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1. Introduction

Recently, Hartono, Kraaikamp and Schweiger [6] introduced a new continued
fraction algorithm with non-decreasing partial quotients, called the Engel contin-
ued fraction (ECF) expansion. Basic and ergodic properties of this expansion were
studied. The name of this new continued fraction expansion is ‘borrowed’ from the
classical Engel Series expansion, although it should be stressed that the ECF-
expansion of a number x2ð0; 1Þ, and the corresponding Engel Series expansion
of x hardly have anything in common, except that for both types of expansions the
sequences of digits are non-decreasing sequences of positive integers. To illustrate
this point a little bit further, recall that the Engel Series expansion of any x2ð0; 1Þ
is generated by the map S : ½0; 1Þ ! ½0; 1Þ, given by

SðxÞ :¼
��

1

x

�
þ 1

��
x� 1

½1
x
� þ 1

�
; x 6¼ 0; Sð0Þ :¼ 0;

where ½�� is the largest integer not exceeding �, see also Figure 1. Note that the Engel
Series map S is in fact equal to the L€uuroth Series expansion map, normalized by ½1=x�
(see e.g. Section 2.2 in [1] for more information on the L€uuroth Series expansion).

Using S, one can find a (unique) series expansion of every x2ð0; 1Þ, given by

x ¼ 1

q1ðxÞ
þ 1

q1ðxÞq2ðxÞ
þ � � � þ 1

q1ðxÞq2ðxÞ � � � qnðxÞ
þ � � � ;



where qnðxÞ ¼ ½1=Sn�1ðxÞ� þ 1, n5 1. In fact, it was Sierpi�nnski [14] in 1911 who
first studied these series expansions. Note however, that the Engel Series expan-
sion can be also written as an ascending continued fraction

x ¼
1 þ

1 þ 1 þ � � �
q3ðxÞ

q2ðxÞ
q1ðxÞ

;

and as a continued fraction expansion of x it has been studied as early as 1202 by
Fibonacci in his classical book Liber abaci [3].

The metric properties of the Engel Series expansion have been studied by Erd€oos,
R�eenyi and Sz€uusz [2] and R�eenyi [10]. Schweiger [11] showed that S is ergodic and
Thaler [15] found a whole family of �-finite, infinite invariant measures for S.
Fractal properties of exceptional sets related to the Engel Series expansion have
been discussed by Liu and the second author, see [16, 9]. Further information on the
Engel series can be found in Galambos [4, 5] and Schweiger [12].

In [6], Hartono, Kraaikamp and Schweiger introduced and studied a variation
of the classical regular continued fraction (RCF) expansion. As is well-known, for
every x2ð0; 1Þ, the RCF-expansion of x can be obtained using the so-called
Gauss-map T : ½0; 1Þ ! ½0; 1Þ, defined by

TðxÞ ¼ 1

x
�
�

1

x

�
; x 6¼ 0; Tð0Þ ¼ 0:

Now – as the Engel Series expansion map is equal to the L€uuroth Series map
divided by ½1=x� – the Engel continued fraction (ECF) map TE : ½0; 1Þ ! ½0; 1Þ is
given by

TEðxÞ :¼
TðxÞ�

1
x

� ; x 6¼ 0; TEð0Þ :¼ 0; ð1Þ

hence the name, ECF (see also Figure 1).

Figure 1. The Engel Series expansion map S (left), and the ECF-map TE (right)

286 C. Kraaikamp and J. Wu



For any x2ð0; 1Þ, the ECF-map generates a new continued fraction expansion
of x of the form

x ¼ 1

b1ðxÞ þ
b1ðxÞ

b2ðxÞ þ . .
.

þ bn�1ðxÞ
bnðxÞ þ � � �

; bnðxÞ2N; bnðxÞ4 bnþ1ðxÞ; ð2Þ

where bnðxÞ ¼ ½1=Tn�1
E ðxÞ�, n5 1. We denote the continued fraction in the right-

hand side of (2) – the ECF-expansion of x – by ½½0; b1; b2; . . . ; bn; . . .��. Note that for
x2ð0; 1Þ one has that q1ðxÞ ¼ b1ðxÞ þ 1, but that in general no apparent relation
exists between qnðxÞ and bnðxÞ for n5 2.

