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Abstract. The dyadic diaphony, introduced by Hellekalek and Leeb, is a quantitative measure
for the irregularity of distribution of point sets in the unit-cube. In this paper we study the dyadic
diaphony of digital nets over Z,. We prove an upper bound for the dyadic diaphony of nets and show
that the convergence order is best possible. This follows from a relation between the dyadic diaphony
and the %, discrepancy. In order to investigate the case where the number of points is small compared
to the dimension we introduce the limiting dyadic diaphony, which is defined as the limiting case where
the dimension tends to infinity. We obtain a tight upper and lower bound and we compare this result with
the limiting dyadic diaphony of a random sample.
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1. Introduction

Many applications, notably numerical integration (see for example [19]),
require well distributed point sets in the unit-cube. What we mean by well dis-
tributed can be defined in several ways, all of which have their own significance.
Geometrical concepts of measuring the irregularity of distribution comprise the
%, discrepancy and the star-discrepancy (see for example [7], [14], [18]). Other
papers consider measures specifically related to numerical integration [2], [3],
[13], [19], [24]. In such cases the worst-case error, that is, the worst approximation
of the integral of functions from the unit-ball of some function space, has frequent-
ly been considered and analyzed. Furthermore, several connections between those
seemingly different concepts have been pointed out, see [13], [24].

The dyadic diaphony (see Definition 1) considered here is another measure for
the distribution of a point set. This measure is based on a function, depending on a
point set in the unit-cube, whose function value tells us about the distribution
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property of a point set. Introduced by Hellekalek and Leeb [12], it has been shown
that this is indeed a valid measure, in the sense that the function value tends to
zero if and only if the point set is uniformly distributed in the unit-cube.

In [5] several connections between the dyadic diaphony, discrepancy and
numerical integration of functions from a certain function space have been pointed
out. Moreover, it was shown in [5] how the dyadic diaphony can be understood
geometrically.

In this paper we study the dyadic diaphony of digital nets over Z,. Digital nets
are well known for their excellent distribution properties. This is also reflected by
our results here, unless the number of points is small compared to the dimension.
More details are given in the following outline of the paper.

The definitions of dyadic diaphony and digital nets are given in the following
section. In Section 3 we prove an upper bound for the dyadic diaphony of digital
(t,m, s)-nets over Z, (Theorem 1). From this result we obtain for any dimension
s = 1 the existence of digital nets with dyadic diaphony of order (log N )(“'71)/ N
(Corollary 1) and in Theorem 2 we show that this order is best possible for any
point set.

Though we have shown the existence of digital nets with the best possible
convergence order, there remains a gap in the applicability of our upper bound.
Namely, the bound is bigger than one if the number of points is small compared to
the dimension, though it is known that the dyadic diaphony lies always between
zero and one. For practical purposes it is often the case that the number of points is
rather small compared to the dimension (and therefore it is a very important
research topic), hence there is a need to investigate this case separately. This point
is pursued in Section 4, where we introduce the limiting dyadic diaphony. The
limiting dyadic diaphony is the limiting case of the dyadic diaphony as the dimen-
sion tends to infinity. This approach is similar to the limiting discrepancy intro-
duced in [24]. Sloan and Wozniakowski [24] introduced the concept of strong
tractability, meaning that the limiting discrepancy is finite and decays polynomi-
ally with the number of points. This has subsequently been the topic of much
research. However, in our setting the notion of strong tractability is not useful, as
the limiting dyadic diaphony is always between zero and one. Still, the limiting
dyadic diaphony is useful to analyze the convergence rate for small point sets, as
obviously any finite number of points is small compared to infinity. We calculate
the limiting dyadic diaphony for digital nets and the expected value of the dyadic
diaphony of a random sample. The comparison shows that in terms of the limiting
dyadic diaphony both point sets perform equally well.

In Section 5 we discuss the previous results. We show that point sets with
almost best possible limiting dyadic diaphony can be constructed in practice using
a component-by-component algorithm. Further we prove that a convergence order
of O((logN) =1/ *N—') can only be achieved if N is exponentially large in the
dimension.

