
Vol.:(0123456789)1 3

Rock Mechanics and Rock Engineering (2019) 52:4237–4255 
https://doi.org/10.1007/s00603-019-01842-4

ORIGINAL PAPER

Investigation on the Linear Energy Storage and Dissipation Laws 
of Rock Materials Under Uniaxial Compression

Fengqiang Gong1,2   · Jingyi Yan1 · Song Luo1 · Xibing Li1,2

Received: 10 July 2018 / Accepted: 1 May 2019 / Published online: 21 May 2019 
© Springer-Verlag GmbH Austria, part of Springer Nature 2019

Abstract
To investigate the energy evolution characteristics of rock materials under uniaxial compression, the single-cyclic loading–
unloading uniaxial compression tests of four rock materials (Qingshan granite, Yellow sandstone, Longdong limestone and 
Black sandstone) were conducted under five unloading stress levels. The stress–strain curves and failure characteristics of 
rock specimens under the single-cyclic loading–unloading uniaxial compression tests basically corresponded with those of 
under uniaxial compression, which indicates that single-cyclic loading–unloading has minimal effects on the variations in 
the loading–deformation response of rocks. The input energy density, elastic energy density and dissipated energy density 
of four rocks under five unloading stress levels were calculated using the graphical integration method, and variation char-
acteristics of those three energy density parameters with different unloading stress levels were explored. The results show 
that all three energy density parameters above increased nonlinearly with increasing unloading stress level as quadratic 
polynomial functions. Meanwhile, both the elastic and dissipated energy density increased linearly when the input energy 
density increased, and the linear energy storage and dissipation laws for rock materials were observed. Furthermore, a linear 
relationship between the dissipated and elastic energy density was also proposed. Using the linear energy storage or dissipa-
tion law, the elastic and dissipated energy density at any stress levels can be calculated, and the internal elastic (or dissipated) 
energy density at peak compressive strength (the peak elastic and dissipated energy density for short) can be obtained. The 
ratio of the elastic energy density to dissipated energy density with increasing input energy density was investigated using 
a new method, and the results show that this ratio tends to be constant at the peak compressive strength of rock specimens.

Keywords  Rock materials · Input energy density · Elastic energy density · Linear energy storage law · Linear energy 
dissipation law · Peak elastic energy density · Single-cyclic loading–unloading uniaxial compression
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Abbreviations
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1  Introduction

The process of rock fracture and failure is essentially an 
energy transfer and exchange event, and the energy-related 
characteristics are important and effective in describing the 
mechanical properties of rock materials. The rock defor-
mation and failure process is intrinsically driven by energy 
evolution activities that include energy input, storage, dis-
sipation and release (Brady and Brown 2006; Xie et al. 2005; 
Mcsaveney and Davies 2009; Wasantha et al. 2014; Park 
et al. 2014; Wang et al. 2017; Gong et al. 2018a). Many 
researchers have conducted experimental studies from differ-
ent aspects to investigate the energy evolution characteristics 
of rock materials. Based on uniaxial compression (UC) tests, 
Tsoutrelies and Exadaktylos (1993) studied the effects of 
rock discontinuities on the ratio of surface energy to the 
volume elastic strain energy. Hua and You (2001) concluded 
that the strain energy is stored in rocks during the loading 
stage, and the energy will be released when it is sufficiently 
large, causing rock failure. Huang and Li (2014) investigated 
the characteristics of strain energy accumulation, dissipation 
and release in three stages, including elastic compression, 
pre-peak unloading and post-peak fracturing. Li et al. (2014) 
analyzed the strain rate dependency of rock strain energy 

and observed that the pre-peak absorbs strain energy, while 
damage strain energy and elastic strain energy increase with 
the strain rate. Meng et al. (2016, 2018) revealed the acous-
tic emission characteristics of rocks and identified the rela-
tionships between the elastic energy, dissipated energy and 
axial loading stress of rock specimens. Xu and Cai (2018) 
investigated the influence of the strain energy released from 
a UC test machine on the rock failure process. Gong et al. 
(2018b, c) studied the energy storage and dissipation evolu-
tion process and characteristics of red sandstone and marble 
in three tension-type failure tests (including Brazilian test, 
point load test and semi-circular bending test), and found 
that there are linear relationships between the internal elas-
tic and dissipated and external input energy. On the other 
hand, triaxial compression tests have also been performed 
to investigate energy transformation during deformation 
and failure process of rock. Peng et al. (2015) obtained the 
relationship between energy transformation and coal fail-
ure with conventional triaxial compression tests under five 
different confining pressures. Yang et al. (2016) proposed 
energy dissipation and energy release rules to characterize 
crack growth under different triaxial stress and explained the 
relationships between the releasable elastic strain energy, 
the dissipated energy density and the confining pressure. 
Zhang et al. (2017) explored the influence of confining pres-
sure on the energy evolution characteristics and distribu-
tion relationships through triaxial cyclic loading–unloading 
compression tests. Torabi and Zarifi (2014) investigated the 
energy propagation in rock cataclastic bands. Castanon-Jano 
et al. (2017) designed energy dissipating devices from the 
perspective of energy conversion. Li et al. (2019) studied 
the energy attenuation characteristics of rock masses with 
different joint roughness using the modified SHPB device. 
Furthermore, certain rockburst proneness indexes were also 
proposed based on energy analysis (Kidybinski 1981; Singh 
1988; Wang and Park 2001). Jiang et al. (2010) and Li et al. 
(2012) used a new energy index LERR (local energy release 
rate) to simulate and analyze the conditions causing rock-
burst in the deeply buried tunnels of Jinping II hydropower 
station. Cai (2016) and Miao et al. (2016) analyzed rockburst 
disasters in rock engineering from the prospect of energy 
accumulation theory. Gong et al. (2019) proposed a peak 
strength strain energy storage index to estimate and classify 
the rockburst proneness of nine rock materials.

