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Abstract An extensive uniaxial and triaxial compression

testing programme was performed on Indiana Limestone to

assess its behaviour across the brittle–ductile transition.

Particular attention has been paid to the post-yield evolu-

tion of strength and dilatancy. Specimens tested at

r3 = 30 MPa displayed a fully ductile failure mechanism,

whereas specimens tested at r3 = 15 MPa and

r3 = 20 MPa displayed transitional mechanisms, which

were neither fully brittle nor fully ductile. Based on an

examination of failure localization and dilatancy charac-

teristics, the stress at which crack volumetric strain begins

to increase was found to be an indicator of individual

specimen ductility. In contrast to less porous rocks, the

reversal of total volumetric strain did not coincide with the

onset of axial strain nonlinearity under unconfined condi-

tions. With respect to post-yield strength, a major change in

the rate of friction mobilization relative to plastic shear

strain was observed across the brittle–ductile transition.

The dilatancy of the specimens was also found to undergo a

major change, with the plastic shear strains to mobilization

of peak dilatancy in the ductile regime being approximately

one order of magnitude higher than in the brittle regime.

Keywords Brittle–ductile transition � Triaxial testing �
Post-yield � Dilation � Carbonate

1 Introduction

Knowledge of the complete stress–strain curve for rock

materials is necessary to accurately interpret and predict

rock deformation behaviour (Wawersik 1975; Singh 1997;

ISRM 2007; Arzúa and Alejano 2013). In both the brittle

and ductile regimes of deformation, the post-yield beha-

viour of the rockmass can have implications for both

engineered structures in rock such as tunnels and mine

workings (i.e. Walton et al. 2014a, 2016; Walton and

Diederichs 2015a) or crustal scale geological processes

(i.e. Aydin and Johnson 1978; Jamison and Stearns 1982;

Simpson 1985; Underhill and Woodcock 1987; Scholz

1988; Boutéca et al. 1996; Fisher et al. 1999; Nagel 2001;

Imber et al. 2001; Makowitz and Milliken 2003; Doglioni

et al. 2011; Thomas et al. 2012). Several authors have

studied the post-yield behaviour of rock, with improve-

ments in testing (Hudson et al. 1971) and measurement

(Crouch 1970) techniques enabling the collection of high-

quality data (Rummel and Fairhurst 1970; Wawersik and

Fairhurst 1970; Wawersik and Brace 1971; Elliott and

Brown 1985; Cipullo et al. 1985; Medhurst 1996; Arzúa

and Alejano 2013; Walton et al. 2014b).

Although several definitions of the brittle–ductile tran-

sition have been proposed, one common definition depends

primarily on macroscopic considerations, where the dis-

tinction between brittle and ductile behaviour depends on

whether or not a macroscopic fracture forms (strain local-

ization occurs) after substantial permanent straining (see

Fig. 1) (Paterson and Wong 2005). There are also mecha-

nistic implications for the transition. In carbonate rocks,

brittle deformation is cataclastic in nature, where defor-

mation involves microcrack formation and frictional slid-

ing along grain boundaries, whereas ductile deformation (at

low temperature) transitions to delocalized cataclasis (or
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‘‘cataclastic flow’’) (Evans et al. 1990; Passchier and

Trouw 2005; Paterson and Wong 2005; Wong and Baud

2012). Also, as deformation becomes increasingly ductile,

pore collapse begins to play a more significant role than

microcracking, leading to an initially compactant stage in

porous carbonate rock deformation (although this com-

pactant behaviour ultimately transitions to dilatant beha-

viour at very large strains) (Wong and Baud 2012).

Studies on the brittle–ductile transition in carbonate

rocks have typically focused on the nature of the transition

itself, including the associated deformation mechanisms

(i.e. Mogi 1966; Vajdova et al. 2004, 2012; Wong and

Baud 2012) or specifically on post-yield behaviour for a

limited range of confining stresses (i.e. Walton et al.