2. Preliminaries

Throughout this paper let Ny denote the set of non-negative integers. For
keNy with base 2 representation k = r, 12 '+ 4+ K12+ Ko, with
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ki €{0,1}, we define the Walsh function wal, : R— {—1,1} periodic with
period 1, by

Walk(x) = <_1>£1H0+."+£a’§’a—l ’

for x€[0,1) with base 2 representation x = &;/2 + & /2% + --- (unique in the
sense that infinitely many of the & must be zero). For dimension s> 2,
Xiy..., % €[0,1) and ki, ... ks €Ny we define waly, 4 :[0,1)' — {—1,1} by

s
walkhm,k‘\, ()C], ce ,)CS) = H walkj (Xj).
j=1

For vectors k = (ki, ..., k;) €N and x = (x1,...,x,) €[0,1)* we write

Walk(x) = Walkhm,k ()C], e ,)CS).

s

It is clear from the definitions that Walsh functions are piecewise constant. It can
be shown that for any integer s > 1 the system {waly, . :ki,...,k; > 0} isacom-
plete orthonormal system in L ([0, 1)*), see for example [1], [17] or [21, Satz 1].
More information on Walsh functions can be found in [1], [21], [22], [25].
Throughout the paper let Py, = {xo,...,xy_1} denote a point set in the

s

s-dimensional unit-cube [0, 1)°. For k € Nj) we define

Sn(k,Py) := NZwalk(xn).
n=0

Now we can give the definition of the dyadic diaphony (see Hellekalek and Leeb,
[12]).

Definition 1. The dyadic diaphony Fy(Pys) of a point set Py, =
{x0,...,xy_1} in [0,1)" is defined by

1/2

1
33 -1

Fy(Pys) := > pll)|Sulle, Pys)P |

ke N
k#0

where for an integer vector k = (ki,..., k) €NJ, p(k) =[]}, p(k;) and for
ke N(),

e[l k=0,
PEIZ 272 if 28 < k<2871 with g€ N,

We note that Grozdanov and Stoilova [8] generalized the dyadic diaphony to a
so-called b-adic diaphony, b > 2, and quite recently Grozdanov, Nikolova and
Stoilova [10] introduced a so-called generalized b-adic diaphony. For a very
general definition see [9].

In [12], Hellekalek and Leeb proved that for any point set Py, we have
0 < Fy(Py,) < 1. Further they showed that a sequence Py = (x,),, is uni-
formly distributed modulo 1 if and only if limy .., Fy(Pys) =0, where Py
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consists of the first N points of the sequence P;. Further they showed that for any
dimension s > 1 and for any point set Py, the dyadic diaphony Fy(Py,) can be
computed with O(sN?) operations. If Pl , is the regular grid, that is,

P/ZES,S = {(a1/2g,...,as/2g) 0 < a,-<2g, a,-GZ, 1<i< S}

then

(1427 — 1)

FgES(P/ZKS,s) = 3 _ 1

(see [12, Proposition 3.4]).

Currently the most effective constructions of point sets with good distribution
properties are based on the concept of (z,m, s)-nets in a base b. For a definition of
such nets see [19]. In practice all concrete constructions of (¢, m, s)-nets in a base b
are based on a general construction scheme which is the concept of digital point
sets. Here in this paper we only deal with the case b = 2, i.e., we only consider
(t,m, s)-nets in base 2 and hence we introduce the digital construction only for this
special case. For a general definition see for example [15], [16] or [19]. In the
following let Z, denote the finite field with two elements.

Definition 2. Let s > 1, m > 1 and 0 <t < m be integers. Choose s m X m
matrices Cj,...,Cs over Z, with the following property: for any integers
di,...,d; =0 with d; 4 - - - +d; = m — t the system of the

first d, rows of Cj,together with the

first d;_ rows of C;_;,together with the
first d; rows of C;

is linearly independent over Z,.

