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Abstract
The original discontinuous deformation and displacement (DDD) method is greatly refined using the statistical damage 
theory and contact mechanics. Next, a novel coupled method is proposed to model the continuous to discontinuous failure 
process of rocks. By hybridizing the finite element method (FEM) and discontinuous deformation analysis (DDA) method, 
the proposed method inherits the advantages of both and is able to provide a complete and unified description of rock 
deformation, crack initiation and propagation, and rock body translation, rotation and interaction. Moreover, to improve the 
deformation results and refine the stress distribution within the model blocks, finite elements are introduced into the blocks. 
The ability of an intact block to fracture is included as well, i.e., the deformable blocks that contain several finite elements 
may split into smaller blocks if the strength criteria are satisfied continuously. The boundaries of damaged elements represent 
newly formed joints, and sliding and opening may occur along these joints, i.e., mechanical interaction is allowed between 
adjacent blocks. The correctness and validity of the proposed method are verified through a series of benchmark tests. The 
simulated results are consistent with the analytical solutions, previous studies and experimental observations. Overall, the 
coupled method is an effective and reliable approach for modelling the entire rock failure process with satisfactory accuracy 
and shows considerable potential in geotechnical engineering.

Keywords Rock failure · Whole-process analysis · Discontinuous deformation analysis · Numerical simulation

List of Symbols
di  A 2 × 1 displacement sub-matrix
E  Elastic modulus of the damaged material 

element
E0  Elastic modulus of the undamaged material 

element
fc0  Uniaxial compressive strength
fcr  Residual compressive strength
ft0  Uniaxial tensile strength
ftr  Residual tensile strength
Fi  A 2 × 1 external loading sub-matrix
g  Gravity acceleration

Kij  A 2 × 2 coefficient sub-matrix
m  Homogeneity index
P  Diametral loading
R  Radius of the specimen
t  Time or thickness of the specimen
u  Parameter of an element
u0  Scale parameter related to the mean value of 

the element parameter{
ui vi

}T  Translations of node i along the x- and y-axes
ux, uy  Block displacement along the x and y-axes
wi  Any component of (ui, vi)
(x, y)  Point coordinates
�  Half of the loading angle
�x, �y  Normal stresses along the x- and y-axes, 

respectively
�1, �2, �3  Major, intermediate and minor principal 

stresses, respectively
�1, �2, �3  Major, intermediate and minor principal 

strains, respectively
�c0  Compressive threshold strain
�t0  Elastic limit strain (or tensile threshold strain)
�tu  Ultimate tensile strain
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�  Ultimate strain coefficient
�  Dip angle of the slope
�  Residual strength coefficient
�  Poisson’s ratio
�  Density of the rock material
�  Internal friction angle
�  Damage variable

1 Introduction

The safety and stability of rock engineering is an unavoid-
able problem in infrastructure construction. The existence 
of discontinuities in a rock mass has made this topic chal-
lenging in terms of evaluating the rock mechanics. Naturally, 
as a discontinuous material, a rock mass generally contains 
multiple joints and fractures (Hudson and Harrison 1997). 
The behavior of a rock mass has been recognized to be sig-
nificantly affected by the formation of complex disconti-
nuities. These potential instabilities are dominated by the 
physical and mechanical parameters of both the rock matrix 
and its discontinuities. Regarding either microcracks or 
macrojoints, these fractures normally initiate at weak points, 
such as voids, grain boundaries, faults, and other fractures. 
When assessing the complex microstructures of rock mate-
rial, traditional analytical methods are invalid. Therefore, 
effective computational methods are needed for modelling 
rock masses and reproducing the rock failure process.

In recent decades, numerical techniques have become 
promising tools for research because of the development of 
computational mechanics and computer science; more spe-
cifically, various numerical methods have been developed 
to study the nonlinear deformation and failure behavior of 
rocks. Current numerical methods are commonly catego-
rized into three main groups, i.e., continuous methods, dis-
crete methods and hybrid methods (Jing 2003). The finite 
element method (FEM) (Rutqvist et al. 2001), the finite 
difference or volume method (FDM/FVM) (Fallah et al. 
2000), the boundary element method (BEM) (Brady and 
Bray 1978) and the extended or generalized FEM (XFEM/
GFEM) (Strouboulis et al. 2000) are representative continu-
ous methods that have been applied to study a wide variety 
of situations. However, multiple joint sets that govern the 
mechanical behavior of a rock mass cannot be easily simu-
lated by traditional continuum-based methods. The distinct 
element method (DEM) proposed by Cundall (1971) and the 
discontinuous deformation analysis (DDA) proposed by Shi 
(1988) are two mainstream discrete methods used in rock 
engineering. DEM discretizes the computational domain 
into separate blocks or particles, and then an explicit time-
domain integration scheme is applied to solve the motion 
equations for the contactable discrete bodies. The particle-
based DEM is able to model the granular microstructure 

