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Abstract
Characterising the size-dependent behaviour of rock has been a significant challenge in rock engineering particularly during 
the design of structures on or within a rock mass. Generally, the mechanical characterisation of rock starts at the labora-
tory scale where the intact rock is tested and then the resulting data is extrapolated to the field conditions using a suitable 
size effect model. Despite extensive research on the size effect of intact rock, very few have included the weak rocks with 
low uniaxial compressive strength (UCS). Thus, in this study, the size-dependent behaviour of two different weak rocks 
namely, Gambier limestone and artificial rock with uniaxial compressive strength of less than 10 MPa were investigated 
experimentally and analytically. The diameter of the cylindrical Gambier limestone samples varied from 26 to 285 mm while 
the diameter of artificial rock samples ranged between 26 and 139 mm. For Gambier limestone, the uniaxial compressive, 
Brazilian and point load experiments were carried out while for artificial rock, only the uniaxial compressive tests were 
conducted. In both rock types, the ascending and then descending size effect trend was a pronounced behaviour for UCS 
and Young’s modulus data while the size effect behaviour of Poisson’s ratio was inconclusive. Also, the tensile strength and 
point load index data obtained from Gambier limestone revealed only descending size effect trends. The unified size effect 
law and its improved version were fitted to the UCS and Young’s modulus data leading to a very good agreement between 
the data and the model predictions. It was confirmed that an improved version of unified size effect law can predict a more 
realistic strength value for a sample with an infinite size. Finally, the applicability of two descending size effect models to 
the tensile strength and point load data was assessed and concluded that the multifractal scaling law is a suitable model for 
the point load data while the size effect law can better predict the tensile strength data.
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List of Symbols
UCS	� Uniaxial compressive strength
E	� Young’s modulus
PLI	� Point load index
SD	� Standard deviation
CV	� Coefficient of variance
USEL	� Unified size effect law
IUSEL	� Improved version of USEL
SEL	� Size effect law
FFSEL	� Fractal fracture size effect law

�0	� Intrinsic strength for the ascending part of 
USEL

ft	� Characteristic strength for the descending part 
of USEL

d	� Sample size in USEL
d0	� Maximum aggregate size or a characteristic 

sample size in USEL
B and �	� Dimensionless material parameters in USEL
Df	� Fractal dimension of fracture surface in USEL
MFSL	� Multifractal scaling law
MMFSL	� Modified multifractal scaling law
l	� Material constant with unit of length in IUSEL
fc	� Strength of a sample with an infinite size in 

IUSEL
fm	� Characteristic strength of the ascending zone in 

IUSEL
d	� Sample size in IUSEL
df	� Fractal dimension in IUSEL
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K	� Correlation factor
k	� Constant for Hoek and Brown (1980) size 

effect model

1  Introduction

The change in size or scale has been proved to have sig-
nificant effects on the mechanical properties of intact rocks 
(Hoskins and Horino 1969; Nishimatsu et al. 1969; Symons 
1970; Dhir and Sangha 1973; Hoek and Brown 1980; Jack-
son and Lau 1990; Panek and Fannon 1992; Yuki et al. 1995; 
Hawkins 1998; Thuro et al. 2001; Pells 2004; Darlington 
et al. 2011; Masoumi 2013; Masoumi et al. 2016a, b, 2017a, 
b, 2018; Darbor et al. 2018; Rong et al. 2018; Song et al. 
2018; Walton 2018). This is important as often the process 
of intact rock characterisation starts at the laboratory scale 
and then extrapolated to the field setting. Considering the 
limitations associated with the laboratory environment, it 
is impossible to test an intact rock at the magnitude of field 
scale within the laboratory. A solution for this limitation 
is to use an appropriate size effect model which is initially 
calibrated against the laboratory data and then is used to 
predict the mechanical properties of intact rock in the range 
of field scale.

Three main size effect models are currently available in 
the literature for the extrapolation of laboratory data to the 
field setting. The first model was introduced by Weibull 
(1939) based on the statistical theory which the so-called 
empirical size effect model, proposed by Hoek and Brown 
(1980) follows this concept. In this theory, the statistical 
distribution of micro-cracks within a rock with various sizes 
plays a significant role. The second model was proposed 
by Bazant (1984) based on fracture energy concept indicat-
ing that in a larger sample, the amount of stored energy is 
higher than that of the smaller one at a same stress level 
leading to an earlier crack initiation in the larger sample. 
The third model was developed by Carpinteri () based on 
fractal theory primarily for the tensile strength of concrete 
and then the applicability of such a model to rock materials 
was assessed by Darlington et al. (2011) and Masoumi et al. 
(2016b, 2017b). The multifractal theory is an extension of 
self-similarity concept where the size effect can be divided 
into two physical dimensions, including local and global. 
The local dimension primarily deals with the very small 
sizes while the global dimension is associated with an infi-
nite scale. These three models along with the other proposed 
empirical and semi-empirical functions (Bieniawski 1968; 
Hoek and Brown 1980; Cunha 1990; Hoek 2000; Darling-
ton et al. 2011) follow the generalised size effect concept in 
which the strength reduces with an increase in size. Such 
a concept has been widely investigated and a number of 
researchers, including Nishimatsu et al. (1969), Hawkins 

(1998), Masoumi (2013) and Quiñones et al. (2017) revealed 
that the descending size effect model alone cannot accu-
rately predict the size effect behaviour of intact rocks when 
a relatively wide range of sample sizes are considered. 
Hawkins (1998) was the first who clearly demonstrated that 
the uniaxial compressive strength (UCS) of seven different 
sedimentary rocks followed an ascending then descending 
size effect trend, highlighting the limitation of widely used 
generalised size effect concept. The results from Hawkins 
(1998) were later endorsed by Masoumi et al. (2016b) who 
also showed similar strength ascending then descending 
size effect behaviour for UCS results obtained from Gosford 
sandstone not only at one slenderness (length to diameter) 
ratio, but also at other ratios (Masoumi et al. 2014; Roshan 
et al. 2016).

