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Abstract The brittle fracture behavior of rocks under

mixed-mode loading is important in rock engineering.

First, a new configuration called the notched deep beam

(NDB) specimen was introduced for the fracture testing of

rock materials under mixed-mode I/II loading, and a series

of finite element analyses were performed to calibrate the

dimensionless fracture parameters (i.e., YI, YII and T�). The
results showed that an NDB specimen subjected to three-

point bending is able to generate pure mode I loading, pure

mode II loading, and any mixed-mode loading in between.

Then, several NDB specimens made of sandstone were

used to investigate the brittle fracture behavior of rock

under mixed-mode I/II loading. The fracture surfaces were

theoretically described using a statistical method, and the

results indicated that all the fracture surfaces generated

under different mixed-mode loading were statistically

identical; to some extent, these results experimentally

showed that only tensile fracture occurs under mixed-mode

I/II loading. The obtained fracture strengths were then

analyzed using several brittle fracture criteria. The empir-

ical criterion, maximum energy release rate criterion,

generalized maximum tangential stress (GMTS) criterion,

and improved R-criterion accurately predicted the fracture

strength envelope of the sandstone. Finally, based on the

concepts of point stress and mean stress, the micro-crack

zones (MCZs) under different mixed-mode loading were

theoretically estimated based on the MTS and GMTS cri-

teria. The critical radius of MCZ in the crack propagation

direction was not a constant for all mixed-mode loading

conditions regardless of whether the T-stress was consid-

ered. This result suggests that the size of the core region

used to predict the crack initiation direction and fracture

strength based on the GMTS criterion should be chosen

more carefully.
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List of symbols

a Crack length

B Thickness of an NDB specimen

C = 1/(2p) for the PS case, = 2/p for the MS

case

d Half-distance between the two bottom

supports for an NDB specimen

E Young’s modulus of elasticity

f1, f2 Parameters related to the scale of the

micro-crack zone

G Energy release rate

Gc Critical energy release rate

h1, h2, h3, h4 Heights corresponding to the four vertexes

of a grid cell on the surface

KI Mode I stress intensity factor

KIc Mode I fracture toughness

KII Mode II stress intensity factor

KIIc Mode II fracture toughness

L Length of an NDB specimen

P Applied load in an NDB three-point

bending test
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Pcr Peak load in an NDB three-point bending

test

r, # Polar coordinates at the crack tip

r0 Critical radius of the core region in the

crack propagation direction

rc Radius of the core region

RII,I Fracture toughness ratio

rp Elastic–plastic boundary radius

rpc Critical elastic–plastic boundary radius

S Strain energy density factor

Sc Critical strain energy density factor

T Nonsingular stress term

T� Nondimensional nonsingular stress term

W Width of an NDB specimen

YI Nondimensional mode I stress intensity

factor

YII Nondimensional mode II stress intensity

factor

a Crack inclination angle for an NDB

specimen

bI, bII Empirical parameters of the empirical

criterion

d Scale of each grid cell

gI, gII Parameters of the loading mode mixity

j = 3 - 4m for the plane strain

case, = (3 - m)/(1 ? m) for the plane

stress case

m Poisson’s ratio

l Shear modulus

n = 2(1 - 2m� )/3; m� = m for the plane strain
case, m� = 0 for the plane stress case

rrr, r##, rr# Stress components in polar coordinates

rt Tensile strength of a given material

rxx, ryy, rxy Stress components in Cartesian coordinates

r##c Critical tangential stress

1 Introduction

Fractures are very common in various rock engineering

applications, including coal mining, blasting, tunnel exca-

vation, and hydraulic fracturing in unconventional gas

exploitation (Chang et al. 2002). For instance, coal mining

can redistribute local stresses in the surrounding rock mass,

which ultimately leads to mining-induced fractures (Zhang

et al. 2013, 2015). Due to the complex in situ stresses and

arbitrary orientations of rock fractures, both pre-existing

and newly generated fractures are usually subjected to

mixed-mode loading rather than pure mode loading. For

instance, under the influences of far-field in situ stresses

and perforation orientations, a hydraulic fracture usually

bears mixed-mode loading and will reorient itself during

fracture propagation as the fracture extends from the

wellbore to align with the preferred direction for fracture

growth relative to the far-field stresses (Zhang et al. 2011).

However, several important issues regarding rock fractur-

ing under mixed-mode loading have yet to be addressed.

Addressing these issues will allow significant progress to

be achieved in understanding the fracture mechanism under

mixed-mode loading and can improve the application of

rock fracture mechanics in rock engineering.

The tensile strength of brittle rocks is generally much

smaller than their compressive strength and shear strength.

Consequently, fracture toughness tests are usually sub-

jected to compressive loads in which tensile stresses are

induced (Chong and Kuruppu 1984). Currently, several

specimen configurations are frequently used for mixed-

mode fracture toughness tests, including the cracked

chevron-notched Brazilian disk (CCNBD) specimen (Dai

et al. 2014; Fowell 1995; Sheity et al. 1985), the centrally

cracked circular disk (CCCD, also known as CSTBD)

specimen (Atkinson et al. 1982; Awaji and Sato 1978), the

semicircular bend (SCB) specimen containing an edge

crack (Chong and Kuruppu 1984; Dai et al. 2010; Funatsu

et al. 2014; Lim et al. 1994; Ren et al. 2014), the chevron-

notched semicircular bend (CNSCB) specimen (Kuruppu

1997), the cracked straight through flattened Brazilian disk

(CSTFBD) specimen (Wang et al. 2011), and the recently

proposed edge cracked triangular (ECT) specimen sub-

jected to three-point bending (Aliha et al. 2013). Among

these specimens, the International Society for Rock

Mechanics (ISRM) has recommended the CCNBD and

SCB specimens as the standard configurations for testing

the mode I fracture toughness of rocks. Notably, all the

specimens mentioned above have simple configurations

and loading setups, require inexpensive preparation, and

offer the ability to introduce all possible combinations of

mode I and II loading. Because disk-type specimens are

typically machined from a rock core, some difficulties may

arise when preparing circular or disk samples with very

large size (Aliha et al. 2013). Unlike circular disk-type

specimens, ECT samples of any desired size can be easily

obtained via simple cutting from rock blocks (Aliha et al.

2013). This paper proposes a novel configuration, namely

the notched deep beam (NDB) specimen, for testing the

mixed-mode fracture toughness of rock materials.