of rock-like materials. In this approach, the mechanical 
interaction between adjacent particles is allowed, and the 
determination of a contact is relatively simple. The block-
based DEM assigns a normal stiffness and a tangential stiff-
ness to the contacts between adjacent blocks. The stress, 
strain and displacement within a divided block can be cal-
culated using a finite difference scheme (Barla et al. 2012). 
DDA is regarded as an implicit block-based DEM by some 
researchers (Jing and Stephansson 2007). The implicit solu-
tion scheme of DDA makes it unconditionally stable with 
any time step; it is even reasonable for a relatively large time 
step. As a discrete technique, the DDA method can simulta-
neously address the translation, rotation and deformation of 
divided blocks as well as the detachment and sliding along 
block boundaries using a unified computational format. Sim-
ilar to FEM, the governing equation of DDA is expressed 
by a set of linear equations obtained by minimizing the total 
potential energy of the entire system. Moreover, the energy 
dissipation in DDA is mainly caused by friction and algo-
rithmic damping, and additional damping is not required. 
The DDA has already been applied in many aspects of rock 
mechanics (Ning and Zhao 2013; Bao and Zhao 2013; Jiao 
et al. 2012).

The realistic failure process analysis (RFPA) (Tang 
1997; Liang et al. 2004) was developed based on contin-
uum mechanics to simulate the process of crack initiation, 
propagation and coalescence that occurs during the small-
deformation stage of rock-like quasi-brittle materials. Since 
it was first proposed by Tang (1997), the RFPA code has 
been widely used in many engineering fields (Tang and 
Hudson 2002; Wang et al. 2011; Li et al. 2015). As a FEM-
based method, RFPA is able to simulate fracture develop-
ment with no prior assumptions regarding where and how 
cracks and other forms of failure are generated and is effec-
tive when considering multiple joint sets. However, RFPA 
cannot be used to model the block contacting, detaching, 
sliding and toppling processes that could be easily simulated 
by the DDA method. To address this issue, the discontinu-
ous deformation and displacement analysis (DDD) method 
was proposed by Tang et al. (2015). By combining the FEM 
and DDA, and taking advantage of both methods, the DDD 
method has the capability to model continuous to discon-
tinuous processes from the small-deformation stage to the 
large-displacement stage. Gong and Tang (2016) applied this 
approach to reproduce the evolution of a rock slope slide 
that occurred in the Alpetto Mine (Italy) in 1997 and con-
firmed its validity for use in calculating the rock fracture 
initiation, propagation, and coalescence and ultimately land-
sliding. Gong et al. (2018) introduced the gravity increase 
method (GIM) into the original DDD code to study coastal 
cliff recession. The complete failure processes of the gravity-
induced collapses of notched rocky cliffs were modelled, and 
the instability mechanism was discussed.



3185Modelling Rock Failure with a Novel Continuous to Discontinuous Method  

1 3

In the original DDD code, the computational domain is 
separated into the RFPA domain and the DDA domain on the 
basis of the large-displacement criterion, as shown in Fig. 1. 
The large-displacement elements will appear with the forma-
tion of a failure surface. The failure surface will gradually form 
due to crack initiation and propagation, as calculated by the 
RFPA module. Afterwards, these large-displacement elements 
will automatically be translated into new blocks for the DDA 
module. Each element corresponds to one block. Mechanical 
interactions between different blocks are permitted, and the 
contact force between the boundaries of the two main domains 
is calculated according to the contact mechanics, i.e., the DDA 
domain does not contain any finite element, and the RFPA 
domain does not contain any blocks. Thus, the previous code is 
more suitable for modelling slope sliding or toppling collapses 
in the case that obvious failure surfaces form and large-dis-
placement bodies are generated; this characteristic may limit 
the further development of the DDD method.

