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Abstract
Direct shear tests on rocks under compression–shear stress conditions have been widely conducted, whereas few have been 
performed under tension–shear stress conditions. However, rocks exhibit tension–shear failures in many scenarios, such as 
in the excavation disturbed zone in deep underground caverns and high slopes. A series of direct shear tests were performed 
with cuboid sandstone specimens under different normal tensile stresses (σn = − 3, − 2, and − 1 MPa) and compressive stresses 
(σn = 1, 3, and 5 MPa) at different shearing rates (v = 0.2, 1, 5, and 10 mm/min). The tension–shear tests were performed 
using an auxiliary device in combination with a compression–shear testing machine. The results showed that the fracture, 
shear stress–displacement curve, shear stiffness and shear strength were affected by both σn and v, and the differences in 
these mechanical behaviour between compression–shear and tension–shear cases were analysed in detail. The shear strength 
had a nonlinear relationship with both σn and v in the full region of tested normal stress (namely, the normal stress range 
from tension to low compression). The Hoek–Brown criterion (� = A(�

n
− �

t
)B) considering the shearing rate effect (the 

relationship between parameter A (B) and shearing rate v is represented by a natural logarithm function) was proposed as 
the optimal shearing rate-dependent strength criterion for sandstone in the tested normal stress range.
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List of Symbols
σn  Normal stress
σt  Tensile strength
σcc  Crack closure stress
σci  Crack initiation stress
σcd  Crack damage stress
τ  Shear strength
τ′  Residual shear strength
v  Shearing rate
φ  Internal friction angle
c  Cohesion
φ′  Residual friction angle
kelastic  Shear stiffness in the elastic deformation stage
kaverage  Pre-peak average shear stiffness
μ  Coefficient of friction on the crack face

�
′

c
  Critical macroscopic compressive stress needed 

for closing the crack
m  Material constant of Hoek–Brown criterion
A, B  Fitting parameters of Hoek–Brown criterion

1 Introduction

As rocks are generally in a compressive stress state, the com-
pression/shear properties of rocks under confining/normal 
pressure have been widely studied (Petit 1988; Wibberley 
et al. 2000; Cho et al. 2008; Cai and Liu 2009; Chen et al. 
2016; Peng et al. 2016; Turichshev and Hadjigeorgiou 2016; 
Yang 2016). Most of the strength criteria in the rock mechan-
ics field were derived on the basis of compression–shear 
failure (Haimson and Bobet 2012). In fact, tensile stress in 
rocks is a very common phenomenon in the Earth’s crust, 
such as in the rocks near a folding centre or fault wall (Ferrill 
et al. 2012), in the unloading zone induced by engineering 
excavation or river incision (Cen and Huang 2017; Cen et al. 
2020) and in slopes subjected to earthquakes (Huang et al. 
2019). For instance, the rocks in the excavation disturbed 
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zone (EDZ) of underground openings, especially those that 
are deeply buried, and high slopes are usually under compos-
ite tension–compression stress conditions (Goodman 1989; 
Aimone-Martin et al. 1997; Huang et al. 2001; Huang and 
Huang 2014) due to differential rebounding deformation in 
the process of stress redistribution (Wu et al. 2009; Huang 
and Huang 2014), where deformation and failure are char-
acterized by combined extension and shear (Aimone-Martin 
et al. 1997). Underground excavations are also subjected to 
dynamic loads, such as blasting and machinery vibration, 
which may cause the surrounding rocks to exhibit dynamic 
deformation and failure behaviour (Zhang and Zhao 2014). 
Therefore, it is important to study the mechanical behaviour 
and strength criteria of rocks under compression–shear and 
tension–shear stress conditions.

The direct shear test is the most common and reason-
able method for studying the shear mechanical behaviour 
of rocks. Direct shear tests have been widely conducted 
under quasi-static loading to investigate the multi-scale 
shear behaviour of rocks, such as strength, deformation 
and fracture mechanisms, for which the normal compres-
sive stress level is usually considered an important influence 
factor (Petit 1988; Wibberley et al. 2000; Cho et al. 2008; 
Cai and Liu 2009). The technique of direct shear testing 
under normal compressive stress is relatively mature, and 
some standard test methods have been proposed (USACE 
1980; ASTM 2008; NSPRC 2013). Conversely, the direct 
tension–shear test for rocks is difficult to conduct due to the 
technical constraints of applying a tensile load. Therefore, 
previous studies have mainly adopted indirect test methods 
to study the tensile behaviour of rocks, e.g., Brazilian disc 
and three-point bending tests, to test the tensile strength and 
fracture toughness (Xeidakis et al. 1997; Al-Shayea 2002; 
Lin et al. 2009; Aliha et al. 2012; Ren et al. 2016). Brace 
(1964) first attempted to evaluate the tension–shear strength 
of rocks through triaxial extension tests using a dog-bone-
shaped specimen with a thin centre section and thick ends, 
which allows the generation of an axial tensile stress when 
the specimen is subjected to a confining pressure. How-
ever, the success rate of producing tension–shear fracture 
with Brace’s method is low (Engelder 1999). Ramsey and 
Chester (2004) followed the same general methodology as 
Brace to test Carrara marble but made key modifications 
to the specimen geometry and jacket design to improve 
reproducibility. They successfully achieved tension–shear 
fracture and a continuous transition from tension fracture to 
shear fracture with increasing confining pressure; moreover, 
they found that the tension–shear strength is not consistent 
with a parabolic strength envelope, e.g., the Griffith crite-
rion. Using this improved triaxial extension test method, 
Rodriguez (2005) further studied the microstructure of the 
tension-to-shear fracture transition in Carrara marble, and 
Bobich (2005) applied this test approach to investigate Berea 

sandstone. Nonetheless, the test method is complicated to 
perform, e.g., processing of the dog-bone-shaped specimen. 
In addition Aimone-Martin et al. (1997), designed a sym-
metrical four-link mechanism for use with an MTS machine 
to measure the combined tension and shear in a cylindrical 
rock specimen. However, this mechanism results in tensile 
deformation being proportional to shear deformation, and 
the tensile load changes during loading, i.e., the tensile 
stress and deformation are not isolated from the effects of 
shear stress and deformation. Recently, Huang and his col-
laborators designed three auxiliary devices to conduct ten-
sion–shear tests of rocks to improve the above deficiencies, 
containing direct shear (Cen and Huang 2017), double-shear 
(Huang and Zhu 2018, 2019) and triaxial extension (Zeng 
et al. 2019).

