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Abstract. In this paper we give a characterization of real hypersurfaces of type B, that is, a tube
over a totally real totally geodesic HP" in complex two-plane Grassmannians G,(C"*?), m = 2n with
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0. Introduction

In the geometry of real hypersurfaces in complex space forms M, (c) or in
quaternionic space forms there have been many characterizations of model hyper-
surfaces of type Aj,A,, B, C,D and E in complex projective space P,,(C), of type
Ao,A1,A; and B in complex hyperbolic space H,,(C) or Ay, A, B in quaternionic
projective space HP™, which are completely classified by Cecil and Ryan [6],
Kimura [7], Berndt [2], Martinez and Pérez [8], respectively. Among them there
were only a few characterizations of homogeneous real hypersurfaces of type B in
complex projective space P,,(C). For example, the condition that Ap + ¢pA = ko,
k is non-zero constant, is a model characterization of this kind of type B, which is a
tube over a real projective space RP" in P,,(C), m = 2n (see Yano and Kon [13]).

Let M be a (4m — 1)-dimensional Riemannian manifold with an almost contact
structure (¢, &, n) and an associated Riemannian metric g. We put

w(X,Y) = g(¢X,Y), (0.1)

where w defines a 2-form on M and rank w = rank ¢ = 4m — 2.
If there is a non-zero valued function p such that

pg(#X, Y) = pw(X,Y) = dn(X,Y), (0.2)

This work was supported by grant Proj. No. R14-2002-003-01001-0 from the Korea Research
Foundation.



338 Y. J. Suh

the rank of the matrix (w) being 4m — 2, we have

2m—1 times 2m—1 times
— e |
NAGA-—-Aw=nAp @ DanA---Adn #0.

Let us denote by G,(C™*?) the set of all complex 2-dimensional linear sub-
spaces of C"™"2. We call such a set GZ(C’"H) complex two-plane Grassmannians.
This Riemannian symmetric space Gz(Cm”) has a remarkable geometrical struc-
ture. It is the unique compact irreducible Riemannian manifold being equipped with
both a Kéhler structure J and a quaternionic Kahler structure J = Span {J;,J>,J3}
not containing J. In other words, G,(C™"?) is the unique compact, irreducible,
Kahler, quaternionic Kahler manifold which is not a hyperkahler manifold (see
Berndt and Suh [4], [5]).

Now we consider a (4m — 1)-dimensional real hypersurface M in complex two-
plane Grassmannians G,(C™?). Then from the Kihler structure of G,(C""?)
there exists an almost contact structure ¢ on M. If the non-zero function p satisfies
(0.2), we call M a contact hypersurface of the Kahler manifold. Moreover, it can
be easily verified that a real hypersurface M in G,(C™"?) is contact if and only if
there exists a non-zero constant function p defined on M such that

PA+Ap =kp, k=2p. ™)
The formula (*) means that
g((PA+AP)X, Y) = 2dn(X,Y),
where the exterior derivative dn of the 1-form 7 is defined by
dn(X,Y) = (Vxn)Y — (Vyn)X

for any vector fields X, Y on M in G,(C"*?).

On the other hand, in G,(C"*?) we are able to consider two kinds of natural
geometric conditions for real hypersurfaces M that [¢] = Span {¢} or D' =
Span {&1,&,&}, & = —JiN, i = 1,2,3, where N denotes a unit normal to M, is
invariant under the shape operator A of M in G,(C™"?). The first result in this
direction is the classification of real hypersurfaces in G,(C™"?) satisfying both two
conditions. Namely, Berndt and the present author [4] have proved the following

Theorem A. Let M be a connected real hypersurface in Go(C"2), m > 3.
Then both [€] and D are invariant under the shape operator of M if and only if

(A) M is an open part of a tube around a totally geodesic G(C™") in
G,(C™*?), or

(B) m is even, say m = 2n, and M is an open part of a tube around a totally
geodesic HP" in Go(C""?).

In Theorem A the vector £ contained in the one-dimensional distribution [¢] is said
to be a Hopf vector when it becomes a principal vector for the shape operator A of M
in GZ(C'"H). Moreover in such a situation M is said to be a Hopf hypersurface.
Besides this, a real hypersurface M in G,(C™"?) also admits the 3-dimensional
distribution ©*, which is spanned by almost contact 3-structure vector fields
{&1,&,&}, such that TTM = DD Dt Also in the paper [5] due to Berndt and
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the present author we have given a characterization of real hypersurfaces of type A
when the shape operator A of M in G,(C™?) commutes with the structure tensor
¢, which is equivalent to the condition that the Reeb flow on M is isometric.
Moreover, in the paper due to the present author [12] we have also given a
characterization of type A by vanishing Lie derivative of the shape operator A
in the direction of the structure vector field &.

Real hypersurfaces of type B in Theorem A is just the case that the one di-
mensional distribution [¢] is contained in D*. It was shown in the paper [11] that
the tube of type B satisfies the following formula on the orthogonal complement of
the one-dimensional distribution [¢]

Apy — ¢, A=0, v=1223.