In this paper, the original DDD code is greatly refined using 
statistical damage theory (Krajcinovic and Silva 1982) and 
contact mechanics (Shi 2015). Then, a novel coupled method 
is proposed. As a continuous to discontinuous method, the 
proposed method inherits the advantages of the previously 
described methods. Moreover, by hybridizing the FEM and 
DDA methods, the proposed method can provide a complete 
and unified description of the whole rock deformation (includ-
ing crack initiation and propagation) and rock body movement 
(including translation, rotation and interaction). Deformable 
bodies that contain several finite elements may be formed dur-
ing the modelling process, according to the strength criteria. 
The deformation and stress distribution within rock bodies 
are, therefore, improved because the stress and strain obtained 
in one block are constant in the standard DDA formulation. 
Even the standard DDA approach is acceptable when reducing 
the size of a single block; however, using this approach will 
increase the computation time considerably. In addition, the 
formed rock bodies will split into smaller pieces if the strength 
criteria are satisfied continuously. These enhancements will 

definitely extend the DDD application range. Moreover, a 
series of numerical benchmarks are conducted in this study, 
and the correctness and validity of the novel coupled method 
are discussed. Note that, in the present study, the proposed 
method and related numerical simulations are based on the 
two-dimensional level.

2  Theory of the Coupled Method

2.1  Assignment of the Material Properties

Heterogeneity is one of the major characteristics of a rock 
mass, and it has a great influence on the failure process 
and failure modes of rock-like materials (Manthei 2005). 
According to statistical damage theory, the geotechnical 
structure is assumed to consist of many representative vol-
ume elements (RVEs), and the mechanical properties of 
these elements conform to a given distribution function. 
The Weibull distribution is regarded as a reasonable func-
tion that can be used to express the parameter distribution 
of quasi-brittle materials (Weibull 1951; Basu et al. 2009). 
Thus, for elements of a similar size in the proposed method, 
the values of a mechanical parameter are assumed to obey a 
given Weibull distribution, as defined in the following prob-
ability density function (PDF) (Weibull 1951):

where u is the parameter of the RVEs (e.g., elastic modu-
lus or cohesion), u0 a scale parameter related to the mean 
value of the parameter u, and m defines the basic shape of 
the given PDF. Considering that m represents the degree 
of heterogeneity in the material, it is generally termed the 
homogeneity index. A greater value of m (> 1) indicates a 
more homogeneous material, and vice versa. Hence, a het-
erogeneous numerical specimen can be produced computa-
tionally using a specific PDF.

2.2  The Constitutive Relation of a RVE

Initially, all finite elements are considered to be elastic, 
and their elastic properties are expressed by Young’s 
modulus and Poisson’s ratio. In particular, the constitu-
tive model for each element is considered to be linearly 
elastic until the given damage thresholds are attained. Sub-
sequently, the element is modified by softening. Related 
studies have indicated that the cracking process usually 
cannot be represented simply by either the tensile crack 
opening evolution or the crack sliding evolution (Hoxha 
and Homand 2000), and the tensile opening and shearing 
mechanisms show obvious advantages over other crack 

(1)f (u) =
m

u0

(
u

u0

)m−1

exp

(
−

u

u0

)m

,

RFPA domain 

DDA domain 

Fig. 1  Schematic of the original DDD method (dashed line represents 
the boundary between the RFPA and DDA domains)
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evolution mechanisms (Meglis et al. 1995). Hence, the 
Mohr–Coulomb criterion with a tension cut-off is chosen 
as the strength criterion to capture the principal rock dam-
age and fracture modes. Considering that microscale frac-
tures represent the fundamental damage process, the maxi-
mum tensile strain criterion will be applied preferentially.

In elastic damage mechanics, considering the concept 
of modified effective stress, the elastic modulus of each 
element degrades monotonically as damage evolves. The 
damage variable ω (0 ≤ ω ≤ 1) is defined as follows (Tang 
et al. 2015):

where E and E0 represent the elastic modulus of the damaged 
and undamaged material elements, respectively. Moreover, 
in the current study, the element and related damage are 
assumed to be isotropic and elastic.