Consider the following construction principle for point sets consisting of 2™ points
in [0,1)": represent n, 0 < n<2™, in base 2, n = ng + 2 + -+ +n,_12™", and
multiply the matrix C;, 1 <j < s, with the vector # = (n, . .. nm1)" of digits of n
in ZQ,

Ciii =: (y%’), Y

Now we set

0) 0)
7 S
X, 5 + + o
and
x, = (), a)
The point set P5' = {xo,...,xn_1} is called a digital (f,m,s)-net over Z,
and the matrices Cy, ..., C; are called the generator matrices of the digital net.

Note that any digital (¢, m, s)-net over Z, is a (f,m, s)-net in base 2 as shown by
Niederreiter [19]. Further it follows from Definition 2 that any d-dimensional
projection of a digital (¢, m,s)-net over Z, is a digital (¢,m,d)-net over Z,.
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3. On the Convergence Rate of the Dyadic Diaphony
of Digital Nets over 7,

In this section we investigate the dyadic dllaphony of digital nets constructed
over Z,. We show that F(Px') = O((logN) 2 N~!) and that this is best possible
for any point set. (We remark that the generalized spectral test, which is another
measure of uniform distribution closely related to the dyadic diaphony, of digital
nets was computed by Hellekalek [11].)

We introduce some notation. For m x m matrices Cy, ..., Cs over Z, we define
the set

9:{k€{0’72m_1}x\{0}CT7é1++CTE¥:6}>

where k = (ki,...,k;) and where for k€{0,.. — 1} with k=rko+
K12+ -+ k127 we write k = (Ko, - - 1) EZ’”

Proposition 1. Let P3' = {xo, ..., X1} be a digital (t,m,s)-net over Z,
generated by the regular m x m matrices Cy,...,Cy over Z,. Then for the dyadic
diaphony of P3! we have

1 1 2 \*

2 P+ <(1 + 22—m> - 1) < F.(P3)
ke
45 1 4g(2) sl 2\
ke

For the proof of Proposition 1 we need two lemmas.

Lemma 1. Let {xy, ... ,xom_1 } be a digital net over Z, generated by the m X m
matrices Cy,...,Cs over Z,. Then for all integers 0 < ky, ..., k; <2™ we have

P moi CTR 4 CTR = O
Z waly, .. (Xn) = 2", € kl. +o+ Gk =0,
— B 0, otherwise,
n=0
where for 0 <k<2" vgjth k=kro+ri24 -+ ku12™ " we write k=
(Koy -« - /im_l)T € 7% and O denotes the zero vector in 75 .
Proof. See [3, Lemma 2]. O]

Lemma 2. We have

dpl)=3 and > (2’”1):( 22%)

le N e Nj

Proof. We have

> p2mn) = (szmz> <1+§oo:2§:122g+m> <1+2fm>s.

e Ng

The first equality follows now by setting m = 0 in the equation above. ]
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We are ready to prove Proposition 1.

Proof. The proof is based on an technique introduced by Niederreiter [19]. First
we need some notation: for a non-negative integer k with base 2 representation
k= >0 ki2" we write tr, (k) := ko + K12+ -+ + Kt 2™ ! and

t_I:m(k) = (Klo, R 7/43,,171)T EZZL
Since P35 is a digital (¢,m,s)-net over Z,, using Lemma 1 we obtain
(3~ DE}(PE) = ) pl) =: 5.
ke Ny\{0}
CTtt,y (ky )+-++CTiEy, (k) =0

For ke Nj, k0, we consider two cases:

1. Assume k = 2" with 1€ N, [#0. In this case we have tr,,(k;) =0 for
1 <j < s and the condition
Clitu(k) + -+ + Cliu(k;) =0

is trivially fulfilled for any choice of Cy, ..., C;.

2. Assume k = k* + 2" with 1€ N§, k™ = (k... k) #0 and 0 < kF <2
for all 1 <j<s. In this case we have tr,(kj) = k>|< for all 1 <j<ss and our
condition becomes

Cikf +---+ Clk; =0. (1)
Hence we obtain

S= > p@"D)+ > ) plk" +2") =5 + %o, (2)

Le N\ {0} FeagleN;

From Lemma 2 we find

2 N
El—_1+<1+22m) . (3)

We consider

= ZH(ip +2m1)>.

