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1  Introduction

The knowledge of in situ stresses is essential for design-
ing underground structures for civil engineering and mining 
applications, developing oil and gas fields and geothermal 
resources, and studying faulting and earthquake mecha-
nisms. Because stress is a tensor, not only it is characterized 
by its orientation and magnitude, but it is also represented by 
an array of components that are functions of the coordinates 
of a space. In situ stresses are typically represented by the 
three principal stresses, S1, S2 and S3, which are mutually 
orthogonal. For practical purposes, it is often assumed that 
the directions of the principal stresses are approximately 
vertical and horizontal. Adopting this connotation, the prin-
cipal stresses are represented by Sv for the vertical stress, 
and SH and Sh for the maximum and minimum horizontal 
stresses, respectively. Throughout this manuscript, the sym-
bol (S) stands for total stress, while the symbol (σ) stands 
for effective stress.

Wellbore wall rock failures such as breakouts and drilling-
induced tensile fractures (DITFs), often detected in acoustic 
or resistivity image logs, have been successfully used as a 
reliable indicator for inferring in situ stress orientations (Bell 
and Gough 1979; Zoback et al. 1985; Haimson and Herrick 
1986; Shamir and Zoback 1992; Brudy and Zoback 1999; 
Chang et al. 2010). The wellbore wall rock failures are sche-
matically illustrated in Fig. 1. Borehole breakouts are dia-
metrically opposed compressive failure zones aligned along 
the Sh direction in a vertical borehole drilled into an isotropic 
and homogeneous rock formation (Bell and Gough 1979; 
Zoback et al. 1985; Haimson and Herrick 1986; Chang et al. 
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2010). In contrast, excessive wellbore pressurization during 
drilling can induce diametrically opposed tensile fractures 
that form along the direction of maximum horizontal stress 
in a vertical borehole (Shamir and Zoback 1992; Brudy and 
Zoback 1999).

The estimation of overburden stress magnitude is rela-
tively easy compared to the horizontal stresses. An over-
burden at a depth of interest can be estimated by integrating 
the density of the overlying rock formation and fluid col-
umn with depth. The minimum horizontal principal stress is 
most conveniently estimated by hydraulic fracturing means 
such as micro-fracture tests on wireline, extended leak-off 
tests during drilling and mini-fracture tests that precede a 
massive hydraulic fracturing stimulation (Haimson 1978; 
Baumgartner and Zoback 1989; Guo et al. 1993; Raaen et al. 
2001; Raaen and Brudy 2001; Haimson and Cornet 2003). 
All these tests inject fluids into an isolated borehole section 
to induce and propagate the fractures in the surrounding rock 
formation. The only difference among the tests is the volume 
of fluid that has been injected or the size of the fracture 
that has been created. The pressure data recorded during 
the tests, particularly during the pressure falloff period, are 
interpreted to obtain the fracture closure pressure. The latter, 
being the fluid pressure recorded instantaneously when the 
fracture closes, is correspondingly the closest approximation 
of the magnitude of the minimum horizontal principal stress.

The magnitude of maximum horizontal stress (SH) is the 
most difficult to quantify because there is no direct measure-
ment method. The commonly applied methods for constrain-
ing the magnitude of SH include hydraulic fracture-based 
models and the stress polygon technique combined with 
wellbore failure analyses (Moos and Zoback 1990; Zoback 

et al. 2003; Hickman and Zoback 2004). In the hydraulic 
fracturing-based method, the maximum horizontal stress 
is estimated from Kirsch’s solution and Terzaghi’s effec-
tive stress law with the assumption that the rock is perfectly 
impermeable (Hubbert and Willis 1957; Haimson  and 
Fairhurst 1967; Haimson and Cornet 2003). Compared to 
other stress determination techniques such as overcoring, 
an important advantage of hydraulic fracturing is that it can 
be used at depths of several thousands of meters below the 
surface. However, its use may be limited at great depths 
because of either of the harsh conditions such as high tem-
perature and pressure (Brudy et al. 1997) or cost-prohibitive 
operations as well as difficulties in ensuring a completely 
non-fluid penetrating condition.

At such great depths, the stress polygon technique com-
bined with wellbore failure analyses may be the only viable 
method that can be used for constraining the maximum hori-
zontal principal stress. The method is based on assumptions 
that one of the principal stresses (S1, S2 and S3) in the crust 
acts in the vertical direction and the others in two orthogonal 
horizontal directions, and the ratio of the maximum to mini-
mum effective principal stress cannot exceed that required 
to cause failure (or slip) on preexisting faults that are opti-
mally oriented in the principal stress field (Moos and Zoback 
1990). If the assumptions are correct, the limiting stress ratio 
can be expressed by the Coulomb failure theory and assum-
ing the cohesion of the fault planes is zero:

where μ is the coefficient of friction of the preexisting weak-
ness plane and Pp is the pore pressure.

The principal stresses in Eq. 1 change depending on stress 
regime (defined by Anderson 1951). Figure 2 illustrates the 
range of allowable horizontal principal stresses for the three 
faulting regimes using Eq. 1. The vertical line 1, which is 
the failure bound for the normal faulting (NF) stress envi-
ronment, constrains the lowest Sh with S1 = Sv and S3 = Sh 
in Eq. 1. The inclined line 2 is the limit of the allowable 
stress states for the strike-slip faulting stress (SSF) field 
with S1 = SH and S3 = Sh. The horizontal line 3 is the great-
est value of SH allowed for the reverse faulting (RF) stress 
environment with S1 = SH and S3 = Sv. The stress states 
below the line of Sh = SH are not permissible because SH is 
greater than Sh. All the stress states allowed in a field are 
bounded within the polygon. The stress polygon becomes 
smaller as the pore pressure increases, while it gets larger 
as μ increases.

To further constrain the possible range of horizontal prin-
cipal stresses, wellbore failures (breakouts and/or DITFs) 
observed in the borehole are used. The line A–A′ in Fig. 2 
represents the stress states at which a breakout with a certain 

(1)
S1 − Pp

S3 − Pp

=
�
√

�2 + 1 + �

�2

Breakout

Sh

Drilling-induced 
tensile fracture

SH

Fig. 1   Schematic drawing of wellbore wall failures in a vertical bore-
hole; breakouts, which are caused by shear failure, form along the 
direction of minimum horizontal principal stress (Sh), and drilling-
induced tensile fractures, which are caused by tensile failure, form 
along the direction of maximum horizontal principal stress (SH)
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width forms at the borehole wall for given rock strength 
parameters (uniaxial compressive strength and internal fric-
tion angle of the rock). Wider breakouts form at the stress 
states above the line, while narrower or no breakouts form 
below the line. The line B–B′ represents the stress states 
at which a tensile fracture is induced at the borehole wall 
given the tensile strength of the rock. Neglecting any thermal 
effects, DITFs do not form below the line but develop at the 
stress states above it. This method has been successfully 
used to characterize in situ stresses in vertical and inclined 
wellbores (Moos and Zoback 1990; Wiprut et al. 1997; 
Brudy and Zoback 1999; Hickman and Zoback 2004; Chang 
et al. 2010). However, using the stress polygon technique to 
constrain the maximum horizontal stress requires knowledge 
of the magnitude of minimum horizontal stress that must be 
determined in advance of the application.