The loading rate effect on uniaxial/triaxial compres-
sion and direct/indirect tension properties of rocks has 
been investigated extensively using various test meth-
ods (Li et al. 1999, 2013, 2014; Cadoni 2010; Dai et al. 
2010; Frew et al. 2010; Fuenkajorn and Kenkhunthod 
2010; Gong and Zhao 2013; Okubo et al. 2013; Zhang 
and Zhao 2014). These studies indicated that the load-
ing rate may affect the failure mode, the Young’s modu-
lus, the Poisson’s ratio, the strain at peak strength, and 
especially the peak strength, which increases as the 
loading rate increases (Zhang and Zhao 2014). The 
loading rate dependency of the most common strength 
theories, such as the Mohr–Coulomb and Hoek–Brown 
strength criteria, has also been examined (Zhao 2000; 
Huang et al. 2012; Xia 2013). Zhao (2000) found that 
the Mohr–Coulomb criterion is roughly applicable to 
dynamic strength in the low confining pressure range 
(as the loading rate increases, the cohesion increases, 
whereas the internal friction angle seems unaffected), 
whereas the Hoek–Brown criterion is better to describe 
the dynamic strength at both low and high confining pres-
sures (the material constant m appears unaffected by the 
loading rate). Based on a review of previous publications 
(Crawford and Curran 1981; Barbero et al. 1996; Fukui 
et al. 2004; Singh et al. 2011; Atapour and Moosavi 2014; 
Tang and Wong 2016; Wang et al. 2016), the shearing 
rate effect on shear behaviour is more prevalent in rock 
joints than in rocks. The dynamic punch shear test has 
been commonly performed to study the dynamic loading 
rate effects on rocks (not considering normal compressive 
stress) (Zhao 2000; Huang et al. 2011, 2012; Xia 2013). 
However, the reliability of this approach still needs fur-
ther validation (Zhang and Zhao 2014). Xu et al. (2015) 
developed a compression–shear loading technique based 
on the split Hopkinson pressure bar (SHPB) apparatus 
by adding cushions with oblique surfaces and applied the 
Drucker–Prager model to describe the strength criterion 
of granite tested at different loading rates. Fukui et al. 
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(2004) performed direct shear tests on Sanjome andesite 
under four constant normal compressive stresses (10, 
20, 30, and 40 MPa) and three shearing rates (5 × 10–5, 
5 × 10–4, and 5 × 10–3 mm/s). They observed that if the 
shearing rate increased by an order of magnitude, the 
cohesion increased by approximately 6.1%, whereas 
the internal friction angle and residual strength did not 
increase.

The above research status can be summarized as fol-
lows. (1) Numerous quasi-static compression–shear tests 
and few dynamic compression–shear tests of rocks have 
been carried out; however, both quasi-static and dynamic 
tension–shear tests are rarely performed. (2) Previous 
research on the loading rate effect has focused on uniax-
ial/triaxial compression and direct/indirect tension prop-
erties of rocks and shear properties of rock joints. (3) Due 
to the lack of sufficient tension–shear data, shear strength 
criteria for rocks have been generally established from 
compression–shear data and extrapolated into the tension 
region to represent the tension–shear strength envelope; 
however, this approach may introduce deviations, e.g., 
the extrapolated Mohr–Coulomb line may overestimate 
the actual strength envelope (Goodman 1989).

In this paper, a series of direct shear tests for cuboid 
sandstone specimens under different constant normal 
compressive and tensile stresses (namely, compres-
sion–shear and tension–shear tests) with different shear-
ing rates were carried out using a servo-controlled 
compression–shear testing machine. The tension–shear 
tests were implemented with the help of an auxiliary 
device that can be used in combination with the com-
pression–shear testing machine. The influences of nor-
mal stress and shearing rate on the shear behaviour of 
the specimens with respect to fracture, deformation, and 
strength were analysed in detail. A shearing rate-depend-
ent strength criterion for the sandstone specimens was 
suggested in the full region of the tested normal stress.

2  Test methods

2.1  Specimen preparation

The tested cubic sandstone specimens with a side length 
of 60 mm were prepared from a sandstone block taken 
from the Three Gorges Reservoir area of China, as shown 
in Fig.  1a. The side length of the tested specimens is 
greater than the minimum value of 50 mm suggested by 
NSPRC (2013), and the corresponding cross-sectional 
area of 3600 mm2 is nearly twice the minimum shear 
plane area of 1900 mm2 suggested by ASTM (2008). The 
tested sandstone is homogeneous without an observable 
bedding plane. The average bulk density of the sandstone 
is 2325 kg/m3. According to the sandstone micrograph 
shown in Fig. 1b, the grain size ranges from 0.1 to 0.5 mm, 
and the main minerals are quartz, feldspar, mica, and flint.

2.2  Compression–Shear Testing Machine

In this study, an electrohydraulic servo-controlled com-
pression–shear testing machine was used to perform the 
direct shear tests with the sandstone specimens under con-
stant normal compression stress conditions, as shown in 
Fig. 2a. The testing machine contains vertical and hori-
zontal actuators with a loading capacity of 600 kN. The 
normal stress was applied to the specimen by controlling 
the vertical actuator, and the shear stress was generated by 
pushing the lower half of the specimen with the horizontal 
actuator. The normal and shear deformations of the speci-
men were measured with two grating displacement sensors 
with a measurement capacity of 30 mm and an accuracy of 
0.001 mm. The setup of the displacement sensors is shown 
in Fig. 2a. The normal and shear loading rates of the test-
ing machine can be chosen in the range of 0.001–10 mm/
min or 0.1–100 kN/min.