=0

Assume that k; #0. Then we have

plk; +2m1) =y 27 2om (k2D

4

< -

=0 (ki + 2mi)?
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4 = 4
< —
(kl)z + ; 22m12
4¢(2)
< dp(k;) + m
Hence in both cases we have
- 4¢(2
> olki+2"1) < 4p(ki) + §§> :
1=0
Now
- 4¢(2)
m e YT (w0 + 55
ke i=1
5 4¢2)°
ke
s—1 s—j
42\
DY S S )
j=1 I<ii<~<ij<skcZ
Let 1 <j<s—1land1<i <. - <i <s be fixed. Then
om—1
> oplki)--plky) =Y plhn)---plly) #EED ki, = ha, 1 <d < j}.
ke By =0
If in the system
CThi+-+CTk,=0 (4)
the values of Eil,...,ﬁ,} are prescribed and s —j— 1 of the remaining ks are

chosen arbitrarily, then for the remaining k there is exactly one possible choice

such that the equation in (4) holds. This follows since Ci,.

Hence,

#{ke@ : kid :hd’ 1 <d<1} < 2m(sfj—1).

Thus with Lemma 2 we get

D plki) o plhy) < 2" T plhe) oo pliy) < 27 0U3

ke Ryt =0

In the same way as above it follows that #%Z = 2"~ Therefore we obtain

s s s—1 s—j
S <4 ) plk) + 42,553,1 +> (S> (%@) sy

J

ke =1

_ g 1 4R\ 3

keo

.., Cs are regular.
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We get
1 42\ 3¢ 2\’
<4 k) +— ———1 14+—
kz:p()+2m(3+ o > o +( +22m)
€9
1 4¢(2)s 4c2)\ 2s 2\
<4 k) +— 3 1+— .
; p( ) + om. - om ( + om + 22m + 22m
€
The upper bound follows. Finally from (2) and (3) we get
2 N
= —1+<1+2ﬂ> +Zp(k)
ke
such that also the lower bound is proved. O]
Lemma 3. Let Cy,...,C; be the generator matrices of a digital (t,m, s)-net
over Zy. For v ={vy,...,v.} C{l,...,s}, 0F£0, let
m_] e
po)= S J]ek).
kijde=1  j=I

Cl ki ++4Cl k=0

2 /16 [o] 1 |of—1
Bo) < —0— | = —t+= .
0= (5) ()
Proof. The result follows from [4, Lemma 7] by noting that for k£ £ 0 we have

p(k) = 69p(k), where 1) is defined in [4]. O

In order to obtain an upper bound on the dyadic diaphony we need to establish
an upper bound on ), ., p(k). This is done in the following proposition.

Then we have

Proposition 2. Let Cy,...,Cs be the generator matrices of a digital (t,m,s)-
net over Z, with t <m. Then we have

22 ‘
> olk) < o 1 = )"

ke2

Proof. With Lemma 3 we have

2m_1 s
> plk) = > pk) = > A) (5)
ke kiky=0 =1 vC{l,....s}
(k1 ,....ks) % (0,....0) 020

CTRy 4t CTE—0
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<22f1 |16 LY
2 — 1 3\ 8

221 O
< S Tm—1". (6)

This is the desired result. O

The following theorem follows now easily from Propositions 1 and 2.

Theorem 1. Let P55 be a digital (t,m,s)-net over Z, with t <m and with
regular generator matrices Cy,. .., Cs. Then we have

s—1
—1
PP <o U0

where c(s) >0 only depends on the dimension s.

As the upper bound also depends on the t-value of the digital net we consider
(¢, 5)-sequences in the following. A (z, s)-sequence in base 2 is a sequence of points
(X4), > o such that forall m >t and / > O we have that {x,, : 12" < n < ([+1)2"}isa
(t,m, s)-net in base 2. A digital (z, s)-sequence over Z, is obtained by using N x N
generator matrices Cy, ..., Cy over Z,, see [19] for more information.