To eliminate the need of the prior knowledge of Sh mag-
nitude, a method that is applicable to arbitrary-oriented 
wellbores to constrain both horizontal principal stresses 
simultaneously was developed (Peska and Zoback 1995; 
Zoback et al. 2003; Schoenball et al. 2016). Unlike the stress 
polygon approach described above that uses the geometry 
(e.g., breakout width) of wellbore wall failures, the method 
uses the circumferential location of wellbore wall failures. 

It is a grid-searching method that computes the difference 
(or misfit) of the circumferential angle between the observed 
and expected locations of wellbore failures for all possible 
stress states defined by a stress polygon and for all possible 
orientations of one horizontal principal stress. An advantage 
of this method is that it does not require information on rock 
strength. However, a limitation of the method is that it is 
only applicable to inclined boreholes because the method 
cannot distinguish between the different stress regimes with 
only the locations of wellbore wall failures.

In this paper, we first briefly describe a statistical 
approach originally proposed by Song et al. (2016) and Song 
and Chang (2017) that can be used in vertical wells to con-
strain the magnitude of both horizontal in situ stresses simul-
taneously using borehole breakout geometry. The applica-
tion of this statistical method is now limited to vertical wells, 
so the description of this study is limited to vertical wells. 
We then extend the method to constrain the in situ stress 
magnitudes in a vertical borehole where field hydraulic frac-
turing tests have been conducted. By comparing the results 
from the statistical approach to that of field measurements, 
we are able to evaluate and validate the applicability and 
performance of the statistical methodology.

2 � Geological Setting and Borehole (TB2) 
Description

The study site is located on the onshore part of the Pohang 
sedimentary basin, which is situated at the southeastern mar-
gin of the Korea Peninsula (Fig. 3). The sedimentary basin 
is a pull-apart basin formed during the back-arc opening, 
started during the early Miocene, of the East Sea (Chough 
et al. 1990; Sohn et al. 2001; Sohn and Son 2004). Dur-
ing the early-to-middle Miocene, the basin was extended 
and filled with shallow-to-deep marine deposits consisting 
mainly of shales and sandstones as the major lithology and 
conglomerates as minor. The basin-filled strata are generally 
dipping at less than 10° toward the East (Song et al. 2015). 
The basement igneous rocks and the overlaid sedimentary 
strata are stratigraphically separated by an unconformity.

The site has been developed at a test bed scale to study, 
in part, fault reactivation by CO2 injection, microseismic-
ity associated with the injection and the potential leakage 
risk of injected CO2 along a reservoir-bounding fault. The 
fault, identified from a 2D seismic survey carried out at the 
site, has a NEE–SWW trend and dips to the NW. A vertical 
borehole near the fault was drilled to a depth of ~ 500 m, and 
a continuous whole core was extracted from the surface to 
the target depth. The borehole was drilled with water with-
out any additives as a drilling fluid. After completion of the 
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Fig. 2   Permissible horizontal principal stresses represented by a 
stress polygon (thick lines). The polygon is constructed using Ander-
son’s faulting theory and the Coulomb failure criterion for a given 
coefficient of friction of a favorably oriented weakness plane, vertical 
stress and pore pressure. The line A–A′ represents a shear failure (i.e., 
breakouts) for a given breakout width and rock strength of an intact 
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given tensile strength of the intact rock
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drilling, a set of wireline borehole geophysical logs were 
run, and some of the logging data are shown in Fig. 4.

Core inspection and gamma ray log indicate that the sedi-
mentary layers become sandier with depth (Fig. 4a). The 
sediments from the surface to ~ 70 m are unconsolidated, 
while shales are dominant from ~ 70 to ~ 300 m. Below 
300 m, the lithology is predominantly sandy shales inter-
bedded intermittently with shaly sandstone layers. Density 
and acoustic velocity increase with depth, but resistivity 
decreases with depth, suggesting that the consolidation of 
the sedimentary strata increases with depth (Fig. 4b–d).

3 � In Situ Stresses Assessed by Field 
Measurements

3.1 � In Situ Stress Orientations

In most geological and geomechanical applications, the 
overburden stress is typically assumed to be vertical. The 
orientation of horizontal in situ stresses, Sh and SH, is typi-
cally constrained in a borehole-based technique by the indi-
cators of stress direction such as borehole breakouts and/or 

drilling-induced tensile fractures (DITFs). These are rock 
failure features that form along the borehole due to high 
stresses arising from stress concentrations around the bore-
hole as a result of replacing the rock column with a lighter 
drilling mud during the drilling process.

When the drilling mud weight is less than the lower 
limit of a safe mud weight window, a pair of diametrically 
opposed compressive failure zones or borehole breakouts 
develop. In a vertical or near-vertical wellbore, these break-
outs form when the stress concentration exceeds the com-
pressive strength of the rock align along the direction of Sh 
(Fig. 1).1 In contrast, when the mud weight is greater than 
the upper limit of the mud window, a pair of diametrically 
opposed tensile failure or drilling-induced fractures occur 
along the SH direction (Fig. 1). These stress direction indi-
cators are typically detected by acoustic or electrical image 
logs run along the borehole while drilling or immediately 
after drilling.

Fault

Inferred Fault

(b) (a)

Fig. 3   a Location map of the study site indicated by the red box. b A geological map of the surrounding area of the study borehole (TB2), 
showing spatial lithology distribution and major fault traces (color figure online)

1  The upper limit of the mud weight window in this context is 
referred to as the fracture initiation pressure.
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As stated earlier, an acoustic borehole televiewer (BHTV) 
was run along the study borehole immediately after the 
drilling (Fig. 5a). We picked the breakouts observed on 
the image and plotted them in Fig. 5b. These breakouts, 
observed from ~ 200 m to the bottom of the hole, show a 
consistent orientation along the borehole. By averaging the 
orientations of the breakouts picked, the direction of the 
minimum horizontal principal stress is approximately 16.7° 
± 8.8° or 196° ± 8.5°. Based on this finding, we infer the 
direction of maximum horizontal stress to be ~ 107° or 287°.

3.2 � In Situ Stress Magnitudes

Along with the orientations of the three principal stresses, 
a complete characterization of the in  situ stress tensor 
requires the determination of the stress magnitudes includ-
ing pore pressure. The overburden stress is the weight of 
overlying rock formations and fluids acting vertically at 
a depth and is typically obtained by integrating the bulk 
density log. As shown in Fig. 4, a bulk density log is avail-
able, and cumulatively adding the weights of the overlying 
fluid-saturated rock formations generates a profile of vertical 

stress along the study borehole. The total estimated vertical 
stress is shown in Fig. 6, and its gradient is approximately 
17.90 MPa/km.

Pore pressure, an important component of the geome-
chanical model, is assumed to be hydrostatic in this study. 
This determination is partly based on the lack of particular 
overpressure signatures from the resistivity and acoustic 
logs (i.e., a decrease in resistivity and acoustic velocity with 
depth, Fig. 4), and an absence of overpressured indicators 
such as kicks during drilling.