Numerical analyses demonstrate that the NDB specimen

can be used to test the mixed-mode fracture toughness of

rocks under a full range of mode mixities, from pure mode

I to pure mode II. Similar to the SCB and ECT specimens,

the NBD specimen achieves this range through different

combinations of the crack inclination angle a, the crack

length a and the half-distance d between the two bottom

supports. Moreover, NDB specimens of any size can be

easily obtained via simple cutting from rock blocks, similar

to ECT specimens.
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During the rupture of a rock, complex rough fracture

surfaces are generated as a result of the irregular grainy

features of the material (Ai et al. 2014). Insight into the

topographical characteristics of the fracture surface,

especially a quantitative description, is significant for

better understanding the micro-failure mechanism (Zhou

and Xie 2003). The fracture pattern under mixed-mode

I/II loading has been identified as tensile fracture (Backers

2005; Backers and Stephansson 2012; Rao et al. 2003).

However, this conclusion requires experimental clarifi-

cation. Recently, using a fractal method, Ren et al. (2016)

conducted a series of surface topography measurements of

fracture surfaces obtained in mixed-mode I/II fracture

tests on SCB specimens made of sandstone. Their inves-

tigation indicated that at least on a scale of millimeters,

the investigated fracture surfaces were statistically simi-

lar. Based on this result, it was concluded that the fracture

pattern observed in a mixed-mode I/II fracture test would

always correspond to the tensile mode. However, the SCB

specimens used in that study were very small, with a

radius of 25 mm, and the grain size was relatively large

(almost 1 mm in diameter). Therefore, the surface area

that could be addressed in that study was limited, and the

conclusion regarding the fracture pattern requires further

examination. Therefore, the verification of the fracture

pattern under mixed-mode I/II loading remains incom-

plete. To address this shortcoming, this study uses a sta-

tistical method to theoretically describe the fracture

surfaces of large NDB specimens produced under differ-

ent loading mixities.

In fracture theory, it is desirable to have a reliable and

general fracture criterion that is able to predict both

fracture load and growth direction under mixed-mode

loading. The linear elastic fracture mechanics (LEFM)

criteria have been extensively investigated, and many

fracture criteria have been proposed for predicting brittle

fracture under mixed-mode I/II loading, such as the

maximum tangential stress (MTS) criterion (Erdogan and

Sih 1963), a modified version of the MTS criterion (Khan

and Khraisheh 2000), the minimum strain energy density

(MSED) criterion (Sih 1974), the maximum energy

release rate (MERR) criterion (Palaniswamy and Knauss

1972), the T-criterion (Theocaris and Andrianopoulos

1983), the M-criterion (Kong et al. 1995), and the maxi-

mum dilatational strain energy density criterion (Yehia

and Shephard 1987). To better predict brittle fracture

strength under mixed-mode loading, several researchers

have proposed a nonlocal theory by incorporating T-stress

into the original MTS criterion, which is now known as

the generalized maximum tangential stress (GMTS) cri-

terion (Seweryn 1998; Smith et al. 2006). Further exam-

inations of the GMTS criterion have been performed and

have confirmed that considering T-stress in the MTS cri-

terion can indeed improve the mixed-mode fracture

strength predictions for rock materials (Aliha and Aya-

tollahi 2011; Ayatollahi and Aliha 2007a). It should be

noted that all the criteria mentioned above use a constant

radius to determine the crack initiation angle and fracture

strength and that the value of this constant radius does not

affect the predictions for most of these criteria (Ren et al.

2013b). However, for the GMTS criterion, the value of

the critical radius has a clear influence on the predicted

initiation direction and fracture load (as shown later in

this paper). By contrast, Mróz and Mróz (2010) used a

variable critical radius to establish the MK-criterion; the

variable critical radius is defined with respect to the

damage zone related to the hydrostatic portion of the total

strain energy and can be obtained by combining the

critical radii corresponding to pure mode I and pure mode

II loading conditions. Similarly, based on the R-criterion

proposed by Khan and Khraisheh, Ren et al. (2013a) used

a convex combination of the mode I and mode II critical

plastic radii to determine the fracture load under mixed-

mode loading for an elastic–plastic material (2004), thus

proposing the improved R (IR)-criterion. Both the MK-

criterion and the IR-criterion have been experimentally

verified to be reliable for predicting brittle fracture under

mixed-mode loading. Two significant issues should be

seriously discussed: (1) whether the critical radius of the

core region (which may be determined based on a speci-

fied failure theory, e.g., the maximum tensile stress the-

ory) in the crack propagation direction remains constant

and (2) how the critical radius affects the theoretical

predictions of a criterion that assumes a constant radius.

This paper investigates the applicability of several of the

above-mentioned criteria for brittle rocks by comparing

the results predicted by these criteria with test data of

NDB specimens made of sandstone. Based on the con-

cepts of the point stress (PS) and mean stress (MS), the-

oretical estimates of the micro-crack zones (MCZs) that

form under different mixed-mode loading are considered

to address these issues.

2 Brief Review of the Stresses Around a Crack Tip
in a Cracked Body

The stress field around a crack tip is the basis for analyzing

the fracture behavior of a cracked structure and establish-

ing a fracture criterion. According to Williams (1957), the

in-plane stress field of a point near the crack tip in a

Cartesian coordinate system (x, y) in the plane case can be

expressed as follows:
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where r and # are the polar coordinates of a point, for

which the origin is defined as the crack tip; KI and KII are

the mode I and mode II stress intensity factors, respec-

tively; and T is a nonsingular term called the T-stress,

which is parallel to stress rxx. The stress field around a

crack tip can then be written in polar coordinates (r, #) as

follows:

Considering only the singular stresses in a fracture cri-

terion was once believed to be sufficient. However, Smith

et al. (2006) noted that the nonsingular T-stress can also

affect crack initiation. Therefore, T and the stress intensity

factors KI and KII are the three important factors for pre-

dicting brittle fracture under mixed-mode loading (Aya-

tollahi and Aliha 2007b).

