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Abstract. Extensible (polynomial) lattice rules have been introduced recently and they are con-
venient tools for quasi-Monte Carlo integration. It is shown in this paper that for suitable infinite
families of polynomial moduli there exist generating parameters for extensible rank-1 polynomial
lattice rules such that for all these infinitely many moduli and all dimensions s the quantity R and
the star discrepancy are small. The case of Korobov-type polynomial lattice rules is also considered.
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1. Introduction

A useful construction of digital nets for quasi-Monte Carlo methods is based
on rational functions over finite fields. This construction was introduced by the
author [12] and is also described in [13, Section 4.4]. The construction can be
viewed as an analog of the construction of good lattice points (see [13, Chapter 5],
[18] for the latter). Instead of an integer at least 2 which serves as the modulus for
good lattice points, we choose a polynomial f over a finite field with deg(f) > 1.
Whereas good lattice points are determined by choosing s additional integers,
where s > 1 is a given dimension, in the digital net construction we select s
additional polynomials over the finite field. These polynomials matter only modulo
f- A detailed description of the construction will be given in Section 2. This
construction can now be viewed as an important special case in the theory of
polynomial lattice rules which was recently developed by Lemieux and L’Ecuyer
[8] (see also [7, Section 3.2.4]). In fact, the construction considered in the present
paper is the rank-1 case of polynomial lattice rules, just as good lattice points are
the rank-1 case of lattice rules.

Existence theorems for good lattice points form the centerpiece of the theory
of rank-1 lattice rules (see [10], [13, Chapter 5], [15], [18]). Similarly, we have
existence theorems for good rank-1 polynomial lattice rules (see [4], [5], [12],
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[13, Section 4.4], [17]). The proofs of these existence theorems are nonconstruc-
tive. Therefore, explicit parameters for good rank-1 polynomial lattice rules are
obtained by computer search methods. The first such computer searches were
carried out by Hansen, Mullen, and Niederreiter [1], and this work was continued
in [5], [16], [17].

Good parameters for rank-1 lattice rules and for rank-1 polynomial lattice rules
usually depend on the modulus and the dimension s. Recently, a major step was
taken by Hickernell er al. [2] who proposed the idea of extensible lattices, i.e., of
good parameters for rank-1 lattice rules that work simultaneously for infinitely
many moduli (the moduli are, in fact, powers of a fixed integer base b > 2). This
idea was further refined by Hickernell and Niederreiter [3] who proved an exis-
tence theorem for good parameters for rank-1 lattice rules that work not only for
all moduli &%, k = 1,2,..., but also for all dimensions s > 1 simultaneously. Of
course, these parameters have to be doubly infinite in some sense (indeed, infinite
tuples of b-adic integers are considered).

The main result of this paper is an analog of the existence theorem of
Hickernell and Niederreiter [3] for rank-1 polynomial lattice rules (see Theorem
3 below). We arrive in this way at extensible polynomial lattice rules which work
simultaneously for infinitely many polynomial moduli and all dimensions s > 1.
The desirability of extensible polynomial lattice rules is briefly mentioned in
L’Ecuyer and Lemieux [7, Section 3.5]. We consider not only sequences of moduli
which are powers of a fixed polynomial of positive degree, but more generally
divisibility chains of polynomials (see Definition 1).

In Section 2 we set up the notation, define the digital nets that form the basis of
this paper, and introduce concepts that are crucial for the proof of our existence
theorem. Section 3 contains the proof of this existence theorem and some con-
sequences for the star discrepancy and the quality parameter of the digital nets. We
also show how this existence theorem leads to the construction of infinite
sequences with desirable properties. Section 4 establishes analogous results for
a one-parameter subfamily of these digital nets, the “Korobov point sets”. The
method yields also a new result for Korobov lattice rules (see Remark 11).

2. Basic Definitions and Notation

Throughout this paper, p will denote a prime number and [F, the finite field of
order p which we can identify as a set with {0,1,...,p — 1}. Let F,[x] be the
polynomial ring over [, in the variable x and F,((x™")) the field of formal Laurent
series over [, in the variable x~'. Note that F,((x™")) contains the field F,(x) of
rational functions over [, as a subfield. The case of a finite prime field allows us to
simplify the general construction principle for digital nets by choosing all the
bijections in [13, p. 63] to be identity maps.