To measure the magnitude of minimum horizontal prin-
cipal stress (Sh), a series of hydraulic fracturing (HF) tests 
were carried out at several depths along the study borehole. 
One advantage of the hydraulic fracturing method in meas-
uring rock stress is that it provides a relatively reliable value 
of the magnitude of Sh at great depths due to a fairly large 
rock volume sampled. This capability makes the method ide-
ally suited for routine measurements of the principal stress 
at shallow-to-deep depths. In contrast, all the other stress 
measurement techniques (e.g., borehole relief methods such 
as overcoring) are limited to depths of a few hundred meters 
from the surface and involve only a relatively small rock 
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Fig. 4   Wireline-conveyed geophysical borehole logs recorded along the study borehole (TB2). GR is the gamma ray and Vp is the P-wave veloc-
ity
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volume (Fairhurst 2003; Haimson and Cornet 2003; Ljun-
ggren et al. 2003).

Prior to the tests, an acoustic borehole televiewer (BHTV) 
image log was run to select depth intervals of intact forma-
tions where the HF tests were then conducted. A relog of the 
interval was also performed to compare pre- and post-frac-
turing image logs and identify the induced hydro-fractures. 
Additionally, whole cores were thoroughly investigated to 
aid in the test interval selection. These pretest exercises 
resulted in the selection of seven depth locations (75.0, 
133.0, 181.3, 242.5, 292.5, 324.5 and 368.0 m) for the in situ 
hydraulic fracturing tests.

Field hydraulic fracturing tests were carried out in each of 
the selected depth intervals, during which fluid pressure in 
the test interval and flow rate were monitored and recorded 
(Fig. 7a). Figure 7b shows hydro-fractures induced at the 

selected depth of ~ 242 m in the borehole. The induced HFs 
are subvertical, suggesting that one of the principal stresses 
is nearly vertical at the site. The falloff portion of pres-
sure–time curves was analyzed to estimate the instantane-
ous fluid pressure in the fracture when the fracture closed 
(Pc), which is equivalent to the normal compressive stress 
(Sh) acting on the vertical fracture plane. In many cases, the 
pressure decline after pump shut-off is gradual and Pc often-
times may not be distinct. Consequently, a certain amount of 
interpretation is involved in analyzing the pressure decline 
curves to identify the closure pressure. Several graphical 
interpretation methods have been proposed and used to esti-
mate Pc from the pressure–time curves (Gronseth and Kry 
1983; Enever and Chopra 1986; Doe et al. 1983: Zoback 
and Haimson 1982). Although considered to be subjective, 
the graphical interpretation techniques provide a reasonable 

Fig. 5   a Acoustic image of 
the borehole recorded in a 
televiewer run immediately 
after completion of drilling. 
Breakouts appear as a pair of 
dark vertical bands that are dia-
metrically opposed. b Orienta-
tions of breakouts (BOs) and 
hydraulic fractures (HFs) picked 
from the acoustic images taken 
along the wellbore. Breakouts 
are fairly consistently oriented 
along the borehole in the direc-
tion of 16.7° ± 8.8° and 196.5° 
± 8.5°. Hydraulic fractures are 
formed approximately 90° from 
the breakout orientation
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approximation of Pc in many cases, albeit uncertainties 
remain in the interpretation of the pressure data. In an effort 
to reduce subjectivity in the determination of Pc, Lee and 
Haimson (1989) suggested a statistical approach.

In this study, we employed the bilinear pressure decay 
method (Fig. 8a) proposed by Lee and Haimson (1989) to 
determine Pc from the pressure decline records. The clo-
sure pressures estimated using the method are plotted against 
pressurization cycles as shown in Fig. 8b. Except at two 
depth intervals (181 and 242 m), closure pressures in gen-
eral gradually decreased and then stabilized with the number 
of pressurization cycles. The same phenomenon of closure 
pressures decrease with sequential cycles had also been 
observed in other works (Gronseth and Kry 1983; Baum-
gartner and Zoback 1989; Lee 1991; Chang et al. 2013). This 
phenomenon can be attributed to several reasons. A main 
reason among them is that the fractures induced in the first 
cycle did not extend far beyond the stress concentration zone 
around the borehole (Fig. 9). With repeating pressurization 
cycles, the fractures continued to propagate further into the 
rock formation and eventually extended far enough from 
the borehole to fully sense the in situ least principal stress 
acting normal to the fracture planes (Fig. 9, Gronseth and 

Kry 1983). Another plausible reason is that as the fracture 
extended, its normal stiffness was reduced (Baumgartner and 
Zoback 1989) and a lower fluid pressure was required to 
keep the fracture open.

To arrive at the best estimation of the least horizontal 
principal stress from the closure pressures estimated at the 
different pressurization cycles, Gronseth and Kry (1983) 
took the minimum value of the closure pressures. On the 
other hand, Baumgartner and Zoback (1989), Lee (1991) 
and Chang et al. (2013) averaged the closure pressures from 
the multiple pressurization cycles and used the average value 
as the best estimation of the Sh. In this study, the estimated 
closure pressures remained relatively constant throughout 
the pressurization cycles (Fig. 8b). This indicates that the 
fractures induced in the first cycle have extended beyond the 
stress concentration region around the borehole. With this 
in mind, we took the averaged value of the closure pressures 
from multiple cycles as Sh. The profile of the least horizontal 
principal stress determined in this way is shown in Fig. 6. 
The average total Sh gradient and the ratio of Sh to Sv are 
approximately 15.67 MPa/km and 0.875, respectively.

The magnitude of maximum horizontal stress (SH) is the 
most difficult to quantify because there is no direct meas-
urement method. To the author’s knowledge, there are two 
conventional HF criteria to establish equations between the 
breakdown pressure (Pb) and in situ horizontal stresses. 
One (H–W criterion, Eq. 2) is based on elastic theory for 
impermeable rock formations (Hubbert and Willis 1957). 
The estimation of SH magnitude in a perfectly impermeable 
elastic formation is typically made using the well-known 
Kirsch’s solution applied to a vertical borehole. Hubbert and 
Willis (1957) proposed using the fracture initiation equation 
(Eq. 2), which is based on Kirsch’s solution and Terzaghi’s 
effective stress law:

where Pb is the fracture initiation pressure and T is the ten-
sile strength of the rock. The other (H–F criterion, Eq. 3) 
is based on poroelastic theory for permeable formations 
(Haimson and Fairhurst 1967). The poroelastic stress 
induced by fluid flow into surrounding rocks is considered 
in the H–F criterion:

where α is the Biot’s coefficient and ν is the Poisson’s ratio.
The estimation of total SH using Eqs. 2 and 3 requires 

that the closure pressure (Pc = Sh), the fracture initiation 
pressure, and the tensile strength and other properties of 
the rock are known a priori. The fracture initiation pres-
sure is relatively easy to determine from the first pressuriza-
tion cycle. However, the tensile strength of rock, measured 
by conducting either hollow cylinder tests, direct tension 

(2)SH = 3Sh − Pb − Pp + T

(3)Pb − Pp =
T + 3Sh − SH − 2Pp
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Fig. 6   A profile of in situ stresses (Sv = vertical stress, SH = maxi-
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pressure) as a function of depth along the study borehole. μ is the 
friction coefficient of faults



786	 H. Lee, S. H. Ong 

1 3

tests or Brazilian tests when cores are available, is known 
to be loading (or pressurization) rate- and hole size-depend-
ent (Haimson and Zhao 1991; Schmitt and Zoback 1992; 
Yamashita et al. 2010; Chang et al. 2013; Jensen 2016).