In order to describe such an ascending then descend-
ing size effect behaviour, Unified Size Effect Law (USEL) 
was initially introduced based on fractal and fracture theo-
ries (Bazant 1984, 1997) and later Masoumi et al. (2017b) 
proposed an improved version of Unified Size Effect Law 
(IUSEL) based on the only fractal theory. Masoumi et al. 
(2016b) validated USEL based on the UCS data obtained 
from Gosford sandstone as well as those reported by Hawk-
ins (1998). Later, Quiñones et al. (2017) demonstrated the 
applicability of ascending then descending size effect trend 
to UCS data obtained from some strong igneous rocks with 
an excellent agreement between the model predictions and 
the empirical data.

It is noteworthy that the strength ascending then descend-
ing behaviour has also been reported by Bahrani and Kaiser 
(2016) and Li et al. (2018) from numerical studies using 
discrete element modelling. Faramarzi and Rezaee (2018) 
performed some uniaxial compressive experiments on a set 
of cylindrical concrete samples with different sizes and con-
cluded that an ascending then descending strength trend is 
also applicable to the concrete samples.

From the above review, it is clear that the ascending then 
descending strength behaviour of intact rocks at different 
sizes has been extensively investigated in the medium to 
strong rock types where the UCS of tested rocks was mostly 
above 10 MPa. Thus, in this study, the size effect behaviour 
of a number of weak rocks with UCS of less than 10 MPa 
is investigated at a broad range of diameters from 26 mm 
to about 285 mm. The rock types were the natural Gambier 
limestone and artificial rock made of plaster. A set of uniax-
ial compressive, indirect tensile (or Brazilian) and point load 
tests was conducted on Gambier limestone while for the arti-
ficial rock only the uniaxial compressive experiments were 
carried out. Also, the reporting data from the literature on 
the size effect behaviour of a weak rock was included in the 
final analysis. The resulting UCS data and Young’s moduli 
obtained from Gambier limestone and artificial rock revealed 
an ascending then descending size effect behaviour which 
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were used to calibrate the USEL and IUSEL for the strength 
prediction at different sizes. In addition, it was demonstrated 
that IUSEL provides more realistic UCS and Young’s modu-
lus prediction for a rock sample with an infinite scale. On 
the other hand, the point load and tensile strength results 
obtained from Gambier limestone showed only a descending 
size effect behaviour which then the applicability of SEL 
and MFSL to the point load and tensile strength data was 
investigated extensively.

2 � Experimental Work

2.1 � Rock Sample Selection and Preparation

The Gambier limestone, used in this study was sourced from 
the Mount Gambier coastal region in South Australia. It is 
a light weight limestone formed in the Paleogene period, 
27.5–33 million years ago, from shoreline and marine sedi-
ments (Allison and Hughes 1978; Murray-Wallace et al. 
1999; Melean et al. 2009). Gambier limestone is a pale 
light-yellow homogeneous rock with approximately 50% 
porosity. The X-ray diffraction (XRD) and fluorescence 

(XRF) were conducted on Gambier limestone (see Fig. 1; 
Table 1) confirming that it consists of more than 98% calcite. 
A number of limestone samples were prepared at different 
diameters (see Fig. 2) ranging between 25 and 285 mm with 
the length to diameter ratio of 2 for the uniaxial compressive 
tests according to American Society for Testing and Materi-
als (ASTM 2010). Also, at the same range of diameters some 
samples were prepared for Brazilian experiments according 
to ASTM (2010) where the length of samples was half of the 
diameter (see Fig. 3). For the point load tests, the length to 
diameter ratio was 1 according to International Society for 
Rock Mechanics (ISRM 2014).

For the artificial rock samples, a mixture of sand and 
plaster was used to cast the samples with low strength at 
various sizes. The final mixture was modified based on the 
experiments conducted by Dorbani et al. (2011) leading to 
an artificial rock made of plaster, sand and water at a ratio 
of 1:2:1.35. An electrical blender and vibrator were used to 
create a homogenous mixture and remove air pockets from 
the mixture. The samples were casted using PVC moulds 
with various diameters (from 26 to 139 mm) and after curing 
for 24 h (see Fig. 4), they were removed from the moulds 
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Fig. 1   Diffractometer trace for Gambier limestone

Table 1   X-ray fluorescence 
results obtained from Gambier 
limestone

Element MgO SiO2 SO3 Cl K2O CaO Cr2O3 Fe2O3 NiO SrO ZrO2 Ba

% 0.64 0.57 0.07 0.01 0.19 98.09 0.10 0.23 0.02 0.05 0.01 0.02
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and stored in a well-ventilated and shaded room for 7 days 
to obtain the required mechanical properties.

In order to reduce the influence of moisture content, all 
the natural and artificial samples were oven-dried at 105 ºC 
and 45ºC respectively for 24 h prior to the experimentation. 
The drying temperature of artificial samples was less than 

50 ºC to ensure the stability of final products according to 
Ridge (1958) and Clifton (1973).