2014b). In this study, post-yield behaviour is considered for

a large number of tests performed on Indiana Limestone at

a wide variety of confining stresses. The results are con-

sidered in the context of brittle theories of deformation (i.e.

Martin 1997; Hajiabdolmajid et al. 2002; Diederichs 2003;

Walton and Diederichs 2015b) to establish the limits to

their application.

2 Testing Methodology

Testing was performed using an MTS Rock Mechanics

Testing System, Model 815 (see Fig. 2), at the CANMET

Rock Mechanics Laboratory of Natural Resources Canada

in Ottawa, Canada. The system consists of independent

modules for axial loading and triaxial confinement, both of

which are servo-controlled. Tests began with a phase of

isotropic confinement of the specimen. During this phase,

both the axial and confining stresses were increased at an

equal rate of 0.1 MPa/s. Once the desired confining stress

was reached, the system was switched to an axial-dis-

placement-control mode for stable control of specimen

deformation beyond the peak strength.

Axial displacements were recorded using linear variable

differential transducers (LVDTs), and circumferential

deformation was recorded using a chain extensometer.

Volumetric strains were calculated from the measured axial

and circumferential strains. These sensors have a specified

tolerance of ±1.0% and an actual precision on the order of

one-tenth this value. The axial and confining stress values

are accurate to ±0.05 and ±0.005 MPa, respectively.

Further details on the testing system including specifica-

tions are provided by Labrie and Conlon (2008).

In addition to 20 uniaxial compression tests, 34 triaxial

compression tests were performed at confining stresses of

2, 4, 5, 8, 10, 15, 20, 30, 40, 50, and 60 MPa. All speci-

mens were tested dry, at ambient laboratory moisture and

temperature. Only one test was performed at each of the 40,

50, and 60 MPa levels, as failure was very difficult to

induce in these specimens (no failure was observed after

axial strains of over 3%). In particular, for the specimens

confined at 50 and 60 MPa, the LVDTs reached their

effective measurement limit of 5 mm (approximately 5%

strain) without showing any signs of instability; for both of

these high confinement specimens, the specimens were

unloaded, the measurement instruments were reset, and

then, the specimens were reloaded as per the loading

Fig. 1 Schematic illustrating changes in failure patterns in relation to

confining stress and ductility

Fig. 2 MTS Rock Mechanics Testing System (Model 815) used to

the collect the data for this study
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scheme described above. This step was repeated twice

(such that the specimens were loaded three separate times),

at which point the specimens began to display significant

signs of dilatancy. Although the results for the reloading

cycles on these particular specimens are presented for

completeness, they should be considered with a degree of

scepticism due to the potential effects of an unloading–

reloading stress path of the behaviour of these specimens.

Table 1 summarizes the number of tests performed at

each level of confining stress.

3 Indiana Limestone

Indiana Limestone is a Mississippian age carbonate rock

(323–347 Ma) and can be classified as a grainstone, based

on Dunham’s classification (Dunham 1962; Hill 2013). A

representative grain-scale image from the block of Indiana

Limestone tested in this study is shown in Fig. 3. The grain

sizes range from approximately to 0.3–0.5 mm. Based on

the dry densities of the specimens tested, and their

porosities were found to range between 13.7 and 15.6%

with an average of 14.8%. This particular set of Indiana

Limestone specimens is both weaker and less porous than

the Indiana Limestone specimens that have been tested

across the brittle–ductile transition by other authors (i.e.

Vajdova et al. 2004, 2012).

Because of its uniform mineralogy and grain structure

(which leads to consistent mechanical behaviour), previous

studies have examined its characteristics in the brittle

regime (Wawersik and Fairhurst 1970; Robinson 1959;

Zheng et al. 1989; Walton et al. 2014b), its tensile frac-

turing behaviour (Hoagland et al. 1973; Peck et al. 1985),

its poroelastic properties (Hart and Wang 1995), its fracture

toughness (Schmidt and Huddle 1977), and its behaviour

under compactant conditions (Vajdova et al. 2004, 2012; Ji

et al. 2012). The uniformity of the specimens tested in this

study was confirmed by P-wave velocity measurements

made (following the ASTM D2845 procedure) longitudi-

nally along each specimen prior to loading: the P-wave

velocities only span a range of 0.23 km/s (see Fig. 4). This

corresponds to a coefficient of variation of just under 3%.

