . . ; yn

�

¼
Xp�1��ðiÞ

1

j¼0

�jy
�
ðiÞ
1
þj

1 y
�
ðiÞ
2

2 � � � y�
ðiÞ
n

n þ
Xp�1

j¼p��ðiÞ
1

�jy
�
ðiÞ
1
�pþj

1 y
�
ðiÞ
2

2 � � � y�
ðiÞ
n

n

¼
�
y
�
ðiÞ
1

1

� Xp�1��ðiÞ
1

j¼0

�jy
j
1

�
þ

Xp�1

j¼p��ðiÞ
1

�jy
�
ðiÞ
1
�pþj

1

�
y
�
ðiÞ
2

2 � � � y�
ðiÞ
n

n

¼
��

y
�
ðiÞ
1

1 P�ðy1Þ �
�
�
p��ðiÞ

1

y
p
1 þ �

p��ðiÞ
1
þ1
y
pþ1
1 þ � � � þ �p�1y

pþ�ðiÞ
1
�1

1

��

þ
�
�
p��ðiÞ

1

þ �
p��ðiÞ

1
þ1
y1 þ � � � þ �p�1y

�
ðiÞ
1
�1

1

��
y
�
ðiÞ
2

2 � � � y�
ðiÞ
n

n

¼
�
y
�
ðiÞ
1

1 P�ðy1Þ þ
�
�
p��ðiÞ

1

þ �
p��ðiÞ

1
þ1
y1 þ � � � þ �p�1y

�
ðiÞ
1
�1

1

�
ð1 � y

p
1Þ
�

� y
�
ðiÞ
2

2 � � � y�
ðiÞ
n

n

so that

0 ¼ P

�Xj

i¼1

hi

f ðxþ miÞ
; y1; . . . ; yn

�

¼
Xj

i¼1

hi

�
y
�
ðiÞ
1

1 P�ðy1Þ þ
�
�
p��ðiÞ

1

þ � � � þ �p�1y
�
ðiÞ
1
�1

1

�
ð1 � y

p
1Þ
�
y
�
ðiÞ
2

2 . . . y�
ðiÞ
n

n :
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Substituting y2 ¼ � � � ¼ yn ¼ 1 and writing

Hðy1Þ ¼
Xj

i¼1

hiy
�
ðiÞ
1

1 ;

we obtain

0 ¼ Hðy1ÞP�ðy1Þ � ðyp1 � 1Þ
Xj

i¼1

hi

�
�
p��ðiÞ

1

þ � � � þ �p�1y
�
ðiÞ
1
�1

1

�
:

It follows that

ðyp1 � 1ÞjHðy1ÞP�ðy1Þ ðin Fq½y1�Þ: ð3:9Þ
If gðy1Þ2Fq½y1� is not the zero polynomial, let Jðgðy1ÞÞ denote the greatest non-
negative integer J such that ðy1 � 1ÞJ divides gðy1Þ in Fq½y1�. We have

ðy1 � 1Þp ¼ y
p
1 � 1

in Fq½y1� (since the characteristic of Fq is p), thus it follows from (3.9) that

JðHðy1ÞP�ðy1ÞÞ5 p: ð3:10Þ
Now we will show that it suffices to prove

Lemma 2. Assume that t2N and LðxÞ2Fq½x� is a nonzero polynomial of
the form

LðxÞ ¼ �1x
n1 þ � � � þ �tx

nt with 04 n1 < n2 < � � � < nt 4 p� 1: ð3:11Þ
Then we have JðLðxÞÞ4 t � 1.

Indeed, assume that Lemma 2 has been proved. The polynomials Hðy1Þ and
P�ðy1Þ are polynomials of form (3.11) with j, resp. ‘ in place of t, so that we have
JðHðy1ÞÞ4 j� 1 and JðP�ðy1ÞÞ4 ‘� 1. It follows that

JðHðy1ÞP�ðy1ÞÞ4JðHðy1ÞÞ þJðP�ðy1ÞÞ4 jþ ‘� 2

which contradicts (3.5) and (3.10) and this completes the proof of Lemma 1.
It remains to prove Lemma 2.

Proof of Lemma 2. Lemma 2 was proved in the special case q ¼ p in [8]; see
Lemma 7 there. Since the polynomials involved in Lemma 2 here have degree
< p, thus it is easy to check that the proof of Lemma 7 in [8] goes through if we
replace Fp by Fq and Fp½x� by Fq½x�; we leave the details to the reader.