2.2 � Testing Procedure

The uniaxial compressive tests were performed using a 
servo-controlled loading frame with a maximum loading 
capacity of 160 tonnes (see Fig. 5). The axial displacement 
was recorded based on ram movement and only for the sam-
ples with less than 150 mm diameter the radial deformation 
was measured using circumferential linear variable differen-
tial transducer (LVDT). This was due to the limitation in the 
total length of available circumferential LVDT which could 
not be mounted on the samples larger than 150 mm diameter. 
The final radial strain was calculated based on Masoumi 
et al. (2015) suggested modification.

According to ISRM (1978), polished platens were used 
for the uniaxial compressive experiments. The strain rate 
was kept constant for all the experiments to allow the failure 
of samples within 5–10 min as specified by ISRM (1981). 
By trial and error, the suitable strain rates for limestone 
and artificial samples were found to be 1 × 10−5 s−1 and 
8 × 10−6 s−1, respectively.

The same loading frame which was used for the uniaxial 
compressive tests was utilised for the Brazilian tests (see 
Fig. 6) according to ASTM (2010) suggested methods. In 
order to record the peak loads at high accuracy, a load cell 

Fig. 2   Examples of Gambier limestone samples with different diam-
eters for uniaxial compressive test

Fig. 3   Examples of Gambier limestone samples with different sizes 
for Brazilian test

Fig. 4   Examples of artificial rock samples with different diameters 
for uniaxial compressive test
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with the maximum loading capacity of 10 tonne was utilised 
for the samples smaller than 100 mm diameter.

The point load tests were conducted under two scenarios, 
including axial and diametral as recommended by ISRM 
(2014) suggested methods. The GCTS point load frame was 
used for the experiments and due to the limitation in the 
loading frame (see Fig. 7), the maximum diameter of tested 
sample was less than 100 mm.

2.3 � Test Results

2.3.1 � UCS, Young’s Modulus and Poisson’s Ratio

The resulting data from uniaxial compressive tests along 
with the standard deviations (SD) and coefficient of vari-
ances (CV) for Gambier limestone and artificial rock sam-
ples are given in Tables 2, 3, and 4 including UCS, Young’s 

Fig. 5   Testing setup for a samples smaller than 70 mm diameter, b samples with diameters between 70 and 150 mm and c samples larger than 
150 mm diameter

Fig. 6   Examples of different Brazilian testing setups for the samples with various sizes
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moduli and Poisson’s ratios, respectively. Figures 8, 9 and 
10 present the size effect trends of UCS, Young’s moduli 
and Poisson’s ratios obtained from Gambier limestone 
in which the UCS and Young moduli clearly revealed an 
ascending then descending trends while the Poisson’s ratio 
did not follow any particular behaviour. The similar size 
effect trends as those obtained from Gambier limestone are 
observable in Figs. 11 and 12 for UCS and Young’s moduli 
of artificial rock, respectively. Figure 13 shows the typical 

fracture patterns observed after failure of Gambier limestone 
at various sizes. It is clear that the shear plane is the domi-
nant failure pattern at various sizes and it commonly started 
from one end surface and then propagated towards the side 
surface.

From Figs. 8 and 11, it is evident that the UCS of both 
Gambier limestone and plaster based artificial rock follow 
an ascending then descending size effect trend in which the 
UCS increases with an increase in the size up to a character-
istic sample diameter, then it reduces beyond this character-
istic size. Masoumi et al. (2016b) proposed two mechanisms 
for such a behaviour. The first one is associated with the end 
surface flaws which are created during the sample prepara-
tion process. This mechanism is the dominant one in the 
samples with small diameters and granular structure such 
as sedimentary rocks (Masoumi 2013). The second mecha-
nism is associated with the fractal behaviour of rocks which 
depends on their geological origins (Masoumi et al. 2016b; 
Quiñones et al. 2017). A significant difference between the 
resulting size effect trends from Gambier limestone and arti-
ficial rock was at the characteristic size with maximum UCS. 
Although, both materials are in the same strength range, the 
characteristic size of Gambier limestone was approximately 
twice of that obtained from the artificial rock. Based on the 
earlier studies (Hawkins 1998; Yoshinaka et al. 2008; Pierce 
et al. 2009; Masoumi et al. 2016b; Quiñones et al. 2017), 
the difference can be attributed to the intrinsic properties of 
materials, such as particle size, pre-existing micro-cracks or 
flaws, texture and more importantly porosity. A comparison 
between the results from this study and those reported earlier 
from the medium (Hawkins 1998; Masoumi et al. 2016b) 
to the strong (Quiñones et al. 2017) rocks confirms that an 
increase in the UCS can shift the characteristic size to the 
smaller diameter.