When the finite element is subjected to a uniaxial ten-
sile stress state, the stress–strain curve is linear-elastic, 
and no damage occurs in the beginning of the simulation, 
i.e., the damage variable ω = 0. Tensile damage will occur 
when the maximum tensile strain criterion is reached; 
then, the parameter ω can be described as follows (Tang 
et al. 2015):

where λ represents the coefficient of residual strength, which 
can be given as ftr = λft0 = λE0εt0 (where ft0 and ftr are the 
uniaxial tensile strength and the residual tensile strength, 
respectively); εt0 represents the elastic limit strain and is 
termed the threshold strain; and εtu represents the ultimate 
tensile strain at which the element will be fully damaged. εtu 
can be defined as εtu = ηεt0, where η is termed the ultimate 
strain coefficient.

When an element is subjected to a multiaxial stress 
state, it will be damaged in the tensile mode when the 
equivalent principal tensile strain � reaches the abovemen-
tioned threshold strain εt0. � is determined by

where �1 , �2 and �3 represent the major, intermediate and 
minor principal strains, respectively. The operator < > is 
defined as follows:

Additionally, when a finite element is under a com-
pressive-shear stress state, the Mohr–Coulomb criterion 

(2)E = (1 − �)E0,

(3)𝜔 =

⎧⎪⎨⎪⎩

0 𝜀 > 𝜀t0

1 −
𝜆𝜀t0

𝜀
𝜀tu < 𝜀 ≤ 𝜀t0

1 𝜀 ≤ 𝜀tu

,

(4)� = −

√
�1

2 + �2
2 + �3

2,

(5)x =

{
x x ≤ 0

0 x > 0
.

is chosen to determine the damage threshold of the shear 
failure and is expressed as follows (Tang et al. 2015):

where σ1 represents the major principal stress and σ3 rep-
resents the minor principal stress. φ and fc0 are the inter-
nal friction angle and uniaxial compressive strength, 
respectively.

When an element is subjected to a uniaxial compres-
sion stress state and becomes damaged according to the 
Mohr–Coulomb criterion, the damage variable ω can be 
expressed as follows (Tang et al. 2015):

where λ represents the coefficient of residual strength, which 
can be given as fcr = λfc0 = λE0εc0 (where fc0 and fcr are the 
uniaxial compressive strength and the residual compressive 
strength, respectively); and εc0 represents the compressive 
threshold strain.

In a multiaxial stress state, if the strength of an element 
satisfies the Mohr–Coulomb criterion, then tensile damage 
will occur. The compressive threshold strain εc0 can be cal-
culated at the peak strength and can be expressed as follows 
(Tang et al. 2015):

In the current method, it is assumed that the shear damage 
evolution is determined by only the maximum compressive 
principal strain, ε1, i.e., the element strain ε is replaced by ε1 
under triaxial stress states when testing the Mohr–Coulomb 
criterion.

2.3  Hybridization of the FEM and DDA

In the proposed method, conventional triangular elements are 
used to build the models because any polygon (either convex 
or concave) can be discretized by triangles. The formula-
tions of the proposed method are constructed on the basis of 
the principle of minimization of the total potential energy, 
and the kinematics are fully inherited from the original DDA 
method. Unlike in the standard DDA, in the new method, the 
basic solving objects are the triangular elements, and their 
nodal displacements are the basic unknowns. In the standard 
DDA method, the basic unknowns are the three displacement 
components and the three strain components that are inde-
pendent of block shape; thus, the stress and strain distribu-
tions inside a block are constant. When the block size is rela-
tively small, this shortcoming may be acceptable; however, 

(6)fc0 ≤ �1 −
1 + sin�

1 − sin�
�3,

(7)𝜔 =

{
0 𝜀 < 𝜀c0

1 −
𝜆𝜀c0

𝜀
𝜀 ≥ 𝜀c0

,

(8)�c0 =
1

E0

[
fc0 +

1 + sin�

1 − sin�
�3 − �(�1 + �2)

]
.
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reducing the block size may increase the computation time, 
limiting many engineering applications. As a coupled FEM/
DDA algorithm, the proposed method will improve the accu-
racy of the deformation and stress distribution inside blocks 
by introducing finite elements into the blocks without losing 
any advantages of the standard DDA method.