Hartono, Kraaikamp and Schweiger [6] studied the ergodic properties of TE
associated to this new continued fraction expansion. They showed that TE has no
finite invariant measure equivalent to the Lebesgue measure �, but that TE has
infinitely many �-finite, infinite invariant measures. Also it is shown that TE is
ergodic with respect to �.

Clearly, as S is a piecewise linear map, and TE is a continued fraction map (see
Figure 1), the metric properties of the ECF-expansion are quite different from
those of the Engel Series expansion. For example, in [10] R�eenyi introduced the
random variables "k ¼ "kðxÞ ðk ¼ 2; 3; . . .Þ, defined as the number of times that the
integer k occurs in the non-decreasing sequence of digits ðqnðxÞÞn5 1. It is shown
that the "k are independent variables and that the distribution of "k is given by
Pð"k ¼ rÞ ¼ ðk � 1Þ=krþ1 ðr ¼ 0; 1; . . .Þ. From this R�eenyi obtains most of the – at
that time – known and several new metric results for Engel’s series. Since TE is a
continued fraction map, the random variables "k, now defined for the ECF, are not
independent, and R�eenyi’s elegant approach cannot be applied here. See also the
recent paper by Schweiger [13], where it is shown that algorithms – similar to the
Engel Series expansion or the ECF – ‘producing’ monotonically non-decreasing
sequences of digits can have very different metric behavior.

The aim of this paper is to derive metric properties of the digits ðbnðxÞÞn5 1

occurring in the Engel continued fraction expansion. We also give the Hausdorff
dimensions of different kinds of exceptional sets on which the metric properties
fail to hold.

This paper is organized as follows. In Section 2, we recall the basic properties
of the Engel continued fraction expansions. Section 3 is devoted to study the
metric properties of the digits. Also some fractal properties of exceptional sets
are mentioned in this section.

2. The Engel Continued Fraction (ECF) Expansions

In this section we recall some basic properties of the ECF. Let x2ð0; 1Þ, and
define

b1ðxÞ :¼
�

1

x

�
;

bnðxÞ :¼ b1ðTn�1
E ðxÞÞ; n5 2; Tn�1

E ðxÞ 6¼ 0:
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From definition (1) of TE, it follows that

x ¼ 1

b1ðxÞ þ b1ðxÞTEðxÞ
¼ � � � ¼ 1

b1ðxÞ þ
b1ðxÞ

b2ðxÞ þ � � � þ bn�1ðxÞ
bnðxÞ þ bnðxÞTn

EðxÞ

;

where T0
EðxÞ ¼ x and Tn

EðxÞ ¼ TEðTn�1
E ðxÞÞ for n5 1 and

14 b1ðxÞ4 b2ðxÞ4 � � � 4 bnðxÞ4 � � �
As usual the convergents are obtained via finite truncation,

PnðxÞ
QnðxÞ

:¼ 1

b1ðxÞ þ
b1ðxÞ

b2ðxÞ þ � � � þ bn�1ðxÞ
bnðxÞ

;

where P0ðxÞ :¼ 0, Q0ðxÞ :¼ 1. We have (see [6], Proposition 2.1)

PnðxÞ ¼ bnðxÞPn�1ðxÞ þ bn�1ðxÞPn�2ðxÞ for n5 2; ð3Þ

QnðxÞ ¼ bnðxÞQn�1ðxÞ þ bn�1ðxÞQn�2ðxÞ for n5 2: ð4Þ
From (3) and (4), one has

PnðxÞQn�1ðxÞ � Pn�1ðxÞQnðxÞ ¼ ð�1Þn�1
Yn�1

j¼1

bjðxÞ for n5 2: ð5Þ

For any x2ð0; 1Þ, let
�

PnðxÞ
QnðxÞ ; n5 1

�
be the sequence of ECF-convergents of x,

then limn!1
PnðxÞ
QnðxÞ ¼ x and for any n5 1,

x ¼ PnðxÞ þ bnðxÞTn
EðxÞPn�1ðxÞ

QnðxÞ þ bnðxÞTn
EðxÞQn�1ðxÞ

: ð6Þ

For any n5 1 and b1; b2; . . . ; bn2N with b1 4 b2 4 � � � 4 bn, we define the
cylinder sets Bðb1; b2; . . . ; bnÞ by

Bðb1; b2; . . . ; bnÞ ¼ fx2ð0; 1Þ : b1ðxÞ ¼ b1; b2ðxÞ ¼ b2; . . . ; bnðxÞ ¼ bng:
The following results have been obtained in [6] and will play key roles in the

sequel.