Figures 9 and 12 demonstrate that the size effect trends 
of Young’s moduli for both Gambier limestone and artificial 
rock have similar behaviour as that observed for UCS data. 
The similarity was expected as Young’s modulus (E) is a 
function of stress. For both Gambier limestone and artificial 

Fig. 7   GCTS point load testing frame used for the point load experi-
ments. The arrow indicates the limitation of frame where the sample 
larger than 100 mm diameter could not be tested

Table 2   UCS and Young’s 
moduli obtained from Gambier 
limestone at different sizes

Diameter (mm) Repetition UCS Young’s modulus

Average (MPa) SD (MPa) CV (%) Average (GPa) SD (GPa) CV (%)

26 15 2.58 0.57 22.05 0.99 0.49 48.94
41 10 3.02 0.37 12.37 1.01 0.42 41.50
52 10 3.10 0.31 10.13 1.11 0.26 23.13
69 14 3.49 0.39 11.05 1.19 0.14 11.75
96 10 3.72 0.35 9.43 1.26 0.17 13.62
119 4 3.99 0.33 8.38 1.78 0.37 21.01
145 5 3.74 0.17 4.58 1.64 0.31 19.11
204 3 3.14 0.34 10.77 1.65 0.12 7.27
285 3 2.64 0.38 14.44 1.22 0.06 5.27
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rock, E increased up to a characteristic size then reduced. 
Also, the characteristic size for both rock types was the same 

as that reported for UCS. This suggests that the same con-
trolling mechanisms identified for the size effect trend of 
UCS can be responsible for the size-dependent behaviour 
of Young’s modulus. Masoumi (2013) and Quiñones et al. 
(2017) reported ascending then descending size effect trends 
for the Young’s modulus of different medium to strong rock 
types such as sandstone, granite and marble.

Figure 10 shows that the size effect trend of Poisson’s 
ratio is inconclusive as it is not possible to extract any 
particular correlation between the Poisson’s ratio and the 
size. This is consistent with the findings of earlier studies 
(Masoumi 2013; Quiñones et al. 2017) who reported an 
inconclusive trend for the size effect behaviour of Poisson’s 
ratio obtained from different medium to strong rock types.

Table 3   Poisson’s ratios obtained from Gambier limestone at differ-
ent sizes

Diameter (mm) Repetition Poisson’s ratio

Average SD CV(%)

26 6 0.13 0.02 14.15
41 5 0.09 0.03 30.48
52 8 0.13 0.01 9.84
69 7 0.09 0.02 26.64
96 7 0.06 0.01 17.63
119 6 0.13 0.03 29.06
145 3 0.07 0.01 18.61

Table 4   UCS and Young’s 
moduli obtained from artificial 
rock at different sizes

Diameter (mm) Repetition UCS Young’s modulus

Average (MPa) SD (MPa) CV (%) Average (GPa) SD (GPa) CV (%)

26 5 3.09 0.48 15.47 0.92 0.12 13.07
41 5 3.58 0.26 7.36 1.24 0.18 14.54
51 5 3.94 0.16 4.07 1.80 0.18 10.23
68 5 3.26 0.3 9.33 1.61 0.17 10.62
96 3 3.08 0.32 10.36 1.55 0.11 6.94
118 3 2.68 0.02 0.66 1.41 0.09 6.21
139 3 2.52 0.21 8.29 1.17 0.05 4.56
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Fig. 8   UCS data obtained from Gambier limestone at various diameters
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2.3.2 � Tensile Strength

The resulting tensile strengths at different sizes along with 
their SDs and CVs for Gambier limestone are presented in 

Table 5. Also, the size effect trend from tensile strength data 
is shown in Fig. 14 in which the tensile strength reduces with 
an increase in the sample size following the conventional 
size effect theory as opposed to UCS and elastic modulus 
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Fig. 9   Young’s moduli obtained from Gambier limestone at various diameters
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Fig. 11   UCS data obtained from artificial rock at various diameters
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Fig. 12   Young’s moduli obtained from artificial rock at various diameters
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data. Such a behaviour can be mainly related to the failure 
mechanism of rock as well as the contact points between 
the loading platens and the sample. Masoumi et al. (2016b) 
argued that the end surface flaws which are created during 
the cylindrical sample preparation is one of the responsible 
factors for the strength ascending behaviour of UCS and E 
data. This factor during the Brazilian test cannot be influ-
ential as the contact between the sample and the loading 
platens is different as compared to that in the uniaxial com-
pressive test. In other words, during the Brazilian test, the 
side surfaces of Brazilian disc are in contact with the load-
ing platens and thus the end surface flaws cannot have any 
contribution to the failure process. Also, during the Brazilian 
test, the Gambier limestone sample fails in tension while in 
the uniaxial compressive loading, the failure occurs primar-
ily in shear (see Fig. 13), therefore, the difference in the fail-
ure mechanism between Brazilian and uniaxial compressive 
tests potentially could be another reason for not observing 
strength ascending and then descending size effect trend in 
the tensile strength data. Figure 15 illustrates the typical 
failure patterns observed from the Brazilian tests on Gam-
bier limestone where all the samples failed in tension with a 
single crack at the centre.

2.3.3 � Point Load Index

For the point load experiments, two testing conditions were 
performed, including axial and diametral. The point load 
index (PLI) data obtained from both testing conditions are 
listed in Tables 6 and 7 along with their size effect trends 
in Figs. 16 and 17, respectively. It is true to state that the 
behaviour of PLI data at different sizes follows the gener-
alised size effect concept where an increase in the sample 
size leads to decrease in PLI similar to that observed from 
the Brazilian tests. Such a behaviour can be associated with 
the negligible contact between the sample and the pointers 
during the point loading as well as the failure mechanism of 
tested samples which is in tension. Russell and Muir Wood 
(2009) through an extensive analytical and experimental 
study proved that rock under point loading, primarily fails 
in tension similar to that observed in the Brazilian test. Also, 
during the axial point loading, the contact between the end 
surfaces of sample and the loading platens is very little due 
to the conical (pointer) shape of platens which can prevent 
the end surface flaws to contribute to the failure process sim-
ilar to that explained for the Brazilian test leading to only a 
descending size effect trend. Figures 18 and 19 illustrate the 
typical fracture patterns resulted from the point load testing 
under axial and diametral conditions for Gambier limestone 
at various sizes.