For a given dimension s > 1, let f € F,[x] with deg(f) =m > 1 be a chosen
polynomial modulus. Furthermore, let g = (g1, ...,8;) €F,[x]’ be an s-tuple of
polynomials. These are the basic parameters of the point set P(g, f) we are going
to construct. We use the description of P(g, f) given in [14, Section 2.4] which, in
the case we are considering (all bijections in [13, p. 63] are identity maps), is
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simpler than the original definition in [12]. First, define TIS"” (F((x7h) — [0, 1)
by

m

Tp(m)<§:bjx_j> = Z bjp_j, (1)
Jj=w

Jj=max(1,w)

where all bjeF, ={0,1,...,p — 1}. Then P(g, f) consists of the p™ points

(P (@)oo, o

where n runs through all polynomials over F, with deg(n) <m. It is clear that
g1, - .,&s are relevant only modulo f. In the case where f1is irreducible over [, the
construction of P(g, f) is equivalent to a special case of an earlier construction in
Niederreiter [11] (compare with [12, Remark 5] and [13, Remark 4.45]).

The point set P(g, f) is a digital (¢, m, s)-net in base p (see [13, Theorem 4.42])
and gives rise to a rank-1 polynomial lattice rule for quasi-Monte Carlo integra-
tion. The quality of the point set P(g, f) can be measured in various ways, for
instance, by the quality parameter ¢ of the digital net. For our purposes, the
quantity R“)(g, f) to be defined in (3) is the most useful one. We recall that for
any s-tuple h = (hy, ..., hy) € F,[x]" with deg(h;) <m = deg(f) for 1 <i < s there
is a standard way to associate a positive weight W),(h) (see [13, pp. 37 and 77]).
For the sake of completeness we present the definition of W, (h). For this purpose
only, we identify F, as a set with C(p) := (—p/2, p/2] N Z, which is a complete
residue system modulo p. For a given h = (hy, ..., hy) € F,[x]' with deg(h;) <m
for 1 <i < s, we can thus write

hi(x) = Zh,’jxjfl for 1 <i<s,
=1
where all 4;; € C(p). Then we put
W,(h) =[] Qp(hir, - - him),
i=1

where Q,(ry,...,ry) is defined as follows for any (ry, ..., r,) € C(p)". First of all,
we let d(ry,...,ry) =0 if (r,...,r,) =0, and for (ry,...,r,)#0 we let
d(ry,...,rm) be the largest index d with r; #0. For p = 2 we put

Qp(rl; v 7rm) = 2—d(r1,.‘.,rm).

For p>2 we put Q,(r1,...,rm) =1if (r1,...,r,) =0, and for (ry,...,r,) #0
we put

. T
Op(riy...,tm) =p 1<csc;|hd| + 0(d,m)>,

where d = d(ry,...,r,) and where o(d,m) = 1 for d <m and o(m,m) = 0.
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With these weights W, (h) we then define

= Wy(h), 3)
h
where the sum is over all nonzero s-tuplesh = (hy, ..., hy) € F,[x]" with deg(h;) <m
forl <i<sand
Z hlgl =0 mOdf)

Note that for s = 1 and g = g; with ged(g;, f) = 1, the sum in (3) is empty, and so
RW(g, f) = 0. Like P(g, f), the quantity R)(g, f) depends only on g modulo f.
The aim is to make R<s)(g, f) as small as possible for fixed s and f.

Next, we introduce some concepts pertaining to polynomials over finite fields.
Let ®, denote the analog of Euler’s totient function for the polynomial ring F,[x]
(see [9, Section 3.4]). For nonzero f € F,[x], ®,(f) is the number of g € F,[x] with
ged(g, f) = 1 and deg(g) < deg(f). For deg(f) > 1 we have the formula

®y(f) =p* [ (1 = pres®), (4)
alf
where ¢ runs through all monic irreducible factors of fin [F,[x].