According to the existing literature studies, most of the 
relevant research studies focus on the relationships between 
the elastic energy (or dissipated energy) and the stress or 
strain of rock specimen during the loading process. Few 
studies have emphasized the relationships between the 
input energy density (IED), elastic energy density (EED) 
and dissipated energy density (DED). In the present study, 
four rock materials (Qingshan granite, Yellow sandstone, 
Longdong limestone and Black sandstone) were investigated 
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by single-cyclic loading–unloading uniaxial compression 
(SCLUC) tests under five unloading stress levels. The con-
version characteristics of three energy density parameters 
(IED, EED and DED) with unloading stress levels were stud-
ied. Additionally, the relationships among the EED, DED 
and IED were analyzed in detail. The results show that there 
are strong linear relationships between the EED, DED and 
IED for every rock type tested. Based on the linear energy 
storage law, the EED or DED can be calculated at any stress 
levels. The proportional relationships between the EED and 
DED with increasing IED were also discussed.

2 � Experimental Study

2.1 � Rock Specimens and Preparation

A series of tests were carried out on four rock materials 
taken from different quarry in China; Qingshan granite and 
Longdong limestone materials were obtained from the city 
of Changsha in the Hunan Province, and Yellow sandstone 
and Black sandstone were taken from the city of Zigong in 
the Sichuan province. All the rock materials had favorable 
integrities and compactness without surface cracks. Cylin-
drical specimens were obtained by drilling core. The diame-
ter ( D ) of the rock specimens was 50 mm, and the height ( H ) 
was 100 mm. The sides and end faces of the rock specimens 
were smoothed before testing. The nonparallel end faces 
and axial deviation were in the allowable ranges accord-
ing to the standards of the International Society for Rock 
Mechanics (ISRM) standard (Fairhurst and Hudson 1999). 
Six specimens of each rock material with good homogeneity 
were selected for testing, and photographs of these speci-
mens are shown in Fig. 1. The basic parameters of each rock 
specimen were determined, and the results are presented in 
Table 1. The density ( � ) of the Qingshan granite, Yellow 
sandstone, Longdong limestone and Black sandstone varied 
from 2.63 to 2.66 g/cm3, 2.57 to 2.58 g/cm3, 2.68 to 2.70 g/
cm3 and 2.58 to 2.60 g/cm3, respectively. The longitudi-
nal wave velocities ( v ) ranges were 3937.60–4248.83 m/s, 

3872.17–4036.47  m/s, 6096.66–6193.23  m/s and 
3645.34–3792.08 m/s, respectively.

2.2 � Test Instrument and Test Schemes

The tests on the four rocks were all carried out with 
INSTRON 1346 testing system (Fig. 2). The testing sys-
tem includes a control computer, loading system, pressure 
chambers, hydraulic transmission system and data acquisi-
tion system. During the tests, the axial forces of the rock 
specimens were obtained through the pressure sensor of the 
testing machine. The axial displacement of rock specimens 
was measured by linear variable differential transformers 
(LVDTs). First, the uniaxial compressive strength ( �e

c
 ) of 

a rock specimen was obtained by UC test and was taken as 
the initial estimated peak compressive strength. Second, the 
setting unloading stress level (k  = 0.1, 0.3, 0.5, 0.7, 0.9) of 
unloading point was determined in accordance with the �e

c
 

of rocks, and thus, the unloading stress k�e
c
 was obtained. 

Then, SCLUC tests under different setting unloading stress 
levels were performed, and the peak compressive strength 
�
k

c
 of every specimen was obtained. After obtaining the �k

c
 , 

the actual unloading stress level i of every specimen was 
calculated as follows:

The stress–strain curves of the rock specimens under 
SCLUC paths are shown in Fig. 3. The entire loading pro-
cess was divided into three stages, namely initial loading 
stage, unloading stage and secondary loading stage.

3 � Stress–Strain Curves and Failure 
Characteristics of Rock Specimens

The stress–strain curves of four rock materials under the UC 
and SCLUC tests are presented in Figs. 4 and 5. The specific 
parameters of each rock specimen are shown in Table 2. It 
can be observed that the peak compressive strength of dif-
ferent specimens for each rock material is very similar. The 

(1)i = k�
e
c

/

�
k

c
.

Fig. 1   Photographs of rock 
specimens (left to right): Qing-
shan granite, Yellow sandstone, 
Longdong limestone, Black 
sandstone (color figure online)
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secondary loading curves will intersect the unloading curve 
at a stress slightly smaller than k�e

c
 and continue to develop 

along the development trend of the initial loading line, 
which demonstrates that rock material possesses a memory 

function and the SCLUC process has little effect on the vari-
ation trend of stress–strain curves. Figure 5 also shows that 
the strain of the unloading curve will not reach zero point 
when the unloading stress is zero. There is an obvious area 
between the initial loading curve and unloading curve, which 
represents energy that was dissipated (Jaeger et al.; 2007).