3 NDB Bending Method for Fracture Testing
Under Mixed-Mode I/II Loading

3.1 Fracture Parameters at the Crack Tip

in the NDB Specimen

The proposed test configuration for the NDB specimen is a

brick-type rectangle with a length-to-width ratio (L/W) of

2.0, an inclined edge crack of length a, and an angle of a
relative to the loading direction, as shown in Fig. 1. The

NDB specimen is subjected to a vertical load P under

symmetrical three-point bending, and the distance between

the bottom supports of the loading fixture is 2d. NDB

samples can be easily made by simply cutting them from

rock blocks; no drilling is necessary. Pure mode I, pure

mode II, and any intermediate mixed-mode loading con-

ditions can be achieved by employing different combina-

tions of the crack length a, the crack inclination angle a,
and the half-span distance d, as shown in the following

section.

Similar to the variables in an SCB or ECT specimen

subjected to symmetrical three-point bending, the stress

intensity factors KI and KII and the T-stress in the NDB

specimen can be written as functions of the geometric

parameters and the applied load, i.e.,

YI
a

W
;
d

W
; a

� �
¼ KIffiffiffiffiffiffi

pa
p 2WB

P
; ð3Þ

YII
a

W
;
d

W
; a

� �
¼ KIIffiffiffiffiffiffi

pa
p 2WB

P
; ð4Þ

Fig. 1 Notched deep beam (NDB) specimen
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T� a

W
;
d

W
; a

� �
¼ T

2WB

P
; ð5Þ

where P is the applied load, B is the thickness of the NDB

specimen, YI and YII are the mode I and mode II nondi-

mensional stress intensity factors, respectively, and T� is

the nondimensional form of the T-stress. The three geo-

metrical parameters, YI, YII, and T�, depend on the crack

length ratio (a/W), the loading span ratio (d/W), and the

crack inclination angle a. When the crack angle a is zero,

the specimen is subjected to pure mode I loading. With

increasing angle a, the mode II deformation intensifies.

Pure mode II fracture (YI = 0) occurs at a specific angle a
that depends on a/W and d/W.

3.2 Numerical Calibration of the Fracture

Parameters of NDB Specimens

To calculate the nondimensional parameters YI, YII, and T�,
several numerical models of NDB specimens were estab-

lished using the finite element model (FEM) code Abaqus.

The Young’s modulus E and Poisson’s ratio m were set to

3.90 GPa and 0.26, respectively, and the material was

assumed to behave in a linear elastic manner. The length L,

width W, and thickness B of each NDB specimen were set

to 180, 90, and 76 mm, respectively. The displacement in

the Y direction was constrained to zero for the two bottom

supports, and the displacement in the X direction for the

left bottom support was also set to zero. A reference load of

P = 30 kN was applied at the upper loading point. A

singular 6-node quadratic plane strain triangle element type

(CPE6) was used for the first ring of elements around the

crack tip, and an 8-node biquadratic plane strain quadri-

lateral element type (CPE8) was employed for the other

elements. To smooth the curves of the J-integral paths, 20

rings of quadrilateral elements (36 elements for each ring)

around the crack tip were meshed using the sweep tech-

nique. Figure 2 shows a typical finite element mesh.

In the numerical models, the crack inclination angle a
varied in 5� increments from 0� to 60�; the crack length

ratios (a/W) were 0.4, 0.5, and 0.6; and the support span

ratio (d/W) varied from 0.5 to 0.8 with an increment of 0.1.

Figures 3, 4, and 5 show the variations in the dimensionless

factors YI, YII, and T� with a, respectively, for different

crack length ratios in the modeled NDB specimens. Fig-

ures 3 and 4 show that when the crack inclination angle a is
0�, YI[ 0 and YII = 0, i.e., the crack is subjected to pure

mode I (opening mode) loading independent of a/W. As the

angle a increases, YI decreases, whereas YII initially

increases and then decreases. For a given crack angle a, the
value of YI increases as d/W increases. Specifically,

assuming that the angle aII corresponds to pure mode II

loading in the NDB specimen, a crack angle aII that results
in YI = 0 and YII = 0 can usually be found for a given

combination of a/W and d/W. In other words, NDB spec-

imens can be used to test the mixed-mode fracture tough-

ness of a material over a full range of mode mixities from

pure mode I to pure mode II. When a[ aII, YI will be
negative, and the loading condition will correspond to the

compression shear mode. As shown in Table 1, aII
increases as the crack length ratio a/W decreases or as the

loading span ratio d/W increases. Specifically, for a small

a/W and a large d/W, pure mode II loading may not be

achieved. Thus, one should use a relatively long crack and

a short support span to guarantee the realization of mode II

loading. Figure 5 shows that the normalized T-stress, T�,
increases with increasing a.

4 Fracture Tests of Sandstone Under Various
Mixed-Mode Loadings

4.1 Sample Preparation

Visual inspections indicated that the tested material, a

typical sandstone, was continuous, homogeneous, and

gray in color. In addition, X-ray diffraction (XRD) anal-

ysis (see Fig. 6) indicated that the rock was mainly

composed of low albite (NaAlSi3O8) and quartz (SiO2).

According to 2 sets of uniaxial compression tests and

direct tensile tests, the sandstone had an elastic modulus

Fig. 2 Typical finite element mesh for an NDB specimen
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E of 3.90 GPa, a Poisson’s ratio m of 0.26, a uniaxial

compressive strength rc of 16.65 MPa and a direct tensile

strength rt of 3.37 MPa.

To avoid any possible boundary effects, all specimens

were taken from the center of an intact sandstone block.

The NDB specimens were large in size, with a length of

180 mm, a width of 90 mm, and a thickness of 76 mm.

Values of d/W = 0.5 and a/W = 0.4 were selected for all

specimens. First, cutting and grinding machines were

employed to manufacture the NDB specimens. During this

process, it is very important to keep any two adjacent faces

of the specimen perpendicular to each other. An extremely

thin (0.5 mm in thickness) fret saw blade was then used to

create edge cracks in the NDB specimens at the required

inclination angles. The inclination angle a corresponding to
pure mode II loading for this specimen size is

(a)

(b)

(c)

Fig. 3 Variations in YI with a among the modeled NDB specimens.

a a/W = 0.4, b a/W = 0.5, c a/W = 0.6

(a)

(b)

(c)

Fig. 4 Variations in YII with a among the modeled NDB specimens.

a a/W = 0.4, b a/W = 0.5, c a/W = 0.6
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approximately 45.92�. Therefore, five different crack

inclination angles were selected: a = 0� (pure mode I),

10�, 20�, 30�, and 45.9� (pure mode II). A total of 19 NDB

specimens were manufactured; five specimens each were

tested for the crack angles of 0� and 45.9�, and three

specimens each were tested for the crack angles 10�, 20�,
and 30�.