Definition 1. A sequence F = (fi);-, of polynomials from [F,[x] is called a
divisibility chain in F,[x] if fi divides fi;1 and 1 < deg(fi) <deg(fi+1) for all
k=1.

For any given divisibility chain F = (f),~, in F,[x], it is clear from (4) that the
sequence of positive numbers

@, (i)

plee(i)”

k=1,2,...,

is nonincreasing. Therefore it is meaningful to put

(5)

With F we associate the set Yz of F-adic polynomials. That is, Yr is the set of
all formal sums

A= Z af; (6)
=0
with fy = 1, a; € F,[x], and deg(a;) < deg(f+1) — deg(f;) for all j = 0. If a; = O for
all sufficiently large j, then A can be identified in a canonical way with a poly-
nomial over F,. Thus, we have F,[x] C Y.
For AcYp asin (6) and k =1,2,..., we put

k—1

A(modfi) = > afi€Fylx].

J=0
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Note that the degree of this polynomial is smaller than deg(f;). For B =
(Bi,...,Bs)€Yy, s> 1,and k=1,2,..., we define B(modf;) by carrying out
the reduction modulo f; componentwise, i.e.,

B(modfy) := (Bi(mod f), ..., Bs;(mod fi)) € F, [x]".
We extend the definition in (3) by setting

RY(B, fi) :== R (B(mod fi), fi). (7)
For A = (A},Ay,...) €Y and s = 1,2,... we define the projection
A = (Ay, ... Ay €Y.

The quantity we will be interested in is R®) (A(S), fx)- This quantity is thus obtained
by considering the first s components of A € Y2°, reducing each of these compo-
nents modulo f, and then applying (3).

We conclude this preparatory section by introducing suitable probability mea-
sures. Let Yr be the set of F-adic polynomials as above. It is clear that Yr has a
probability measure Ar such that the set of A € Yy with specified first k coefficients

ap,ay,...,axg—1 in (6), or equivalently with A(modf;) specified, has measure
p~9eel). Now let

Ur:={A€Yr:gcd(A(mod fi), fi) =1 forall k> 1} (8)
and

UY = {AeYr: ged(A(mod f;), fi) = 1} fork=1,2,....

Since F is a divisibility chain, we have U\ D U'?) O ... Therefore
[o e}
Ur = UY
k=1

satisfies
Ar(Ur) = lim M (UR) = ap,

where o is defined in (5). Now we assume that o > 0. Then we restrict A\ to Up
and renormalize to get a probability measure pp on Ug. In other words,

1
=—\j 9
HF ap F ( )
where A} denotes the restriction of Ar to Up. Let u3° be the complete product
measure on Up® induced by .

3. A General Existence Theorem

For s > 1 and a polynomial f € F,[x] with deg(f) > 1, let G,(f) be the set of all
s-tuples g = (g1,...,8) €Fp[x]" with ged(g;, f) =1 and deg(g;) <deg(f) for
1 <i<s. Note that card(G,(f)) = ®,(f)". The following result is implied by
[13, Theorem 4.43].
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Lemma 2. For any dimension s > 1 and any f € F,[x] with deg(f) > 1 we have

1 (cpdeg(f))’
—— Y RY(g f) < L=
() Lo pieet)

with a constant c, >0 depending only on p.

Based on this bound on the average value of R*)(g, f) over G,(f), we can now
establish our main result for divisibility chains F with ay >0 (see (5) for the
definition of af).

Theorem 3. Let F = (fi),~, be a divisibility chain in F,[x] with ap > 0. Sup-
pose that € >0 is given. Then there exists a j3°-measurable set E C Up° such that
for all A€ UP\E we have

(deg(fk))sk(log(k +1)) I+e
pleelfi)

R(S)(A(S),]Ck> < C(ozF,P,Sa 6)

forallk = 1 and s = 1, where the constant C(ar,p,s,€) depends only on ap,p, s,
and €. Furthermore, we can make pg°(E) arbitrarily close to zero by choosing
C(ar,p,s,¢) large enough.