3 � Analytical Work

Masoumi et al. (2016b) proposed the unified size effect law 
(USEL) to predict the strength ascending then descending 
behaviour of intact rocks. The USEL consists of two models 
based on fracture energy and fractal fracture energy. The 
descending behaviour is predicted by the size effect law 
(SEL) (Bazant 1984) and the ascending strength behav-
iour can be predicted by the fractal fracture size effect law 
(FFSEL) (Bazant 1997). The USEL is the combination of 

Fig. 13   Typical failure patterns observed from the uniaxial compressive tests on Gambier limestone with different diameters

Table 5   Tensile strength data obtained from Gambier limestone at 
different sizes

Diameter (mm) Repetition Tensile strength

Average (MPa) SD (MPa) CV (%)

26 6 0.68 0.06 9.40
41 6 0.60 0.09 14.39
52 6 0.62 0.06 10.13
69 6 0.62 0.03 4.32
96 6 0.58 0.06 10.64
119 5 0.55 0.12 20.88
145 5 0.44 0.08 17.76
204 4 0.35 0.03 9.18
285 5 0.34 0.03 8.55
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SEL and FFSEL in which the strength, or those parameters 
which are the function of strength such as Young’s modu-
lus, is the minimum estimated value by SEL and FFSEL as 
follows:
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Fig. 14   Tensile strength data obtained from Gambier limestone at various diameters

Fig. 15   Typical failure patterns observed from the Brazilian tests on 
Gambier limestone

Table 6   Axial PLI data obtained from Gambier limestone at different 
sizes

Diameter 
(mm)

Repetition Axial point load index

Average (MPa) SD (MPa) CV (%)

26 10 0.76 0.11 14.44
41 5 0.59 0.04 6.37
52 5 0.59 0.04 6.24
69 5 0.56 0.05 8.11
96 5 0.48 0.09 17.72

Table 7   Diametral PLI data obtained from Gambier limestone at dif-
ferent sizes

Diameter 
(mm)

Repetition Diametral PLI

Average (MPa) SD (MPa) CV (%)

26 10 0.88 0.051 5.84
41 5 0.62 0.10 15.65
52 5 0.54 0.05 8.70
69 5 0.43 0.06 14.33
96 5 0.41 0.05 12.68
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Fig. 16   Axial PLI data obtained from Gambier limestone at various diameters
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where �0 is the characteristic or intrinsic strength for the 
ascending zone, ft is an intrinsic or characteristic strength for 
the descending zone, d is the sample size, d0 is a maximum 
aggregate size which can be referred to as a characteristic 
sample size, B and � are the dimensionless material param-
eters and Df is the fractal dimension of the fracture sur-
face where Df ≠ 1 for the fractal surfaces and Df = 1 for the 
non-fractal surfaces. For calibration of �0 and Df in FFSEL, 
initially �d0 should be attained from SEL. It is noteworthy 

(1)

Strength = Min

�

�0d
(Df−1)∕2

√

1 + (d∕�d0)
(FFSEL),

Bft
√

1 + (d∕�d0)
(SEL)

�

,

that FFSEL becomes the same as SEL for those sizes that 
exhibit non-fractal characteristics (Df = 1), in which Bft = �0 . 
Also, the intersection between SEL and FFSEL happens at 
the following diameter:

and the maximum strength at Di is estimated through the 
following equation:

Later, Masoumi et al. (2017b) proposed an improved ver-
sion of USEL (IUSEL) based on fractal theory consisting 
of two models to capture the strength ascending and then 
descending zones, separately. The descending model was 
developed by Carpinteri et al. (1999), known as the mul-
tifractal scaling law (MFSL) and the ascending model was 
developed by Masoumi et al. (2017b), known as modified 
multifractal scaling law (MMFSL), in the same fashion as 
that conducted by Bazant (1997) leading to the following 
formulae:

where l is a material constant with the unit of length, fc is the 
strength of a sample with an infinite size, fm is a characteris-
tic strength of the ascending zone, d is the sample size and 
df is a fractal dimension. Similar to USEL, it is necessary 
to estimate l from MFSL first then calibrate fm and df. The 
maximum strength at the intersection diameter of MFSL and 
MMFSL occurs when:

and the strength is predicted according to:

A significant advantage of IUSEL over USEL is a real-
istic prediction of sample strength with an infinite size. In 
USEL, the strength of a very large diameter sample tends to 
zero while IUSEL predicts a constant value (fc) for a sample 
with an infinite size. Here, the data from Gambier limestone, 
artificial rock and Bath stone with a UCS of about 15 MPa 

(2)Di =

(

Bft

�0

)2∕(Df−1)

,

(3)Strength =
Bft

√

1 +
(

(Bft
/

�0)
2∕(Df−1)∕�d0

)

.

(4)

Strength =

Min

(

fmd
(df−1)∕2

√

1 +
l

d
(MMFSL), fc

√

1 +
l

d
(MFSL)

)

,

(5)di =

(

fc

fm

)2∕(df−1)

,

(6)Strength = fc

√

√

√

√

√

1 +
l

(

fc

fm

)2∕(df−1)
.