From [20] it follows that for every dimension s there exists a digital (z,s)-
sequence over Z, such that < 5s. Thus it follows that for all s > 1 and m > Ss
there is a digital (5s,m, s)-net over Z,. (Note that if there is a digital (¢, m, s)-net
then it follows that also a digital (¢ 4 1,m, s)-net exists.) As we can now increase
m without changing the #-value we obtain the following corollary from Theorem 1.

Corollary 1. For any dimension s > 1 and m > 5Ss there exists a digital net Py
over 7, consisting of N = 2™ points such that

e log N 7
Fu(Pi) < () 1ENT

where the constant c'(s) > 0 only depends on the dimension s.

In the following we also prove a lower bound on the dyadic diaphony which shows
that the convergence rate shown in Corollary 1 is best possible. This is done using
Roth’s lower bound on the ¥, discrepancy, which is another measure for the dis-
tribution properties of a point set. In the proof below we use the generalized notion of
weighted %, discrepancy, which was introduced in [24]. In the following let D denote
the index set D = {1,2,...,s} and let ¥ = (71,72, - . .) be a sequence of non-nega-
tive real numbers. For u C D let |u| be the cardinality of u and for a vector x € [0, 1)*
let x,, denote the vector from [0, 1)'”‘ containing all components of x whose indices are
in u. Further let v, = [[; ¢, 7, dxu = []; ¢, dx; and let (x,, 1) be the vector from
[0,1)" with all components whose indices are not in u replaced by 1. Then the
weighted %, discrepancy of a point set Py = {Xo,...,Xy_1} is defined as

1/2

32,7 PN r) - 27 J ((xua 1)>2dxu )
<D Joa"
u#0
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where

An(10 cox [0, 1,
A(tla"'ats): N([’tl)xN X[vtA))_tl"'th

where 0 <7 <1 and Ay([0,#;) x --- x [0,7,)) denotes the number of indices n
with x, €]0,1;) x - -+ x [0,;). We can see from the definition of the weighted .
discrepancy that the weights v, = []._,~; modify the importance of different

]
projections (see [6], [24] for more information on weights).

Theorem 2. For any dimension s > 1 there exists a constant ¢(s) >0, depend-
ing only on the dimension s, such that for any point set Py ; consisting of N points
in [0,1)* we have

(logN)%

Fn(Pyy) = c(s) N

Proof. In [2] it was shown that the expected value of the weighted %5 dis-
crepancy of a point set Py, which is randomized by a digital shift in base 2, is
given by
2

)

_ 1 =l

[E(gg,(lz)(PN,x)) = Z (v, k)‘ Nzwalk(xh)
keNg h=0
k#0

where k = (ki,...,k) €Ny, r(v,k) = H;:1 r(vj,kj) and for k=0 we have

r(7;,0) = 14+ 1;/3 and for k > 1 we have r(v;,k) = v;p(k)/12. Hence for ~; =

12 we have r(7;,0) = 5 = 5p(0) and for k > 1 we have r(12, k) = p(k). Therefore

we have

r((12),k) = ﬂr(lz,ki) <5 ﬁp(ki) = 5'p(k).

Hence from the definition of dyadic diaphony we obtain the inequality
E(Z3, (1) (Pys) < 5°(3 = DF3 y (Pus)- (7)

Roth [23] proved that for any dimension s > 1 there exists a constant ¢(s) > 0 such
that for any point set consisting of N points in the s-dimensional unit-cube [0, 1)*
the classical ., discrepancy of a point set satisfies

(logN)""

N? ’
Here we just note that the weights only change the constant ¢(s), but do not change
the convergence rate of the bound (see [4], [24] for more information). Hence, for
any point set Py, consisting of N points in the s-dimensional unit-cube there is a
constant ¢(s), depending only on the dimension s, such that

(logN)™"
N

L3(Pys) = e(s)

357(12)(PNJ) > ¢(s)
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Now from (7) it follows that there is a constant ¢(s), depending only on the
dimension, such that
( IOg N)S*l
N? ’
The result follows. O