Table 1   Basic parameter of rock 
specimens

Rock type Specimen no. D (mm) H (mm) V (cm3) v (m/s) � (g/cm3)

Qingshan granite QM-1 48.68 100.25 186.49 4168.40 2.64
QC-1 49.40 101.59 194.61 3937.60 2.64
QC-2 49.37 100.61 192.50 3953.24 2.63
QC-3 48.78 100.37 187.48 4217.23 2.64
QC-4 48.78 100.06 186.90 4248.83 2.66
QC-5 49.43 101.18 194.06 3967.84 2.63

Yellow sandstone YM-1 48.57 101.10 187.22 3918.60 2.57
YC-1 48.58 100.85 186.84 3986.17 2.57
YC-2 48.58 100.87 186.87 3872.17 2.57
YC-3 48.66 101.35 188.38 3974.51 2.57
YC-4 48.59 100.98 187.15 3983.43 2.58
YC-5 48.60 100.71 186.73 4036.47 2.58

Longdong limestone LM-1 48.62 100.64 186.75 6193.23 2.68
LC-1 48.61 100.99 187.33 6139.21 2.70
LC-2 48.75 100.42 187.34 6123.17 2.68
LC-3 48.59 100.93 187.06 6154.27 2.69
LC-4 48.62 100.28 186.09 6114.63 2.69
LC-5 48.67 100.29 186.49 6096.66 2.69

Black sandstone BM-1 48.64 100.46 186.57 3790.94 2.60
BC-1 48.64 100.49 186.63 3792.08 2.58
BC-2 48.64 100.43 186.52 3678.75 2.59
BC-3 48.64 100.79 187.19 3746.84 2.59
BC-4 48.64 99.70 185.16 3645.34 2.60
BC-5 48.64 100.37 186.41 3752.15 2.58

Fig. 2   INSTRON 1346 testing machine
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Fig. 3   Stress–strain curve of rock specimen under SCLUC path
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The failure characteristics of the rock specimens under 
UC are shown in Fig. 6. Figure 6a, b, d shows that failure 
modes of Qingshan granite, Yellow sandstone and Black 
sandstone specimens are all shear failure. In Fig. 6c, the 
Longdong limestone specimens mainly fail by splitting. All 
the failures occurred instantaneously, while the crack initia-
tion and propagation in the failure process were unappar-
ent. Regardless of whether the specimens were under UC 
or SCLUC, the failure modes of specimens for each rock 
material were the same, which indicates that the SCLUC 
has no effect on the failure characteristics.

4 � Energy Conversion Characteristics During 
Loading Process

4.1 � Energy Calculation Method of Three Energy 
Parameters

Based on the energy equation of rocks during loading pro-
cess proposed by Xie et al. (2009), the equivalent relation-
ship among three energy parameters of rock specimens 
under the actual unloading stress level i can be expressed as

where uo
i
 is the IED at the actual unloading stress level i, ue

i
 

is the EED at the actual unloading stress level i, and ud
i
 is the 

DED at the actual unloading stress level i. Furthermore, the 
relationship among the peak IED ( uo ), peak EED ( ue ) and 
peak DED ( ud ) can also be expressed as

The product of the IED and the volume of a rock speci-
men is equivalent to the total work performed by the test-
ing machine on the specimen. The product of the EED and 

(2)u
o
i
= u

e
i
+ u

d
i
,

(3)u
o = u

e + u
d.

volume of a rock specimen is the elastic energy stored in 
rock, which can be regenerated during the unloading pro-
cess. The dissipated energy is equivalent to the product of 
the DED and volume of rock specimen, which is used for 
crack propagation, rock plastic deformation, thermal energy, 
acoustic emission energy and so on (Song et al. 2012; Ai 
et al. 2016).

The IED, EED and DED can be obtained by integrating 
the enclosed area. The integration area of different energy 
density parameters is shown in Fig.  7. Under different 
unloading stress levels, the IED of a rock specimen is esti-
mated as the area enclosed by the initial loading stress–strain 
curve and the abscissa axis. The EED is calculated by the 
area under the unloading stress–strain curve and the abscissa 
axis, and the enclosed area of the initial loading and unload-
ing curve is DED (Kidybiński 1981; Zhang and Gao 2015).

4.2 � Energy Evolution of Rock Specimens Under 
Different Actual Unloading Stress Levels

Using the calculation method mentioned in Sect. 4.1, the 
IED, EED and DED of rock specimens under different actual 
unloading stress levels were obtained (see Table 3).