From this view point, the present author [11] has given a characterization that
the almost contact 3-structure tensors {¢;, ¢2, ¢35} and the shape operator A of a
real hypersurface M in Go(C™"?) commute with each other as follows:

Theorem B. Let M be a Hopf real hypersurface in Go(C™"?) satisfying (*) on
the orthogonal complement of the one-dimensional distribution [£]. Then M is

locally congruent to an open part of a tube around a totally geodesic HP™ in
G2(C"™*?), where m = 2n.

Now in this paper as another characterization of real hypersurfaces of type B in
complex two-plane Grassmannians G,(C™"?) in terms of the contact hypersurface
we want to assert the following remarkable fact:

Theorem. Let M be a real hypersurface in Go(C""?) with constant mean
curvature satisfying

Ad + 9A = ko,

where the function k is non-zero and constant. Then M is congruent to an open
part of a tube around a totally geodesic HP" in G,(C™"?), where m = 2n.

1. Riemannian Geometry of G,(C""?)

In this section we summarize basic material about G,(C™"?), for details we
refer to [3], [4] and [5]. The special unitary group G = SU(m + 2) acts transitively
on G,(C™?) with stabilizer isomorphic to K = S(U(2) x U(m)) C G. Then
G,(C™"?) can be identified with the homogeneous space G/K, which we equip
with the unique analytic structure for which the natural action of G on G,(C™"?)
becomes analytic. Denote by g and f the Lie algebra of G and K, respectively, and
by m the orthogonal complement of f in g with respect to the Cartan-Killing form
B of g. Then g =f® m is an Ad(K)-invariant reductive decomposition of g.
We put 0 = eK and identify T,G,(C™"?) with m in the usual manner. Since B
is negative definite on g, its negative restricted to m x m yields a positive definite
inner product on m. By Ad(K)-invariance of B this inner product can be extended
to a G-invariant Riemannian metric g on G,(C™?). In this way G,(C""?)
becomes a Riemannian homogeneous space, even a Riemannian symmetric space.
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For computational reasons we normalize g such that the maximal sectional cur-
vature of (G,(C™"?), g) is eight. Since G,(C?) is isometric to the two-dimensional
complex projective space CP? with constant holomorphic sectional curvature eight
we will assume m > 2 from now on. Note that the isomorphism Spin(6) ~ SU(4)
yields an isometry between G,(C*) and the real Grassmann manifold G5 (R®) of
oriented two-dimensional linear subspaces of R°.

The Lie algebra f has the direct sum decomposition f = su(m) & su(2) & R,
where R is the center of . Viewing f as the holonomy algebra of G,(C""?), the
center R induces a Kahler structure J and the su(2)-part a quaternionic Kahler
structure J on G,(C™*2). If J; is any almost Hermitian structure 1n 3, then
JJy=JJ, and JJ; is a symmetric endomorphism with (JJ 1) =] and
Tr(JJ;) = 0. This fact will be used frequently throughout this paper.

A canonical local basis Ji, J,,J3 of J consists of three local almost Hermitian
structures J,, in  such that J,J,,1 = J,1» = —J,+1J,, where the index is taken
modulo 3. Since J is parallel with respect to the Riemannian connection V of
(G,(C™2), g), there exist for any canonical local basis Ji,J»,J3 of J three local
one-forms ¢q1, g2, q3 such that

vX-lzz = qy+2(X)JV+1 — quv+l1 (X)Jl/+2 (1~1)

for all vector fields X on G,(C™"?).

Let p € Go(C™"?) and W a subspace of T,G,(C™"?). We say that W is a quater-
nionic subspace of T,G,(C™"?) if JW C W for all J € J,- And we say that W is
a totally complex subspace of T,G,(C™"?) if there exists a one-dimensional sub-
space B of J, such that JW C W for all J € B and JW L W for all JeBt 3y
Here, the orthogonal complement of ¥ in J, is taken with respect to the bundle
metric and orientation on 3§ for which any local oriented orthonormal frame field of
J is a canonical local basis of J. A quaternionic (resp. totally complex) submanifold
of G,(C™"?) is a submanifold all of whose tangent spaces are quaternionic (resp.
totally complex) subspaces of the corresponding tangent spaces of G,(C™"?).

The Riemannian curvature tensor R of Gz(C’”ﬂ) is locally given by

R(X,Y)Z =g(Y,Z)X — g(X,Z)Y + g(JY,Z)JX — g(JX,Z)JY — 2g(JX,Y)JZ

3
+ > {g( Y, 2)0X — g(LLX,Z)],Y — 28(J,X,Y)],Z}
=1

3
+> {8(1JIY, 2)],JX — g(J,JX, Z)], IV}, (1.2)

v=1

where Jy,J5,J3 is any canonical local basis of J.