Lemma 1. For any n5 1 and b1; b2; . . . ; bn2N with b1 4 b2 4 � � � 4 bn, we
have

�ðBðb1; b2; . . . ; bnÞÞ ¼
Qn�1

j¼1 bj

QnðQn þ Qn�1Þ
;

where Qn is obtained by (4) recursively.

Lemma 2. For any n5 1 and b1; b2; . . . ; bn2N with b1 4 b2 4 � � � 4 bn,X
b1 4 ���4 bn

�ðBðb1; b2; . . . ; bnÞÞ
bn þ 1

4
�

313

324

�n

:
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For any n5 1 and x2ð0; 1Þ, setting

znðxÞ ¼ bnðxÞTn
EðxÞ:

Lemma 3. Let � ¼ 313
324

, then

�ðfx2ð0; 1Þ : znðxÞ< tgÞ ¼ tð1 þ Oð�nÞÞ:

3. Metric Properties of fbnðxÞ; n5 1g
In this section, we will study the metric properties of the digits occurring in

the ECF. We shall make use of the following more general result obtained by
Galambos [4].

Lemma 4. Let X1;X2; . . . ;Xn; . . . be random variables defined on a given
probability space and assume that

(i) the X’s are uniformly bounded from below, i.e., there is a fixed real
number M such that

Xi 5M ði ¼ 1; 2; . . .Þ;
(ii) limn!1 EXn ¼ 0;

(iii) the variance

Var

�Xn
i¼1

Xi

�
¼ OðntÞ ð0< t< 2Þ:

Then

P

�
lim
n!1

1

n

Xn
i¼1

Xi ¼ 0

�
¼ 1:

Erd€oos, R�eenyi and Sz€uusz showed in [2] that for the Engel Series expansion for
�-almost all x

lim
n!1

q1=n
n ðxÞ ¼ e;

see also [5, p. 101]. For the ECF a similar result holds.

Theorem 5. For �-almost all x2ð0; 1Þ,

lim
n!1

b1=n
n ðxÞ ¼ e:

Proof. For any x2ð0; 1Þ and n5 1, setting

RnðxÞ ¼
bnþ1ðxÞ
bnðxÞ

¼ bnþ1ðxÞTn
EðxÞ

znðxÞ
;

where fznðxÞ; n5 1g are defined in Section 2, and

XnðxÞ ¼ logRnðxÞ � 1:

Now we check that fXnðxÞ; n5 1g satisfies (i), (ii), (iii) in Lemma 4.
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It is clear that XnðxÞ5 �1 for any n5 1, thus (i) is satisfied.
Since by the algorithm of ECF,

jbnþ1ðxÞTn
EðxÞ � 1j4 1

bnþ1ðxÞ þ 1
;

we have

logRnðxÞ ¼ � log znðxÞ þ O

�
1

bnþ1ðxÞ

�
ð7Þ

with a uniform constant in Oð�Þ.
Let FnðtÞ be the distribution function of znðxÞ, by Lemma 3, we have

Eð� log znðxÞÞ ¼
ð1

0

� log t dFnðtÞ ¼ 1 þ Oð�nÞ:

Thus

Eð logRnðxÞÞ ¼ 1 þ Oð�nÞ þ E

�
O

�
1

bnþ1ðxÞ

��
:

By Lemma 2 and the Borel-Cantelli lemma, we know bnðxÞ ! 1 a.s., thus

lim
n!1

EXnðxÞ ¼ 0; ð8Þ

and

E

�Xn
i¼1

XiðxÞ
�

¼ oðnÞ: ð9Þ

Now we estimate E
	Pn

i¼1 XiðxÞ

2

.