Fig. 1  a Photograph of the 
tested cubic sandstone speci-
mens with a 60 mm side length 
and b a micrograph of the 
sandstone
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2.3  An Auxiliary Device for Tension–Shear Testing

A simple auxiliary device for use with the servo-controlled 
compression–shear testing machine, as shown in Fig. 2b, 
was proposed in the present study to conduct tension–shear 
tests. The device, for which the details are shown in Fig. 3, 
consists of two C-shaped tensioning parts, two L-shaped 
sliding guide parts, two T-shaped shearing parts, two con-
necting blocks, and several hexagonal-head bolts. The two 

tensioning parts can take relative movement along the hori-
zontal and vertical directions independently with the help 
of the two sliding guide parts by designing sliding tracks 
(with a trapezoid cross section) in the tensioning parts and 
matching sliding chutes in sliding guide parts. The device 
was designed to provide a tension–shear stress state on the 
plane located in the horizontal centre of the specimen by 
transforming the compressive load from the vertical actuator 
of the testing machine to a tensile load on the specimen and 
applying shear load with the horizontal actuator (Fig. 3a). 
More details about this device can be seen in the study by 
Cen and Huang (2017), and the device is described briefly 
as follows:

Application of normal tensile load The upper and lower sur-
faces of the cubic specimens were glued to the two connect-
ing blocks using a high-strength structural adhesive with a 
tensile strength greater than 20 MPa (which can be detached 
after tests by softening the adhesive via inductive heating), 
and the two connecting blocks were fastened to the two ten-
sioning parts using hexagonal-head bolts. The specimen was 
tensioned along the vertical direction when the compressive 
force was applied to the ends of the two tensioning parts by 
the vertical actuator of the testing machine.

Application of shear load The horizontal shear load on the 
specimen was applied when shearing part II was driven by 
the horizontal actuator of the testing machine. The shear 
deformation of the lower half of the specimen induced the 
horizontal movement of tensioning part II along with the 
sliding guide parts. The frictional resistance of the move-
ment can be minimized by filling a lubricant between the 
track and the chute.

Measurement of deformation As shown in Fig. 2b, the defor-
mation of the specimen was measured with grating displace-
ment sensors. Normal deformation was obtained by measur-
ing the relative displacement between the vertical actuator 
and the pedestal below the tension–shear device with two 
normal displacement sensors. The setup details of the two 
shear displacement sensors are shown in Fig. 3a.

2.4  Test Procedures

The direct shear behaviour of the sandstone specimens 
was examined under different constant normal stresses 
and shearing rates. First, the normal stress was applied to 
the specimen by controlling the vertical actuator at a load-
ing rate of 0.1 kN/s until the desired level was reached, 
which was maintained at a constant level in the subsequent 
shearing process. Then, the horizontal actuator was oper-
ated at a constant velocity to apply the shear stress. The 
compression–shear testing ended when the residual shear 

Fig. 2  Electrohydraulic servo-controlled compression–shear testing 
machine for conducting rock direct shear tests: a compression–shear 
test and b tension–shear test (see Fig.  3 for details of the tension–
shear auxiliary device)
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stress reached a stable value, and the tension–shear testing 
ended once the specimen ruptured. At the end of testing, 
the shear loading was stopped before stopping normal load-
ing for compression–shear testing. Conversely, during the 
load-controlled tension–shear testing, the normal loading 
was immediately stopped at the end of testing to ensure 
safety. Six normal stress levels (σn = − 3, − 2, − 1, 1, 3, and 
5 MPa; negative σn indicates tensile stress, whereas positive 

σn indicates compressive stress) and four shearing rates 
(v = 0.2, 1, 5, and 10 mm/min) were considered in these 
tests. A total of 24 conditions were examined. In addition, 
the uniaxial tension testing for the sandstone was also car-
ried out using the tension–shear device at a vertical loading 
rate of 0.2 mm/min without applying shear load to obtain the 
normal stress (namely, tensile strength σt) corresponding to 
shear stress τ = 0.

a b

c

Fig. 3  a Schematic of the designed auxiliary device for use with the compression–shear testing machine to conduct tension–shear tests of the 
cuboid rock specimens, b photograph of the manufactured auxiliary device and c mechanism of the tension–shear test
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3  Test Results and Analysis

3.1  Fracture

3.1.1  Fracture Path

Figure 4 shows the typical fracture paths of the tested 
specimens in the tension–shear and compression–shear 
tests. The fracture occurs in the predicted shear zone. The 
figure shows that the aperture of the fracture (after the two 
upper and lower halves are returned to the original place) 
becomes wider as the normal stress level increases from 
tension to compression and that this aperture is much wider 
for compression–shear cases than for tension–shear cases. 
The fracture aperture is also wider at a higher shearing 

rate regardless of tension–shear and compression–shear 
cases. In addition, stepped fractures with smooth shear 
risers and rougher extension treads (as shown in Fig. 4g) 
are found in both tension–shear and compression–shear 
cases. These features are developed with the coalescence 
of en echelon cracks (extension cracks) perpendicular to 
the minimum principal stress direction (Wibberley et al. 
2000; Engelder 1999; Rodriguez 2005). The fractures 
from compression–shear tests are usually accompanied 
by obvious local spalling that mainly occurs in the shear 
risers of the stepped fractures, whereas this phenomenon 
is not apparent in the tension–shear tests. Moreover, the 
local spalling becomes more obvious as the normal stress 
level and shearing rate increase in the compression–shear 
tests. The stepped fracture paths may present different 

Fig. 4  Typical fracture paths in the tested sandstone specimens
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fluctuations under different loading conditions. Taking the 
compression–shear cases as examples, the fracture path is 
flatter for a higher normal compressive stress or a lower 
shearing rate. The above analyses imply that the damage 
and failure are influenced by both the normal stress level 
and the shearing rate. The extent of failure in the com-
pression–shear cases is much greater than that in the ten-
sion–shear cases due to the higher internal stress and post-
peak friction under the compression–shear stress state.