2. Some Fundamental Formulas for Real Hypersurfaces
in G,(C""?)

In this section we derive some fundamental formulas which will be used in the
proof of our main theorem. Let M be a real hypersurface in G,(C™"?), that is, a
hypersurface in G,(C™"?) with real codimension one. The induced Riemannian
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metric on M will also be denoted by g, and V denotes the Riemannian connection
of (M, g). Let N be a local unit normal field of M and A the shape operator of M
with respect to N.

The Kihler structure J of G,(C™"?) induces on M an almost contact metric
structure (¢, &, n, g). Furthermore, let Jy,J,,J3 be a canonical local basis of J.
Then each J, induces an almost contact metric structure (¢,, &, 7,,g) on M. Using
the above expression (1.2) for the curvature tensor R, the Gauss and the Codazzi
equations are respectively given by

R(X,Y)Z =g(Y,2)X — g(X,Z)Y + g(¢Y, Z)pX — g(¢X, Z)pY — 28(¢X, Y)$Z

3
+ > {8(AY. 2)6,X — 86X, 2)pY — 28(6,X, Y ), Z}

v=I

3
+ Z{g(%qﬁY, 2)¢u0X — g(6,0X, Z)$,0Y}
- 2{77 771/ ¢V¢X 77( ) V(Z)¢V¢Y}

—Z{n 2(¢u0Y,Z) — n(Y)g($.6X, Z)}E,

+ g(AY,Z)AX — g(AX,Z)AY
and

(VxA)Y — (VyA)X = n(X )¢Y —n(Y)eX —28(¢X, Y)§

+ Z{m )oY — nu(Y),X — 28(6,X, Y )€}
+ Z{ny(¢X)¢y¢Y — nu(8Y) b, 0X},

+Z{77 )1 (DY) = n(Y)n,(9X)}&y,

where R denotes the curvature tensor of a real hypersurface M in G,(C™"?).
The following identities can be proved in a straightforward method and will be
used frequently in subsequent calculations:

Pv1&y = =& P&t = G2,
& = o€, nu(¢X) = n(¢X),
v pu1X = ¢y 12X + 1 1(X)Ey,
bur10,X = =y 12X + 1 (X)Ep 1.

Then in this section let us give some basic formulas which will be used
later.

(2.1)
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Now let us put
JX = pX +n(X)N,  JX = ¢, X +n,(X)N

for any tangent vector X of a real hypersurface M in G,(C™"?), where N denotes a
normal vector of M in G»(C™?). Then from this and the formulas in Section 1 we
have that

(Vx@)Y = n(Y)AX — g(AX,Y),  Vx{ = ¢AX, (2.2)
VXfu = qw—Z(X)fu-&-l - qy+1(X)£1/+2 + d),,AX, (23>

(VX¢V)Y = —quv+1 (X>¢U+ZY + qy+2(X)¢l/+1Y + nV(Y)AX - g(AX, Y)gu' (2'4)

Summing up these formulas, we know the following

VX(¢V£) = (VX¢Z/)£ + ¢V(VX£)
= —qv+1 (X)¢V+2€ + QI/+2(X)¢V+1£ + 77V(€>AX - g(AX, €)§V + ¢V¢AX‘
(2.5)

Moreover, from JJ, = J,J, v = 1,2, 3, it follows that

PP X = ¢y X + 0, (X)§ — n(X)&y. (2.6)

3. Some Key Propositions

Before going to give the proof of our main Theorem in the introduction let us
check that “What kind of model hypersurfaces given in Theorem A satisfy the
formula (*).” In other words, it will be an interesting problem to know whether
there exist any real hypersurfaces in G,(C™"*?) satisfying the condition (¥).

In this section we will show that only real hypersurfaces of type B in
G,(C™"?), that is, a tube over a quaternionic projective space HP" in G,(C™"?)
satisfies the formula A¢ + ¢A = k¢, m = 2n, where the function & is non-zero and
constant.

Now in order to solve such a problem let us recall some Propositions given by
Berndt and the present author [4] as follows:

For a tube of type A in Theorem A we have the following

Proposition A. Let M be a connected real hypersurface of G,(C™ ). Suppose
that ADC D, A = af, and € is tangent to D*. Let J, € T be the almost Hermitian
structure such that JN = JiN. Then M has three (if r = 7T/2\/§) or four (other-
wise) distinct constant principal curvatures

o = V8 cot (V8r), B = v2cot (V2r), A= —v2tan (V2r), u=0

with some r € (0,7/4). The corresponding multiplicities are

ma)=1,  m@B =2 m)=2m-2=m),
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and the corresponding eigenspaces we have
T, = R¢ = RIN = R¢y,
Ty = C'¢ = C'N = R& @ RE,
Ty = {X|XLHE JX = J, X},
T, ={X|X1H,JX = —Ji X},

where RE, CE and Q€ repectively denotes real, complex and quaternionic span of
the structure vector & and C¢ denotes the orthogonal complement of CE in HE.

For such kind of real hypersurfaces of type A mentioned above let us check
whether this type satisfies the formula (*) or not.
Now let us assume that real hypersurfaces of type A satisfies the formula (*)
In Proposition A let us put X =& €T3, 0= 02 = (33, and £ = £;. Then by the
formula (2.1) we have
AP&y + AL = Adr&) + PAL
= —A& + (06
= =38 — (&

= —2v2cot \/Er&.