Figure 8 shows the change rule of IED, EED and DED 
with the actual unloading stress level. To improve the fit-
ting accuracy, an extra (0, 0) point was added in each figure. 
As given by Fig. 8, the IED, EED and DED of the four 
rock materials all present nonlinear growth with increasing 
unloading stress level. The IED grows the most rapidly of 
the three energy densities, followed by the EED and then 
DED. The curve of the EED is closer to the IED, which 
indicates that a larger amount of the external input energy is 
transformed into the elastic energy, and the dissipated energy 
only occupies a small part of the input energy. In addition, 
it can be seen from Fig. 8 that the higher the compressive 
strength of the rock (the average compressive strengths 
of Qingshan granite, Yellow sandstone, Longdong lime-
stone and Black sandstone are 156.64, 117.62, 161.53 and 
87.16 MPa, respectively), the closer the EED is to the IED. 
This result indicates that a higher compressive strength usu-
ally represents a stronger energy storage capacity and more 
obvious elastic brittleness in rock, which corresponds the 
general understanding of the energy storage characteristics 
of rock materials. These characteristics are also confirmed in 
Figs. 4 and 5. The post-peak curves of Longdong limestone 
are relatively short, while those of Yellow sandstone and 
Black sandstone are relatively long.

To further assess the relationships between the IED, 
EED and DED and the actual unloading stress level, a 
quadratic polynomial function was used to fit the varia-
tion laws. The nonlinear relationships between uo

i
 , ue

i
 , ud

i
 

and i of Qingshan granite, Yellow sandstone, Longdong 
limestone and Black sandstone are shown in Table 4. It can 
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be seen from Table 4 that the coefficient correlation R2 of 
the fitting functions is all greater than 0.98. A quadratic 
polynomial function can describe the relationship between 
the three energy density parameters and actual unloading 
stress level well. Figure 9 shows the variation of the ratios 
u
e
i
 / uo

i
 and ud

i
 / uo

i
 under different actual unloading stress 

levels. In Fig. 9a, c, the values of ue
i

/

u
o
i
 are obviously 

higher than those of ud
i

/

u
o
i
 , fluctuating around a constant 

value. These results also indicate that the input energy of 
Qingshan granite and Longdong limestone is mainly trans-
formed into elastic energy. In Fig. 9b, d, when the unload-
ing stress level is relatively low (less than 0.1–0.2), values 
of ud

i

/

u
o
i
 are higher than those of ue

i

/

u
o
i
 , indicating that 

energy consumption is the main factor. When the unload-
ing stress level increases, the values of ue

i

/

u
o
i
 become 

greater than those of ud
i

/

u
o
i
 , and ue

i

/

u
o
i
 first increases and 

then decreases. Furthermore, Fig. 9 also shows that when 
the unloading stress level increases (more than 0.2), the 
higher the compressive strength of rock, the larger the 
mean value of the gap between ue

i

/

u
o
i
 and ud

i

/

u
o
i
 , which 

indicates that the compressive strength of rock is posi-
tively correlated with its elastic energy storage capacity.

4.3 � Relationships Among the IED, EED and DED

The relationships between the EED, DED and IED under 
different unloading stress levels were further investigated. 
Based on the data in Table  3, relationship curves are 
obtained in which the abscissa represents the IED, and the 
ordinate represents the EED and DED, respectively (shown 
in Fig. 10). Figure 10 shows that both ue

i
 and ud

i
 gradually 

increase with the increase of uo
i
 , and there is an obvious 

linear correlation between ue
i
 and ud

i
 and uo

i
 . The fitting func-

tions can be expressed as follows:

where a and b are the fitting parameters obtained from 
experimental data. The fitting functions between ue

i
 and ud

i
 

and uo
i
 of the four rocks are presented in Table 5. The coef-

ficients correlation R2 of all the fitting functions range from 
0.9377 to 0.9998, showing that there are strong linear rela-
tionships between them.

(4)u
e
i
= au

o
i
+ b,

(5)u
d
i
= (1 − a)uo

i
− b,

Table 2   Parameters of rock specimens at different unloading points

Rock type Specimen no. Test type Unloading point Peak compressive 
strength (MPa)

Setting unloading 
stress level (k)

Stress value (MPa) Actual unloading 
stress level (i)

Qingshan granite QM-1 UC – – – 158.66
QC-1 SCLUC 0.10 15.50 0.0998 155.35
QC-2 0.30 48.87 0.2952 165.56
QC-3 0.50 81.47 0.5269 154.61
QC-4 0.70 112.45 0.6936 162.14
QC-5 0.90 141.18 0.9835 143.55

Yellow sandstone YM-1 UC – – – 109.33
YC-1 SCLUC 0.10 11.18 0.0898 124.39
YC-2 0.30 35.26 0.3046 115.75
YC-3 0.50 58.18 0.4756 122.32
YC-4 0.70 83.05 0.7090 117.14
YC-5 0.90 106.26 0.9100 116.76

Longdong limestone LM-1 UC – – – 169.91
LC-1 SCLUC 0.10 17.04 0.1105 154.20
LC-2 0.30 48.48 0.2868 169.04
LC-3 0.50 82.70 0.5361 154.27
LC-4 0.70 113.83 0.6638 171.49
LC-5 0.90 147.47 0.9814 150.26