We will need a result of Eichenauer-Herrmann and Niederreiter [3]:

Lemma 3. Assume that q ¼ pn is a prime power, and let
QðxÞ
RðxÞ be a rational

function over Fq which is not of the form ðAðxÞÞp � AðxÞ with a rational function
AðxÞ over Fq. If  is a nontrivial additive character of Fq, then���� X

n 2 Fq
RðnÞ 6¼ 0

 

�
QðnÞ
RðnÞ

�����< ð2 maxðdegQ; degRÞ � 1Þq1=2 þ 1:
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Proof of Lemma 3. This is a trivial consequence of Lemma 1 in [3] (indeed, our
Lemma 3 is a slightly weaker form of Lemma 1 of Eichenauer-Herrmann and
Niederreiter).

We will use the incomplete version of this result:

Lemma 4. Assume that q ¼ pn is a prime power,
QðxÞ
RðxÞ is a nonzero rational

function over Fq such that

degQ< degR ð3:12Þ
and there is no polynomial LðxÞ2Fq½x� with ðLðxÞÞpjRðxÞ and degLðxÞ> 0,  is a
nontrivial additive character of Fq, and B is a box of form

B ¼
�Xn

i¼1

jivi : 04 ji4 ti for i ¼ 1; 2; . . . ; n

�

(where v1; . . . ; vn are linearly independent over the prime field of Fq). Then we have���� X
z 2 B
RðzÞ 6¼ 0

 

�
QðzÞ
RðzÞ

�����< 3ðdegRþ 1Þq1=2ð2 þ log pÞn:

Proof of Lemma 4. This can be derived from Lemma 3 in the same way as
Theorem 2 is derived from Lemma 1 in [3] in the special case n ¼ 1. Indeed, by
 6¼ 0 for any m; b2Fq we have

1

q

X
h 2 Fq

 ðhðm� bÞÞ ¼
1 if m ¼ b;

0 if m 6¼ b;

�

and thus���� X
z 2 B
RðzÞ 6¼ 0

 

�
QðzÞ
RðzÞ

����� ¼
���� X
m 2 Fq
RðmÞ 6¼ 0

 

�
QðmÞ
RðmÞ

�X
b 2 B

1

q

X
h2 Fq

 ðhðm� bÞÞ
����

4
1

q

X
h2 Fq

���� X
m 2 Fq
RðmÞ 6¼ 0

 

�
QðmÞ þ hmRðmÞ

RðmÞ

�����
����X
b 2 B

 ðhbÞ
����

¼ jBj
q

���� X
m 2 Fq
RðmÞ 6¼ 0

 

�
QðmÞ
RðmÞ

�����
þ 1

q

X
h2 F�q

���� X
m 2 Fq
RðmÞ 6¼ 0

 

�
QðmÞ þ hmRðmÞ

RðmÞ

�����
����X
b 2 B

 ðhbÞ
����:

ð3:13Þ
Write QhðmÞ ¼ QðmÞ þ hmRðmÞ. If h 6¼ 0, then by (3.12), deg hmRðmÞ>
degQðmÞ, thus Qh is not the zero polynomial:

QhðmÞ 6¼ 0: ð3:14Þ
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If h ¼ 0, then

Q0ðmÞ ¼ QðmÞ 6¼ 0

by the assumptions of the lemma, so (3.14) holds for every h.
Now we want to use Lemma 3 with QhðmÞ in place of QðmÞ. In order to ensure

the applicability of the lemma we have to show that Qh

R
is not of the form Ap � A.

We will prove this by contradiction: assume that there are polynomials K; L2Fq½x�
with

ðK;LÞ ¼ 1 ð3:15Þ
and

Qh

R
¼

�
K

L

�p

� K

L
ð3:16Þ

hence

QhL
p ¼ RKðKp�1 � Lp�1Þ: ð3:17Þ

By (3.12), (3.14) and (3.15) it follows from (3.17) that deg L> 0 and LpjR which
contradicts our assumption on R. Thus, indeed, Lemma 2 can be applied, and by
(3.12) we obtain that���� X

n 2 Fq
RðnÞ 6¼ 0

 