3.1.2  Surface Morphology

Figure 5 shows the typical fracture surface morphologies of 
the tested specimens. In general, the fracture surface roughness 
decreases as the stress state changing from tension–shear to 
compression–shear. Rodriguez (2005) also reported the rough 
degradation of the fracture surface across the continuous tran-
sition from tension fracture to shear fracture in Carrara marble. 
In addition, fracture surface roughness is greater at a higher 
shearing rate, as shown in Fig. 5.

For the compression–shear cases, comminution areas 
(white areas where the grains are comminuted, surrounded by 
red dotted curves as shown in Fig. 5) and non-comminution 
areas (except the white areas) can be observed in the fracture 
surface. The comminution areas are relatively smooth and are 
accompanied by some slip lineations (as shown in Fig. 5d) 
along the shear direction due to shearing friction of the upper 
and lower surfaces of the fracture. Conversely, the non-com-
minution areas are granular and coarse because there are only 
intergranular and transgranular fractures without obvious fric-
tion marks. For the tension–shear cases, comminution areas 
are rarely found, which is attributed to the immediate separa-
tion of the two sides of the fracture because of the action of the 
normal tensile force. Therefore, the normal stress direction has 
an important influence on the fracture surface morphologies 
of rocks under direct shearing. Note that the fractures in which 
nearly the full area is covered by comminution areas are usu-
ally defined as shear fractures (actually under a relatively high 
normal compressive stress), whereas the fractures comprising 
comminution areas and non-comminution areas are defined as 
hybrid fractures (namely, hybrid tensile and shear fractures) by 
some researchers (Ramsey and Chester 2004; Rodriguez 2005; 
Bobich 2005). According to their definitions, a hybrid fracture 
can occur in the compression–shear test with a low normal 
compressive stress (Fig. 5c, d, g, h), which shows strong dila-
tion in the process of shearing.

3.2  Shear Stress–Displacement Curves

3.2.1  Compression–Shear Test Curves

Figure 6 displays the shear stress–displacement curves of 
the tested sandstone obtained from the compression–shear 

tests under three normal compressive stress levels (σn = 1, 
3, and 5 MPa) and four shearing rates (v = 0.2, 1, 5, and 
10 mm/min). As a typical example, the curve of σn = 3 MPa 
and v = 0.2 mm/min is illustrated in Fig. 7a to emphasize the 
shear deformation/damage process, which can be divided 
into five stages: the crack closure stage (OA), the elastic 
deformation stage (AB), the yield stage (BC), the post-peak 
failure stage (CD), and the residual friction stage (DE). The 
pre-peak curve shape (damage process) is analogous to the 
axial stress–strain curve shape (damage process) of a brittle 
rock subjected to uniaxial/triaxial compression, as shown 
in Fig. 7b (Martin and Christiansson 2009). The demarca-
tion points A and B of the shear stress–displacement curve 
(Fig. 7a) correspond to the crack closure stress σcc, respec-
tively, and the crack initiation stress σci is marked at the 
axial stress–strain curve (Fig. 7b). Note that the yield stage 
of the axial stress–strain curve is further divided into two 
stages (namely, the stable crack growth stage and the unsta-
ble crack growth stage) by the crack damage stress σcd. As 
illustrated in Fig. 7b, acoustic emission (AE) rates, i.e., dam-
ages, start at σci and increase drastically when σcd is reached. 
Similar damage (crack) development of brittle rock in the 
direct shear test was simulated by Cho et al. (2008) using the 
discrete element method (DEM), as shown in Fig. 7c. The 
shear stress–displacement curve characteristics in each stage 
are analysed hereafter.

Crack closure stage In this stage, the shear stress–displace-
ment curve is slightly concave-upward resulting from the 
closure of existing cracks, such as pores and voids, in the 
rock specimen (Cho et al. 2008), especially the closure 
occurring in the shear zone due to shearing compaction. 
The initial nonlinearity of the axial stress–strain curve is also 
observed in the uniaxial/triaxial compression test (Fig. 7b).

Elastic deformation stage The shear stress–displacement 
curve increases approximately linearly, i.e., only linear-elas-
tic shear deformation occurs in this stage. Referring to the 
AE events in the uniaxial/triaxial compression test (Fig. 7b) 
and crack development in the DEM-simulated direct shear 
test (Fig. 7c), there is nearly no damage in this stage.

Yield stage This is the crack initiation and propagation stage, 
presenting a reduction in shear stiffness compared with that 
in the elastic deformation stage. The shear stress–displace-
ment curve of σn = 1 MPa and v = 0.2 mm/min exhibits 
fluctuations in the yield stage (Fig. 6a), which implies the 
progressive development of shear rupture. A similar phe-
nomenon can also be observed in the case of σn = 5 MPa and 
v = 1 mm/min (Fig. 6b). The yield stage may also contain 
earlier stable growth and later unstable growth of cracks, 
such as the yield stage in the uniaxial/triaxial compression 
test (Fig. 7b). However, it is difficult to divide these two 
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sub-stages by observing the shear stress–displacement curve 
in this study, and additional measurement data, such as AE 
events, are needed to determine this division.

Post-peak failure stage In this stage, the through-going shear 
fracture forms and the shear stress drop sharply. In the cases 

of v = 0.2 and 1 mm/min (Fig. 6a, b), post-peak plastic defor-
mation can be found before the shear stress sharply drops, 
whereas this phenomenon does not exist in the cases of 
v = 5 and 10 mm/min (Fig. 6c, d). The post-peak curves in 
Fig. 6a, b show that the plastic deformation is more obvious 
(namely, the ductility improves) as the normal compression 

Fig. 5  Typical fracture surface morphologies of the tested sandstone specimens
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stress level increases. The above results indicate that the 
sandstone tested under compression–shear generally exhib-
its significant brittle failure, which becomes stronger with 
increasing shearing rate but weaker with increasing normal 
compression stress level.