As basic unknowns, the displacements are obtained at 
each node by solving the global equilibrium equation; in 
this process, the continuous and discontinuous regions are 
unified in analysis. Next, the strain and stress components 
are determined for each element. Simultaneously, the dam-
age judgement module is used to determine whether a finite 
element is damaged in a tensile mode or shear mode dur-
ing a certain loading step. When the failure criteria are sat-
isfied, an element will be considered damaged. Note that 
newly damaged elements will cause a redistribution of stress, 
which is executed using the updated parameter values under 
the same loading conditions, and the damage judgement 
module will be rerun until no additional damage appears. 
Then, the next loading step is applied. The stress redistribu-
tion caused by a damaged element may induce additional 
damage to the adjacent elements; thus, macrocracks and 
fractures may occur because of the coalescence of the dam-
aged finite elements.

By minimizing the total potential energy of the system, 
the global equilibrium equations can be generated as follows:

where Kij is a 2 × 2 sub-matrix, Fi is the external loading 
sub-matrix, and di is the displacement sub-matrix of node i, 
which contains two components 

{
ui vi

}T ui and vi are the 
translations of node i along the x- and y-axes, respectively. 
Because triangular elements are used in the present method, 
the six displacement components of Element p can be listed 
as a vector:

If wi represents any component of (ui, vi), then the dis-
placement at point (x, y) within element p can be calculated 
by the following equations:

(9)

⎡⎢⎢⎢⎣

K11 K12 ⋯ K1n

K21

⋮

Kn1

K22 ⋯ K2n

⋮ ⋱ ⋮

Kn2 ⋯ Knn

⎤⎥⎥⎥⎦

⎧⎪⎨⎪⎩

d1
d2
⋮

dn

⎫⎪⎬⎪⎭
=

⎧⎪⎨⎪⎩

F1

F2

⋮

Fn

⎫⎪⎬⎪⎭
,

(10)Dp =

⎧⎪⎨⎪⎩

di
dj
dm

⎫⎪⎬⎪⎭
.

(11)

w(x,y) =
1

2Δ

�
1 x y

�⎡⎢⎢⎣

xjym − xmyj xmyi − xiym xiyj − xjyi
yj − ym ym − yi yi − yj
xm − xj xi − xm xj − xi

⎤
⎥⎥⎦

⎧⎪⎨⎪⎩

wi

wj

wm

⎫⎪⎬⎪⎭
.

The symbol ∆ is expressed as follows:

2.4  Improvements to the Original DDD Code

In the original DDD code, the analysis region is divided into 
the DDA domain and the FEM domain during calculation, 
according to the large-displacement criterion and is, therefore, 
suitable for simulating instabilities in nature or engineering 
that involve large-displacement processes, such as slope sliding 
or toppling. However, the stress and strain distributions within 
a single block in the DDA domain are constant. Such distri-
butions may be acceptable if the block size is small enough; 
however, to attain a satisfactory result, decreasing the average 
block size will reduce the computational efficiency consider-
ably. Moreover, although DDA can handle pre-existing discon-
tinuities, the blocks in DDA are undividable, i.e., the initiation 
and propagation of a crack inside a block are not permitted.

Hence, an important enhancement of the original DDD 
code is to improve the deformation results and refine the 
stress distribution inside blocks by introducing finite elements 
into the blocks. A more accurate stress/strain distribution and 
higher computational efficiency can be achieved by consider-
ing a continuum material than those that can be achieved by 
the traditional DDA. In addition, the ability of an intact block 
to fracture is given because a block may contain a group of 
finite elements. Figure 2 shows the difference between the 
refined DDD method and the original DDD method. Clearly, 
Fig. 2a shows that in the original DDD method, the analysis 
region is divided into the DDA and FEM domains, and the 
mechanical contacts can happen along the edges of blocks 
in the DDA domain and the boundaries between these two 
domains. But for the proposed method, the mechanical con-
tacts can only happen along the boundaries of the deformable 
blocks that contain numerous finite elements, as shown in 
Fig. 2b. The edges of the damaged elements represent newly 
formed joints, and sliding and opening may occur along these 
new joints. An intact block may rupture into several blocks, 

(12)Δ =
1

2

|||||||

1 xi yi
1 xj yj
1 xm ym

|||||||
.

(b)(a)

DDA domain

RFPA 

Fig. 2  Difference between a the original DDD method and b the pro-
posed method (note: red lines denote the contact edges). (Color figure 
online)
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and these smaller blocks can interact with each other. How-
ever, a block containing only one finite element is undivid-
able. In the proposed method, the region of interest is ana-
lyzed using a unified formulation, and rock-like quasi-brittle 
materials can transform from continuum into discontinuum 
materials when the failure criteria are triggered. Conse-
quently, the newly developed coupled method realizes the 
entire process simulation from continuum to discontinuum 
with high accuracy and efficiency. The calculation process 
of the new method is shown in Fig. 3.