From this, together with the formula (™) we know

—k& = kopéy = —2\/§COt \/ir &

which means k = 2\/§ cot \/Er.

On the other hand, by the paper [5] of Berndt and the present author we know
that the distributions T and T}, in Proposition A are ¢-invariant, that is ¢T) C T
and ¢T, C T, respectively. By virtue of this fact we know that for any X €T),

A= —2tan2r
AX + pAX = —2v/2tan V2r¢X.

Then in this time k = —2\/5 tan \/Er. From this, together with the above formula
we get cot?y/2r = —1, which makes a contradiction. So real hypersurfaces of
. *
type A can not satisfy the formula ().
Moreover, for a tube of type B in Theorem A we introduce the following

Proposition B. Let M be a connected real hypersurface of Gg(CmH). Suppose
that ADC D, A = &, and & is tangent to D. Then the quaternionic dimension m
of Go(C™?) is even, say m = 2n, and M has five distinct constant principal
curvatures

a=—2tan(2r), [B=2cot(2r), 7=0, A= cot(r), p=—tan(r)
with some r € (0,m/4). The corresponding multiplicities are
m(a) =1, m(f) =3=m(y),  mA)=4n—4=m(u)
and the corresponding eigenspaces are
To=RE  Tp=3J& T, =36TNTy,
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where
T\®T, = (HCE", STy = T, 3T, =T, JT\ =T,.

Of course we have proved that all of the principal curvatures and its eigen-
spaces of the tube of type A (resp. the tube of type B) in Theorem A satisfies all of
the properties in Proposition A (resp. Proposition B).

Now by using this Proposition B we show that a tube of type B in Theorem A,
that is, a tube over a totally geodesic HP" in G,(C""?), m = 2n satisfies the
formula (*) for a constant k = 2cot 2r as follows:

For any £ €T,, o = —2tan2r, we have

APE + AL = 0 = ko€
For any &, €75 [(=2cot 2r, the eigen space T, = 3¢ gives ¢§, €T,.

This implies A¢p&, = 0 for any v = 1,2,3. From this we have the following for
k =2cot 2r

APE, + PAE, = 2 cot2r ¢E,.
For any X €Ty, A = cot r we know that JT) = T, gives
ApX + pAX = —tanr¢X + cotrgX = 2cot2rpX.
This means that the formula (*) holds for k = 2 cot2r.
Finally, for the case ¢{, €T,, v=1,2,3, the formula (*) also holds for
k = 2cot2r.
4. Some Key Lemmas and Theorems

In order to give a characterization of type B among the classes of real hyper-
surfaces M in complex two-plane Grassmannians G,(C™"?) we will prepare some
lemmas and a proposition as follows:

Lemma 1. Let M be a real hypersurface in Go(C"*?) satisfying
Ad + ¢A = k¢,

where the function k is non-zero and constant. Then Tr A = o + nk, where
n=2m-—1

Proof. Now suppose that A + A¢ = k¢. By applying ¢ to the left, we have
P*A + AP = k¢
Then it follows that
AX — pAPX — kX + (kK — a)n(X)E = 0.

Now let us take an orthonormal basis {e;|i=1,...,4m — 1} for M in above
formula. Then we have
Tr A — Tr pAp — (4m — 1)k + (k — ) = 0. (4.1)

On the other hand, we know

Tr ¢pA¢ = Tr Ap* = —Tr A + o
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Because we have
AP*X = —AX + n(X)AE = —AX + an(X)¢.
From this, together with (4.1), we have
TrA=2m— 1)k+a,
which completes the proof of Lemma 1. ]

Now let us assume that the structure vector £ is principal and denote by $
the orthogonal complement of the real span [{] of the structure vector £ in TM.
Then taking an inner product of the Codazzi equation in section 2 with £ and using

A€ = af imply
— 28(¢X,Y) +2Z{m )10 (9Y) = m(Y)n (6X) — g(duX, Y1 (€) }

= 8((VxA)Y — (VyA)X,¢§)
g((VXA)£7 Y) - g((VYA)€7 X)
= (Xa)n(Y) — (Yo)n(X) + ag((A¢ + ¢A)X,Y) — 28(A9AX,Y).  (4.2)

Putting X = &, we have

Ya = (fOé)T] —4 Z 771/ 7]1/(¢Y) (43>

for any tangent vector field Y on M. Substituting this formula into (4.2), then we
have

- Zg((ﬁX Y + 22{771/ 7]1/ ¢Y) (Y)nu(¢X) - g(¢VX7 Y)Uu(f)}

= 4Z{n ) (6Y) — (Y )1, (¢X) 10, (€) + ag((Ad + ¢A)X, Y)

— 2g(A<bAX, Y).
From this formula we are able to assert
Lemma 2. If A§ = af and X € H with AX = N\X, then

3
0= (2A — a)A@X — (2+ Aa)$X +2 ) {20, (&) ($X)E — 1, (X)p&

v=1
- nu(¢x)£u - 77V(£)¢VX}

Lemma 3. Let M be a real hypersurface in G,(C""?) satisfying
Ad + pA = ko, k is non-zero and constant. Then £ is principal. Moreover, the
principal curvature function o is constant provided that & € Dt or £e®.