Due to the uncertainty associated with pressure rate and 
borehole size dependency in the determination of the ten-
sile strength of rock, it is sometimes preferable to use the 
fracture reopening pressure for the stress computations. Bre-
dehoeft et al. (1976) proposed using the fracture reopening 
pressure equation (Eq. 4) to estimate SH:

where Pr is the reopening pressure. We employed the equa-
tion proposed by Bredehoeft et al. (1976) (Eq. 4) to estimate 

(4)SH = 3Sh − Pr − Pp

the total maximum horizontal principal stress. From Eq. 4, 
the key pressure parameters required are the closure and 
fracture reopening pressures. The latter was determined from 
the second or third pressurization cycle by plotting pressure 
versus cumulative injected volume and using the graphical 
technique as shown in Fig. 8c. The estimated total SH magni-
tudes at all the test stations are plotted as a function of depth 
as shown in Fig. 6. The average total SH gradient and the 
ratio of SH to Sv are 19.74 MPa/km and approximately 1.10, 
respectively. The relative magnitude of the three principal 
stresses determined indicates that the stress regime at the 
study site is of strike-slip faulting (SH > Sv > Sh).

Fig. 7   a Pressure versus time 
and flow rate versus time plots 
recorded during the hydraulic 
fracturing tests at 181 m depth. 
Pb is the breakdown pressure, 
Pr is the reopening pressure, 
and Pc is the closure pressure. b 
Images of an acoustic borehole 
televiewer taken before (left) 
and after (middle) the field 
hydraulic fracturing tests, and 
the trace of the induced frac-
tures (right)
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4 � In Situ Stress Characterization by Stochastic 
Analysis

4.1 � Methodology

Wellbore wall rock failures such as breakouts and DITFs 
have been used to indirectly constrain the magnitudes of 
both horizontal principal stresses (Sh and SH) in vertical 
and inclined boreholes (Moos and Zoback 1990; Peska 
and Zoback 1995; Wiprut et al. 1997; Zoback et al. 2003). 
One of the approaches uses the stress polygon combined 
with wellbore failure features (Moos and Zoback 1990; 
Zoback et al. 2003). In this technique, a stress polygon, 
constructed using Anderson’s faulting classifications and 
Coulomb’s failure criterion (τ = μσn, cohesion is assumed 
to be zero) for given a coefficient of friction of the preex-
isting planes of weakness (μ), overburden stress and pore 
pressure, represents a range of possible in situ stress states 
at great depths. The coefficient of friction of preexisting 
weakness plane ranges from 0.6 to 0.85 (Byerlee 1978). 
The stress polygons as shown in Fig. 10a and b are built 
with a friction coefficient (μ) of 0.6, an overburden stress 
(Sv) of 35.7 MPa and a pore pressure (Pp) of 20.7 MPa. 
Depending on the in situ stress regime in the field, Fig. 10a 
and b indicates that the possible range of in situ stresses 
(Sh and SH) is limited by the stress polygon for this vertical 
well. In other words, a state of stress outside the polygon 
is not feasible because faulting will occur prior to reaching 
the stress level, and the release of the accumulated energy 
will return the state of stress to within the polygon.

By combining observations of wellbore failures and 
rock strength data with their uncertainties, the horizontal 
principal stresses can be further constrained. The shear 
wellbore failure analysis is carried out with the Coulomb 
failure criterion or others. Here we employ the Cou-
lomb criterion. For example, if only borehole breakouts 
are observed in a vertical borehole drilled in an area of 
a strike-slip faulting stress regime, the possible magni-
tudes of horizontal principal stresses are limited within 
the zone indicated by the hatched polygon ABCD in 
Fig. 10a. (The dashed and solid lines in Fig. 10a are con-
structed with a breakout width, θb = 50°, a wellbore pres-
sure, Pm = 24.8 MPa, unconfined compressive strength 
of the rock, Co = 17.7–23.7 MPa, and internal friction 
angle of the intact rock, ϕ = 25°.) Increasing the well-
bore pressure (Pm) from 24.8 to 29.0 MPa while keeping 
the other parameters unchanged results in the shift of the 
failure lines (see the dashed and solid lines located above 
the previous lines, Fig. 10a). The shifted lines have the 
same slope, but the region of possible stress states (the 
doted polygon EFGH) is narrower than the previous one. 
This is because increasing the wellbore pressure causes 
an increase in the effective radial stress, σrr = ΔP (= Pm 
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− Pp), and hence the rock strength as well as a reduction 
in the effective tangential stress, all of which contribute to 
limiting the formation of breakouts. Thus, for breakouts 
with the same width (θb = 50°) to be developed, the hori-
zontal stress anisotropy must be increased.

If only drilling-induced tensile fractures are observed 
at the same depth in the borehole, the horizontal principal 
stresses are confined within the hatched polygon A′B′C′D′ 
in Fig. 10b. (The dashed and solid lines in Fig. 10b are con-
structed with a wellbore pressure, Pm = 24.8 MPa, and the 
tensile strength of the rock is assumed to range from 0 to 
10 MPa.) The tensile failure analysis is carried out with 
Eq. 2. Again, increasing the wellbore pressure from 24.8 
to 29.0 MPa shifts the two failure lines downward but with 
their slopes maintained. As in the case of breakouts, the 
region of possible stress states (the dotted polygon E′F′G′H′) 
becomes narrower, indicating that the increase in effective 
radial stress by increasing the wellbore pressure reduces the 
effective tangential stress. This reduction in tangential stress 
translates into a lower horizontal stress anisotropy which is 
required to cause DITFs at the borehole wall.

In both cases (Fig. 10a, b), knowledge of the magnitude 
of the least horizontal stress (Sh) in advance from field meas-
urements such as extended leak-off tests (XLOT) and/or 
wireline-conveyed micro-fracture tests would significantly 
reduce the possible range of the maximum horizontal stress 
state. Conversely, if the magnitude of the minimum hori-
zontal stress is not known a priori, the wide range of pos-
sible stress values, as shown in Fig. 10a, b, would make 
constraining the stress magnitudes difficult in the vertical 
wellbore. This is illustrated in Fig. 10c. It shows the vari-
ation of tangential stress (σθθ) as a function of the circum-
ferential angle (θ measured from Sh) around the borehole. 
C* [= Co + �3 tan

2 (�∕4 + �∕2)] is the threshold effective 
stress above which rock failure (i.e., breakout) will occur 
(Zoback et al. 1985). For the given rock strength prop-
erties (Co = 20.7 MPa and ϕ = 25°) and using the same 
overburden, pore pressure and wellbore pressure as shown 
in Fig. 10a, the sinusoidal curves shown in Fig. 10c are 
constructed by varying only the values of the two hori-
zontal principal stresses. It is theorized that when the tan-
gential stress exceeds C*, borehole wall failure, i.e., the 
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development of breakouts will occur. From Fig. 10c, we note 
that all the stress states used in the simulation produce the 
same breakout width of θb = 50°, suggesting there can be 
many combinations of minimum and maximum horizontal 
stresses to generate the same failure characteristics for the 
vertical well. In other words, any combination of minimum 
and maximum horizontal stresses within the polygon ABCD 
is a possible stress state that satisfies the given failure condi-
tion. This non-uniqueness of the solution renders the estima-
tion of horizontal principal stresses difficult in a vertical well 
without additional information on Sh.