Black sandstone BM-1 UC – – – 93.70
BC-1 SCLUC 0.10 4.94 0.0597 82.71
BC-2 0.30 26.47 0.3107 85.20
BC-3 0.50 43.45 0.5587 77.77
BC-4 0.70 59.17 0.6231 94.95
BC-5 0.90 77.91 0.8791 88.63
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Taking Qingshan granite as an example, in Eq. (4), the slope 
a and intercept b are equal to 0.8010 and 0.0010, respectively. 
The coefficient b is very small compared with a, being only 
0.12% of a. When the uo

i
 increases, the effect of b on the func-

tion relation can gradually be ignored, and the fitting function 
simplifies to the form of ue

i
= au

o
i
 ( ue

i
= 0.8010uo

i
 ). The coeffi-

cient a reflects the ability to convert the input energy into elas-
tic energy. Furthermore, the relationship between ud

i
 and uo

i
 can 

be similarly described. The fitting function between ud
i
 and uo

i
 

can be approximated to ud
i
= (1 − a)uo

i
 ( ud

i
= 0.1990uo

i
 ). The 

coefficient (1−a) reflects the proportion of dissipated energy in 
the input energy. The above analysis is also applicable to Yel-
low sandstone, Longdong limestone and Black sandstone. The 
two constants a and (1−a) can be regarded as the compression 

(a) Qingshan granite

(b) Yellow sandstone

(c) Longdong limestone

(d) Black sandstone

BC-3BC-1BM-1

LC-4LC-3LC-2LC-1LM-1

YC-4YC-3YC-2YC-1YM-1

QC-5QC-4QC-3QC-2QC-1QM-1

YC-5

LC-5

BC-5BC-4BC-2

Fig. 6   Failure models of four rocks after UC and SCLUC tests
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energy storage coefficient and the compression energy dissipa-
tion coefficient of rock materials separately.

Figure 11 shows the relationships between ue
i
 and ud

i
 , and the 

relationship is also a linear functional correlation as follows:

where c and d are fitting parameters obtained from experi-
mental data. The R2 of the linear function is all greater than 

(6)u
d
i
= cu

e
i
+ d,

0.91 (shown in Table 5), showing that there is also a strong 
linear relationship between them. This function reflects the 
proportional relationship between the elastic energy and dis-
sipated energy of rock specimen during loading process. In 
the case of achieving the EED, the DED can be obtained.

4.4 � Application of the Linear Energy Storage 
or Dissipation Law

Using the obtained linear energy storage law, the EED 
or DED at any stress levels can be calculated for a rock 
material, especially at the peak strength of rock speci-
men. According to Eqs. (3)–(5) and uo obtained from the 
stress–strain curve, ue and ud can be given as

Table 6 presents the uo , ue and ud of the specimen in the 
UC and SCLUC tests. All the uo s of the four rocks are 
compared in Fig. 12. The results show that all the uo are 
random and that SCLUC operation produces a negligible 
effect compared with UC.

(7)u
e = au

o + b,

(8)u
d = (1 − a)uo − b,

o

A
xi

al
 st

re
ss

Axial strain

e
ckσ

Unloading point

Initial loading curve
Unloading curve
Dissipated energy density
Elastic energy density

Fig. 7   Integration area of different energy density parameters

Table 3   Values of IED, EED and DED under the different actual unloading stress levels

Rock type Specimen no. Unloading 
stress level (i)

u
o
i
 (mJ/mm3) u

e
i
 (mJ/mm3) u

d
i
 (mJ/mm3) u

e
i

/

u
o
i

u
d
i

/

u
o
i

u
e
i

/

u
d
i

Qingshan granite QC-1 0.0998 0.0087 0.0074 0.0013 0.8506 0.1494 5.6923
QC-2 0.2952 0.0463 0.0381 0.0082 0.8229 0.1771 4.6463
QC-3 0.5269 0.1102 0.0919 0.0183 0.8339 0.1661 5.0219
QC-4 0.6936 0.1967 0.1583 0.0384 0.8048 0.1952 4.1224
QC-5 0.9835 0.2989 0.2397 0.0592 0.8019 0.1981 4.0490

Yellow sandstone YC-1 0.0898 0.0075 0.0034 0.0041 0.4533 0.5467 0.8293
YC-2 0.3046 0.0390 0.0272 0.0118 0.6974 0.3026 2.3051
YC-3 0.4756 0.0914 0.0659 0.0255 0.7210 0.2790 2.5843
YC-4 0.7090 0.1966 0.1260 0.0706 0.6409 0.3591 1.7847
YC-5 0.9100 0.3386 0.2007 0.1379 0.5927 0.4073 1.4554

Longdong
limestone

LC-1 0.1105 0.0080 0.0067 0.0013 0.8375 0.1625 5.1538
LC-2 0.2868 0.0343 0.0300 0.0043 0.8746 0.1254 6.9767
LC-3 0.5361 0.0838 0.0776 0.0062 0.9260 0.0740 12.5161
LC-4 0.6638 0.1510 0.1377 0.0133 0.9119 0.0881 10.3534
LC-5 0.9814 0.2492 0.2150 0.0342 0.8628 0.1372 6.2865

Black sandstone BC-1 0.0597 0.0038 0.0016 0.0022 0.4211 0.5789 0.7273
BC-2 0.3107 0.0333 0.0192 0.0141 0.5766 0.4234 1.3617
BC-3 0.5587 0.0724 0.0442 0.0282 0.6105 0.3895 1.5674
BC-4 0.6231 0.1166 0.0737 0.0429 0.6321 0.3679 1.7179
BC-5 0.8791 0.2101 0.1241 0.0860 0.5907 0.4093 1.4430
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   (a) Qingshan granite                                                  (b) Yellow sandstone

(c) Longdong limestone                                                          (d) Black sandstone
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Fig. 8   The change laws of three energy density parameters with the actual stress level i 