Proof. Then by applying the structure vector ¢ to the above assumption in
the right side, we know ¢A¢ = 0. This means A¢ = &, that is, the structure vector
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¢ is principal. Then we are able to use (4.2) and (4.3). The formula (4.3) means
that

3
grad o = (()€ +4 ) nu(€)eS,. (4.4)
v=1

For the case where £ € D', We may put £ = &;. Then (4.4) implies
grad o = (éa)é€. (4.5)

For the case where £ € ©. Then naturally the formula (4.4) gives (4.5). Now
differentiating (4.5), we have

Vix(grad o) = X(§a)§ + (§) pAX.
Then this implies
0 = ¢(Vx(grad a),Y) — g(Vy(grad o), X)
= X(Ea)n(Y) = Y (§)n(X) + () ((¢A + A)X, ).
This gives
k(€a)g(¢X,Y) = Y(Ea)n(X) — X(§a)n(Y).
From this, putting X = &, we have Y(£a) = £(€a)n(Y). Then it follows that
K(€a)g(6X, ¥) = 0.
By virtue of k #0, we have £o = 0. From this, together with (4.5) we have
grad a = 0,
which means that the principal curvature « is constant. ]
Then by using Lemmas 1 and 3 we have the following Proposition.

Proposition 4. Let M be a real hypersurface in G,(C™?) satisfying
Ap + @A = k¢, k is non-zero and constant. Then we have

2A’X — 2kAX + (ak +2)X
- [n<x><2a2 ok £2) 44 (O 43 nﬁos)n(X)}g
=23 {m(¢X)8 — n(X)&, + n(X)m (& + mu(dudX } =0,

where ) denotes the sum from v =1 to v = 3.

Proof. Now substituting (4.3) into (4.2), we have
—28(6X, ) + 2> {m(X)nu(6Y) — 1 (Y)nu(6X) — 8(6.X, Y)nu(€)}

= =4 (O (Xm(Y) + 4D n(En(¢Y)n(X)

+ag((Ap+ ¢A)X,Y) — 2g(APAX,Y). (4.6)
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On the other hand, from the assumption we have
S(AQAX,Y) = kg(AdX,Y) — g(A%¢X,Y).
Then from this together with formula (4.6) we have

20°0X — 2kAGX + (ak +2)6X — 4> 1, (E)n, ($X)E =4 m(On(X)sE,
= ZZ {_nu(X)¢§u - nu(¢X)€V - Uu(€)¢uX}~

Replacing X by ¢X, we have
2A%X = 2n(X)A%E + 2kAX — 2kn(X)AE — (ak +2)X
+n(X)(ak+2)6+4Y n(On(X)E -4 n(En(X)é

+2) {n(6X)$& — nu(X)& + n(X)nu()é, + 1. (E)$rdX}

_ [n<x><2a2 okt 443 Onx) -4y ni(&)n(X)]é
— (ak +2)X + 2kAX +2) {1, (¢X)o&,

= m(X)& +n(X)m(§)E + 0o (§) PudX ).
O

Now we are going to prove a key Lemma which will be useful in the proof of
our Main Theorem.

Lemma 5. Under the same assumption as in Proposition 4 we have

X(k—Tr A) = n(X)&(k — Tr A) +4> 1, (6X)n ().

Proof. Differentiating (¢A + A¢)X = k¢pX covariantly, we have
(Vyd)AX + ¢(VyA)X + (VyA)dX +A(Vyd)X = (Yk)pX + k(Vyp)X.
Then substituting the formula (2.2) into the above equation, we have
N(X){A’Y + @AY — kAY} — g(A*X + aAX — kAX,Y)¢ + ¢(VyA)X
+ (VyA)oX = (Yk)pX.

From this, using Proposition 4, we have
k+2
n(X){aAY—a 2+ Y—i—{n(Y)(az—%k—i—l)

£2 Y (On ) -2 RO be
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#0616, 1 (V)6 + (e 16,61

ak+2

—g(aAX— X,Y>§

+a( {00 (o -G+ >+2Zny O >—2;n3<5>n<x>}s,y)g

+3 " g({m(6X) &, — 1 (X)& + n(X) ()&, + 10 () 6y dX}, Y)E

+ G(VyA)X + (VyA)dX
= (YK)¢X.