3  Numerical Benchmarks

3.1  Cantilever Beam

In this section, a cantilever bending test is conducted to 
verify the elastic performance of the proposed method. In 

this test, the elastic deformation accuracy and the influence 
of element number on the calculation are considered. The 
length and height of the cantilever beam are 0.04 m and 
0.01 m, respectively (as shown in Fig. 4). The material is 
considered to be homogeneous, isotropic and elastic. For 
the elastic parameters, the elastic modulus is 10 GPa and 
Poisson’s ratio is 0.3. The left side of the beam is fixed in all 
directions. Simultaneously, a point load of 10 kN is applied 
at the right end of the beam. The cantilever beam is discre-
tized by traditional triangular elements. Four models (i.e., 
models I, II, III and IV) that contain different numbers of 
elements are considered.

The simulation results are shown in Fig. 5. A model con-
taining more elements leads to greater deformation and more 
accurate results, as expected. Both models I and II result 
in poor beam deflections, mainly because of the effect of 
the number of elements on the accuracy of the integration 
scheme mentioned previously. Model III gives relatively 
acceptable results with a smaller error. With an increasing 
number of elements, the deflection curve of model IV nearly 
coincides with the theoretical curve. Therefore, the bend-
ing capacity and elastic performance of the novel coupled 
method are verified to be mainly controlled by the number 
of elements.Finite element mesh and material parameters

Incremental loading

Is the Mohr-Coulomb 
criterion or the 

maximum tensile strain 
criterion satisfied?

Generate new joints for mechanical interaction

Yes

End

Start

No

Is the maximum 
loading step reached?

Yes

No

Stress and strain fields/Contact calculation

Fig. 3  Flowchart of the proposed method

P = 10 KNE = 10 GPa, ν = 0.3

Length = 40 mm

Height = 10 mm

Fig. 4  Model configuration

Fig. 5  Deflection along the middle line of the beam obtained using 
the proposed models
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3.2  Sliding Block

A sliding test is performed to validate the coupled method in 
terms of the displacement calculation and dynamic contact 
capability. As shown in Fig. 6, two linearly elastic trian-
gular blocks (blocks I and II) are considered. The density 
ρ of the material is 2600 kg/m3, and the acceleration coef-
ficient of gravity g is 10 m/s2. The friction coefficient and 
incline angle of the surface between the two blocks are 0° 
and 30°, respectively. The time interval of the computation 
is 0.001 s, and the total computing time is 1.5 s. The left 
side and bottom of Block I are fixed in all directions. In the 
beginning of the simulation, block II statically rests on top 
of block I; then, block II starts to move downward along the 
interface under the force of gravity. The stress distribution 
of �y (the stress component along the y-axis) during slid-
ing is shown in Fig. 7. Moreover, the displacement data for 
block II, obtained by the proposed method, are compared 
with the analytical solutions. The theoretical formulas are 
obtained based on kinematics and Newton’s laws of motion 
given below:

Figure 8a, b shows that the computed displacements of 
block II along the x- and y-axes of the proposed method are 
entirely consistent with the theoretical solutions, and the 
ability of the proposed method to simulate displacement 
under dynamic contact is satisfactory.

3.3  Brazilian Disk Test

As an alternative to the direct uniaxial tensile test, which 
is difficult to perform at acceptable standards for rock-like 
quasi-brittle materials, the Brazilian disk test has a strong 
practical demand. Provided that the mechanical behavior of 

(13)ux =
1

2
⋅ g ⋅ cos � ⋅ sin � ⋅ t2,

(14)uy =
1

2
⋅ g ⋅ sin2� ⋅ t2.

a material is perfectly linear-elastic until the point of fail-
ure, the tensile strength can be determined when a rock disk 
is under diametral compression. Hence, the Brazilian disk 
test is performed to verify the performance of the proposed 
method in terms of tensile strength and failure. Considering 
that a high stress concentration may lead to the failure of the 
load ends, the flattened Brazilian test is applied, namely the 
load ends of the rock disk are made flat to ensure that failure 
first occurs at the center of the model.