Proof. First we fix k > 1 and s > 1. Note that R®) (A", /) depends only on the
first s components of AcUp and on their residues modulo f;. Therefore
RW(AY, £) is pse-integrable as a function of A € U, and we have

o= | RO S () = | ROB. A (B)

s
F

where pj is the product measure on Uy, induced by pr. In view of (9) and with the
obvious meaning of A}, we get

ey = —SJ RY(B, ) dX.(B)
U

ap

1
< — Y RYg fprieW

FegeGfi)

_ (epdeg()’

S ag pleel)

where we used Lemma 2 in the last step. For given € >0 we put
Bi := c(e)k(log(k +1))'" fork=1,2,...,

where c(¢) is chosen such that
= 1
cle)> y ————.
2 < Klogtk + '™

For any k > 1 and s > 1 we define
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Then
(cpdeg(fi)’ J (s)( A (5)
¥ VR > s > R S A N , d oo A
o, ples(fi) ek, L. ( fi) dpg (A)
(¢, deg(fi))"
= 6k6 (ch dee%r({k)) ;'.O(Eks)7
o pUeEUk
and so
(Ee) < -
Hr sl S ﬁkﬁs.
With
E=JJEes
k=1s=1
we have

OCE<OC 00 1 B © 2 .
:UJF( )\Zzﬁkﬁs_(zﬁ> <

by the choice of the ;. Note that we can make 497 (E) arbitrarily close to zero by
choosing c(e) large enough. For any A € U°\E we have

() ( A (5) BiBs(cp deg(fi))
R (A 7fk) ol pdeg(fk)
_ (deg(fi)) k(log(k + 1))+
- C(avaa s, E) pdeg(fk)
for all k > 1 and s > 1, which is the desired bound. O

Remark 4. Consider the divisibility chain F = (f*);° | in F,[x] consisting of the
powers of a polynomial f € F,[x] with deg(f) > 1. Then it is clear that ar > 0. In
fact, from (4) and (5) we get

@, ()
pleel)

oOfF =

Thus, Theorem 3 applies in this special case, as do the following results in this
section.

Wwith A® and fi there is associated the point set P(gk , fv), where g,({) =

A (modf;). This point set has N, := pel¥) points. If we use k < deg(f;) for all
k = 1, then in terms of N, the bound in Theorem 3 yields

RY(AY, fi) = O(N, ' (log i)™ (log log Ny + 1)) (10)

for all A€ UX\E and all k > 1 and s > 1, where the implied constant depends
only on ap,p, s, and €. If k and s are fixed, then the best known existence theorem
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is the one implied by Lemma 2, namely that for some g € G4(f; ), with g depending
on k and s, we have

RY(g, fi) = O(N; ' (log Ny.)")

with an implied constant depending only on p and s. Thus, the price of having an
A € UX\E which works for all k and s simultaneously is an extra factor of the
order of magnitude (log N;)(loglog(N; 4 1))+

Corollary 5. For A€ UX\E let g,ﬁ” = AY(mod f;) as above. Then the star
discrepancy D;f,k of the point set P(g,@, fi) satisfies
Dy, = O(N; ! (log Ni)""" (log log (N + 1))
forallk = 1 and s = 1, where the implied constant depends only on ap, p, s, and €.

Proof. Since in our construction of the digital nets P(g, f) all bijections in
[13, p. 63] are identity maps (compare with Section 2), we can apply the discre-
pancy bound in [12, Theorem 5] (see also [13, eq. (4.49)]). This yields

D§k<ﬁ+R (AY, /i) (11)
for the star discrepancy D* of P(gk , fx). The rest follows from (10). ]

We noted in Section 2 that P(g, f) is a digital (¢, m,s)-net in base p. For
P(g,(c , fr) the following bound on the quality parameter ¢ can be derived.

Corollary 6. For A€ U°\E let g,i) =AW (mod f;) as above. Then for all
k=1 and s > 1, the point set P(g,”, f;) is a digital (t,is),deg(fk),s)-net in base
p with

t](:) < Slngng(fk) + logp[k(log(k + 1))1+€} + Cl(aFapv s, 5)7
where log, denotes the logarithm to the base p and C'(ar,p,s, ) depends only on
agp,p,s, and €.