Residual friction stage Friction between fracture surfaces 
is the main behaviour in this stage, and the residual shear 
stress ultimately reaches a stable value. This stage contains 
the earlier stress recovery. As shown in Fig. 6, the stress 
recovery becomes slight and even disappears as the shearing 
rate increases; however, this phenomenon is more obvious 
as the normal compression stress level increases. The stress 
recovery phenomenon can also be observed in the shear 
stress–displacement curves of direct shear tests for synthetic 
brittle rock (σn = 0.81, 1.23, and 1.64 MPa) carried out by 
Cho et al. (2008).

Generally, the characteristics of the compression–shear 
curves are similar to those of the curves from uniaxial/
triaxial compression tests, especially the characteristics 
of the pre-peak curves. These curve characteristics and 

corresponding failure characteristics are different from those 
in the tension–shear tests, which are described hereafter.

3.2.2  Tension–Shear Test Curves

Figure 8 displays the shear stress–displacement curves of 
the sandstone obtained from the tension–shear tests under 
three normal tensile stress levels (σn = − 3, − 2, and − 1 MPa) 
and four shearing rates (v = 0.2, 1, 5, and 10 mm/min). Fig-
ure 9 presents some typical curves to show the difference 
between tension–shear and compression–shear curves. A 
comparison of the curves from the tension–shear tests and 
compression–shear tests suggests that the shear deforma-
tion/damage process under normal tensile stress conditions 
contains the crack closure/opening stage, elastic deformation 
stage, yield stage, and post-peak failure stage, whereas the 
residual friction stage is not present due to the separation 
of the two halves of the specimen when the fracture forms. 
Unlike the compression–shear cases, the initial nonlinearity 
of the shear stress–displacement curves for the tension–shear 
cases is due to both the original crack closure induced by 

a b

c d

Fig. 6  Shear stress–displacement curves of sandstone obtained from the compression–shear tests
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shearing compaction (especially the cracks perpendicular 
to the shearing direction) and the crack opening induced by 
normal tension deformation (especially the cracks perpen-
dicular to the tension direction). Other characteristics of the 
tension–shear test curves that are distinguished from those 
of the compression–shear test curves are that the stiffness 
reduction in the yield stage is not obvious (the stiffness is 
even increased in some cases, e.g., the case of σn = − 2 MPa 
and v = 5 mm/min), and there are no observable pre-peak 
fluctuations or post-peak plastic deformation in all cases. In 
addition, the shear displacement at the peak stress state in 
the tension–shear cases is much smaller than that in the com-
pression–shear cases. Moreover, in the tension–shear cases, 
the shear displacement at the peak stress state increases as 
the normal stress σn increases, whereas that in compres-
sion–shear cases slightly decreases. In general, the shape 
of the curves in the tension–shear cases is similar to that of 
the curves from conventional uniaxial tension tests. These 
characteristics imply that the sandstone exhibits more brittle 
failure in the tension–shear stress state than in the compres-
sion–shear stress state.

3.3  Shear stiffness

3.3.1  Shear stiffness in the elastic deformation stage

Shear stiffness represents the resistance of the rock specimen 
to shear displacement under an applied shear force prior to 
reaching the peak shear strength. Shear stiffness is calcu-
lated by dividing the applied apparent shear stress by the 
resulting shear displacement, namely, the slope of the shear 
stress–displacement curve prior to the peak shear strength.

Figure 10a illustrates the variation in the shear stiffness 
in the elastic deformation stage (kelastic) with respect to the 
normal stress level. As this figure shows, kelastic increases 
approximately linearly with increasing normal stress lev-
els in both the tension region and the compression region. 
Moreover, a large increase in kelastic can be observed; tak-
ing the condition of v = 5 mm/min as an example, kelastic 
increases 119.22% and 62.39% as σn increases from − 3 
to − 1 MPa and 1 to 5 MPa, respectively. In general, the 
stress-dependent increase rate of kelastic (namely, the slope 
of kelastic versus σn) increases as the shearing rate increases, 
which implies that the sensitivity of kelastic to the normal 
stress level is influenced by the shearing rate. In addition, 
the increase rate of kelastic in the tension region is close to 
that in the compression region as a whole. Thus, the normal 
stress direction has no obvious influence on the sensitivity 
of kelastic to normal stress levels.

a

b

c

Fig. 7  a Typical shear stress–displacement diagram from the com-
pression–shear test showing the stages of sandstone deformation/
damage development, b typical stress–strain diagram showing the 
stages of rock deformation/damage development when subjected to 
uniaxial/triaxial compression (after Martin and Christiansson 2009), 
and c crack development of brittle rock in a direct shear test via DEM 
simulation (after Cho et al. 2008)
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Figure 10b illustrates the variation in kelastic with respect 
to the shearing rate. Generally, kelastic slightly increases with 
increasing shearing rate, thereby presenting an approxi-
mately linear relationship; however, some data are discrete 
in some cases. The speed-dependent increase rate of kelastic 
is greater when the normal stress level is higher, which indi-
cates that the sensitivity of kelastic to shearing rate is influ-
enced by the normal stress level.

3.3.2  Pre‑peak average shear stiffness

The pre-peak average shear stiffness (kaverage), which is 
defined as the ratio of the peak shear strength to the peak 
shear displacement, represents the overall resistance of rock 
to shear deformation before failure. Figure 11a shows the 
variation in kaverage with respect to the normal stress level. 
Similar to kelastic, kaverage increases approximately linearly 
with increasing normal stress level in both the tension region 
and the compression region. Furthermore, the variations 

a b

c d

Fig. 8  Shear stress–displacement curves of sandstone obtained from the tension–shear tests

Fig. 9  Difference between tension–shear and compression–shear 
curves of sandstone
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in the average kaverage and kelastic with respect to the nor-
mal stress in the full region (from tension to compression) 
are presented in Fig. 11b, which are both linear in general 
(kaverage is slightly discrete at the tension–compression trans-
lation region, which may be due to the discreteness of the 
sample mechanical properties). However, the increase rate 
of average kaverage (4.04 mm−1) is smaller than that of aver-
age kelastic (6.05 mm−1). In addition, unlike kelastic, the influ-
ence of shearing rate on the stress-dependent increase rate 
of kaverage (namely, the slope of kaverage versus σn) is small in 
general.