�
QhðmÞ
RðmÞ

�����< ð2 maxðdegQh; degRÞ � 1Þq1=2 þ 1

4 ð2 degRþ 1Þq1=2 þ 1

< 2ðdegRþ 1Þq1=2 for all h2Fq: ð3:18Þ

Thus it follows from (3.13) that���� X
z 2 B
RðzÞ 6¼ 0

 

�
QðzÞ
RðzÞ

�����4 2ðdegRþ 1Þq1=2

�
jBj
q

þ l

q

X
h 2 F�q

����X
b 2 B

 ðhbÞ
����
�

4 2ðdegRþ 1Þq1=2

�
1 þ l

q

X
h2 Fq

����X
b 2 B

 ðhbÞ
����
�

ð3:19Þ

since we have B � Fq whence jBj4 jFqj ¼ q. If we write  ðhmÞ ¼  �h ðmÞ,
then as h runs over the elements of Fq,  �h runs over the additive characters
of Fq. Thus using the definition of B the last double sum in (3.19) can be
rewritten as

X
h 2 Fq

����X
b 2 B

 ðhbÞ
���� ¼ X

 �
h

����Xt1
j1¼0

� � �
Xtn
jn¼0

 �h ð j1v1 þ � � � þ jnvnÞ
����

¼
X
 �
h

����Yn
r¼1

Xtr
jr¼0

 �h ð jrvrÞ
���� ¼ X

 �
h

Yn
r¼1

����Xtr
jr¼0

ð �h ðvrÞÞ
jr

����: ð3:20Þ
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For every h2Fq and 14 r4 n,  �h ðvrÞ is a p-th root of unity, say,  �h ðvrÞ ¼ eðs
p
Þ

with 04 s< p. If s ¼ 0, then we have����Xtr
jr¼0

ð �h ðvrÞÞ
jr

���� ¼
����Xtr
jr¼0

1

���� ¼ tr þ 14 p ðfor s ¼ 0Þ;

while for 0< s< p,����Xtr
jr¼0

ð �h ðvrÞÞ
jr

���� ¼
����Xtr
jr¼0

e

�
jr
s

p

�����4 2��1 � e
�
s
p

��� 4 1

2k s
p
k ðfor 0< s< pÞ:

Moreover, as  �h runs over the additive characters of Fq, the n-tuple ð �h ðv1Þ, . . . ,
 �h ðvnÞÞ runs over the n-tuples

�
e
�
s1

p

�
; . . . ; e

�
sn
p

��
of the p-th roots of unity, each of

the latter n-tuples is assumed exactly once. It follows from these considerations
that the double sum in (3.20) is

X
h2 Fq

����X
b 2 B

 ðhbÞ
����4

�
pþ

Xp�1

s¼1

1

2k s
p
k

�n

¼
�
pþ

Xp�1
2

s¼1

p

s

�n

< pnð2 þ log pÞn ¼ qð2 þ log pÞn: ð3:21Þ

It follows from (3.19) and (3.21) that���� X
z 2 B
RðzÞ 6¼ 0

 

�
QðzÞ
RðzÞ

�����4 2ðdegRþ 1Þq1=2ð1 þ ð2 þ log pÞnÞ

< 3ðdegRþ 1Þq1=2ð2 þ log pÞn

which completes the proof of Lemma 4.
By Lemma 1 and the assumptions of our theorem, the numerator of the rational

function in the general term in the last sum in (3.4) is nonzero, thus we may use
Lemma 4 to estimate this sum provided that the rational function

QðzÞ
RðzÞ ¼

Xj

r¼1

hrð f ðzþ zirÞÞ
�1

is such that

degQ< degR ð3:22Þ
and

there is no LðxÞ2FqðxÞ with degL> 0 and LpjR: ð3:23Þ
(3.22) is trivial, while (3.23) follows from the facts that