Proof. Let D;\",k be as in Corollary 5. Then by [13, eq. (4.47) and Theorem 4.42]
we obtain
* p—1

Dy, = TIfM o) = 2 P ENC > ZPI*'. N

for all k > 1 and s = 1. On the other hand, Theorem 3 and (11) yield
D]T/k < SNk_ + C(aF7p7S7 E)(deg(fk)) k(log(k + 1))1+€Nk_

for all k=1 and s> 1. We get the desired result by combining these
inequalities. [

Remark 7. It may be an interesting research problem to find out whether there
are always A € Up® for which an improved bound on t,(:) can be obtained. In the
special case where f;(x) = x* for all k > 1, a slight improvement on Corollary 6
follows from the existence theorem of Larcher [4]. In the general case, one will
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probably need to argue directly, i.e., not via the star discrepancy. The methods
developed by Larcher and Niederreiter [6] may be helpful here.

Hickernell et al. [2] showed that s-dimensional lattice rules that are extensible
in the moduli yield infinite sequences in [0, 1]° with desirable properties. In this
way, the restriction that lattice rules work only with finite point sets can be over-
come. The results of Hickernell and Niederreiter [3] demonstrate that, with a
suitable choice of parameters, these infinite sequences have small star discrepancy
and that the construction can also be extended in the dimensions s.

We now describe an analogous construction based on extensible polynomial
lattice rules. Let F = (fi),-, be an arbitrary divisibility chain in F,[x]. Then any
polynomial n € F,[x] can be written in the form

k=1
n=> nf (12)
=0
with fo = 1, n; € F,[x], and deg(n;) < deg(fi+1) — deg(f;) for 0 <j < k — 1. This
representation is unique except for the addition of terms with zero coefficients.
Thus, the following “radical-inverse function”

pr(n) == Y 2L €, (x) (13)

=

is well defined. This generalizes a definition given by Tezuka [19]. Next, we
introduce an “infinite”” analog of (1) by defining 7, : F,((x7!)) — [0, 1] via

o0 [o¢]
p(Xh) = > w7 14
J=w Jj=max(1,w)
where all b;eF, = {0,1,...,p — 1}. Finally, given B= (By,...,B,) €Y}, s > 1,
we get the infinite sequence o(B, F) consisting of the points

(1o (¢r(n)B1), - .., 7 (¢r(n)By)) € [0, 1T, (15)

where n runs through all polynomials over [, arranged according to nondecreasing
degrees. Here, if n is as in (12) with the least k > 1, then ¢p(n)B; with 1 <i < sis
interpreted to be the rational function ¢ (n) - (B;(modfy)) over [F,.

For a given k > 1 we now consider the first N; = p%°e/t) terms of the sequence
o(B, F). Then n in (15) runs through all polynomials over [, of degree smaller than
deg(fi). Thus, n is of the form (12) with the n; running through all polynomials
over [, with deg(n;) < deg(f;+1) — deg(f;) for 0 <j < k — 1. It follows then from
(13) that ¢p(n) runs through all rational functions of the form a/f; with a € [, [x]
and deg(a) < deg(fy). A comparison with (2) now shows that by considering the
first Ny terms of the sequence o(B, F) and truncating these points in [0, 1]* to the
precision p~9°2k) we get the point set P(g;, f;) with g, = B(mod f;). The trunca-
tion is required because of the difference in the definitions of the maps Tl§m> and 7,
in (1) and (14), respectively.

If o >0 and A € UP\E, then we can give the following discrepancy bound
for the first N, terms of the sequence (A", F). This bound follows from
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Corollary 5 and the fact noted above that the first Vi terms of U(A“), F) are at a
distance O(N; 1) from the corresponding points of P(g,(( ), fx)- Therefore, the star
discrepancies of P(gk , f¢) and of the first N terms of o(A®), F) differ by O(N;!).

Corollary 8. Let F = (), be a divisibility chain in F,[x] with ap > 0 and let
e > 0. Then for A € UX\E the star discrepancy Dy, . Of the ﬁrst Ny = pel®) terms
of the sequence (A", il F) satisfies
Dy, = O(N; ' (log Ni)™* (log log (N + 1))
forallk = 1 and s = 1, where the implied constant depends only on ap,p, s, and €.