Figure 11c shows the variation in kaverage with respect to 
the shearing rate. Generally, kaverage changes in a nonlinear 
manner with increasing shearing rate, which is distinguished 
from kelastic. An interesting finding is observed that the curve 
connecting the data points is concave-upward (i.e., kaverage 
decreases first and then increases with increasing shear-
ing rate) when the normal stress is in tension, whereas the 
curve is concave-downward when the normal stress is in 
compression (i.e., kaverage increases first and then decreases 
with increasing shearing rate). The concavity becomes 
more prominent at a higher normal stress level. The average 
variation tendencies of kaverage for normal tensile and com-
pressive stress conditions are also presented separately in 
Fig. 11c. The variation tendencies imply that kaverage reaches 
a minimum at v = 1 mm/min for the tensile normal stress and 
reaches a maximum at v = 5 mm/min for the compressive 
normal stress.

Note that some test data deviate from the overall trend due 
to the discreteness of the sample mechanical properties, as 

shown in Figs. 10 and 11. For example, the shear stress–dis-
placement curve for the case of σn = 1 MPa and v = 0.2 mm/
min exhibits a steep elastic deformation section, resulting 
in an overly large kelastic, as shown in Fig. 10, and the shear 
stress–displacement curve for the case of σn = 5 MPa and 
v = 1 mm/min exhibits a large fluctuation in the pre-peak 
yield section, resulting in an excessively small kaverage, as 
shown in Fig. 11.

3.4  Shear Strength

3.4.1  Peak Shear Strength

Some researchers (Nicksiar and Martin 2013; Hoek and 
Martin 2014; Patel and Martin 2018) have studied the enve-
lope characteristics of rock strength in the region where the 
minor principal stress transitions from tension to compres-
sion under the triaxial stress state. This paper examines the 
envelope characteristics of direct shear strength and the 
shearing rate effect in the transition region of normal stress 
from tension to compression. Figure 12a shows the peak 
shear strength τ of the sandstone specimens obtained from 
the compression–shear and tension–shear tests. The uniaxial 
tensile strength σt, namely, the normal stress level σn corre-
sponding to shear stress τ = 0, is also presented in Fig. 12a. 
Therefore, the full region of σn ranging from − 3.5 to 5 MPa 
is considered here. The trend lines of the peak shear strength 
variation with respect to the normal stress level under dif-
ferent shearing rates meet at the point of uniaxial tensile 
strength. The peak shear strength is more sensitive to the 

a b

Fig. 10  Variations in the shear stiffness in the elastic deformation stage kelastic with respect to the a normal stress level σn and b shearing rate v 
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normal tensile stress than to the normal compressive stress, 
as demonstrated by the steeper slope of the shear stress ver-
sus normal stress curve in the tension region, particularly 
when approaching the uniaxial tensile strength. The sensi-
tivity of the peak shear strength to the normal tensile stress 
is enhanced when the shearing rate is increased. The peak 
shear strength in the tension region shows a nonlinear varia-
tion, whereas that in the compression region varies approxi-
mately linearly. To obtain the peak shear strength param-
eters in the compression region, the linear Mohr–Coulomb 
strength envelopes (solid lines; the root-mean-square errors 

(RMSEs) for four shearing rates of 0.2, 1, 5 and 10 mm/min 
are 0.064, 0.099, 0.040 and 0.106 MPa, respectively) are 
drawn in Fig. 12a. The variations in the cohesion (c) and 
the internal friction angle (φ) with respect to the shearing 
rate are also shown in Fig. 12a. The cohesion increases obvi-
ously in a nonlinear manner with increasing shearing rate, 
and this increase rate is observed to decrease with increas-
ing shearing rate. As the shearing rate increases from 0.2 to 
10 mm/min, the cohesion increases by 48.40%. However, 
the internal friction angle seems unaffected by the shearing 
rate: it only increases by approximately 1.7° as the shearing 

a

c

b

Fig. 11  a Variations in the pre-peak average shear stiffness kaverage with respect to the normal stress level σn, b variations in the average kelastic and 
kaverage with respect to σn, and (c) variations in the kaverage with respect to the shearing rate v 



3124 D. Huang et al.

1 3

rate increases from 0.2 to 10 mm/min. The direct shear tests 
on Sanjome andesite and the triaxial compression tests on 
Bukit Timah granite from Singapore carried out by Fukui 
et al. (2004) and Zhao (2000) presented similar results, in 
which cohesion increased and the internal friction angle was 
unaffected with increasing loading rate.

Figure 12b illustrates the variation in the peak shear 
strength with respect to the shearing rate. The peak shear 
strength nonlinearly increases as the shearing rate increases, 
and this increase rate is observed to decrease with increas-
ing shearing rate. The increase rate is nearly unaffected by 
the level of normal compressive stress, whereas the increase 
rate slightly increases as the level of normal tensile stress 
increases. This implies that normal tensile stress affects the 
sensitivity of the peak shear strength to the shearing rate, 
whereas normal compressive stress does not.