Fig. 18   Typical failure patterns observed from the axial point load 
tests on Gambier limestone

Fig. 19   Typical failure patterns observed from the diametral point 
load tests on Gambier limestone
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Table 8   Calibrated USEL and IUSEL parameters for UCS results obtained from Gambier limestone

Fitting method Bft (MPa) �d
0
 (mm) �

0
 (MPa) D

f
Diameter of sample with the 
maximum UCS (mm)

Diameter at the 
intersection (mm)

USEL
Maximum UCS included in FFSEL 38.06 1.40 0.95 2.53 119 124.48
Maximum UCS included in SEL 13.93 10.87 0.50 2.38 124.22
Maximum UCS included in both 13.93 10.87 0.48 2.40 122.91

Fitting method f
c
 (MPa) l (mm) fm (MPa) df Diameter of sample with the 

maximum UCS (mm)
Diameter at inter-
section (mm)

IUSEL
Maximum UCS included in MMFSL 0.28 25,278.80 N/A N/A 119 N/A
Maximum UCS included in MFSL 0.68 4041.65 0.016 2.54 130.25
Maximum UCS included in both 0.68 4041.65 0.017 2.54 120.39

Table 9   Calibrated USEL and IUSEL parameters for UCS results obtained from artificial rock

Fitting method Bf
t
 (MPa) �d

0
 (mm) �

0
 (MPa) D

f
Diameter of sample with the 
maximum UCS (mm)

Diameter at 
the intersection 
(mm)

USEL
Maximum UCS included in FFSEL 5.54 37.85 0.56 2.21 51 44.17
Maximum UCS included in both 8.52 13.19 0.5 2.45 49.95

Fitting method fc (MPa) l (mm) fm (MPa) df Diameter of sample with the 
maximum UCS (mm)

Diameter at 
the intersection 
(mm)

IUSEL
Maximum UCS included in MMFSL 1.52 256.26 0.070 2.59 51 48.02
Maximum UCS included in both 1.21 472.59 0.048 2.64 51.19

Table 10   Calibrated USEL and IUSEL parameters for UCS results obtained from Bath stone (Hawkins 1998)

Fitting method Bft (MPa) �d
0
 (mm) �

0
 (MPa) D

f
Diameter of sample with the 
maximum UCS (mm)

Diameter at the 
intersection (mm)

USEL
Maximum UCS included in FFSEL 71.38 3.77 3.61 2.35 54 83.20
Maximum UCS included in SEL 19.18 93.64 1.71 2.28 43.69
Maximum UCS included in both 71.38 3.77 1.51 2.91 56.70

Fitting method fc (MPa) l (mm) fm (MPa) df Diameter of sample with the 
maximum UCS (mm)

Diameter at the 
intersection (mm)

IUSEL
Maximum UCS included in MMFSL 9.02 114.59 0.26 2.83 54 48.22
Maximum UCS included in MFSL 4.61 775.96 0.19 2.47 76.61
Maximum UCS included in both 4.61 775.96 0.08 3 57.63
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reported by Hawkins (1998) was used to calibrate USEL and 
IUSEL for the assessment of their predictability.

3.1 � Model Predictions for UCS Data

A key concern in the calibration of USEL and IUSEL is the 
inclusion of characteristic size or the maximum UCS in the 
modelling process which can occur under three scenarios. 
First, it is only included in the ascending zone (e.g. FFSEL 
or MMFSL), second it is only included in the descending 
zone (e.g. SEL or MFSL) and third it is included in both 
ascending and descending zones. All the three scenarios 
were assessed for the modelling process leading to the model 
parameters listed in Tables 8, 9 and 10 for Gambier lime-
stone, artificial rock and Bath stone, respectively. It is note-
worthy that due to the limited data available in the ascend-
ing zone of artificial rock, the second scenario could not be 
assessed. Also, the reported mean UCS values in Tables 2 
and 4 were used for the models calibration. For all the three 
rock types, the best estimation of the intersection diameter 
occurred when the maximum UCS (characteristic size) was 

included in both ascending and descending zones. These 
scenarios are highlighted in bold in Tables 8, 9 and 10 which 
then they were used for the model simulations as shown in 
Figs. 20, 21 and 22.

Figures 20, 21 and 22 demonstrate a good agreement 
between the model predictions and the experimental data 
for both USEL and IUSEL. Also, it is clear that IUSEL at 
larger scales starts to deviate from USEL leading to more 
accurate UCS prediction for the sample with an infinite size. 
Such a deviation is particularly obvious in Figs. 21 and 22.

As a result, it is reasonable to conclude that the strength 
ascending then descending trend is applicable to all rock 
materials when a relatively wide range of sizes are used in 
the size effect study. This finding is very important for the 
design process of various structures within the rock masses 
when the laboratory data is extrapolated to the field condi-
tions. It is important to note that both ISRM (1981) and 
ASTM (2010) recommend the application of a sample with 
a diameter of 50–54 mm for uniaxial compressive testing. 
While such a diameter is reasonable for artificial rock and 
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Fig. 20   USEL and IUSEL predictions for UCS data obtained from Gambier limestone
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Bath stone (see Figs. 21, 22), it can potentially lead to an 
underestimation of UCS of large-scale Gambier limestone 
and those rock types where the maximum UCS occurs at a 
sample larger than 50 mm diameter if only the conventional 
descending size effect model is used for the size correction.