We emphasize that the sequence O’(A( ),F ) in Corollary 8 can be extended in
all dimensions s > 1, in the sense that A") € U3, is obtained from a fixed suitable A
in the infinite product Up® by projecting to the first s components.

4. A One-Parameter Family of Polynomial Lattice Rules

We consider a one-parameter family of polynomial lattice rules which was
introduced in [12, Remark 4]. Let f be an irreducible polynomial over [,. Then
the digital nets P(g, f) considered here have g of the special form

g=(L,g¢, ...87") R

for some g € [F,[x]. We get in this way polynomial analogs of Korobov lattice rules
(compare with [7, Section 3]).

We show an analog of Theorem 3 for this family, but here we can extend only
in the dimensions s > 1. Put

T(f) := {g € Fplx] : deg(g) <deg(f)},
and for he T(f) set
W = (1,12, .. ) € F, ]’

Theorem 9. Let f be an irreducible polynomial over [F,. Then there exists a
polynomial h€ T(f) such that

RYMY, f) < c()(deg({f)) forall s> 1
pd

with a constant Cy(s) depending only on p and s. In fact, for arbitrarily small € > 0
we can get at least (1 — 5)pdeg() such polynomials h by choosing C,(s) large
enough.

Proof. Put
K(f) :={g=(1,8,¢% ..., “*I)G[F X' :g€T(f)}.
Then it was shown in [12 Remark 4] that for all s > 1 we have

L(f) = > RV f)< I@(Cp deg(f)logp)’

deg
p gEK(f)
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with a constant C, > 0. Let
B, = es(log(s +1))* fors=1,2,...,
where the constant ¢ is chosen such that
= 1
2 ogls T I

For any s > 1 we define

._ . R) () Bils = 1) ‘
Es = {hGT(f) :RY (MY, f) > 0 (Cpdeg(f)logp)’ ¢.
Then
(s = 1)(Cydeg(f)logp)” = p**VLy(f) = Y ROMY), f)
h€Es
Bs(s —1) R
> Card(EQw(Cp deg(f)logp)’,
and so
deg(f)
p
card(E;) <
(Es) 5
With
E = UES
s=1
we have

o)

1
card(E) < piee) Z— < pe) = card(T(f))

s=1 1S

by the choice of the (. Thus, there exists an A€ T(f)\E, and for this 7 we have

2
R0, ) < ST D (6 deglpiog )

for all s > 1. By choosing c sufficiently large, we can satisfy the second part of the
theorem. O

Remark 10. Some of the consequences of Theorem 3 can also be drawn here.
For instance, if #€T(f) is as in Theorem 9, then with N = pde/) the star dis-
crepancy D} of the point set P(h®), f) satisfies

Dy = O(N '(logN)*) forall s> 1,

with an implied constant depending only on p and s. Note that for sufficiently large
p the constant C, in the proof of Theorem 9 satisfies C,, < 1, and so for such p the
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coefficient of the main term N~!(log N)* in the above bound for D}, can be made

absolute. In fact, we have

dy(logN)’
N

provided that p is so large that C, < 1. The coefficient d, satisfies d; — 0 as
s — o0. But obviously this bound is nontrivial only if s <N.

S
Df < Z forall s> 1,
N +N or all s

Remark 11. A similar result holds for Korobov lattice rules with a prime
modulus p. Instead of the averaging result in [12, Remark 4] which was used in
the proof of Theorem 9, we now employ [13, Theorem 5.18] which says that for all
s = 1 we have

_ s—1 R
- R<S>((17g>g27"'7gs l)vp)< T(210gp+1) ’

where R¥)(...) is defined by [13, Definition 5.4] for s > 2 and R (...) = 0. Thus,
the same method as in the proof of Theorem 9 yields the existence of a
g€{0,1,...,p — 1} such that

RY((1,8,8%-...8""),p) < B(s)p'(logp)’ forall s> 1,

with a constant B(s) depending only on s. We cannot consider higher powers of
p since in this case the required averaging results are not available for arbitrary s.
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