3.4.2  Residual Shear Strength for Compression–Shear 
Cases

The residual shear strength τ for the tension–shear case can-
not be obtained due to the separation of the two halves of 
the specimen after fracture formation (this parameter can 
perhaps be determined via a compression–shear test after 
the two upper and lower halves are returned to the original 
place, but the residual shear strength would be measured 

under normal compressive stress and not under normal ten-
sile stress). Therefore, only the residual shear strength val-
ues for the compression–shear cases are analysed herein. As 
shown in Fig. 13a, the linear Mohr–Coulomb criterion can 
provide a good fitting for the residual shear strength at each 
shearing rate. The friction angle decreases and converges 
gradually as the shearing rate increases. The variation in 
the residual shear strength with respect to the shearing rate 
is plotted in Fig. 13b. The residual shear strength decreases 
nonlinearly with increasing shearing rate (relatively fast 
at first and then slow later). The effect becomes weaker as 
the shearing rate increases and more prominent at a higher 
normal stress level. This finding indicates that normal com-
pressive stress affects the sensitivity of the residual shear 
strength to the shearing rate.

4  Shearing Rate‑Dependent Strength 
Criterion

4.1  Form of the Strength Envelope

To determine a satisfying strength envelope in the full 
region of normal stress of the sandstone tested under dif-
ferent shearing rates, the following typical strength criteria 
were examined:

a b

Fig. 12  Variations in the peak shear strength τ with respect to the a normal stress level σn and b shearing rate v 
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1. Mohr–Coulomb criterion The linear Mohr–Coulomb 
criterion is widely applied in geotechnical engineering. 
This criterion has a good fitting effect in the compres-
sion region of normal stress, as analysed in Sect. 3.4.1 
(the RMSE is only 0.040–0.106 MPa). However, the fit-
ting effect becomes worse when the criterion is applied 
to the full region of normal stress, as shown in Fig. 14a 
(the RMSE is 1.158––2.481 MPa). Therefore, a nonlin-
ear strength criterion should be considered.

2. 2. Griffith criterion The Mohr envelope of the Griffith 
criterion for biaxial stresses (Paterson and Wong 2005) 
is expressed as

  This expression is a parabola containing only one 
parameter σt. Therefore, the prediction curves are the 
same for different shearing rates, which is not appropri-
ate for predicting the strength of the tested sandstone, as 
shown in Fig. 14a.

3. Modified Griffith criterion The Mohr envelope of the 
modified Griffith criterion in biaxial stress state (Pater-
son and Wong 2005) is expressed as

where μ is the coefficient of friction on the crack faces 
and �′

c
 is the critical macroscopic compressive stress 

perpendicular to the crack that is needed to close the 
crack. Note that this criterion has the same form as the 
Mohr–Coulomb criterion, in which the “cohesion” c is 
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internal friction” tanφ is equal to μ. Therefore, the fitting 
effect of the modified Griffith criterion is equivalent to 
that of the Mohr–Coulomb criterion.

4. Hoek–Brown criterion The Hoek–Brown criterion is 
a widely used strength criterion for rocks. The Mohr 
envelope of the Hoek–Brown criterion (Hoek and Brown 
1980) is expressed as

in which σt for intact rocks is given by

where A and B are constants depending upon the mate-
rial constant m and σc is the uniaxial compressive 
strength. In this study, σt is directly determined as the 
tested uniaxial tensile strength (− 3.5 MPa), whereas A 
and B are determined by least squares fitting based on 
the tested data. The fitting results are shown in Fig. 14b. 
The Hoek–Brown criterion has the best fitting effect 
(the RMSE is only 0.133–0.234 MPa) among these four 
strength criteria. Therefore, it was determined to be the 
optimal criterion to represent the shear strength enve-
lope in the full region of normal stress for the tested 
sandstone under different shearing rates.

To examine the relationship between A (B) and m for dif-
ferent shearing rates, m for each shearing rate was calcu-
lated using Eq. (4). In this equation, σc was determined as 
the value of σn at the crossing point of the σn axis and the 
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Fig. 13  Variations in the residual shear strength τ with respect to the a normal stress level σn and b shearing rate v 



3126 D. Huang et al.

1 3

Mohr’s stress circle, which passes through the origin and is 
tangent to the Hoek–Brown envelope in the compression 
region of normal stress. The determined σc for four shear-
ing rates of 0.2, 1, 5 and 10 mm/min are 34.436, 41.212, 
50.954 and 57.359 MPa, respectively, and the corresponding 

calculated m values are 9.9, 11.7, 14.5 and 16.3, respectively. 
Figure 15a shows the relationship between A (B) and m, i.e., 
A increases and B decreases nonlinearly with increasing m, 
which can be represented as

a b

Fig. 14  Examination of different strength criteria for the tested sandstone at different shearing rates: a Mohr–Coulomb criterion and Griffith cri-
terion and b Hoek–Brown criterion

a b c

Fig. 15  Mathematical relationships between parameter A (B) and a m, b c and c φ 
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where a, b and t are fitting parameters, as shown in Fig. 15a.
In addition, the relationship between A (B) and c (φ) of 

the Mohr–Coulomb criterion applied in the full region and 
only in the compression region of normal stress were exam-
ined. The results are similar to those for m and can also be 
represented using Eq. (5), as shown in Fig. 15b, c.

4.2  Incorporation of the Shearing Rate Effect

Figure 16a illustrates the variations in parameters A and B 
with respect to the shearing rate v. Parameter A increases and 
parameter B decreases nonlinearly with increasing shear-
ing rate. The natural logarithm function can represent the 

(5)A or B = a + be
−m∕t mathematical relationship between parameter A (B) and the 

shearing rate. The fitting results are expressed as

Thus, parameters A and B are linearly dependent, and 
their relationship is expressed as

After substituting Eqs. (6) and (7) into Eq. (3), a shearing 
rate-dependent Hoek–Brown strength criterion for the tested 
sandstone in the full region of the tested normal stress can 
be expressed as

Figure 16b displays the predicted strength envelopes for 
different shearing rates using Eq. (9), i.e., using the mathe-
matical relationships of Eqs. (6) and (7) in the Hoek–Brown 
criterion. The RMSEs between the predicted and tested data 
for the four shearing rates of 0.2, 1, 5 and 10 mm/min are 
0.195, 0.277, 0.192 and 0.294 MPa, respectively.