To overcome the need of knowing the Sh magnitude from 
field measurements in advance when constraining the SH 
using the standard stress polygon method, Song et al. (2016) 
and Song and Chang (2017) developed a statistical method-
ology from which the minimum and maximum horizontal 
principal stresses (Sh and SH) are simultaneously estimated 
in vertical wellbores. In this paper and for brevity, we only 
briefly discuss the methodology. For details on the meth-
odology, the papers by Song et al. (2016) and Song and 
Chang (2017) should be referred. A few assumptions are 
made in the statistical method including vertical principal 
stress, homogeneous, isotropic and linear elastic rock forma-
tions, and the Earth crust is in equilibrium conditions; in situ 
stresses do not exceed the frictional strength of preexisting 
weakness planes (e.g., fault).

In the statistical analysis, the entire depth of the borehole 
along which breakouts have developed is first subdivided 
into several intervals. For each of the depth intervals, a sta-
tistical analysis is performed to estimate the magnitudes 
of both horizontal principal stresses. Figure 11 shows a 
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Fig. 10   a Stress polygon that is constructed with Sv  =  35.17  MPa, 
Pp  =  20.7  MPa and the coefficient of friction of an optimally ori-
ented fault plane (μ  =  0.6). The shear failure lines that define the 
range (hatched polygon ABCD) of possible magnitudes of Sh and 
SH are for the case of breakouts (breakout width, θb = 50°) observed 
at a specific depth of a vertical borehole having a wellbore pressure 
(Pm)  =  24.8  MPa, and with an intact rock having Biot’s coefficient 
(α)  =  1.0, uniaxial compressive strength (Co)  =  20.7 ± 3  MPa and 
internal friction angle (ϕ) = 25°. Increasing Pm to 29 MPa but keep-
ing other parameters results in the shift of the failure lines upward 
indicated by the doted polygon EFGH. b The tensile failure lines that 
define the range (hatched polygon A′B′C′D′) of possible magnitudes 
of Sh and SH are for the case of drilling-induced tensile fractures 
(DITFs) drawn with tensile strengths of 0 and 10 MPa together with 
the stress and pressure inputs used in (a). Increasing Pm to 29 MPa 
but keeping other parameters shifts the failure lines downward indi-
cated by the doted polygon E′F′G′H′. c Variations of tangential 
stresses at the borehole wall as a function of circumferential angle (θ) 
by varying Sh and SH but using the same Sv, Pp and Pm as 10a. Com-
pressive failure (i.e., breakouts) will occur over the θb at the borehole 
wall where the tangential stress (σθθ) is greater than the rock strength, 
C*[= C

o
+ �

3
tan

2(�∕4 + �∕2)]. The rock strength parameters used 
are Co = 20.7 MPa and ϕ = 25°. All the stress states (SH and Sh) used 
yield the same breakout width of θb  =  50°, suggesting non-unique-
ness in estimating SH and Sh

▸
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flowchart describing the methodology. In short, it is a grid-
searching technique in which a series of wellbore failure 
analyses are performed with a given set of Sh and SH, and 
the solution is obtained when the lowest misfit between 
the observed and simulated breakout height as a function 
of breakout width is attained. The method requires the 
input of many geomechanical parameters including vertical 
principal stress (Sv), pore pressure (Pp), wellbore pressure 
(Pm), acoustic log (for continuous profiling of rock strength 
parameters along the borehole), rock strength parameters 
from laboratory measurements (uniaxial compressive 
strength, Co, and internal friction angle, ϕ; for calibrating 
log-based rock strength parameters), breakout width (θb) and 
breakout height (depth-related elongation of breakout width 
along the wellbore) observed from an image log.

The vertical stress (Sv), pore pressure (Pp) and well-
bore pressure (Pm) used in the analysis are referenced at 
the middle of each depth section. In addition, a profile of 
uniaxial compressive strength along each depth interval is 
required. The uniaxial compressive strength is estimated 
using an empirical equation that relates Co to acoustic veloc-
ity, and is calibrated against laboratory core measurements 
(Chang et al. 2006). Figure 12a shows a histogram of pre-
dicted uniaxial compressive strengths for the depth interval 
350–380 m, which is one of the nine 30-m subsections (see 
Sect. 4.2). The rock strengths range from 8 to 18 MPa with 
an average of ~ 11 MPa. The variation of the predicted rock 
strength has been approximated by a lognormal probability 
density function to account for its skewness, and by inte-
grating the lognormal probability distribution function, a 
cumulative density function of Co is obtained (Fig. 12a).

Figure 12b shows the distribution of breakout heights 
(depth-related elongation of breakout width along the bore-
hole) observed on the image log along the depth interval 
of 350–380 m, as a function of breakout angle (θB = 90° 
− half of the breakout width). A cumulative distribution 
of the heights of breakouts as a function of θB is obtained 
and then compared with the height distribution of simulated 
breakouts (Fig. 12c).

For a given set of Sh and SH, the tangential stress at a point 
located at an angle θB away from the direction of maximum 
horizontal principal stress is calculated. Using the Coulomb 
failure criterion, the compressive strength (Co*) required 
to cause shear failure (i.e., breakout) at the point is then 
calculated. The Coulomb failure criterion is expressed: 
�1 = Co + �3 tan

2(�∕4 + �∕2).  Replacing (σ1  =  σθθ, 
σ3 = σrr and Co = Co*) and rearranging the criterion gives 
C
∗
o
= ��� − �rr tan

2(�∕4 + �∕2) at which shear failure occurs 
at the circumferential location. This is followed by establish-
ing a cumulative probability of the calculated Co* from the 
cumulative probability function obtained for the uniaxial 
compressive strength (Co) estimated using an acoustic-based 
empirical relation. The same calculation is repeated with a 
1° increment in θB, and the calculation cycle continues to 
the point where no breakout is observed or when θB = 90°.

When the computation cycle is completed, the cumula-
tive probability of the calculated Co* is scaled the break-
out height by multiplying the cumulative probability by the 
depth interval along which breakouts are formed to obtain 
a cumulative height function of simulated breakouts as a 
function of θB as shown in Fig. 12c (see the curves). Subse-
quently, comparing the cumulative breakout height distribu-
tion of simulated and observed breakouts as a function of θB 
gives an error (or misfit) that is the difference between the 
two functions. The calculation then moves to a next value of 
SH and Sh, and this grid-searching continues until the com-
putation loop has been completed for the preset values of 
Sh and SH.
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Fig. 11   Flowchart illustrating the statistical method of constraining 
the two horizontal principal stresses simultaneously
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Fig. 12   a Histogram of uniaxial compressive strengths (Co) pre-
dicted for the depth interval of 350–380 m using an acoustic veloc-
ity-based empirical relation, and the normal and cumulative prob-
ability distribution functions representing the variations of the 
strength parameter. b Borehole breakout heights as a function of θB 
(= 90° − 1/2 θb, measured from the SH direction) observed along the 

depth interval of 350–380 m. c Cumulative height of observed break-
outs (histogram) and simulated breakouts (curves) as a function of θB. 
d Variation of misfits as a function of numerical searches for the case 
in which Sh is kept constant at 5.5 MPa, while SH is varied at an incre-
ment of 0.2 MPa. The misfit is the difference between the cumulative 
height of simulated and observed breakouts shown in (c)
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Figure 12d shows a result of such a calculation in which 
Sh is fixed at a constant value of 6.4 MPa, but SH is varied 
by 0.15 MPa increments in each trial. A total of 20 searches 
were made. The result shows that the misfit (or error) varies 
with trials. By having a sufficiently large number of Sh and 
SH sampling sets, a matrix of misfits can be generated, and 
the set of Sh and SH giving the lowest misfit is the best-fit 
solution.