From this, contracting, we have

ZgEl,Eg anE (6, Ei)¢
+anl 5 ZT] 771/ 5

- Zm ¢V¢E,,E>s+¢(vEA>E + (VEA)GE;,

{—a Zg(AEhEi)f
ak+2

where ) . (resp. > ) denotes the sum from i = 1 to i = 4m — 1 (resp. from v = 1
to v = 3). Then by virtue of formulas defined in (2.1) we have

ak + 2 ak+2
> (Ek)E; = aAS — §—afTr A>5+T<4m— DE+6E—2> n2(€)€

=2 m(O)(Troud)e+ D o(VEAE: + Z(VE,.AWEi. (4.7)

On the other hand, the first term in the fourth line of (4.7) becomes

Zg(¢(VE,-A) Zg ((VEA)E;, ¢X) = Zg i, (VEA)$X).

i

Also by virtue of the Codazzi equation in section 2 the last term of the above
equation can be changed into

Z (VEA)$X — (VoxA)E;, E;)
- Zn Z 77'/ + Z 771/ Tr ¢1/
Z n(&)Tr ¢, — Z n (X&) +nX) Y m(E).  (48)
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Also let us use the Codazzi equation in the final term of the fourth line of (4.7).
Then it follows that

> 8(9E: (VEA)X Zg OE:, (VxA)E; Zg S, OE;)
+Zn,, OE)3($udX, OE;) +Z{n,, 2(6.X, )

_nu( ) (¢VEZ)¢E) (¢I/Ei’X) V((Z)El)}
+ 2{77 77V ¢X ( )nl/(ngi)}nV(QbEi)' (49)

Now from the third term in the right side of (4.9) let us calculate term by term as
follows:

Zny OE))3(6,¢X, OE;) = Zny B 6,¢X) = Zm m (&) = _ X))
Z 771/ gb,,X ¢E Z T ¢¢V = 377 Z 771/
- Z 771/ d)l/Elv ¢E Z nV Tr¢¢m

—228 $uEi, X)ny (9E;) = —6n(X) + 2Zm (X
and
—Zn )0 (SE)mu(GE:) = —3n(X +Zn (&)
Substituting all of these formulas into (4.9), we have the following
Zg((inA)¢Ei7X) = Zg(¢Ei> (VxA)E;) — (4m — 1)n(X)
+3n(X Znu X)n(&) + Zm )Tr ¢, — 6n(X)
+22m ) (X) = 30(X) + Zn
+Z77u (X)m (&) Zn : (4.10)
Now substituting (4.8) and (4.10) into (4.7), then by Lemma 1 and Lemma 3 we have
D (Ek)3(0E:, X) = (4m +4)1 22%(6 (x) - Zm )Tr(du$)n(X)
—Zg i (VoxA)E Zn ©+ > mX)m. (&)
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= X Tr by +1(X) > nu(OTr gup+ > nu(X),(6)
VX)Zm(&f+Zg<¢;i,<va>Ei> V

—(4m—yl)77(X)+3n(lX)—Zm(X)n(é )

+Znu( )Tr ¢, — 6(X +2Zm ) (X

—3n(X +Zn (&) +Zm )(€) ZW(X)W (©)?
—4Zm n(X +4Znu )7 () = Tr (VxA),

where we have used that the structure vector £ is principal and Tr (VxA)¢ = 0.
Then it can be written as follows:

¢X (k) = ¢X(Tr A) + n(X +4Zn,, X) =4 (X

From this, replacing X by ¢X, we have
¢*X(k —Tr A) = =4 n,(¢X)m,(£).

Finally, we have arrived at the following formula

X(k—TrA) = n(X)é(k — Tr A) +4 ) n,(6X)n, (€).

From this we complete the proof of Lemma 5. ]

By Lemma 1 we know that the mean curvature is constant if and only if the
function « is constant. By the result in Lemma 5 we know that if the function
k — Tr A is constant, then

> n(@X)m (&) =0 (4.11)

for any X € T,M. Then the formula (4.11) is equal to
> n(€)et, =0. (4.12)

On the other hand, the formula 3~ 7,(£)$*¢, = 0 is equivalent to
Z nV(€)¢§V = 07

because ), 7,(£)@E, is orthogonal to the structure vector field £. From this, (4.12)

is equivalent to
Y) Zni(f) = Znu<f)nu(y> =0
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for any Y € ©. By virtue of this formula (4.11) is also equivalent to
£€D or €D (4.13)

Accordingly, by Lemma 5 we know that the constancy of the function « implies the
formula (4.13). Moreover, conversely, by Lemma 3 we are able to see that (4.13)
implies that the function « is constant. Now we summarize this content as follows:

Theorem 4.1. Let M be a real hypersurface in Go(C™?) satisfying the formula
A+ PA = k¢,

where the function k is non-zero and constant. Then the following are equivalent to
each other

(1) the mean curvature is constant,
(2) the function « is constant,

(3) €D or €D
By virtue of this theorem we also assert the following

Theorem 4.2. Let M be a real hypersurface in Go(C™2) with constant mean
curvature satisfying the formula

A+ ¢A = ko,
where the function k is non-zero and constant. Then we have the following

(1) The structure vector field £ is principal,
(2) The function « is constant,
(3) (€D or €D

5. Proof of the Main Theorem

Let M be a real hypersurface in a two-plane complex Grassmannians G, (C™"?)
with constant mean curvature. Now let us denote by & the orthogonal compo-
nent of the structure vector ¢ in the tangent space of M in G,(C™"?). Then by
Theorem 4.2 let us consider the following two cases:

Now we consider the first case £ € D. In this case we may put & = £;. Then by
Proposition 4 we have for any X € § = [¢]*

2A°X — 2kAX + (ok +2)X — 2 {nu(6X) &, — 1 (X)&, + 1 () X} = 0.