3.2 � Model Predictions for Young’s Moduli

The applicability of USEL and IUSEL is assessed for 
Young’s modulus following the same method used for the 
UCS data above. The USEL and IUSEL were calibrated to 
the Young’s moduli of the Gambier limestone and artifi-
cial rock leading to the size effect predictive models (see 
Figs. 23, 24). The resulting models’ parameters after cali-
bration are listed in Tables 11 and 12 for Gambier limestone 
and artificial rock, respectively. Among the three scenarios 
for including the characteristic size (the size with the maxi-
mum Young’s modulus), the one where it included in both 
ascending and descending zones was found to be the best 
option for both rock types with an exception of IUSEL for 
artificial rock.

Figures 23 and 24 reveal a good agreement between the 
fitted models and the experimental results for both USEL 
and IUSEL. Similar to UCS data, IUSEL provides a more 
realistic Elastic modulus prediction as compared to USEL 
for the sample with an infinite size.

3.3 � Model Predictions for Tensile Strength and PLI 
Data

The resulting data from Brazilian and point load testing 
revealed only descending size effect trend and thus SEL 
and MFSL have been calibrated against the experimental 
results to compare their predictability for each set of data. 
It is noteworthy that Hoek and Brown (1980) size effect 
model was not included in this analysis due to its sim-
ple equation where only one factor controls the modelling 
process while for SEL and MFSL there are two different 
factors.

The resulting parameters for SEL and MFSL after model 
calibration versus tensile strength and PLI data are pre-
sented in Table 13 along with their multiple determination 
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Fig. 21   USEL and IUSEL predictions for UCS data obtained from artificial rock
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coefficients (R2). Also, the fitted models are presented 
in Figs. 25 and 26 where there is a very good agreement 
between the fitted models and the laboratory data. It is 
true to state that SEL has a better predictability to tensile 
strength data while MFSL found to be a better size effect 
model for both axial and diametral PLI data obtained from 
Gambier limestone.

4 � Practical Study

The last and very important analysis in this work is to 
highlight the practical application of size effect correction 
associated with the weak intact rock. Tunnelling is one of 
the most critical areas in rock engineering that the results 
from this study provides a very useful guideline for the 
rock engineers particularly during the design stage. Road 
construction in weak rock is another area where the size 
effect behaviour of weak intact rock becomes important 
in which the blasting and stability of weak rock slope are 
the key concerns. Successful construction and stability 

assessment of hydro-tunnels as well as shallow open-pit 
(e.g. coal or quarry) mines are other examples that depend 
on the accurate size correction analysis in weak rocks. 
Therefore, in the following sections, a useful practical 
methodology for the correlation between PLI and UCS at 
different sizes along with an example of miscalculation of 
size effect due to the utilisation of poor size effect model 
are presented.

4.1 � Correlation Between UCS and PLI Data

In many rock engineering projects, the assessment of intact 
rock starts with a simple field-testing technique, such as 
point loading. According to ISRM (2014) suggested meth-
ods, UCS and PLI can be correlated using the following 
equation:

where K is a correlation factor suggested by ISRM (2014). 
Thus, in here the resulting PLI data were correlated with 
the UCS data obtained from Gambier limestone at various 

(7)UCS = K ⋅ PLI,
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Fig. 22   USEL and IUSEL predictions for UCS data obtained from bath stone (Hawkins 1998)
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sizes (see Table 14). The correlations include both axial and 
diametral point load data where for each size and loading 
condition, K is different (Fig. 27).

In another analysis, the graphs of correlation factor ver-
sus sample diameter for both axial and diametral conditions 
were plotted along with their best linear fits in Figs. 28 and 
29. It is clear that a linear correlation can provide a good 
estimation between size and K which can assist in estimation 
of UCS from point load results (either axial or diametral) 
with suitable size correction process. This has been con-
ducted on Gambier limestone as a base technique to be used 
for other weak intact rocks with the similar characteristics 
as Gambier limestone.

4.2 � Example of Application

In this section, a simple practical example for estimating the 
UCS of Gambier limestone samples with different sizes is 
demonstrated using the Hoek and Brown (1980) size effect 

model and the results are compared with the data from this 
investigation.

The mean UCS of Gambier limestone samples with 
52 mm diameter reported in Table 2 (UCS52 = 3.10 MPa) 
was substituted into the Hoek and Brown (1980) size effect 
model as the characteristic strength of a sample with 50 mm 
diameter (UCS50) in order to estimate the UCS of other sizes 
using the following equation:

where k is a constant and according to Hoek and Brown 
(1980) who collated the size effect data from various rock 
types (where no weak rock was included), this value is equal 
to 0.18 for all rock types. The fitted Hoek and Brown (1980) 
size effect model to Gambier limestone data is shown in 
Fig. 30 indicating that Hoek and Brown (1980) size effect 
model grossly over-predicts the UCS below 50 mm diam-
eter and under-predict the UCS above 50 mm diameter. 
This under-prediction would be significant if the data is 

(8)UCS = UCS50(50∕d)
k.
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Fig. 23   USEL and IUSEL predictions for Young’s moduli obtained from Gambier limestone
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extrapolated to a much larger block size as is done with the 
Hoek and Brown (1980) size effect relationship in practice. 
This could lead to overdesign of structures in or on rock 
and thus it is important to test the large cores from the site 
investigation.