4.2 � In Situ Stress Magnitudes Estimated 
by the Statistical Approach

Using the proposed statistical method, we attempted to esti-
mate the magnitudes of in situ horizontal principal stresses 
along the study borehole where field stress measurements 
were carried out with a series of hydraulic fracturing tests. 
The results from the statistical approach are then compared 
to the field measurements. For the statistical analysis, we 
first divided the entire depth of the borehole (from 200 m 
to the target depth where breakouts formed) into subin-
tervals at 30-m-deep intervals (i.e., 200–230, 230–260, 
260–290, 290–320, 320–350, 350–380, 380–410, 410–440, 
440–470 m). A total of nine subsections were defined, 
but one subsection (410–440 m) was discarded due to the 
absence of breakouts along the depth interval.

The required inputs that are derived from various sources 
include vertical principal stress, pore pressure, break-
out width, breakout height along the borehole and rock 
strength parameters. The vertical stress and pore pressure 
are obtained from the stress profiles shown in Fig. 6 and 
are referenced to the mid-depth of each subsection as an 
average value for the depth interval. The width and height 
of breakouts are obtained from an image log recorded by a 
BHTV. Figure 12b shows an example of the distribution of 
breakout heights against breakout widths measured along 
the depth interval of 350–380 m.

Although the estimation of the aforementioned input 
parameters is relatively straightforward, characterizing a 
continuous profile of rock strength parameters (i.e., uniaxial 
compressive strength and internal friction angle) along the 
borehole is probably the most challenging. This is because 
the rock type along the borehole changes with depths at a 
scale from a few tenths of a centimeter to a few meters. Even 
within the same lithology, the mineral composition, grain 
size, porosity and other rock micro-characteristics can vary, 
which can ultimately result in different mechanical proper-
ties. Due to the scale differences, it is common practice in 
the petroleum industry to predict rock strength parameters, 
which are required for wellbore stability analyses along a 
deep borehole drilled in a sedimentary basin, using empiri-
cal relations between rock strength parameters and wellbore 
geophysical logs (e.g., acoustic velocity) (Chang et al. 2006). 
The estimated rock strength parameters are then calibrated, 

if available, against core measurements, which is important 
to account for the local conditions (e.g., different shale types, 
geographic locations).

An acoustic velocity log is available in the study borehole 
for such a prediction (Fig. 4). In addition, cores from the 
surface to the target depth were available for material tests. 
Laboratory core measurements (i.e., unconfined compres-
sion test) were conducted on fully saturated shale samples 
that were cut and sealed soon after extracting cores from 
the borehole to maintain their in situ saturation, and then 
immediately transported to the laboratory. Figure 13 shows 
core measurements and their relevant empirical relations. 
Open circles represent the core measurements done in this 
study, and cross marks are from Horsrud (2001). As seen, 
the core measurements of this study fit well to those from 
Horsrud (2001) and can be reasonably predicted with the 
Horsrud’s empirical relation (solid line). This agreement is 
impressive in spite of the difference in geographic location, 
suggesting that Horsrud’s relationship can be applied to esti-
mate the rock strength in this study. A relationship similar to 
Horsrud’s is the global relation (dotted line), which appears 
perhaps to also be usable, but would slightly overestimate 
the rock strength as shown.

Fig. 13   Unconfined compressive strength (Co) measurements vs. 
acoustic velocity (Vp) and empirical relationships relating Co to Vp. 
Open circles represent Co measured on cores extracted from this 
study borehole and Vp measured with acoustic logging at the depth of 
the study borehole where the tested cores are extracted. The broken 
line represents the empirical equation established based on the uncon-
fined compressive strengths measured in this study. Cross marks rep-
resent Co and Vp measured on cores mainly from the North Sea. The 
solid line represents the empirical relationship proposed by Horsrud 
(2001) based on his core measurements. A global relationship (dotted 
line) is also shown as a reference (see Table 2 in Chang et al. 2006)
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On the other hand, the empirical relationship (broken 
line) established based only on the core measurements of this 
study appears to be very different from the other relations. It 
is because the Vp range of the tested cores (2.1–2.7 km/s) is 
relatively narrow in this study compared to that of Horsrud 
(2001). This suggests that the relation would work well 
within the Vp range of the tested cores, but not outside 
of it. In particular, the rock strength would be extremely 
overestimated in the Vp range greater than ~ 2.7 km/s. This 
would limit the application of the empirical equation over 
the entire depth of the study borehole along which the Vp 
varies between 1.5 and 3.5 km/s (Fig. 4b).

Horsrud’s empirical relation was originally established 
with core measurements on mostly high porosity tertiary 
shales mainly from the North Sea. Being conscious of the 
large natural variation of shale properties and constituents, 
one must exert some care when using a relation developed 
for a different geographic location. A validation of such an 
application in a different geological setting can be obtained 
through testing of the relation. It is necessary to fully test the 
relation against core measurements, but we just have made 

the comparison here as our best due to the given data meas-
ured over the relatively narrow range of Vp. Due to the limi-
tation and the best performance of Horsrud’s relation among 
the multiple choices available for determining rock strength 
parameters from well logs (Chang et al. 2006), we selected 
the Horsrud’s (2001) relation to obtain the range of uni-
axial compressive strengths along the borehole (Fig. 14a). 
The estimated unconfined compressive strength increases 
approximately linearly with depth, indicating a normal com-
paction of the sedimentary rocks. The strength varies within 
the range of ~ 5 to ~ 17 MPa, and the depth-related or verti-
cal variations suggest that the properties of rock formation 
are changing with depth (Fig. 14a). Uniaxial compressive 
strengths from core measurement are replotted in Fig. 14a 
as open circles, and comparison between the core-based and 
log-based uniaxial compressive strengths shows that Co pre-
diction using the empirical relation agreed reasonably well 
with the physical measurements.