(5.1
From this formula we are able to assert the following

Proposition 5.1. Ler M be a real hypersurface in Go(C"?) satisfying the
Sformula (*) with constant mean curvature. Then the principal curvature o is
constant and for all X € $H with AX = M\X one of the following two statements
holds:

(1) 2X2 — 2k\ + ok = 0 and ¢DX = —¢p; DX,
(2) 202 — 2k\ + (ak 4+ 4) = 0 and ¢; DX = ¢DX.
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Proof. In order to prove this Proposition we use the formulas in (2.1) to the
formula (5.1). Then for any principal vector X € § such that AX = AX the equation
(5.1) can be given by

{202 = 2k + (ak +2)}X + 4 (X)& + m(X)&) —2¢19X = 0. (5.2)
Now we decompose the vector X € § as follows:
X = DX +m(X)& +m(X)Es,

where DX denotes the D component of the vector X € . Then by the formula
(2.1) again we have

019X = P1DX + m(X)& + 13(X)E;.
From this, together with (5.2) it follows that
{207 — 2k + ok + 2} DX + {2X° — 2kA + ak + 4} (X)&
+ {202 = 2k + ak + 4}13(X) €, — 2¢0,0DX = 0.
From this, together with the fact that ¢;¢® C D we have the following
{207 — 2k + (ak +2)} DX — 2¢;¢DX = 0,
{20 = 2kX + (ak + 4) I (X)& = 0,
{2)% = 2kA + (ok + 4)}n3(X)& = 0.

If 20? — 2k + (ak + 4) = 0, from the first equation we know DX = —¢;¢DX,
that is, ¢; DX = ¢DX. Thus we assert the formula (2) in our Proposition.

Now when we consider 2\? — 2kA + (ak + 4) #0, then 7p(X) = 13(X) = 0.
This means X € ©. Then by the first equation we know that ¢;¢DX and DX are
proportional. From this we have

$16DX = £DX.

If $p1¢DX = —DX, then (2\> — 2k\ + ak 4 4)DX = 0, which makes a contra-
diction. So ¢;¢DX = DX, that is pDX = —¢p; DX. Then we have our assertion
(1). From this we complete the proof of our Proposition. O

In this section we have assumed that the mean curvature of M in G,(C""?) is
constant. Then by Theorem 4.2 we know that the function « is constant. Accord-
ingly, all principal curvatures satisfying the formulas (1) and (2) in Proposition 5.1
are constant. Also by virtue of these two formulas the number of principal curva-
tures in the subspace $ is at most four. Since the function & is given by 2p as in the
introduction, the formulas in Proposition 5.1 can be written by

M — kA +pa=0 (5.3)
and
M —k\+pa+2=0. (5.4)

In (5.3) the function k = 2p is given by the sum of two roots of the quadratic
equation. Then it follows that two roots are equal to each other, that is p = a. By
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virtue of this fact we also know that there cannot exist any roots satisfying
the formula (5.4). So we are able to assert that $ =7T,, where T, =
{Xe9H|AX = aX}.

Since we know that the structure vector £ is principal with principal curvature
a, we assert that M is locally congruent to a totally umbilic hypersurface in
GZ(C'””). But in a paper [10] due to the present author it is proved that there
does not exist such a real hypersurface in G,(C™ ). So we conclude here that
the first case £ € D cannot appear.

Now let us consider the second case £ € D. Then by Lemma 2 for any X € $
and A = o, we have

0= (2)‘ - CM)Ang - (2 + )\CM)¢X -2 Z{Uz/(x)¢uf + nu(¢X)€1/}7 (55)

where 9 = [£1,&, 83, 081, 0&, $&3] @ 9 and ¥ is the orthogonal complement of
the subspace [, ...,...,¢&] in $. Then any vector X € $ can be expressed by

X=9X+ ZT]V(X)SV - Z%(@Qﬂ%m

where %X denotes the ¥-component of the vector X € . If AX = \X, then by the
assumption (A¢ + ¢A)X = kX we know that A¢pX = (k — \)¢pX. From this,
together with (5.5) we have

0={2A—a)(k=X) = 2+ A)}dX =2 {n(X)$.& + nu(¢X)&}.  (5.6)

From this, multiplying ¢ and using ¢,£ = ¢, v = 1,2,3, we have
{20 = 2K\ + (ak +2)}9X + {207 = 2kA + (ak +2) + 2} ) nu(X)&,

— 2N = 2kX + (ak +2) + 2} ) (¢X)gE, =0,

where we have used the above decomposition for the expression of X € §. Accord-
ingly, we are able to assert the following:
{20% — 2k\ + (ak +2)}9X =0,
{20% = 2kX + (ak +4)In,(X)E, =0, v=1,2,3 (5.7)
{20 — 2k) + (ak +4)}n, (6X)0E, =0, v =1,2,3.