Table 4   Fitting functions and R2 between uo
i
 , ue

i
 , ud

i
 and i 

Rock type Fitting function for uo
i
 and i Fitting function for ue

i
 and i Fitting function for ud

i
 and i

Qingshan granite u
o

i
= 0.1730i

2 + 0.1451i − 0.0053

(R2 = 0.9926)

u
e

i
= 0.1296i

2 + 0.1254i − 0.0045

(R2 = 0.9935)

u
d

i
= 0.0434i

2 + 0.0198i − 0.0008

(R2 = 0.9874)

Yellow sandstone u
o

i
= 0.4199i

2 − 0.0165i + 0.0030

(R2 = 0.9993)

u
e

i
= 0.2011i

2 + 0.0383i − 0.0009

(R2 = 0.9994)

u
d

i
= 0.2188i

2 − 0.0548i + 0.0039

(R2 = 0.9948)

Longdong limestone u
o

i
= 0.1720i

2 + 0.0923i − 0.0032

(R2 = 0.9900)

u
e

i
= 0.1270i

2 + 0.1036i − 0.0045

(R2 = 0.9866)

u
d

i
=0.0450i2 − 0.0113i + 0.0013

(R2 = 0.9842)

Black sandstone u
o

i
= 0.2672i

2 + 0.0019i + 0.0019

(R2 = 0.9900)

u
e

i
= 0.1481i

2 + 0.0117i + 0.0002

(R2 = 0.9867)

u
d

i
= 0.1191i

2 − 0.0099i + 0.0017

(R2 = 0.9907)
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5 � Discussion

The peak EED ( ue ) plays an important role in investigat-
ing the mechanical characteristics of rocks. This term 
has attracted the attention of many researchers and has 
been used widely in many rock mechanic problems. Wang 
and Park (2001) reported that Kwasniewski et al. scaled 
the occurrence of shock and rockburst with ue in their 
Scientific Report from 1994, and a criterion of elastic 
strain energy was presented to predict rockburst in Kwas-
niewski’s private communication in 2000. Wang and Park 
(2001) applied this rockburst criterion to evaluate the 
rockburst proneness of rock in Linglong gold mine. Zhu 
et al. (2002) presented a new index of rockburst proneness 
using ue . Xie et al. (2009) given the expression of ue under 
the UC tests in establishing the overall failure criterion 
of the rock. Tarasov and Randolph (2011), Tarasov and 
Potvin (2013) discussed the superbrittleness of rocks and 

universal criteria for rock brittleness considering ue . Li 
et al. (2014) investigated the strain rate dependency of ue 
under UC tests on coarse crystal marble. Huang and Li 
(2014) studied the conversion of ue of marble in triaxial 
unloading tests. Munoz et al. (2016) proposed an energy-
based brittleness index with ue . Ai et al. (2016) gave two 
new brittleness indices including ue . Cai (2016) and Miao 
et al. (2016) used ue to estimate the rockburst proneness 
of six rocks in Sanshandao Gold Mine. Liu et al. (2017) 
introduced the peak elastic energy release rate using ue.

The above research studies show that the accurate 
acquisition of ue is very important and will directly affect 
the reliability and accuracy of analysis results. However, in 
actual UC tests, due to the discreteness and uncertainty of 
peak strength of rock specimens, it is impossible to unload 
in time enough at the peak strength of the specimen, and 
ue cannot be obtained by calculating the area under the 

 (a) Qingshan granite                                                    (b) Yellow sandstone

(c) Longdong limestone (d) Black sandstone
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Fig. 9   Variation of the energy ratios of rock specimens with the actual stress level i 
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unloading curve. In most cases, the approximate expres-
sion of ue is as follows (shown in Fig. 13):

(9)u
e = �

2
c

/

2E
u
,

where �c is the peak strength of rock specimen in a UC test; 
Eu is regarded as the linear modulus of an ideal unloading 
curve at the peak strength point, and has different names in 
different literatures. When Eq. (9) was used to calculate the 

(a) Qingshan granite (b) Yellow sandstone

(c) Longdong limestone  (d) Black sandstone
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Fig. 10   Relationships between the EED and DED and IED

Table 5   Fitting functions and R2 among uo
i
 , ue

i
 and ud

i

Rock type Fitting function for ue
i
 and uo

i
Fitting function for ud

i
 and uo

i
Fitting function for ud

i
 and ue

i

Qingshan granite u
e

i
= 0.8010u

o

i
+ 0.0010

(R2 = 0.9998)

u
d

i
= 0.1990u

o

i
− 0.0010

(R2 = 0.9969)

u
d

i
= 0.2481u

e

i
− 0.0012

(R2 = 0.9952)

Yellow sandstone u
e

i
= 0.5968u

o

i
+ 0.0036

(R2 = 0.9953)

u
d

i
= 0.4032u

o

i
− 0.0036

(R2 = 0.9899)

u
d

i
= 0.6679u

e

i
− 0.0055

(R2 = 0.9717)

Longdong limestone u
e

i
= 0.8721u

o

i
+ 0.0014

(R2 = 0.9986)

u
d

i
= 0.1279u

o

i
− 0.0014

(R2 = 0.9377)

u
d

i
= 0.1450u

e

i
− 0.0014

(R2 = 0.9132)

Black sandstone u
e

i
= 0.5989u

o

i
+ 0.0002

(R2 = 0.9983)

u
d

i
= 0.4011u

o

i
− 0.0002

(R2 = 0.9963)

u
d

i
= 0.6668u

e

i
− 0.0003

(R2 = 0.9897)
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value of ue , two methods were often used to obtain Eu: (i) Eu 
is equal to the unloading tangential modulus Es (Wang and 
Park, 2001, shown in Fig. 14a) (ii) Eu is equal to the Young’s 
modulus of the loading curve El (Zhu et al. 2002 and Munoz 
et al. 2016, shown in Fig. 14b).