Figure 9 schematically shows the flattened Brazilian disk 
test and the geometry of the numerical specimen, in which P 
is the diametral loading and 2α and R are the loading angle 
and radius of the specimen, respectively. The thickness t is 

(0 m, 0 m)

(4 m, 3 m)

30°

30°

4 m

2.31 m

Block I

Block II

Fig. 6  Model geometry

Fig. 7  The stress component σy computed by the proposed method at 
t = 0.993 s (unit: Pa)

(a) Horizontal displacement component ux

(b) Vertical displacement component uy
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Fig. 8  Displacement of block II obtained by the proposed method
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one unit. For the mechanical parameters of the material, the 
elastic modulus is 20 GPa, Poisson’s ratio is 0.2 and the ten-
sile strength is 2 MPa. The specimen is made up of 18,124 
triangular elements.

Before the load value P peaks, the sample behaves linearly 
and elastically. During this elastic stage, the stress components 
along the x- and y-axes are distributed in a representative way, 
as shown in Fig. 10, in which the stress value is positive when 
towards the positive direction of the coordinate axis. With an 
increase in the loading P, the elements at the centre of the 
model first satisfy the strength criterion when P = 167.12 kN. 
Thus, the simulated material strength is 2.128 MPa (P/πtR), 
which is slightly higher than the input tensile strength. If 
the peak load is maintained, then fractures quickly develop 
towards the upper and lower load ends. The initiation and 
propagation of the crack are illustrated in Fig. 11, in which the 

red elements represent the damaged material and the straight 
solid lines (i.e., the boundaries of the red elements) represent 
the contact edges. The simulated failure modes are in good 
agreement with those observed in a previous study (Li et al. 
2017) and experimental observations (Yuan and Shen 2017), 
as shown in Fig. 12.

Additionally, the critical elastic stress values along the ver-
tical diameter of the rock disk are compared with the analytical 
solutions obtained according to the following equations given 
by Huang et al. (2015):

where

After normalization by P/πtR, a comparison between the 
simulated stresses and the theoretical stresses is shown in 
Fig. 13. Figure 13 illustrates that the elastic behavior of the 
Brazilian disk is well modelled by the proposed coupled 
method. Although there are stress differences at the upper 

(15)

�x =
P

� ⋅ R ⋅ t ⋅ sin �

(
B1

A1

+ C1 +
B2

A2

+ C2

)
+

P ⋅ cos �

� ⋅ R ⋅ t
,

(16)

�y =
−P

� ⋅ R ⋅ t ⋅ sin �

(
B1

A1

− C1 +
B2

A2

− C2

)
+

P ⋅ cos �

� ⋅ R ⋅ t
,

A1 = (R ⋅ cos � + y)2 + (R ⋅ sin �)2,

A2 = (R ⋅ cos � − y)2 + (R ⋅ sin �)2,

B1 = (R ⋅ cos � + y) ⋅ R ⋅ sin �,

B2 = (R ⋅ cos � − y) ⋅ R ⋅ sin �

C1 = −arctan[(R ⋅ sin �)∕(R ⋅ cos � + y)],

C2 = −arctan[(R ⋅ sin �)∕(R ⋅ cos � − y)].

R=50 mm

2α=14°

P

P

Fig. 9  Model configuration of the Brazilian disk test

Fig. 10  Simulated stress fields of the Brazilian disk (unit: Pa)
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and lower bounds because of the end effect, the simulated 
and theoretical stresses in the y and x directions (σx and σy) 
almost coincide at the central line. Therefore, the proposed 

method is effective and valid for simulating the elastic stress 
field, strength and failure of rock-like materials.

3.4  Uniaxial Compression

To validate the ability of the proposed method to model 
crack initiation, propagation and coalescence, a 2D rec-
tangular specimen subjected to uniaxial compression is 
adopted. The dimension of the specimen is 150 mm in height 
and 75 mm in width. As mentioned above, heterogeneity is a 
typical feature of rock masses and has a significant influence 
on the failure process and strength characteristics of rock-
like materials. Hence, the heterogeneity of the material is 
taken into account in this section, and the related mechanical 
parameters (i.e., the elastic modulus, cohesion and uniaxial 
tensile strength) are assumed to obey a given Weibull dis-
tribution, as listed in Table 1. The entire model consists of 
8100 triangular elements. To simulate quasi-static or static 
loading conditions, the bottom of the specimen is fixed in 

Fig. 11  Failure of the Brazilian 
disk by the proposed method

Fig. 12  Failure modes obtained 
by a the PNMM method (Li 
et al. 2017) and b the related 
experiment (Yuan and Shen 
2017)
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the vertical direction, and the top of the specimen is set to move downward at a constant rate of 0.02 mm/s, at which 
the dynamic effect can be neglected (Ha et al. 2015; Li and 
Wong 2012).