4.2 Mixed-Mode Fracture Tests

The MTS 815 Rock Mechanics Test System was employed

for mixed-mode fracture testing, and the loading rate for all

specimens was set to a constant displacement value of

0.03 mm/min to guarantee quasi-static loading. For all

tests, the axial loading was controlled by a linear variable

differential transformer (LVDT) sensor with a high accu-

racy of 0.0002%. The specimens were placed inside a

three-point bending fixture, as shown in Fig. 7, and all

specimens were tested at room temperature. The half-dis-

tance d between the two bottom supports was 45 mm.

The failure patterns of the NDB specimens under different

mixed-mode loading conditions are presented in Fig. 8. This

figure shows that in all the specimens, cracking initiated from

the original crack tip and then propagated through the speci-

men toward the upper loading point. Under pure mode I

loading (a = 0�), the crack extended straight along the orig-

inal crack plane. Under mixed-mode or pure mode II loading,

the fracture path was curvilinear and deviated from the orig-

inal crack line more distinctly with a larger crack angle a.
Figure 9 presents typical plots of the load versus the

displacement under different loading conditions. For a

larger crack inclination angle, the peak load shows a longer

delay, i.e., the displacement required to induce a macro-

fracture increases. The load–displacement curves instan-

taneously decreased after reaching the peak values, indi-

cating the brittle behavior of the tested rock. The peak

loads Fcr measured from the tests—except that of specimen

#30-1, which was destroyed during the preloading process

because of operator error—are listed in Table 2. The crit-

ical load gradually increased as the proportion of mode II

loading increased. The peak load Pcr is the parameter that

is required to determine the mixed-mode fracture tough-

ness of an NDB specimen. The critical stress intensity

factors, namely the mixed-mode fracture toughness of the

sandstone and the critical T-stress, can be calculated by

substituting the measured peak load Pcr for the applied load

P in Eqs. (3), (4), and (5); the results of these calculations

are also presented in Table 2. The mode I and mode II

fracture toughnesses KIc and KIIc were obtained by calcu-

lating the average critical stress intensity factors for the

NDB specimens with crack angles of 0� and 45.9� and were
found to be 0.378 and 0.234 MPa m1/2, respectively.

(a)

(b)

(c)

Fig. 5 Variations in T� with a among the modeled NDB specimens.

a a/W = 0.4, b a/W = 0.5, c a/W = 0.6

Table 1 Values of aII corresponding to various combinations of a/

W and d/W for NDB specimens

d/W = 0.5 d/W = 0.6 d/W = 0.7 d/W = 0.8

a/W = 0.4 45.9� Null Null Null

a/W = 0.5 39.0� 48.4� 67.1� Null

a/W = 0.6 35.4� 42.4� 51.3� Null
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Therefore, the fracture toughness ratio KIIc/KIc is approxi-

mately 0.62 for the tested sandstone.

5 Topographical Characteristics of Fracture
Surfaces

A quantitative description of the fracture surface topogra-

phy can provide a better understanding of the micro-failure

mechanism of the tested sandstone. Babadagli and Develi

(2003) indicated that the petrological–mineralogical and

petrophysical properties of a rock sample exert a strong

influence on the roughness of its fracture surface. In this

study, all the NDB samples were collected from a single

enormous block of rock; thus, it was reasonable to analyze

the topographical characteristics of their fracture surfaces

depending on the loading mixity. A noncontact 3D laser

profilometer was employed to measure the fracture sur-

faces of the NDB specimens. This laser probe had an ele-

vation range of 300 mm with an accuracy of ±0.1 mm. A

0

500

1000

1500
In

te
ns

ity
(C

ou
nt

s)

84-0982> Albite low - Na(AlSi3O8)

83-0539> Quartz - SiO2

79-1270> Clinochlore - (Mg2.96Fe1.55Fe.136Al1.275)(Si2.622Al1.376O10)(OH)8

10 20 30 40 50 60 70 80
2θ (deg.)

[0090.rd] 0090

Fig. 6 XRD results for the tested sandstone

Fig. 7 Loading device and an

NDB specimen
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measured data file from the fracture surface comprised both

the planar coordinates (x and y coordinates) of the scanning

field and the corresponding height (z coordinate) of the

measured point. For each sample, the fracture surface was

scanned within a 48 mm 9 48 mm area ahead of the crack

tip along the crack propagation path. The sampling interval

for each fracture surface was set to a constant value of

0.1 mm; therefore, a total of 480 9 480 sampling points

was used to reconstruct the isometric view of the fracture

surface of each NDB specimen. The reconstructed fracture

surface profile views corresponding to different mixed-

mode loading conditions are illustrated in Fig. 10. This

figure clearly shows that it is difficult to distinguish the

fracture surfaces generated under various loading mixities

simply through visual inspection.

A statistical analysis was performed to mathematically

describe the fracture surfaces. As shown in Fig. 11, a

regular square grid was assumed to exist on the reference

plane XOY, and the scale of each grid cell was taken to be

d. In each grid cell, four heights, namely h1(i; j), h2(i;

j ? 1), h3(i ? 1; j), and h4(i ? 1; j ? 1), define the four

vertexes of the corresponding surface, where i and j are the

numbers of the grid cell in the X and Y directions,

respectively, such that 1 B i, j B n - 1, where n is the

total number of sampling points in each direction on the

fracture surface. The maximum difference Dh(i; j) among

the four heights in each grid cell was calculated using the

following equation:

Dhði; jÞ ¼ maxðh1; h2; h3; h4Þ �minðh1; h2; h3; h4Þ:
ð6Þ

Dh(i; j) reflects the asperity within the (i; j)th surface

area, and a steeper asperity corresponds to a larger

Dh. Taking sample No. 0-2 as an example, as illustrated in

Table 3, shows that the statistical characteristics of Dh vary
with the grid cell scale d. As the measurement scale d

(a) (b) 

(c) (d) 

(e) 

Fig. 8 Failure patterns of the

sandstone NDB specimens.

a a = 0�, b a = 10�, c a = 20�,
d a = 30�, e a = 45.9�

Fig. 9 Load–displacement curves of the NDB specimens with

different crack inclination angles
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increases, the average value, standard deviation, and vari-

ance increase, whereas the skewness and kurtosis decrease.