F%,N(PN»Y) > (s)

By keeping track of the constant ¢’(s) in Corollary 1 we observe that ¢/(s) is
growing exponentially with the dimension s. Hence, though we obtain the best
possible convergence of O((log N )(“1)/ *N~1) of the dyadic diaphony of digital
nets, the upper bound in Corollary 1 is only smaller than 1 if N is exponentially
large in the dimension s. Recall that for any point set Py , consisting of N elements
we have Fy(Py) < 1, hence only if N is large compared to the dimension s we
can observe the best possible convergence order. One might improve the constant
c’(s) so that it actually decays with the dimension (this was done for the %,
discrepancy, see [4]), but still the log N factor grows exponentially with the
dimension, causing the bound to be greater than one in many practical cases. Note
that for high dimensional problems choosing a number of points N exponentially
large in the dimension is often not feasible.

This problem is addressed in the next section where we consider the case when
N is small compared to the dimension.

4. The Limiting Dyadic Diaphony

In many applications we require high dimensional point sets which are well
distributed. In order to investigate the behaviour of such point sets in very high
dimensions we introduce the concept of limiting dyadic diaphony (see also [24],
where a limiting discrepancy was introduced). Let Py be a point set in [0, 1) with
N elements and let Py, be the projection of Py to the first s coordinates. Then we
have

Fy(Py,) = 35%1 %2 Z p(k)waly (x;)walg (x,,)

Ln=0ke N3
k#0
L U LSS pllowals G wal ()
35— ] 33—1N21_0_ _p walg (x;;)walg (X, ;
n=0 j=1 k=0
L 3 ST (55 pwat o wale()
=4t ——— 4= wa Jwalg(x, ;) |-
31 31N = d1\3 327 kX1 ) WAk X j
(8)
Note that
1 1&
0< 3+ gz p(k)wal (x; ) waly (x, ) < 1, (9)
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which follows from [5, Theorem 1] and [3, Eq. (7)]. Hence it follows that

TR Z H ( %i p(kywaly (x;;) wale (x, J))
k=1

=0 j=1

is monotonically decreasing with increasing dimension. As it is also bounded from
below by zero it follows that

s—»oo 3s —IN2 Z H ( %i p(k)walk(xl_j)walk(xn’,-)>
=1

—0j=1
exists and hence also lims_,oo Fy(Py ) exists for any point set Py in [0, 1)™
Definition 3. The limiting dyadic diaphony Fy jim(Py) of a point set Py in
[0,1)> is defined by
Fyjim(Py) := vlifglo Fyn(Pns),

where Py is the projection of Py to the first s coordinates.

Recall that 0 < Fy(Py,) < 1, hence we also have 0 < Fy jim(Py) < 1. In the
following we consider two choices of point sets in [0, 1)™.

From [5, Theorem 1] together with [2, Theorem 4.4] it follows that there exists
a digital net Pg{%ﬁs, extensible in the dimension s, such that

ne 3S
(P < 35 —12m—1

(In [2] it is also shown that such a digital net can be found by computer search

using a component-by-component algorithm, see [2, Algorithm 4.3], where ; = 1

for all j > 1.) Hence for the infinite dimensional digital net P} we obtain

b
m 1

for all s > 1.

Fonjim (Ph) <

Note that in this case we can only obtain a convergence rate of O(2~"/2). This is
indeed best possible, as it follows from (8) and (9) that

1 R RS [ st QUM R QS
2 _ . .
Fy(Pns) = —33—_1*3—_1ﬁ12 E <§+gk;p(k)walk(m.;)walk(xw)>

n=0
1 311 (1 &
= — 4= pk)wal(x,j)wal(x, ,))
3 -1 3 —1N2n;]11 3 3;
1 G I S RS I
R yed 3l | ARSI
n=0 j=1 k=1
1 3s
_35_1(—1+N>. (10)

Therefore we obtain the following theorem.
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Theorem 3. For any point set Py in [0,1)> consisting of N elements we
have

1
Fniim(Py) = —.

VN

Hence we also obtain the following theorem.