Figure 17 shows the influences of parameters A and B on 
the shape of the strength envelope. Parameter A affects the 
slope of the strength envelope in the full region of normal 
stress, whereas parameter B mainly affects that in the region 
of normal stress > − 2.5 MPa. These findings mean the shear-
ing rate effect in the region of normal stress < − 2.5 MPa is 
adjusted mainly by parameter A, whereas that in the region 
of normal stress > − 2.5 MPa is adjusted jointly by param-
eters A and B. Since the variations in parameters A and B 
with respect to the shearing rate are inverse (Fig. 16a), it is 
possible to control the influence of the shearing rate on the 
slope of the strength envelope in a small range in the com-
pression region of normal stress, presenting a slight change 
in the internal friction angle with respect to the shearing 
rate, as analysed in Sect. 3.4.1.

5  Conclusions and Discussion

The compression–shear and tension–shear behaviour, includ-
ing fracture, deformation, and strength, of cuboid sandstone 
specimens were experimentally investigated under different 
normal stress (σn = − 3, − 2, and − 1 MPa for tension and 1, 
3, and 5 MPa for compression) and shearing rate (v = 0.2, 1, 
5, and 10 mm/min) conditions. A simple mechanical device 
was designed and constructed to conduct the tension–shear 
tests, which can also be used in a servo-controlled compres-
sion–shear testing machine. The main conclusions of this 

(6)A = 0.339 ln v + 2.7074

(7)B = − 0.027 ln v + 0.7622

(8)B = − 0.0796A + 0.9778

(9)� = (0.339 ln v + 2.7074)
(

�
n
− �

t

)(−0.027 ln v+0.7622)

a

b

Fig. 16  a Mathematical relationship between parameter A (B) and 
the shearing rate v and b the predicted strength envelopes using these 
relationships in the Hoek–Brown criterion
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study, especially the difference between compression–shear 
and tension–shear cases, are summarized as follows:

1. The damage of the fracture, such as the aperture of 
fractures and the local spalling observed in the lateral 
views of the fractures, becomes more obvious as the 
normal stress level and shearing rate increase for both 
tension–shear and compression–shear tests. Generally, 
the fracture surface roughness decreases as the stress 
state changes from tension–shear to compression–shear 
and increases with increasing shearing rate. The grain 
comminution in the fracture surface is obvious in the 
compression–shear cases, whereas this phenomenon is 
slight in the tension–shear cases. In general, the extent of 
failure in the compression–shear cases is much greater 
than that in the tension–shear cases.

2. Stiffness reduction in the yield stage and plastic defor-
mation in the post-peak failure stage (for some cases) 
are observed in the shear stress–displacement curves for 
the compression–shear cases. However, for the tension–
shear cases, the stiffness reduction is not obvious, and 
there is no observable post-peak plastic deformation. 
These results imply that the sandstone presents more 
brittle failure in the tension–shear stress state than in the 
compression–shear stress state. In addition, the brittle 
failure becomes weaker with increasing normal stress 

level and stronger with increasing shearing rate for the 
compression–shear cases.

3. The shear stiffness in the elastic deformation stage 
(kelastic) increases approximately linearly with increas-
ing normal stress level for both tension–shear and com-
pression–shear cases. Generally, kelastic increases with 
increasing shearing rate, which also presents an approxi-
mately linear relationship. The variation in the pre-peak 
average shear stiffness (kaverage) with respect to the nor-
mal stress level is similar to that in kelastic. Unlike kelastic, 
kaverage increases first and then decreases with increasing 
shearing rate for tension–shear cases; however, kaverage 
decreases first and then increases with increasing shear-
ing rate for compression–shear cases.

4. The peak shear strength is more sensitive to normal ten-
sile stress than to normal compressive stress, showing a 
nonlinear variation in the tension region and an approxi-
mately linear variation in the compression region. The 
peak shear strength nonlinearly increases as the shear-
ing rate increases, and this increase rate decreases with 
increasing shearing rate. The variation in the residual 
shear strength is similar to that in the peak shear strength 
with respect to the normal stress and inverse to that with 
respect to the shearing rate. The linear Mohr–Coulomb 
strength envelopes in the compression region of normal 
stress indicate that the cohesion increases and converges 

a b

Fig. 17  Influences of parameters a A and b B on the shape of the strength envelope
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gradually, whereas the internal friction angle seems 
unaffected with increasing shearing rate.

5. The Hoek–Brown criterion involving the shearing rate 
effect ( � = A(�

n
− �

t
)B , where A = 0.339 ln v + 2.7074 

and B = −0.027 ln v + 0.7622 ) was deemed the optimal 
shearing rate-dependent nonlinear strength criterion for 
the tested sandstone in the full region of tested normal 
stress. The relationship between the fitting parameter 
A (B) and the material constant m of the Hoek–Brown 
criterion for different shearing rates and the relation-
ship between the fitting parameter A (B) and the shear 
strength parameter c (φ) of the Mohr–Coulomb criterion 
were revealed. The influences of parameters A and B on 
the shape of the Hoek–Brown strength envelope were 
examined.

This study is more in-depth and comprehensive than our 
previous studies (Cen and Huang 2017; Huang and Zhu 
2018, 2019), which were mainly aimed at the tension–shear 
behaviour of sandstone and considered only one shearing 
rate. The differences in fracture, shear stress–displace-
ment curve shape and shear stiffness between the compres-
sion–shear and tension–shear cases in this study are similar 
to those in our previous studies; nevertheless, more detailed 
investigations were carried out in this study, and more 
abundant results were presented as described above. Both 
this study and our previous studies indicate that the shear 
strength of the tested sandstone varies approximately lin-
early in the compression–shear stress state and nonlinearly 
in the tension–shear stress state, which can be described by 
the Hoek–Brown criterion. Furthermore, a shearing rate-
dependent Hoek–Brown strength criterion was proposed in 
this study. However, only sandstone was tested in our stud-
ies, and other kinds of rocks need to be tested to examine the 
applicability of the Hoek–Brown criterion.
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