The measurement scale d strongly affects both Dh and the

statistical characteristics of Dh. Therefore, it was necessary
to perform the analysis for all fracture surfaces at a uni-

versal measurement scale d, which was set to 0.1 mm in

this study. Table 4 presents the statistical analysis results

for each fracture surface generated under different loading

mixities. The average values, standard deviations, and

variances of all the specimens are very close. The average

values lie in a range of 0.5–0.7 mm, and the average value

of Dh for each sample is greater than the median. These

results indicate that for each NDB specimen, the surface

area that possesses an asperity that is steeper than average

occupies more than 50% of the entire fracture surface. The

skewness and kurtosis reflect the asymmetry and shape of

the frequency distribution of Dh, respectively. Positive

skewness values indicate that the frequency distribution of

the height difference Dh, which is greater than the average

value, is more discrete. Kurtosis values of greater than 3.0

reveal that the frequency distribution of Dh is steeper than

the standard normal distribution. To some extent, the fre-

quency distributions for the fracture surfaces induced by

various mixed-mode loadings are approximate. Figure 12

shows the surface roughness distribution curves for 5

specimens; these curves depict the cumulative frequency

versus the height difference Dh. Overall, the differences in
the roughness distribution curves among the five groups of

NDB specimens are very small. There are differences in

the statistical parameters for each group of NDB speci-

mens, but no clear trend is universally observed between

any given statistical parameter and the loading mode

mixity. This result is consistent with previous findings (Ren

et al. 2016). Moreover, the fracture patterns in Fig. 8

clearly show that after crack initiation, the crack growth

was nearly self-similar, i.e., the cracks propagated in a

manner dominated by mode I fracture. Therefore, only

tensile mode failure occurred in the NDB specimens sub-

jected to mixed-mode I/II loading.

6 Theoretical Prediction of Fracture Strength
Using Several Criteria

6.1 Theoretical Review

6.1.1 MTS Criterion

The MTS criterion proposed by Erdogan and Sih (1963)

assumes that the crack propagation starts along the direc-

tion #0 on which the tangential stress r## becomes maxi-

mum and the occurrence of crack initiation once the MTS

reaches a critical value r##c, i.e.,

or##
o#

¼ 0;
o2r##
o#2

\0 at # ¼ #0; r##c ¼
KIcffiffiffiffiffiffiffiffiffi
2pr0

p ; ð7Þ

where r0 is the distance from the crack tip to the boundary

of the core region along the crack propagation direction.

Table 2 Results of mixed-

mode I/II fracture tests on NDB

specimens made of sandstone

Specimen no. a (�) Pcr (kN) KI (MPa m�) KII (MPa m�) T-stress (MPa)

0-1 0 5.360 0.368 0.000 -0.409

0-2 0 5.845 0.401 0.000 -0.446

0-3 0 5.366 0.368 0.000 -0.410

0-4 0 5.607 0.385 0.000 -0.428

0-5 0 5.345 0.367 0.000 -0.408

10-1 10 5.926 0.372 0.083 -0.255

10-2 10 5.688 0.357 0.080 -0.245

10-3 10 5.99 0.376 0.084 -0.258

20-1 20 6.107 0.291 0.145 0.221

20-2 20 6.626 0.316 0.157 0.239

20-3 20 6.675 0.318 0.158 0.241

30-1 30 – – – –

30-2 30 7.616 0.216 0.206 0.934

30-3 30 6.605 0.187 0.179 0.810

45.9-1 45.9 11.304 0.000 0.250 2.512

45.9-2 45.9 10.787 0.000 0.238 2.397

45.9-3 45.9 10.563 0.000 0.233 2.348

45.9-4 45.9 10.234 0.000 0.226 2.274

45.9-5 45.9 10.172 0.000 0.225 2.261

1996 Y. Luo et al.
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Regardless of the T-stress term, by substituting Eq. (2) into

Eq. (7), r0 will be eliminated, and the crack initiation angle

and critical load can be calculated using the following

equations:

KI sin#0þKII 3 cos#0�1ð Þ ¼ 0; ð8Þ

1

2
KI 1þ cos#0ð Þ � 3KIIsin#0½ � cos#0

2
¼ KIc: ð9Þ

Equations (8) and (9) are independent of r0. Thus, the

value of r0 does not affect the calculations of the initiation

angle and critical load.
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Fig. 10 Fracture surface

topography plots. a a = 0�,
b a = 10�, c a = 20�,
d a = 30�, e a = 45.9�
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6.1.2 GMTS Criterion

The GMTS criterion incorporates the effect of the non-

singular T-stress term into the MTS criterion (Smith et al.

2006). When the T-stress term is considered, the tangential

stress r## near the crack tip can be written as follows:Fig. 11 Schematic view of the heights corresponding to a square grid

Table 3 Statistical parameters

of Dh at various measurement

scales for sample No. 0-2

Scale d (mm) Average value (mm) SD Variance Skewness Kurtosis

0.1 0.0538 0.0367 0.0013 1.3099 6.7752

0.2 0.0946 0.0510 0.0026 1.0743 6.9071

0.3 0.1284 0.0617 0.0038 0.9399 6.9051

0.4 0.1585 0.0717 0.0051 0.8653 6.7715

0.5 0.1859 0.0800 0.0064 0.7345 5.4501

0.6 0.2119 0.0891 0.0079 0.7030 5.4347

0.8 0.2599 0.1054 0.0111 0.6394 5.1046

1.0 0.3036 0.1196 0.0143 0.6210 5.1243

Table 4 Statistical parameters

of Dh for each fracture surface

at a measurement scale of

0.1 mm

Specimen code Average value (mm) Median (mm) SD Variance Skewness Kurtosis

0-2 0.0538 0.0467 0.0367 0.0013 1.3099 6.7752

0-3 0.0463 0.0406 0.0315 0.0010 1.0796 4.6538

0-5 0.0600 0.0526 0.0368 0.0014 1.2406 5.5689

10-1 0.0639 0.0567 0.0371 0.0014 1.2162 5.3074

10-2 0.0604 0.0529 0.0369 0.0014 1.3661 7.1903

10-3 0.0628 0.0557 0.0366 0.0013 1.2383 5.5417

20-1 0.0736 0.0644 0.0451 0.0020 1.5152 7.5199

20-2 0.0548 0.0481 0.0338 0.0011 1.4921 7.4930

20-3 0.0565 0.0500 0.0336 0.0011 1.1742 5.1807

30-2 0.0640 0.0567 0.0375 0.0014 1.2111 5.3407

30-3 0.0589 0.0524 0.0339 0.0011 1.1897 5.2722

45.9-1 0.0583 0.0521 0.0337 0.0011 1.1046 4.7389

45.9-2 0.0552 0.0489 0.0325 0.0011 1.1286 4.7601

45.9-3 0.0656 0.0580 0.0396 0.0016 1.4923 7.7721

Fig. 12 Cumulative frequency distributions of the surface asperities

for various loading modes

1998 Y. Luo et al.
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r## ¼ 1ffiffiffiffiffiffiffiffiffi
2pr0

p KI

4
3 cos

#

2
þ cos

3#

2

� ��

�KII

4
3 sin

#

2
þ 3 sin

3#

2

� ��
þ T sin2 #:

ð10Þ

When using the GMTS criterion, a suitable value of r0
should be given in advance. Then, the crack initiation angle

and crack propagation condition are calculated using

Eq. (7). The value of r0 will clearly affect the calculation

results of both the crack initiation angle and frac-

ture strength. In the GMTS criterion, r0 is regarded as a

constant and can be estimated as

r0 ¼
1

2p
KIc

rt

� �2

: ð11Þ

6.1.3 MSED Criterion

The MSED criterion formulated by Sih (1974) is based on

the following assumptions: (1) The crack growth takes

place in the direction along which the strain energy density

factor S possesses a minimum value, and (2) crack propa-

gation occurs when this minimum value reaches a critical

value Sc. Then, the MSED criterion can be expressed as

oS

o#
¼ 0 ;

o2S

o#2
[ 0 at # ¼ #0; Sc ¼

ðj� 1ÞK2
Ic

8pl
; ð12Þ

where l is the shear modulus of elasticity and

j = 3 - 4v for the plane strain problem or j = (3 - 4v)/

(1 ? v) for the plane stress case.

6.1.4 MERR Criterion

The MERR criterion proposed by Palaniswamy and Knauss

(1972) states that the crack extension will occur along the

direction where the energy release rate possesses a maxi-

mum value, and when the MERR reaches a critical value

Gc. The criterion can be described as

oG

o#
¼ 0 ;

o2G

o#2
\0 at # ¼ #0; Gc ¼

ð1� m2ÞK2
Ic

E
: ð13Þ

Several forms (Hussain et al. 1974; Kfouri and Brown

1995; Nuismer 1975; Wu 1978) of the MERR have been

proposed; the expression formulated by Hussain et al.

(1974) is the most widely adopted version.

6.1.5 IR-Criterion

The R-criterion proposed by Khan and Khraisheh (2004)

states the direction of the crack initiation angle coincides

with the direction of the minimum distance from the crack

tip to the elastic–plastic core region boundary, and it can be

expressed as

orp

o#
¼ 0;

o2rp

o#2
[ 0 at # ¼ #0 ð14Þ

The R-criterion clearly employs a variable core region,

unlike the above-mentioned fracture criteria. However, the R-

criterion cannot predict the fracture load. To address this

shortcoming, Ren et al. (2013a) proposed the improved R (IR)-

criterion by expressing the critical value rpc of the elastic–

plastic boundary radius in the crackgrowthdirection as follows:

rpc ¼ 2rgInK
2
Ic þ rgIIð1þ n� n2

�
12ÞK2

IIc; ð15Þ

where gI and gII are the parameters of the loading mode

mixity, i.e.,

gI ¼
KIKIIc

KIKIIc þ KIIKIc

; gII ¼
KIIKIc

KIKIIc þ KIIKIc

: ð16Þ

6.1.6 Empirical Criterion

Many researchers have formulated various forms of the

empirical criterion (Balzani et al. 2012; Swartz and Taha

1990; Whitcomb 1986; Zhao 1990). The simple elliptic

form given by Swartz and Taha (1990) is expressed as

KI

KIc

� �bI

þ KII

KIIc

� �bII

¼ 1; ð17Þ

where reasonable values of bI and bII are usually calculated

through fitting to the experimental data.

6.2 Comparison of the Theoretical Predictions

with the Test Results

In this section, the fracture criteria summarized above are

employed to theoretically investigate the fracture behavior

of the tested sandstone. For the GMTS criterion, the size of

the fracture process zone (FPZ), r0 = 2 mm, was theoret-

ically determined using Eq. (10). Figure 13a depicts the

theoretical estimates alongside the test results in a plot of

KII/KIc versus KI/KIc. This figure clearly shows that the

MERR criterion, IR-criterion, and empirical criterion (with

bI = 1.21 and bII = 3.41) agree well with the experimental

data, whereas the MSED criterion significantly overpre-

dicts the fracture strength of the sandstone even for the

loading cases that are dominated by mode I. Under loading

conditions that are dominated by mode II, the MTS crite-

rion overestimates the fracture strength of the sandstone,

whereas the GMTS criterion (with r0 = 2 mm) underesti-

mates the fracture strength. Figure 13b presents the mea-

sured critical loads and the results predicted by these

criteria. This figure shows that under pure mode II loading,

the critical load predicted by the GMTS criterion with

r0 = 2.0 mm is 7.68 kN, which is lower than the experi-

mental result; the MTS criterion yields a larger fracture
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load of 14.82 kN; and the MSED criterion gives a value of

17.26 kN, which is much larger than the test result. In fact,

it has been demonstrated that the classical LEFM criterion

with a constant core region radius may fail to predict the

fracture strength envelope of a given material. Khan and

Khraisheh (2004) noted that from a mathematical point of

view, if a constant radius is used in a conventional LEFM

criterion that employs a singular elastic stress field, then

the value of the core region radius does not influence the

crack initiation angle. A later study reported that the

dimension of core region radius does not influence the

fracture toughness envelope (Ren et al. 2013a). Conse-

quently, the MTS, MSED, and MERR criteria predict

invariant fracture toughness ratios of 0.87,ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3ð1� 2mÞ½ �= 2ð1� mÞ � m2½ �

p
and 0.63, respectively.

However, for different rocks, the fracture toughness ratios

may differ. For instance, the fracture toughness ratio KIIc/

KIc of limestone is 0.74 (Hasanpour and Choupani 2009);

consequently, the MERR criterion fails to predict the

fracture loads of limestone for loading conditions domi-

nated by mode II (Ren et al. 2016) despite providing good

estimates for the sandstone tested in the current study.