In addition to uniaxial compressive strength, an inter-
nal friction angle (ϕ) is also required as another strength 
parameter for the statistical approach. We used the empirical 

Fig. 14   a Profiles of uniaxial 
compressive strength (Co, line) 
established from the Horsrud 
(2001) empirical relation and 
core measurements (open 
circles), showing a relatively 
good agreement between the 
two independent derivations. 
The predicted Co approximately 
increases linearly with depth 
and vertically varies within a 
range of 6–13 MPa, indicating 
lithology changes. b Profile of 
internal friction angle (ϕ) esti-
mated using the acoustic-based 
empirical relation proposed by 
Lal (1999), and the variation is 
between 20° and 30°

0

100

200

300

400

500
0 5 10 15 20 25 30 35 40

D
ep

th
(m

)

(a)

Co (MPa)

D
ep

th
 (m

)
10 15 20 25 30 35 40

0

100

200

300

400

500

Internal friction angle (deg)

(b)



794	 H. Lee, S. H. Ong 

1 3

relation proposed for shaly formations by Lal (1999) to 
estimate the variation of the internal friction angle with 
depth as shown in Fig. 14b. The internal friction angle of 
the rock varies mostly between 20° and 30°, and this range 
is typical for unconsolidated or poorly consolidated weak 
shales (Chang et al. 2006). Similar to uniaxial compressive 
strength, the log-based internal friction angle estimation 
must also be calibrated against laboratory measurements. 
However, the calibration was not carried out because triaxial 
test data were not available.

Nonetheless, from the Coulomb failure criterion 
[�1 = Co + �3 tan

2(�∕4 + �∕2)], we note that the influence 
of the internal friction angle on the additional strength may 
not be significant in a case in which the borehole pressure 
(Pm) is close to hydrostatic. As stated, the study borehole 
was drilled with water so that the Pm is close to hydrostatic 
and is almost balanced with the formation pressure (Pp) 
which is also hydrostatic (Fig. 6), i.e., Pm ≈ Pp. In such a 
case, the effective borehole radial stress acting at the bore-
hole wall, which is a principal stress, is considerably lower 
or perhaps close to zero (i.e., σrr = σ3 = Pm − α Pp ≈ 0, 
where α is Biot’s coefficient and is often assumed to be 1.0 
for unconsolidated formations). Thus, the effect of uncer-
tainty in the internal friction angle caused by no calibra-
tion is much less significant than the uncertainty of Co. In 
other words, when the effective radial stress is close to zero 
(σrr = σ3 ≈ 0), a small uncertainty in the ϕ compared to that 
of Co that is relatively much larger does not significantly 
affect the overall rock strength as indicated by the Coulomb 
criterion. Based on this argument, we chose a constant inter-
nal friction angle of 25° for the entire depth interval in the 
analysis.

Using the statistical methodology and for the given input 
parameters described above, we estimated Sh and SH for each 
subsection. An example of the result from the statistical 
analysis (i.e., grid-searching algorithm) conducted for sub-
section 350–380 m is shown in Fig. 15. Figure 15a shows a 
contour of misfits generated from numerical trials for all the 
preset values of Sh and SH within the stress polygon defined 
by μ = 0.6, Sv = 6.53 MPa and Pp = 3.58 MPa. The misfit is 
the difference between the observed and simulated cumula-
tive breakout heights as a function of θB (= 90° − half of 
breakout width). Numerical trials, for example, carried out 
along line A–A′ of Fig. 15a are shown in Fig. 12c and d. Sh 
is fixed at ~ 6.4 MPa (along the line), but SH is changed for 
each simulation. The simulated cumulative breakout height 
(i.e., curves in Fig. 12c) at the sixth trial of a total of 20 
simulations is the best matched and agrees well with the 
observed one (i.e., histogram) (Fig. 12c). This is also illus-
trated in Fig. 12d as the misfit at the sixth trial is the lowest 
among the 20 simulations. The simulation is repeated with 
different fixed values of Sh but varying SH at each fixed Sh 
value over the entire stress polygon. Misfits for all sets of 

Sh and SH within the polygon are obtained, and a set of Sh 
and SH with the lowest misfit is identified. The cooler color 
(blue) represents a relatively small misfit. The white dot in 
Fig. 15a represents the optimum set of Sh and SH values that 
yield the lowest misfit (equivalent to that of the sixth trial in 
Fig. 12c and d), meaning at the optimum set of horizontal 
principal stresses, the cumulative density function of simu-
lated breakout heights as a function of θB is in best agree-
ment with the observed ones (Fig. 15b). Figure 15c shows an 
expanded or close-up view of the box indicated in Fig. 15b.

A compilation of the results of statistical analyses that 
yield the best sets of Sh and SH for the individual subsec-
tions is shown in Fig. 16. As with the case of the hydraulic 
fracturing tests, the stress state at the study site derived from 
the statistical approach is a strike-slip faulting regime. The 
average gradients of horizontal principal stresses estimated 
by the statistical approach generally agreed well with those 
estimated by the hydraulic fracturing stress measurements. 
The average gradient of Sh from the statistical approach is 
15.91 MPa/km, which is in good agreement, albeit slightly 
higher than the Sh gradient of 15.67 MPa/km measured by 
field hydraulic fracturing tests. On the other hand, the aver-
age gradient of SH estimated from the statistical approach is 
19.74 MPa/km, which is slightly higher than the hydraulic 
fracturing estimation of 20.43 MPa/km.

The discrepancy in the SH gradient between the two meth-
ods is attributed to the one “outlier” that overestimate the SH 
magnitudes at the subsection 200–230 m. In the statistical 
analysis, the magnitudes of horizontal principal stresses are 
strongly dependent on rock strength parameters, particularly 
the uniaxial compressive strength. The high SH magnitudes 
in the subsections of interest appear to be related to the 
overestimation in the uniaxial compressive strength. These 
higher-than-expected SH values also indicate that a correct 
estimation of the rock strength is critical for the accuracy of 
stress quantification using the statistical approach. Never-
theless, the horizontal principal stress estimations using the 
statistical methodology correspond fairly well to the field 
measurements, suggesting that the statistical approach can 
be a viable method for in situ stress characterization in verti-
cal wells.

5 � Discussion

We attempted a statistical approach to concurrently estimate 
the magnitude of both horizontal principal stresses (SH and 
Sh). In the statistical method, to consider the full range of 
possible stress states in the field, we constructed a stress 
polygon using Eq. 1 that represents the possible range of Sh 
and SH defined by a coefficient of sliding friction, μ = 0.6, 
vertical stress (Sv) and pore pressure (Pp). A regularly spac-
ing grid parallel to the Sh and SH axes was put on the stress 
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polygon, and then, the stress states at the intersecting grid 
points within the polygon were sampled. All the sampled 
stress states were then used in the statistical method.

Compared to the stress polygon technique, the statisti-
cal method has the advantage that principally it does not 
require the knowledge of the Sh magnitude in advance. From 
Fig. 10a, we noted the possible range of horizontal stresses 

Fig. 15   a Estimations of hori-
zontal principal stresses using 
the statistical analysis for the 
depth interval of 350–380 m. b 
Cumulative density function of 
observed and simulated break-
out heights for the horizontal 
principal stresses that have the 
lowest misfit indicated by the 
white dot on (a). c Close-up 
view of the boxed area on (b)
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is represented within the polygon ABCD for the given input 
parameters from a vertical well. Within the polygon, there 
are theoretically a wide range of combinations of horizontal 
principal stresses that can yield the same failure features 
(e.g., breakout width) for the prescribed range of input rock 
strengths. In addition, the possible spread of minimum 
horizontal stress is fairly wide, ranging from 0.32 to 1.0 

of Sv compared to the Sv-normalized maximum horizontal 
stresses. For this reason, the minimum horizontal principal 
stress in general must be known in advance to reduce the 
uncertainty when using the stress polygon technique to con-
strain the maximum horizontal principal stress.