EX2
nðxÞ ¼ Eð log 2RnðxÞ � 2 logRnðxÞ þ 1Þ

¼ E

�
log 2znðxÞ � 2 log znðxÞO

�
1

bnþ1ðxÞ

�

þ O

�
1

b2
nþ1ðxÞ

�
� 2 logRnðxÞ þ 1

�
:

Since

Eðlog 2znðxÞÞ ¼
ð1

0

log 2t dFnðtÞ ¼ 2 þ Oð�nÞ;

E

�
� 2 log znðxÞO

�
1

bnþ1ðxÞ

��
¼ OðE log znðxÞÞ ¼ Oð1Þ;

we have

EX2
nðxÞ ¼ Oð1Þ: ð10Þ
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Now

EðX1ðxÞ þ X2ðxÞ þ � � � þ XnðxÞÞ2

4 2EðX1ðxÞ þ X2ðxÞ þ � � � þ XpðxÞÞ2 þ EðXpþ1ðxÞ þ � � � þ XnðxÞÞ2

¼ Oðp2Þ þ 2
Xn
k¼pþ1

EX2
k ðxÞ þ 4

X
p< k<m4 n

EðXkðxÞXmðxÞÞ;

where p ¼ ½n1=4�. For any p< k<m4 n, by Lemma 1 and (4), we have

EðXkðxÞXmðxÞÞ

¼ E

��
log

bkþ1ðxÞ
bkðxÞ

� 1

��
log

bmþ1ðxÞ
bmðxÞ

� 1

��

¼
X

b1 4 ���4 bm 4 bmþ1

��
log

bkþ1

bk
� 1

��
log

bmþ1

bm
� 1

��
�ðBðb1; . . . ; bm; bmþ1ÞÞ

¼
X

b1 4 ���4 bm

�
log

bkþ1

bk
� 1

�
�ðBðb1; . . . ; bmÞÞ

�
X

bmþ1 5 bm

�
log

bmþ1

bm
� 1

�
�ðBðb1; . . . ; bm; bmþ1ÞÞ

�ðBðb1; . . . ; bmÞÞ

¼
X

b1 4 ���4 bm

�
log

bkþ1

bk
� 1

�
�ðBðb1; . . . ; bmÞÞ

�
X

bmþ1 5 bm

�
log

bmþ1

bm
� 1

�
bmð1 þ yÞ

ðbmþ1 þ bmyÞðbmþ1 þ 1 þ bmyÞ
;

where y ¼ Qm�1

Qm
. Since

X
bmþ1 5 bm

�
log

bmþ1

bm
� 1

�
bmð1 þ yÞ

ðbmþ1 þ bmyÞðbmþ1 þ 1 þ bmyÞ

4
X

bmþ1 5 bm

�
log

bmþ1

bm
� 1

�
4bm

b2
mþ1

4
X1
j¼1

X
jbm 4 bmþ1 4 ðjþ1Þbm

ð log ðjþ 1Þ � 1Þ 4

jbmþ1

4
X1
j¼1

ð log ðjþ 1Þ � 1Þ 4

j2
:¼ M1;
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we have

EðXkðxÞXmðxÞÞ

4M1

X
b1 4 ���4 bm

�
log

bkþ1

bk
� 1

�
�ðBðb1; . . . ; bmÞÞ

¼ M1

X
b1 4 ���4 bkþ1

�
log

bkþ1

bk
� 1

�
�ðBðb1; . . . ; bkþ1ÞÞ

¼ M1EðXkðxÞÞ

¼ Oð�kÞ þ EO

�
1

bkþ1ðxÞ

�

¼ Oð�pÞ þ EO

�
1

bpðxÞ

�
:

It follows X
p< k<m4 n

EðXkðxÞXmðxÞÞ4 n2

�
Oð�n1=4Þ þ O

�
E

1

bn1=4ðxÞ

��
:

For any q5 1, by Lemma 2,

E

�
1

bqðxÞ

�
¼

X
b1 4 ���4 bq

�ðBðb1; b2; . . . ; bqÞÞ
bq

4 2
X

b1 4 ���4 bq

�ðBðb1; b2; . . . ; bqÞÞ
bq þ 1

4 2�q;

thus X
p< k<m4 n

EðXkðxÞXmðxÞÞ4 n2
	
Oð�n1=4Þ



: ð11Þ

By (10) and (11), we have

EðX1ðxÞ þ X2ðxÞ þ � � � þ XnðxÞÞ2 ¼ OðnÞ: ð12Þ
By (8) and (12), fXnðxÞ; n5 1g satisfies (ii), (iii) in Lemma 4. By Lemma 4, we
have for �-almost all x2ð0; 1Þ,

lim
n!1

b1=n
n ðxÞ ¼ e:

&

Theorem 5 has a number of corollaries, reminiscent of classical results by L�eevy
and Khintchine for the regular continued fraction expansion (RCF). Khintchine
[7] showed in 1935 that for �-almost all x2ð0; 1Þ, with RCF-expansion
x ¼ ½0; a1; a2; . . .�,

lim
n!1

ða1 � a2 � � � � � anÞ1=n ¼
Y1
k¼1

�
1 þ 1

kðk þ 1Þ

�log k
log 2

¼ 2:6854 . . . :

292 C. Kraaikamp and J. Wu



An immediate corollary of Theorem 5 is the following ‘Khintchine-type’ result for
the ECF.

Theorem 6. For �-almost all x2ð0; 1Þ,

lim
n!1

ðb1 � b2 � � � � � bnÞ1=n2

¼
ffiffiffi
e

p
¼ 1:64872 . . . :

In 1929 Paul L�eevy [8] showed, that for �-almost all x2ð0; 1Þ one has that

lim
n!1

1

n
log

����x� pnðxÞ
qnðxÞ

���� ¼ ��2

6 log 2
¼ �2:3731 . . . ;

where ðpnðxÞ=qnðxÞÞn5 1 is the sequence of RCF-convergents of x. For the ECF we
have a similar result for the convergent rate.

Theorem 7. For �-almost all x2ð0; 1Þ,

lim
n!1

1

n2
log

����x� PnðxÞ
QnðxÞ

���� ¼ � 1

2
:

Proof. By (5) and (6),����x� PnðxÞ
QnðxÞ

���� ¼
���� PnðxÞ þ bnðxÞTn

EðxÞPn�1ðxÞ
QnðxÞ þ bnðxÞTn

EðxÞQn�1ðxÞ
� PnðxÞ
QnðxÞ

����
¼

Tn
EðxÞ

Qn
j¼1 bjðxÞ

QnðxÞðQnðxÞ þ bnðxÞTn
EðxÞQn�1ðxÞÞ

:

Since

1

bnþ1ðxÞ þ 1
< Tn

EðxÞ4
1

bnþ1ðxÞ
;

we have Qn
j¼1 bjðxÞ

2Q2
nðxÞbnþ1ðxÞ

4
����x� PnðxÞ

QnðxÞ

����4
Qn

j¼1 bjðxÞ
Q2

nðxÞbnþ1ðxÞ
:

Notice that

bnðxÞQn�1ðxÞ4QnðxÞ4 2bnðxÞQn�1ðxÞ; ð13Þ
we have

2�ð2nþ1Þ
�Ynþ1

j¼1

bjðxÞ
��1

4
����x� PnðxÞ

QnðxÞ

����4
�Ynþ1

j¼1

bjðxÞ
��1

:

By Theorem 6, we have for �-almost all x2ð0; 1Þ,

lim
n!1

1

n2

Xn
j¼1

log bjðxÞ ¼
1

2
;
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thus for �-almost all x2ð0; 1Þ,

lim
n!1

1

n2
log

����x� PnðxÞ
QnðxÞ

���� ¼ � 1

2
:

&

In view of Theorem 5 it is natural to consider for �5 1 the sets Að�Þ, defined
by

Að�Þ ¼
�
x2ð0; 1Þ : lim

n!1
b1=n
n ðxÞ ¼ �

�
:

In [9] and [16] similar sets Að�Þ were introduced for the Engel Series expansion,
and it was shown in [9] that for any �5 1, the Hausdorff dimension dimH Að�Þ
equals 1, thus settling a question raised by Galambos in [5]. This result can be
generalized to the ECF, i.e., for the ECF one has that

dim
H

Að�Þ ¼ 1; for any �5 1:

There are two other classical results on RCF by L�eevy [8], for which similar
results hold for the ECF. L�eevy showed that for �-almost all x2ð0; 1Þ

lim
n!1

1

n
log qn ¼

�2

12 log 2

and

lim
n!1

1

n
log ð�ð�nðxÞÞÞ ¼

��2

6 log 2
;

where

�nðxÞ ¼ fy2ð0; 1Þ : a1ðyÞ ¼ a1ðxÞ; . . . ; anðyÞ ¼ anðxÞg:
The following ‘L�eevy-type’ theorem on ECF is a direct consequence of (13),
Theorems 5 and 6, and the fact that Q0ðxÞ ¼ 1.