Two basic assumptions of Eq. (9) are: (i) the elastic mod-
ulus Eu is constant, that is, the unloading curve is a straight 
line; (ii) the unloading modulus Eu at the peak strength is 
equal to the unloading modulus Es at a certain point before 
the peak strength. The aforementioned two basic assump-
tions are valid only for ideal linear elastic materials (shown 
in Fig. 15a). For natural rock materials, the unloading curve 
is not usually a straight line (shown in Fig. 15b). Since the 
unloading curve is not a straight line, Eu and Es are not con-
stants, and further Eu cannot be equal to Es.

However, in our research in Sect. 4.4, there is a lin-
ear law between the EED, DED and IED. The uo can be 
calculated using the graphical integration method in the 
stress–strain curve, and then ue and ud can be calculated 
easily using Eqs. (7) and (8). The presented method solves 

the problem that Eu cannot be obtained scientifically and 
accurately.

After obtaining ue
i
 and ud

i
 , the variation of the ratio ue

i
 / 

u
d
i
 ( Wi

et
 ) was also investigated. Equation (10) presents the 

formula of the traditional definition of Wi

et
 and the results 

of Wi

et
 are listed in Table 3.

According to Eqs. (4) and (5), we give a new method 
for calculating dynamic Wd

et
 as follows:

where uo
d
 is the IED at any loading time before the peak com-

pressive strength and Wd
et

 is the dynamic ratio of the EED to 
DED. The peak Wd

et
 is marked as Wp

et
 and can be expressed 

as follows:

(10)W
i

et
=

u
e
i

u
d
i

.

(11)W
d
et
=

au
o
d
+ b

(1 − a)uo
d
− b

,

(a) Qingshan granite                                                 (b) Yellow sandstone

 (c) Longdong limestone (d) Black sandstone
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Fig. 11   Relationships between the dissipated and elastic energy density
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Figure 16 shows the variation trend of the ratio EED/
DED from the traditional method and new method. With 
increasing IED, the volatility of Wi

et
 obtained by the tradi-

tional method is high, and Wi

et
 finally seems to converge, 

(12)W
p

et
=

auo + b

(1 − a)uo − b
=

ue

ud
.

which might require more experimental data for verifica-
tion. However, the change curve of Wd

et
 tends to gradually 

converge with increasing IED increases. The values of Wp

et
 

for the four rocks are given in Table 6. For comparison, the 
calculating results of ue

/

ud using two traditional methods 
are also shown in Tables 7 and 8. The results of the three 
methods are compared as shown in Fig. 17. It can be seen 

Table 6   The uo , ue , ud and Wp

et
 of rock specimens using the new method

Rock type Specimen no. u
o (mJ/mm3) u

e (mJ/mm3) u
d (mJ/mm3) u

e
/

u
d ( Wp

et
) Average of 

u
e
/

u
d  ( Wp

et
)

Qingshan granite QM-1 0.3917 0.3148 0.0769 4.09 4.09
QC-1 0.3776 0.3035 0.0741 4.10
QC-2 0.4172 0.3352 0.0820 4.09
QC-3 0.3755 0.3018 0.0737 4.09
QC-4 0.4218 0.3389 0.0829 4.09
QC-5 0.3406 0.2738 0.0668 4.10

Yellow sandstone YM-1 0.4575 0.2766 0.1809 1.53 1.52
YC-1 0.5788 0.3490 0.2298 1.52
YC-2 0.5300 0.3199 0.2101 1.52
YC-3 0.5671 0.3420 0.2251 1.52
YC-4 0.5304 0.3201 0.2103 1.52
YC-5 0.5206 0.3143 0.2063 1.52

Longdong limestone LM-1 0.3422 0.2998 0.0424 7.07 7.10
LC-1 0.3440 0.3014 0.0426 7.08
LC-2 0.3333 0.2921 0.0412 7.09
LC-3 0.2938 0.2576 0.0362 7.12
LC-4 0.3415 0.2992 0.0423 7.07
LC-5 0.2754 0.2416 0.0338 7.15

Black sandstone BM-1 0.2976 0.1784 0.1192 1.50 1.50
BC-1 0.2531 0.1518 0.1013 1.50
BC-2 0.2633 0.1579 0.1054 1.50
BC-3 0.2125 0.1275 0.0850 1.50
BC-4 0.3181 0.1907 0.1274 1.50
BC-5 0.2998 0.1798 0.1200 1.50

Fig. 12   The uo of rock speci-
mens in UC and SCLUC tests
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that most of the ue/uds using Method 1 are large than Wp

et
 s, 

while the ue/ud s using Method 2 are smaller than Wp

et
 s. The 

reason for this characteristic is attributed to the hypothesis 
of two traditional methods. In addition, the randomness and 
dispersion of ue/ud s using two traditional methods are obvi-
ous. However, the values of Wp

et
 for every rock are very close 

to each other. The results indicate that Wp

et
 may be regarded 

as a constant that reflects the proportional of the elastic 
energy to the dissipation energy of rock material.