Figures 14 and 15 show the microcrack generation and 
growth processes within the sample at different stages. 
Figures 14a and 15a show that during the initial stage of 
the displacement loading, several finite elements become 
damaged at material defects due to their nonuniform dis-
tribution. These damage sites form the potential initiation 
locations of cracks and may induce crack propagation. 
Figures 14b and 15b show two separate cracks, one gen-
erated in the lower right and the other in the upper left 
parts of the specimen. In particular, the areas of high stress 

Table 1  Mechanical properties of the rock specimen

Mechanical properties Value

Material density ρ (kg/m3) 2700
Elastic modulus E (GPa) 50
Poisson’s ratio ν 0.2
Homogeneity index m 1.5
Cohesion c (MPa) 100
Internal friction angle φ (°) 20
Uniaxial tensile strength ft0 (MPa) 7

Fig. 14  Distribution of the 
major principal stress σ1 (unit: 
Pa)
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concentration occur at the corners of the upper left crack, 
causing the crack to develop both upwards and downwards. 
As new failures form, the concentrated stress will release 
and transfer. Under appropriate conditions, the stress may 
again increase at the ends of the crack, and the processes 
of stress build-up, stress relaxation and stress transfer 
induce the crack to develop gradually. Figures 14c and 15c 
illustrate that with increasing load, the previously formed 
cracks connect. Moreover, a small isolated rock body 
forms in the middle of the fracture, and the high-stress 

areas concentrate to the lower right side of the fracture 
because of the relatively strong material strengths there. 
Figures 14d and 15d show that after the coalescence of 
the two main cracks, the newly formed fracture continues 
to develop towards the upper left, ultimately splitting the 
sample into two main blocks. In addition, the two blocks 
slide along the contact surface. The simulated failure pro-
cess and pattern agree well with the results of previous 
studies (Wang et al. 2017; Tang et al. 2000).

Fig. 15  Distribution of the 
minor principal stress σ3 (unit: 
Pa)
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4  Conclusion

The original DDD method is more suitable for simulat-
ing instantaneous instabilities involving massive move-
ment processes, such as slope sliding or toppling, which 
will definitely put limitations on the application of the 
DDD method. Thus, in this paper, the previous DDD code 
was greatly refined based on the statistical damage theory 
and contact mechanics, and a novel coupled FEM/DDA 
method was then proposed to model the rock failure pro-
cess from continuum to discontinuum. By hybridizing the 
FEM and DDA methods, the proposed coupled method 
inherited the advantages of both methods and is able to 
provide a complete and unified description of the entire 
rock deformation process (including crack initiation and 
propagation) and rock body movement (including trans-
lation, rotation and interaction), representing a distinct 
improvement over the conventional FEM, DDA and DDD 
methods.

In this study, to improve the deformation results and 
refine the stress distribution within blocks, finite elements 
are introduced into the blocks. Simultaneously, the ability 
of an intact block to fracture is determined by these finite 
elements, i.e., deformable blocks that contain several finite 
elements may split into smaller pieces if the strength crite-
ria are satisfied continuously. The boundaries of damaged 
elements represent newly formed joints, and sliding and 
opening may occur along the new joints, i.e., mechani-
cal interaction is allowed between adjacent blocks. All of 
these enhancements will extend the application range of 
the refined DDD method considerably.

Additionally, the correctness and validity of the pro-
posed method were verified through a series of bench-
mark tests. The stress field, bending deformation, dynamic 
sliding, and strength characteristics and crack propaga-
tion were further analyzed to validate the effectiveness 
of the code. The simulated results were found to be con-
sistent with the analytical solutions, previous studies and 
experimental observations. In conclusion, for the pro-
posed coupled FEM/DDA method, the analysis region was 
modelled using a unified formulation, allowing rock-like 
quasi-brittle materials to transform from continuum into 
discontinuum materials when the failure criteria are trig-
gered in the model. Although many challenges remain, 
the proposed method provides an effective and reliable 
approach for modelling the entire rock failure process with 
satisfactory accuracy.
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