Theorem 4. For a digital net P5;' constructed by a component-by-component
algorithm we have

1 1
ﬁ < Fz'",lim(Pg'?) < W

In the following we also calculate the expected value 0f the 11m1t1ng dyadic
diaphony of a random sample P = {x,,... ,xy_1}. As Io walp(x)dx = 1 and
fl wali(x)dx = 0 for k >0 we obtam
1

N?

1 M=
:ﬁzlz_
n=0

Therefore we obtain from Definition 1 and Lemma 2 that

J S (k, P)[* dxg - doey ) = J waly (x,, ) waly (x,,)dx,,dx,,
[0,1) n,m=0 [01

EFL(PRY) = | FR(PRn - di = (1)
' [0,1)™ ’ N

Let Py, be a point set with N elements in [0, 1)*. By adding k zeros in the

remaining coordinates of each point we obtain a point set Py s in [0, I)Hk and

for k = co we obtain a point set Py in [0,1)™. It can easily be verified that

(3" = DFy 1 (Prsin) = 3(3 = DFy (Pry) +2
and therefore
(35K — I)Fﬁ.ﬁk(PN,erk) =353 — 1)F1%,7S(PN_,S) +35—1 forall k>0.

Hence the limiting dyadic diaphony for such a point set is given by

, 31, 1
Fyiim(Py) = ———Fy(Pnys) +§~

3

If we consider a point set P}f,“;o where the first s coordinates of each point are
chosen randomly and the remaining coordinates are chosen to be zero, we obtain,
by using (11), that the mean square limiting dyadic diaphony of this point set is
given by

(12)

g F—11 1
[E(Fl%/,lim(PN,s(,iO)) 35 N ~ 3 3s°

Hence, by choosing all coordinates randomly, we obtain

1
I [E(Fﬁhm(Prand)) > [E(Fth(Prand)) >

Yo T
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where the rightmost inequality follows from Theorem 3. We have shown the
following theorem.

Theorem 5. The expected value of the limiting dyadic diaphony of a random
sample Pg\‘",‘“d is given by

E(Fyim(PY™)) =

El

5. Discussion

It follows from Theorem 5 that, in terms of the limiting dyadic diaphony,
digital nets do not perform better than an average random sample. This may not
come as a surprise as for very high dimensions we necessarily obtain a quality
parameter t = m for any digital net. On the other hand, Theorem 4 (using a
component-by-component construction algorithm presented in [2]) yields a con-
structive approach to a point set with a limiting dyadic diaphony almost as small as
possible. (Let € > 0. Then, in order to obtain a limiting dyadic diaphony smaller
than (N — 1)_1/2 + ¢, it is enough to construct only s = [—21log ;¢| many dimen-
sions as the rest of the coordinates can be chosen to be zero. This follows from
(12). For example, for N = 230 ~ 10° it would be enough to construct 28 dimen-
sions to obtain a limiting dyadic diaphony of at most 1.01 - (230 — 1)71/ % and 32
dimensions to obtain a limiting dyadic diaphony of at most 1.001 - (23 — 1)71/ 2,
This is feasible using a component-by-component algorithm.

It follows from (11) that for a finite dimensional random sample PR‘}f}d we have

1
E(F%,(PRY)) = —=.

VN

Thus it follows that

VEFRL (P = JEFR () for all 5> 1,

where Py is again the projection of Py to the first s coordinates. Hence, the root
mean square dyadic diaphony of a random sample is independent of the dimension.
Corollary 1 on the other hand shows that for digital nets with a large enough number
of points the dyadic diaphony converges faster than the limiting dyadic diaphony.

What we mean by a large enough number of points will be made more precise
in the following. From (10) it follows that

1 3°
Fy(Png) > ——(-1+=
dend > 5 (143
for any point set Py ;. Hence, for example for 0 <N < 3°/2 it follows that

1
FN(PN,S> = ﬁ

Thus only if N is exponentially large in the dimension we can observe the
convergence rate shown in Corollary 1.
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