Theorem 8. For �-almost all x2ð0; 1Þ,

lim
n!1

1

n2
logQnðxÞ ¼

1

2

and

lim
n!1

1

n2
log ð�ðBnðxÞÞ ¼ � 1

2
:

Here BnðxÞ is the abbreviation of Bðb1; b2; . . . ; bnÞ, if the ECF-expansion of x is
given by x ¼ ½½0; b1; b2; . . .��.

We consider again the random variables RnðxÞ, defined by

RnðxÞ ¼
bnþ1ðxÞ
bnðxÞ

; n ¼ 1; 2; . . . :

We have the following result.
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Theorem 9. The sequence 1
n log n

Pn
j¼1

bjþ1ðxÞ
bjðxÞ , n5 1, converges in probability to

1. That is to say, for any fixed "> 0,

lim
n!1

�



x2ð0; 1Þ :

���� 1

n log n

Xn
j¼1

bjþ1ðxÞ
bjðxÞ

� 1

����>"

�
¼ 0:

Proof. Fix n5 1. For any 14 k4 n, define

UkðxÞ ¼
bkþ1ðxÞ
bkðxÞ if

bkþ1ðxÞ
bkðxÞ 4 n log n

0 otherwise;




VkðxÞ ¼
0 if

bkþ1ðxÞ
bkðxÞ 4 n log n

bkþ1ðxÞ
bkðxÞ otherwise:

(

Then

�



x2ð0; 1Þ :

���� 1

n log n

Xn
k¼1

bkþ1ðxÞ
bkðxÞ

� 1

����>"

�

4�



x2ð0; 1Þ :

���� 1

n log n

Xn
k¼1

UkðxÞ � 1

����>"

�

þ �fx2ð0; 1Þ :
Xn
k¼1

VkðxÞ 6¼ 0g

¼: �ðAnÞ þ �ðBnÞ:
By Lemma 1,

�



x2ð0; 1Þ : bkþ1ðxÞ

bkðxÞ
> n log n

�
¼

X
b1 4 ���4 bk

X
bkþ1 5 n log n�bk

�ðBðb1; . . . ; bk; bkþ1ÞÞ

¼
X

b1 4 ���4 bk

�ðBðb1; . . . ; bkÞÞ
X

bkþ1 5 n log n�bk

bkð1 þ yÞ
ðbkþ1 þ bkyÞðbkþ1 þ 1 þ bkyÞ

;

where y ¼ Qk�1

Qk
. SinceX

bkþ1 5 n log n�bk

bkð1 þ yÞ
ðbkþ1 þ bkyÞðbkþ1 þ 1 þ bkyÞ

4
X

bkþ1 5 n log n�bk

2bk

b2
kþ1

¼ O

�
1

n log n

�
;

we have

�ðBnÞ4
Xn
k¼1

�



x2ð0; 1Þ : bkþ1ðxÞ

bkðxÞ
> n log n

�
¼ O

�
1

n log n

�
: ð14Þ
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For any 14 k4 n,

EUkðxÞ ¼
X

b1 4 ���4 bk

X
bk 4 bkþ1 4 n log n�bk

bkþ1

bk
�ðBðb1; . . . ; bk; bkþ1ÞÞ

¼
X

b1 4 ���4 bk

�ðBðb1; . . . ; bkÞÞ

�
X

bk 4 bkþ1 4 n log n�bk

bkþ1

bk
� bkð1 þ yÞ
ðbkþ1 þ bkyÞðbkþ1 þ 1 þ bkyÞ

:

Since

X
bk 4 bkþ1 4 n log n�bk

bkþ1

bk
� bkð1 þ yÞ
ðbkþ1 þ bkyÞðbkþ1 þ 1 þ bkyÞ

�
X

bk 4 bkþ1 4 n log n�bk

bkþ1

bk
� bk

b2
kþ1

¼
X

bk 4 bkþ1 4 n log n�bk

1

bkþ1

� log n;

where fk � gk denotes there exist positive constants C1, C2 such that
C1fk 4 gk 4C2fk. Thus

EUkðxÞ � log n: ð15Þ

We claim that

lim
n!1

EUnðxÞ
log n

¼ 1: ð16Þ

In fact,

EUnðxÞ ¼
X

b1 4 ���4 bn

X
bn 4 bnþ1 4 n log n�bn

bnþ1

bn
�ðBðb1; . . . ; bk; bnþ1ÞÞ

¼
X

b1 4 ���4 bn

�ðBðb1; . . . ; bnÞÞ

�
X

bn 4 bnþ1 4 n log n�bn

bnþ1

bn
� bnð1 þ yÞ
ðbnþ1 þ bnyÞðbnþ1 þ 1 þ bnyÞ

:

Since

X
bn 4 bnþ1 4 n log n�bn

bnþ1

bn
� bnð1 þ yÞ
ðbnþ1 þ bnyÞðbnþ1 þ 1 þ bnyÞ

¼
X

bn 4 bnþ1 4 n log n�bn

bnþ1

bn
� bn

bnþ1ðbnþ1 þ 1Þ
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þ
X

bn 4bnþ1 4n log n�bn

bnþ1

bn

bnð1 þ yÞ
ðbnþ1 þ bnyÞðbnþ1 þ 1 þ bnyÞ

�

� bn

bnþ1ðbnþ1 þ 1Þ

�

¼
X

bn 4 bnþ1 4 n logn�bn

1

bnþ1 þ 1

þ
X

bn 4bnþ1 4n log n�bn

bnþ1

bn
O

bny

b2
nþ1

� �

¼
X

bn 4 bnþ1 4 n logn�bn

1

bnþ1 þ 1
þOð1Þ 1

bn þ 1
logn;

by Lemma 2, we have

lim
n!1

EUnðxÞ
log n

¼ 1;

thus (16) holds.
Notice that 14 k4 n.

EU2
k ðxÞ ¼

X
b1 4 ���4 bk

X
bk 4 bkþ1 4 n log n�bk

b2
kþ1

b2
k

�ðBðb1; . . . ; bk; bkþ1ÞÞ

¼
X

b1 4 ���4 bk

�ðBðb1; . . . ; bkÞÞ

�
X

bk 4 bkþ1 4 n log n�bk

b2
kþ1

b2
k

� bkð1 þ yÞ
ðbkþ1 þ bkyÞðbkþ1 þ 1 þ bkyÞ

�
X

b1 4 ���4 bk

�ðBðb1; . . . ; bkÞÞ�
X

bk 4 bkþ1 4 n log n�bk

b2
kþ1

b2
k

� bk

b2
kþ1

� n log n;

by Chebyshev’s inequality and (15), we get

� x2ð0; 1Þ :
Xn
k¼1

ðUkðxÞ � EðUkðxÞÞÞ
�����

�����>"
Xn
k¼1

EðUkðxÞÞ
( )

4
Var

�Pn
k¼1 UkðxÞ

�
�
"
Pn

k¼1 EðUkðxÞÞ
�2

4
E
�Pn

k¼1 UkðxÞ
�2

�
"
Pn

k¼1 EðUkðxÞÞ
�2

4
n
Pn

k¼1 EðU2
k ðxÞÞ�

"
Pn

k¼1 EðUkðxÞÞ
�2

¼ O
log n

log2ðn log nÞ

� �
:
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That is to say, 1Pn

k¼1
EðUkðxÞÞ

Pn
k¼1 UkðxÞ converges in probability to 1. Since

limn!1
EUnðxÞ

log n
¼ 1 by (16), we get

lim
n!1

1

n log n

Xn
k¼1

EðUkðxÞÞ ¼ 1:

Thus PðAnÞ ! 0 as n ! 1. &

Remark 10. By (15), we know ERnðxÞ ¼ 1 for any n5 1.
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