6 � Conclusions

This paper investigated the energy evolution characteristics 
of four rock materials (Qingshan granite, Yellow sandstone, 
Longdong limestone and Black sandstone) under uniaxial 
compression using a series of SCLUC tests. Based on the 
test results, the following conclusions can be drawn:

(1)	 In SCLUC tests, the secondary loading curves of rocks 
intersected the unloading curve at a stress slightly 

Axial strain

A
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 st

re
ss
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ueEu

Fig. 13   Schematic drawing of traditional calculation of ue

(a) Eu= Es by Wang and Park (2001)

(b) Eu= El by Zhu et al. (2002) and Munoz et al. (2016)
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smaller than unloading stress and continued to develop 
according to the development trend of the initial load-
ing curve. The four rock materials possess memory, and 
the SCLUC process has minimal effect on the varia-
tion of the stress–strain curves. In addition, the failure 
modes of SCLUC are the same as those of UC.

(2)	 The nonlinear characteristics of the energy evolution 
for four rock materials under different unloading stress 
levels were determined. Based on the analysis of the 
energy density parameters under different unloading 
stress levels, the IED, EED and DED all increase with 

increasing stress as quadratic polynomial functions. 
The IED has the most rapid growth, following the EED, 
and finally the DED.

(3)	 The linear relationships between EED and DED, and 
IED were obtained. The test results indicate that the 
EED and DED all increase linearly with increasing 
IED, and the linear energy storage or dissipation laws 
of rock materials were observed and confirmed. The 
EED and DED at any stress levels (including the peak 
compressive strength level) can be obtained using the 
linear energy storage or dissipation law above.

(a) Qingshan granite                                                        (b) Yellow sandstone

(c) Longdong limestone            (d) Black sandstone
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(4)	 The ratio EED/DED with the increase of IED was 
investigated. Due to the heterogeneity of natural rock 
materials, when the ratios EED/DED are directly cal-
culated at different unloading stress levels using the 
experimental data, the ratio greatly fluctuates. In this 
research, we develop a new method to calculate the 

ratio EED/DED. The results show that the change curve 
of the ratio tends to gradually converge as the IED 
increases. The ratio obtained at the peak compressive 
strength tends to be constant, which shows that there is 
a stable ratio EED/DED under UC of rock materials.

Table 7   The peak EED of rock specimens [the method of Zhu et al. (2002) and Munoz et al. (2016)]

Rock type Specimen no. Eu (El) (GPa) u
o (mJ/mm3) u

e (mJ/mm3) u
d (mJ/mm3) u

e
/

u
d Average of ue

/

u
d

Qingshan granite QM-1 35.32 0.3917 0.3564 0.0353 10.10 6.82
QC-1 36.57 0.3776 0.3300 0.0476 6.93
QC-2 36.76 0.4172 0.3728 0.0444 8.40
QC-3 36.15 0.3755 0.3306 0.0449 7.36
QC-4 37.67 0.4218 0.3489 0.0729 4.79
QC-5 39.33 0.3406 0.2620 0.0786 3.33

Yellow sandstone YM-1 14.73 0.4575 0.4057 0.0518 7.83 3.18
YC-1 17.58 0.5788 0.4401 0.1387 3.17
YC-2 17.20 0.5300 0.3895 0.1405 2.77
YC-3 18.47 0.5671 0.4050 0.1621 2.50
YC-4 21.64 0.5304 0.3170 0.2134 1.49
YC-5 23.25 0.5206 0.2932 0.2274 1.29

Longdong limestone LM-1 44.61 0.3422 0.3236 0.0186 17.40 10.94
LC-1 44.08 0.3440 0.2697 0.0743 3.63
LC-2 45.63 0.3333 0.3131 0.0202 15.50
LC-3 44.22 0.2938 0.2691 0.0247 10.89
LC-4 46.89 0.3415 0.3136 0.0279 11.24
LC-5 46.87 0.2754 0.2409 0.0345 6.98

Black sandstone BM-1 16.99 0.2976 0.2584 0.0392 6.59 4.33
BC-1 16.40 0.2531 0.2086 0.0445 4.69
BC-2 16.22 0.2633 0.2238 0.0395 5.67
BC-3 17.83 0.2125 0.1696 0.0429 3.95
BC-4 18.77 0.3181 0.2402 0.0779 3.08
BC-5 19.60 0.2998 0.2004 0.0994 2.02

Table 8   The peak EED of rock 
specimens [the method of Wang 
and Park (2001)]

Where the unloading stress is near 90% peak stress of rock specimen

Rock type Specimen no. Eu(Es) (GPa) u
o (mJ/mm3) u

e (mJ/mm3) u
d (mJ/mm3) u

e
/

u
d

Qingshan granite QC-5 43.09 0.3406 0.2391 0.1015 2.36
Yellow sandstone YC-5 29.16 0.5206 0.2338 0.2868 0.82
Longdong lime-

stone
LC-5 49.61 0.2754 0.2276 0.0478 4.76

Black sandstone BC-5 25.57 0.2998 0.1536 0.1462 1.05
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