The low variability in these longitudinal measurements is

consistent with the overall uniformity of the samples, as

evidenced by a coefficient of variation of 7.5% for the

recorded uniaxial compressive strength values, which is at

the lower bound of what is typically observed for geolog-

ical materials (Langford and Diederichs 2015).

4 Yield, Strength, and Volumetric Change

4.1 Stress–Strain Response

Qualitatively, a great deal about rock mechanical beha-

viour can be learned from assessing axial stress–axial strain

curves and volumetric strain–axial strain curves. In the case

of the Indiana Limestone tests performed for this study, the

data have been averaged for each confining stress level to

present representative curves (see Fig. 5); variability in

these curves between individual tests can be seen in the

Table 1 Number of tests performed at each level of confining stress used in this study

Confining stress (MPa) 0 2 4 5 8 10 15 20 30 40 50 60

Number of tests 20 5 5 2 5 5 3 3 3 1 1 1

Fig. 3 Grain-scale image of Indiana Limestone from the block of

material tested for this study (after Walton et al. 2014b)

Fig. 4 Distribution of P-wave velocities of uniaxial and triaxial

specimens tested for this study

Post-yield Strength and Dilatancy Evolution Across the Brittle–Ductile Transition in Indiana… 1693

123



electronic supplementary material which accompanies this

paper. Note that in this study, a compression-positive sign

convention has been adopted (positive stresses are com-

pressive in nature, and positive strains represent a decrease

in length, circumference, volume, etc.).

As can be seen from the averaged curves, the stress–

strain profiles are relatively brittle at low confinement, and

transition to a shape which is approximately perfectly

plastic around 30–40 MPa of confining stress, with strain-

hardening behaviour at higher confinement. Similarly, the

transition from primarily dilatant volumetric deformation

to compactant deformation occurs around 30 MPa. Both of

these results are consistent with a brittle–ductile transition

boundary of approximately 30 MPa, where r1/r3 & 5; this

is consistent with the findings of Mogi (1966) who, like

Turner et al. (1954) and Griggs et al. (1960), found that the

brittle–ductile transition occurs at relatively low confining

stress for carbonate rocks, even at low temperatures.

r3 & 30 MPa also appears to define the brittle–ductile

transition in this case based on the macroscopic definitions

of brittle and ductile deformation as proposed by Paterson

and Wong (2005). The post-failure photographs of speci-

mens tested at various confinements as shown in Fig. 5

show that in the cases where r3 C 30 MPa, no discrete

macroscopic fracture/shear zone-controlled specimen

deformation can be seen; the exception is the case of the

specimen tested at r3 = 60 MPa, where macroscopic shear

only developed after the specimen had been loaded and

unloaded twice, and more than 10% axial strain had been

incurred by the specimen. The opposite is true for speci-

mens tested at low confining stress, where clear macro-

scopic strain localization occurs at relatively low strains.

In the case of the specimens tested at r3 = 50 MPa and

r3 = 60 MPa, only the first loading step is shown for

comparison with data collected at other confining stresses.

The full range of data collected at r3 = 50 MPa and

r3 = 60 MPa is not readily comparable with the rest of the

tests, as the process of unloading to a zero-stress state and

reloading is likely to have some unknown effects on the

specimen behaviour. For illustrative purposes, however,

Fig. 5 a Averaged axial stress–axial strain and b volumetric strain–

axial strain curves for each of the confinements tested as well as

c examples of strain localization observed in specimens tested at

varying confining stress level; note that the strain localization in the

case of r3 = 60 MPa was caused by both unloading and reloading

following yield and the extremely large axial strains imposed over the

course of testing ([10%)
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the data from each of the testing steps for the high con-

finement data have been qualitatively aligned to show the

rough progression of specimen deformation to very large

strains (see Fig. 6). In both cases, the specimen behaviour

remains overall compactant (positive volumetric strain) up

to very large axial strains (*7.5%) and then becomes

dilatant. Even as the magnitude of the dilatancy grows

significantly, the strain hardening of the specimens

continues.