RðzÞ ¼
Yj
r¼1

f ðzþ zirÞ;
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and the zeros of f ðzÞ are distinct elements of Fq, thus the multiplicity of every zero
of RðzÞ is at most j4 k which is less than p by (2.3). Thus, indeed, we may use
Lemma 4 and we obtain that the sum in (3.4) is���� X

z 2 B0
f ðzþz1Þ...f ðzþzk Þ 6¼ 0

 1ðh1ð f ðzþ zi1ÞÞ
�1 þ � � � þ hjð f ðzþ zijÞÞ

�1Þ
����

< 3ðdegRþ 1Þq1=2ð2 þ log pÞn þ k‘

4 3ð j‘þ 1Þq1=2ð2 þ log pÞn þ k‘

4 7k‘q1=2ð2 þ log pÞn: ð3:24Þ
It follows from (3.3) and (3.24) that�����

X
z 2 B0

f ðzþz1Þ...f ðzþzk Þ 6¼ 0

2k
Yk
i¼1

�
1

q

X
b 2 B

X
h 2 Fq

 1ðhðð f ðzþ ziÞÞ�1 � bÞÞ � 1

2

������
4 1 þ 1

qk

Xk
j¼1

2j
�
k

j

�
7k‘q1=2ð2 þ log pÞn

� X
h 2 F�q

����X
b 2 B

 1ðhbÞ
����
�j

: ð3:25Þ

Here we have

X
h 2 F�q

����X
b 2 B

 1ðhbÞ
���� ¼ X

 6¼ 0

����X
b 2 B

 ðbÞ
����

¼
X
 6¼ 0

����Xn
i¼1

X
b 2 Bi

 ðbÞ
����4 X

 6¼ 0

Xn
i¼1

���� X
b 2 Bi

 ðbÞ
����: ð3:26Þ

For i ¼ 1; 2; . . . ; n we have

X
 6¼ 0

���� X
b 2 Bi

 ðbÞ
���� ¼ X

 6¼ 0

����X
p�3

2

ui¼0

ð ðviÞÞui
���� Yn
t¼iþ1

����X
p�1

ut¼0

ð ðvtÞÞut
����: ð3:27Þ

If  ðvtÞ 6¼ 1 for some iþ 14 t4 n, then we have

Xp�1

ut¼0

ð ðvtÞÞut ¼ 0;

so that the contribution of these terms is 0. Thus we may restrict ourselves to the
characters  with

 ðviþ1Þ ¼ � � � ¼  ðvnÞ ¼ 1;

when each of the innermost sums in (3.27) is p. In the penultimate sum in (3.27)
we have

 ðviÞ ¼ e

�
k

p

�
with some k2f0; 1; . . . ; p� 1g; ð3:28Þ
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if k ¼ 0, then the sum is

Xp�3
2

ui¼0

ð ðviÞÞui ¼
p� 1

2
ðfor k ¼ 0Þ;

while for 14 k4 p� 1 we have����X
p�3

2

ui¼0

ð ðviÞÞui
����4 2

j1 �  ðviÞj
¼ 2

j1 � eðk=pÞj 4
2

4kk=pk ¼ 1

2kk=pk :

If  ðviÞ; . . . ;  ðvtÞ are fixed, then the values of the i� 1 p-th roots of unity
 ðv1Þ; . . . ;  ðvi�1Þ can be chosen in atmost pi�1 ways (in exactly pi�1 ways if
k 6¼ 0 in (3.28) but only pi�1 � 1 ways if k ¼ 0 since now  0 is excluded). It
follows that the double sum in (3.27) is

X
 6¼ 0

���� X
b 2 Bi

 ðbÞ
����4 pi�1

�
p� 1

2
þ
Xp�1

k¼1

1

2kk=pk

�
pn�i

¼ pn�1

�
p� 1

2
þ
Xp�1

2

k¼1

p

k

�
< q

�
log pþ 3

2

�
ðfor i ¼ 1; 2; . . . ; nÞ:

ð3:29Þ
By (3.25), (3.26) and (3.29) the upper bound in (3.3) is

< 1 þ 1

qk

Xk
j¼1

2j
�
k

j

�
7k‘q1=2ð2 þ log pÞn

�
nq

�
log pþ 3

2

��j

¼ 1 þ 1

qk
7k‘q1=2ð2 þ log pÞn

Xk
j¼1

�
k

j

��
2nq

�
log pþ 3

2

��j

< 1 þ 7k‘

qk
q1=2ð2 þ log pÞn

�
1 þ 2nq

�
log pþ 3

2

��k

< 1 þ 7k‘q1=2ð2 þ log pÞnð2nð log pþ 2ÞÞk

< 2kþ3k‘nkq1=2ð log pþ 2Þnþk: ð3:30Þ
(2.5) follows from (1.3), (3.2), (3.3) and (3.30), and this completes the proof of

the theorem.
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