Therefore, these classical criteria cannot accurately esti-

mate the fracture strength of an arbitrarily chosen material.

By contrast, the empirical criterion uses both KIc and KIIc

and is therefore able to provide a better fitting to the

experimental data (see Fig. 13). Similarly, both KIc and

KIIc are applied for the IR-criterion, and a variable core

region is adopted. Hence, this criterion can also accurately

predict the fracture load of a cracked body. Concerning the

GMTS criterion, as shown in Fig. 13, the theoretical pre-

dictions obtained using r0 = 0.4 mm would exhibit good

agreement with the results of the fracture tests instead of

2.0 mm. Obviously, the value of r0 influences the relia-

bility of the GMTS criterion when predicting the mixed-

mode fracture of a brittle rock. Therefore, several values of

r0 will be used to predict the fracture loads. Then, the most

suitable value will be adopted; this value does not typically

coincide with the theoretical estimation from Eq. (10) but

does result in a good estimation of the experimental results

(Ayatollahi et al. 2006).

7 Micro-Crack Zones Under Mixed-Mode I/II
Loading

The previous section showed that the size of the core region

used in a criterion may strongly affect the fracture strength

prediction. The core region can be obtained based on various

assumptions.Mróz andMróz (2010) employed the hydrostatic

portion of the total strain energy to define the core regionwhen

proposing theMK-criterion; Khan and Khraisheh (2004) used

the plastic zone as the core region for an elastic–plastic

material when proposing the R-criterion. These two criteria

employ a variable core region to investigate fracture behavior

under mixed-mode loading. Based on the idea proposed by

Schmidt (1980) for rock masses, it can be concluded that a

tensile stress-induced micro-crack zone (MCZ) is well suited

for describing a core region of a rock fracture under mixed-

mode loading. In the MTS and GMTS criteria, as the radius r

approaches zero, the tangential stress r## tends toward

infinity. Consequently, an MCZ induced by r## must exist

around the rock crack tip, and the size of thisMCZ reaches its

maximum at the peak load. In particular, the critical radius,

r0 ¼ 1=ð2pÞ½ �ðKIc=rtÞ2, of the MCZ in the crack propagation

direction under puremode I loading is adopted and treated as a

constant in the GMTS criterion for all mixed-mode loading

(Aliha andAyatollahi 2011;Ayatollahi andAliha 2007a).One

aspect of thismust be clarified: does the critical radius r0 of the

MCZ determined by r## in the crack propagation direction

(a)

(b)

Fig. 13 Comparison of the results predicted by the various fracture

criteria and the test results. a Fracture envelopes, b critical loads

versus crack angles

2000 Y. Luo et al.
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under pure mode I loading equal that under mixed-mode

loading and that under pure mode II loading? If not, it is

inappropriate to use a constant value of r0 to predict the crack

initiation angle and fracture load in the MTS and GMTS cri-

teria? To address this issue, it is necessary to further examine

the critical radii in the crack growth direction of the MCZ for

rocks under various mixed-mode loading, which may be

helpful for applying the MTS and GMTS criteria in practice

and reaching a clearer understanding of the mixed-mode

fracture mechanism of rocks. Based on the above description

and consideration, the core region is determined using the

MTS and GMTS criteria based on a tangential tensile stress

failure model.

Several researchers have assumed that macro-fracture

will occur once the mean stress (MS) within the charac-

teristic fracture length exceeds the common maximum

capacity of a brittle material (Carpinteri et al. 2009;

Leguillon 2002; Luo and Wang 2009; Ritchie et al. 1973;

Susmel and Taylor 2008; Wang et al. 2016). According to

the MS principle, the characteristic fracture length of a

rock in the crack propagation direction can be regarded as

the critical radius, r0, of the MCZ. Based on the MS con-

cept, the boundary equation for the MCZ, in which the

mean value of r## along the radius in the direction # equals

the tensile strength of a given rock, can be written as

1

rc

Z
rc

r##dr ¼ rt; ð18Þ

where r## is the tangential stress corresponding to the peak

load. In addition, from the perspective of the point stress

(PS), the MCZ boundary can be calculated to correspond to

the points where r## is exactly equal to the tensile strength

of the rock material. Therefore, according to the MTS

criterion, the boundary of the MCZ induced by r## can be

determined as follows:

rc ¼ Cf1ð#Þ; and f1ð#Þ

¼ 1

r2t

KI

2
cos

#

2
ð1þ cos#Þ � 3KII

2
sin

#

2
ð1þ cos#Þ

� �2
;

ð19Þ

where C = 1/(2p) when the PS is used, C = 2/p when the

MS is used, and KI and KII are the critical stress intensity

factors for fracture under mixed-mode loading, namely the

mixed-mode fracture toughness of the rock material. This

toughness is a combination of the critical stress intensity

factors for fracture under mixed-mode loading rather than a

constant, such as the mode I fracture toughness KIc and

mode II fracture toughness KIIc.

To determine the MCZ using the GMTS criterion, the

effect of the nonsingular T-stress should be considered.

Therefore, the MCZ boundary can then be determined as

follows:

rc ¼ Cf2ð#Þ; and f2ð#Þ

¼
KI

2
cos #

2
ð1þ cos#Þ � 3KII

2
sin #

2
ð1þ cos#Þ

� 	2
ðrt � T sin2 #Þ2

: ð20Þ

For the MTS criteria, noting that C = 1/(2p) for the

PS assumption and C = 2/p for the MS concept in

Eq. (19), the size of the MCZ determined using MS is

four times that estimated using the PS assumption.

Similarly, according to Eq. (20), the same conclusion

can be reached for the GMTS criteria. According to

Eqs. (19) and (20), the critical radius of the MCZ in the

crack growth direction, i.e., r0, used in the MTS and

GMTS criteria can be determined by searching the

maximum value of rc, i.e.,

orc

o#
¼ 0;

o2rc

o#2
\0; and r0 ¼ ðrcÞ#¼#0

¼ Cfið#0Þ; i ¼ 1; 2:

ð21Þ

In the case of mode I fracture, the crack growth occurs

in the direction of the original crack. The maximum radius

of the MCZ in the direction #0 = 0� can then be calculated

using the mode I fracture toughness for both the MTS and

GMTS criteria:

r0 ¼ C
KIc

rt

� �2

; ð22Þ

From the PS viewpoint, the value of r0 in the crack

growth direction calculated using Eq. (22) is

r0 ¼ 1=ð2pÞ½ �ðKIc=rtÞ2, which is widely used for the

GMTS criterion.