In contrast, as shown in Fig. 15a, the statistical method 
uses the combinations of possible horizontal stresses within 
the stress polygon by means of the grid-searching technique 
to identify a combination that has the lowest misfit in width 
and height between the observed and simulated breakouts 
(Fig. 15a). Essentially, the approach estimates the minimum 
and maximum horizontal principal stresses simultaneously; 
in that sense, the information on minimum horizontal stress 
is theoretically not required in advance. However, the knowl-
edge of the minimum horizontal stress serves as a means to 
validate the accuracy of the principal stresses estimated from 
the statistical method.

Fundamentally, a good-quality data set is essential in 
the statistical method. It is known that the widths of break-
outs in competent rocks do not change with time, whereas 
the width of breakouts in weak muddy sedimentary rocks 
can widen with time (Moore et al. 2011). Care should be 
exercised in cases where the width of breakouts formed in 
such formations is used for characterizing in situ stresses. 
The use of a breakout width wider than that caused by a 
stress-induced failure will result in an overestimation of the 
maximum horizontal stress. In such formations, it is criti-
cal to run an image log immediately after drilling or while 
drilling, and the latter is best served with a logging-while-
drilling (LWD) image logs. Another input parameter that can 
significantly affect the result is rock strength, particularly 
the unconfined compressive strength. For this reason, it is 
highly recommended to calibrate the log-based rock strength 
parameter predictions against core measurements. Addition-
ally, in the case where the lithology along the wellbore var-
ies significantly with depth, such as when drilling through 
interbedded sand–shale and/or carbonate–shale sequences, 
it is recommended to use several empirical relations, one for 
each lithology for rock strength estimations.

As shown in Fig. 16, the in situ stresses estimated with 
the statistical approach are in fairly good agreement with 
the stresses determined by the field hydraulic fracturing 
tests. This suggests that based on only a limited data set, 
the statistical approach could be viable for estimating the 
horizontal principal stress magnitudes. However, for the 
method to be used as a regular engineering tool, the reli-
ability of the statistical methodology needs to be further 
validated by more field data. For this purpose, it is necessary 
to have known in situ stress states from other means, well-
developed breakouts along a vertical borehole and laboratory 
core measurements, all of which may not exist in a single 
well. To resolve this lack of a complete data set from a single 
well, it is common practice to use data from neighboring 

Fig. 16   Profiles of in  situ horizontal stresses measured and derived 
from field hydraulic fracturing tests (open circles—Sh, open rectan-
gles—SH) and estimated by the statistical method (closed circles—Sh, 
closed rectangles—SH). The broken and solid lines represent the trend 
lines of horizontal principal stresses from field measurements (broken 
lines) and estimations by the statistical method (solid lines), respec-
tively
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boreholes in the same field, assuming that the far-field stress 
direction and the principal stress ratios are constant through-
out the field. When more data become available from other 
fields, the accuracy of the statistical method would be further 
improved.

Peska and Zoback (1995) proposed an approach that 
can be used to simultaneously constrain the magnitude of 
both horizontal stresses in deviated wellbores using addi-
tional information on the circumferential location of failures 
around the wellbore. The method does not require a prior 
knowledge of the Sh magnitude as well. However, there is a 
fundamental difference between the statistical method used 
in this study and Peska’s and Zoback’s method. In the sta-
tistical method, the breakout geometry (i.e., breakout width) 
is related to the relative magnitude of horizontal stresses, 
while in Peska’s and Zoback’s method, the circumferential 
location of breakouts and/or DITFs is related to not only 
the horizontal principal stresses but also the vertical com-
ponent. Schoenball et al. (2016) recently employed Peska’s 
and Zoback’s methodology to constrain the magnitude of 
horizontal stresses in a geothermal field where near-verti-
cal and deviated wells were drilled and wellbore failures 
were observed in both wellbore types. They showed that 
the methodology worked well in the deviated wellbores but 
failed in the vertical wells because the methodology cannot 
distinguish the different stress regimes only from the circum-
ferential location of wellbore failures in vertical wells. So 
the statistical method is, so far, the only method to be used 
to estimate concurrently both horizontal principal stresses 
in the case that both of them are not known in a vertical 
borehole.

In this study, the statistical method has been success-
fully applied to a vertical borehole to estimate both in situ 
horizontal principal stresses. The results suggest that the 
statistical method can be a viable method for constraining 
the horizontal stresses in vertical wellbores, particularly 
for the case where no prior information on the Sh magni-
tude and stress regime is available. It is anticipated that the 
statistical method can also be applied to non-vertical holes 
in the most general case with multiple stress transforma-
tions between different coordination systems as had done by 
Mastin (1988) and Peska and Zoback (1995). Although the 
statistical method is theoretically applicable to non-vertical 
holes, its applicability to such boreholes with another degree 
of freedom (breakout location) needs to be further evaluated 
with data available from inclined wellbores.

6 � Conclusions

A set of hydraulic fracturing tests were carried out at 
selected depths along a vertical borehole. The pressure data 

recorded during the tests were analyzed to identify the Sh 
magnitude. Assuming a non-fluid penetrating condition and 
using key pressure parameters identified during the tests, 
the SH magnitude was estimated using the Kirsch’s solu-
tion. The field stress measurements indicate that the state 
of in situ stresses at the site corresponds to the strike-slip 
faulting regime.

In parallel with the hydraulic fracturing-based horizon-
tal principal stress characterizations, we also estimated the 
in situ stresses at the same site by employing a statistical 
method (recently proposed by Song et al. 2016 and Song and 
Chang 2017) that can simultaneously estimate the magni-
tude of in situ horizontal stresses with other known relevant 
data. We then compared the principal stress estimations from 
the statistical method to those determined by the hydraulic 
fracture stress measurements to evaluate the validity of the 
statistical method.

The statistical methodology is a grid-searching algorithm 
that uses a number of combinations of least and maximum 
horizontal principal stresses within a stress polygon defined 
by Anderson faulting and Coulomb failure theories. For each 
individual set of Sh and SH, the algorithm finds the misfit that 
is the difference between simulated and observed breakout 
heights as a function of breakout angle (θB). The set of Sh 
and SH that produces the lowest misfit is correspondingly the 
best solution to the problem.

Many input parameters are required for the application of 
the methodology. The width and height of borehole break-
outs were obtained from an acoustic image log recorded 
along the study borehole. Rock strength parameters, 
another critical input, were estimated using acoustic-based 
empirical relations, which were later calibrated with core 
measurements.

Given the uncertainty inherent in some of the input 
parameters, the results of the statistical method agreed well 
with the field stress measurements. An important advantage 
of the statistical method is that, unlike the standard stress 
polygon technique that requires the knowledge of Sh for ver-
tical wells, the proposed statistical approach derives the two 
horizontal principal stresses simultaneously. Although Sh is 
not required in the statistical method, the knowledge of Sh in 
advance even at only a single depth is particularly useful to 
verify the robustness of the statistical estimation.
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