5 � Conclusions

Size-dependent behaviour of two weak intact rocks includ-
ing Gambier limestone and artificial rock was investigated 
from experimental and analytical viewpoints. The sam-
ple sizes varied from 26 to 285 mm diameter for Gambier 
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Fig. 24   USEL and IUSEL predictions for Young’s moduli obtained from artificial rock

Table 11   Calibrated USEL and IUSEL parameters for Young’s moduli obtained from Gambier limestone

Fitting method Bf
t
 (GPa) �d

0
 (mm) �

0
 (GPa) D

f
Diameter of sample with 
the maximum E (mm)

Diameter at the 
intersection (mm)

USEL
Maximum E included in FFSEL 3.09 62.99 0.122 2.29 119 150.01
Maximum E included in SEL 2.85 77.52 0.290 1.81 282.15
Maximum E included in both 2.85 77.52 0.129 2.24 147.28

Fitting method fc (GPa) l (mm) fm (GPa) df Diameter of sample with 
the maximum E (mm)

Diameter at the 
intersection (mm)

IUSEL
Maximum E included in MMFSL 0.64 906.10 0.009 2.72 119 142.37
Maximum E included in MFSL 0.80 490.37 0.026 2.31 187.04
Maximum E included in both 0.80 490.37 0.013 2.67 138.90
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Table 12   Calibrated USEL and IUSEL parameters for Young’s moduli obtained from artificial rock

Bf
t
 (GPa) �d

0
 (mm) �

0
 (GPa) D

f
Diameter of sample with the 
maximum E (mm)

Diameter at 
the intersection 
(mm)

USEL
Maximum E 

included in 
FFSEL

2.88 33.45 0.015 3.63 51 54.50

Maximum E 
included in both

2.81 35.84 0.016 3.62 51.69

fc (GPa) l (mm) fm (GPa) df Diameter of sample with the 
maximum E (mm)

Diameter at 
the intersection 
(mm)

IUSEL
Maximum E 

included in 
MMFSL

0.69 331.68 0.002 4 51 49.19

Maximum E 
included in both

0.82 203.83 0.002 3.95 59.07

Table 13   SEL and MFSL 
parameters for tensile strength 
and PLI data obtained from 
Gambier limestone

SEL MFSL

Bf
t
 (MPa) �d

0
 (mm) R2 fc (MPa) l (mm) R2

Tensile strength 0.81 72.14 0.88 0.36 83.56 0.69
Axial PLI 1.08 22.74 0.90 0.35 92.04 0.94
Diametral PLI 19.18 0.05 0.92 0.02 35,271.89 0.93
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Fig. 25   Comparing SEL and MFSL predictions for tensile strength data obtained from Gambier limestone
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limestone and from 26 to 139 mm diameter for artificial 
rock. A set of uniaxial compressive, Brazilian and point 
load (axial and diametral) tests were conducted on Gam-
bier limestone while only uniaxial compressive experi-
ments were performed on artificial rock. Ascending then 
descending size effect trends were observed for both UCS 
data and Young’s moduli obtained from Gambier limestone 
and artificial rock samples. The characteristic size for Gam-
bier limestone was 119 mm diameter where the strength 
reduces before and beyond this size. The characteristic size 
for artificial rock was 52 mm diameter. The resulting size 

effect trend for Poisson’s ratio was inconclusive similar to 
the earlier studies. The tensile strength and point load index 
(PLI) data obtained from Gambier limestone revealed only 
descending size effect trend as opposed to ascending and 
then descending size effect trend observed from UCS and 
elastic moduli data. Such a difference was attributed to the 
failure mechanism and contact points between the sample 
and the loading platens under Brazilian and point load test-
ing which are different to those under uniaxial compressive 
loading.

The unified size effect law (USEL) and its improved ver-
sion (IUSEL) were used for the strength prediction of large 
diameter samples. Initially, both USEL and IUSEL were 
calibrated using the laboratory data leading to a very good 
agreement between the model predictions and the experi-
mental results. The analysis was performed on UCS data 
and Young’s moduli obtained from Gambier limestone and 
artificial rock as well as the UCS data obtained from Bath 
stone reported in the literature. Hence, it was demonstrated 
that the strength prediction by IUSEL for a sample with an 
infinite scale is more realistic than that predicted by USEL. 
Also, the size effect law (SEL) and multifractal scaling law 
(MFSL) were fitted to the resulting tensile strength and PLI 
data obtained from Gambier limestone and showed that 
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Fig. 26   Comparing SEL and MFSL predictions for axial PLI data obtained from Gambier limestone

Table 14   Correlation factors between UCS and PLI data for both 
axial and diametral conditions obtained from Gambier limestone

Sample diam-
eter (mm)

Mean UCS 
(MPa)

Mean PLI (MPa)

Axial K Diametral K

26 2.58 0.76 3.39 0.88 2.93
41 3.02 0.59 5.12 0.62 4.87
52 3.10 0.59 5.25 0.54 5.74
69 3.49 0.56 6.23 0.43 8.12
96 3.72 0.48 7.75 0.41 9.07
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Fig. 27   Comparing SEL and MFSL predictions for diametral PLI data obtained from Gambier limestone
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MFSL is a good predictive model for PLI data while SEL 
found to be a better model for tensile strength data. Finally, 
an example of field application regarding the size correction 

in weak intact rocks was presented along with a methodol-
ogy on how to estimate UCS from PLI at various sizes for 
weak intact rocks.

Fig. 29   Size correlation graph 
resulted from UCS and diame-
tral PLI of Gambier limestone
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Fig. 30   Comparison between 
Hoek and Brown (1980) size 
effect model prediction and 
the experimental data obtained 
from Gambier limestone
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