Noting that C is a constant in Eqs. (19) and (20), only

f1 and f2, which are the characteristic MCZ parameters,

will be discussed in the following. When the peak load is

reached, the mixed-mode fracture toughness and the

critical T-stress can be obtained; then, f1 and f2 can be

determined accordingly. As shown in Fig. 14, according

to the MTS criterion, the size of the MCZ of the inves-

tigated sandstone under pure mode II loading is much

smaller than that under mode I loading. By contrast, for

the GMTS criterion, the size of the MCZ under pure

mode II loading is much larger than that in pure mode I

loading. According to Eq. (21), the values of f1 and f2 in

the crack propagation direction can be easily calculated;

these calculation results are presented in Fig. 14. At

inclination angles of a = 0� (pure mode I), 10�, 20�, 30�,
and 45.9� (pure mode II), the maximum values of f1 are

12.57, 13.65, 13.72, 10.81, and 6.45 mm, respectively,

and the maximum values of f2 are 12.57, 13.39, 14.62,

16.56, and 62.83 mm, respectively. When the T-stress is

neglected, the critical radius, r0, of the MCZ in the crack

growth direction initially increases and then decreases

with increasing crack inclination angle. When the T-
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stress is considered, r0 gradually increases with

increasing crack inclination angle; typically, the value of

r0 under mode II loading is nearly five times that under

mode I loading. These facts clearly demonstrate that the

T-stress has a significant influence on both the shape and

size of the MCZ around a crack tip. To better understand

the above issues, it is necessary to determine how the T-

stress affects the MCZ. Table 2 shows that the T-stress is

positive for loading conditions that are dominated by

mode II and negative for loading conditions that are

dominated by mode I. In the case of a = 0� (under pure
mode I loading), the crack will propagate along the

original crack plane. Therefore, the maximum value of f1
in Eq. (19) equals that of f2 in Eq. (20), i.e., the T-stress

has no influence on r0. Nevertheless, according to

Eq. (20), a negative T-stress will decrease the radius of

the MCZ if # = 0�. For the case of a = 10�, the nega-

tive T-stress will also decrease the MCZ and result in the

maximum value of f1 being smaller than that of f2. In the

case of a C 20�, the positive T-stress will clearly

increase the dimensions of the MCZ, and the maximum

value of f1 will become larger than that of f2.

As mentioned above, in the GMTS criterion, r0 is

assumed to be a constant when predicting the crack

initiation direction and the fracture strength. Taking the

fracture problem under pure mode II loading as an

example (see Fig. 15), the crack initiation angle #0
increases as r0 increases. The crack initiation angle #0
determined by the GMTS criterion is particularly sensi-

tive to r0 when r0 is a relatively small number. However,

as indicated previously, r0 is not a constant for all

loading mixities regardless of whether the T-stress is

considered. Therefore, there is a lack of both theoretical

and experimental support for using the constant

r0 ¼ 1=ð2pÞ½ �ðKIc=rtÞ2 in the GMTS criterion. Based on

these results, r0 must be chosen very carefully when

applying the GMTS criterion; furthermore, the procedure

for effectively and strictly determining the value of r0
remains an important issue that should be further

addressed.

Fig. 14 Values of f1 and f2 determined based on the MTS and GMTS

criteria, respectively: a f1, b f2

Fig. 15 Variations in the crack initiation angle #0 determined by the

GMTS criterion with different r0 for pure mode II loading

2002 Y. Luo et al.
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8 Conclusions

In this paper, the test configuration of the NBD specimen

was introduced for the fracture testing of rock materials

under mixed-mode I/II loading, and a series of finite ele-

ment analyses were performed to determine the crack tip

parameters. Several NDB specimens made of sandstone

were used to investigate the brittle fracture behavior of

rocks under mixed-mode I/II loading, and the fracture

surfaces were theoretically described using a statistical

method. The obtained fracture strength results were then

analyzed using several fracture mechanics criteria. More-

over, based on the concepts of the PS and MS, a detailed

description of the MCZs that were formed in the sandstone

samples under different mixed-mode loading conditions

was presented based on the MTS and GMTS criteria. The

following conclusions can be obtained from the presented

theoretical and experimental data:

1. The NDB specimen configuration with a length-to-

width ratio of 2.0 can enable the investigation of pure

mode I loading, pure mode II loading, and any mixed-

mode loading conditions in between. In addition, NDB

specimens of any desired size can be easily obtained

by simply cutting them from blocks of rock. Moreover,

NDB specimens were successfully employed in this

study to conduct fracture tests of a typical sandstone

under several mixed-mode loading conditions.

2. A statistical analysis of the topographical characteris-

tics of the fracture surfaces revealed that all the

surfaces generated under different loading mixities

were statistically identical; it was further demonstrated

that only tensile mode failure occurred when the

sandstone NDB specimens were subjected to mixed-

mode I/II loading.

3. The mixed-mode fracture test results of sandstone

using NDB specimens were consistent with the theo-

retical predictions obtained using the IR-criterion,

using the empirical criterion with bI = 1.21 and

bII = 3.41, and using the GMTS criterion with an

FPZ size of 0.4 mm. However, the MTS and MSED

criteria could not effectively estimate the mixed-mode

fracture envelope of the sandstone.

4. For the tested sandstone NDB specimens, at inclination

angles of a = 0� (pure mode I), 10�, 20�, 30�, and
45.9� (pure mode II), the maximum values of f1 were

12.57, 13.65, 13.72, 10.81, and 6.45 mm, respectively,

and the maximum values of f2 were 12.57, 13.39,

14.62, 16.56, and 62.83 mm. The negative (positive)

T-stress could decrease (or increase) the size of the

MCZ around the crack tip.

5. The results clearly show that r0 is not a constant for all

loading mixities regardless of whether the T-stress is

considered. Based on this result, it is suggested that the

value of r0 used in the GMTS criterion to predict the

crack initiation direction and fracture strength should

be chosen more carefully; furthermore, the procedure

for effectively determining the value of r0 for the

GMTS criterion should be further investigated.
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