From these equations we know that if 2A? — 2k + (ak + 4) #0, then the vector X
is orthogonal to &, and @€, for any v = 1,2, 3. Then naturally X = ¢X. From this
fact we know that all of principal curvatures corresponding to eigenspaces in the
space $ satisfy one of the following equations:

202 —2kA+ (ak +2) =0 or 2)\* —2k\+ (ak +4) = 0.

On the other hand, by Theorem 4.2 the functions « and k are known to be
constant. From this together with the above equation all of the principal curvatures
are constant.
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Now without loss of generality we may put « = —2tan2r and A = cotr for a
real number r with 0 <r < 7. Then by (5.6) (also by Lemma 2), we know for any
X €9 withAX = )X that

_ai+2
F=o—a
Then the function ¢ = —tanr. So it follows that

APX = X,

k= X+ pu= cotr— tanr = 2cot2r,
which implies ok = —4. Then its principal curvatures in $§ satisfy
M—kA—1=0 or XN —k\=0.

Then, including principal curvature « the real hypersurface has at most five dis-
tinct constant principal curvatures. Then by the above formulas and the quadratic
equations the other possible principal curvatures are

B = 2cot2r, v =0, A= cotr, U= —tanr.
Note that the principal curvature A and p are two different roots of the equation
2% — 2kx + (ak +2) =0,

where k = 2 cot 2r.

A basic role in the geometry of Riemannian symmetric space is played by
the so-called maximal flats. In the case of G,(C™"?), a maximal flat is a two-
dimensional totally geodesic submanifold isometric to some flat two-dimensional
torus. A non-zero tangent vector X of G,(C™"?) is said to be singular if X is
tangent to more than one maximal flat of G,(C""?). In G,(C™"?) there are two
types of singular tangent vectors X which are characterized by the properties
JX 1L 3X and JX € 3X. We will have to compute explicitly Jacobi vector fields
along geodesics whose tangent vectors are all singular. For this we need the eigen-
values and eigenspaces of the Jacobi operator Ry := R(., X)X, where R denotes the
curvature tensor of G,(C™"?) mentioned in Section 1. If JN L N then the eigen-
values and eigenspaces of Ry are given by (see Berndt and Suh [4])

0 RN @ JJIN =N @ [p1&, 926, pa€],

L (HCN)" = [N,6,6,6,8, 41 628, 58], (5.8)
4 RIN@®JIN =RES 6,8, 8],
where HCN = RN @ RIN @ IN @ JJN and [...,...,...] denotes the linear real

span of the given vectors.
For p€M denote by c, the geodesic in G,(C™*?) with c,(0) =p and
¢,(0) = N,, and by F the smooth map

F:M— Gz(Cm+2), p—cp(r).

Geometrically, F is the displacement of M at distance r in direction of the normal
field N. For each p € M the differential d,F of F at p can be computed by means of
Jacobi vector fields by

d,F(X) = Zx(r).



Real Hypersurfaces of Type B 355

Here, Z is the Jacobi vector field along ¢, with initial values Zx(0) = X and
Zy(0) = —AX. Using the explicit descriptions (5.8) of the Jacobi operator Ry
for the case JN L JIN mentioned above and of the shape operator A of M we get

{cos (2r) — & sin (2r)}Ex(r) if pe{a, 5}
Zx(r) = § {cos (r) — psin (r)}Ex(r)  if p€{A u}

{1 = p}Ex(r) if pe{y}
where Ey denotes the parallel vector field along ¢, with Ex(0) = X. This shows
that the kernel of dF is Tg® T\ = IN & T and that F is of constant rank
dim(T, ® T, @ T,,) = 4n. So, locally, F is a submersion onto a 4n-dimensional
submanifold B of G,(C™"?). Moreover, the tangent space of B at F(p) is obtained
by parallel translation of (7, ® T, ® T,)(p) = (H{ & T,,)(p), which is a quater-
nionic and real subspace of T,G,(C""?).

Since both J and J are parallel along c,, also Tk, B is a quaternionic and real
subspace of TF(,,)GZ(C’””). Thus B is a quaternionic and real submanifold of
G,(C™"?). Since B is quaternionic, it is totally geodesic in G,(C™?) (see
Alekseevski [1]). The only quaternionic totally geodesic submanifolds of
G2(C™?), m = 2n > 4, of half dimension are G,(C"*?) and HP" (see Berndt [3]).
But only HP" is embedded in G,(C™"?) as a real submanifold. So we conclude
that B is an open part of a totally geodesic HP" in G,(C™"?). Rigidity of totally
geodesic submanifolds finally implies that M is an open part of the tube with
radius r around a totally geodesic HP" in GZ(C"‘”). Thus we have proved our
main Theorem. O]
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