4.2 Crack Initiation, Crack Damage,

and Volumetric Strain Reversal

In the brittle regime, the concepts of ‘‘Crack Initiation’’

(CI), ‘‘Crack Damage’’ (CD), and ‘‘Volumetric Strain

Reversal’’ are important descriptors of the rock failure

process (see Diederichs and Martin 2010 for descriptions of

these values); Fig. 7 schematically illustrates these

thresholds for stress–strain curves obtained under uncon-

fined conditions. Several authors have demonstrated that

the stress at which systematic random cracking occurs

under axial loading (CI) corresponds to the onset of non-

linearity in the axial stress–lateral strain curve and that the

stress at which cracks begin to interact and propagate in an

unstable manner (CD) corresponds to the onset of nonlin-

earity in the axial stress–axial strain curve (Brace et al.

1966; Martin and Chandler 1994; Martin 1997; Lajtai

1998; Diederichs 2003; Diederichs and Martin 2010).

Although originally thought to correspond to CD, the stress

at which volumetric strain reversal occurs was later shown

to only correspond to CD under unconfined conditions;

under confined conditions, the volumetric strain reversal

point occurs at a higher stress than CD (Martin 1997;

Diederichs 2003; Diederichs and Martin 2010). Even so,

the point of volumetric strain reversal still represents a

useful landmark with respect to the dilatant behaviour of a

specimen.

As alluded to above, these thresholds have both mech-

anistic and empirical significance. At higher confining

stresses, however, as the mechanism of deformation

Fig. 6 Superimposed axial stress–axial strain and volumetric strain–

axial strain plots for the two highest confinements; testing continued

over three increments, since strain levels exceeded the measurement

limits of the LVDTs used to record axial deformation. The different

test phases have been qualitatively aligned to show the progression of

specimen deformation. Note that the lack of unloading strains from

the first phase of testing of the r3 = 60 MPa is due to the induced

axial strains exceeding the measurement limits of the LVDTs used
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changes, the mechanistic significance of these thresholds

becomes unclear; empirically, however, the nonlinearities

of the axial and lateral strains with respect to axial stress

still represent potentially useful indicators for transitions in

specimen behaviour. The point of lateral strain nonlinearity

was identified based on the crack volumetric strain reversal

point; crack volumetric strain was calculated by subtracting

elastic volumetric strain (calculated based on data-derived

Young’s modulus and Poisson’s ratio values for each

specimen) from total volumetric strain, leaving only the

inelastic or crack-related component of volumetric strain

(Martin 1997). The point of axial strain nonlinearity was

evaluated by identifying the stress at which the tangent

Young’s modulus begins to decrease from its constant

elastic value; tangent modulus values were calculated using

adjacent data points and smoothed using a moving average

window for visualization purposes (Diederichs and Martin

2010; Walton et al. 2014b).

The crack volumetric strain reversal and axial strain

nonlinearity stress values are compared to the peak and

residual strengths and volumetric strain reversal stresses in

Fig. 8 (generalized Hoek–Brown models (Hoek et al. 2002)

are fit to all the data sets, except the crack volumetric strain

reversal data, which required a modified Boltzmann sig-

moid function (Kaiser and Kim 2015) to fit the observed

data). Note that in the strain-hardening regime, ‘‘peak

strength’’ is used to denote the point at which the axial

stress–axial strain curve was qualitatively assessed to

transition from being sub-vertical (initial stiff loading) to

sub-horizontal (strain hardening); these qualitative esti-

mates are considered to be accurate within ±10 MPa. Also,

in the strain-hardening regime, ‘‘residual strength’’ is used

to denote the final steady-state stress level; since no steady-

state stress could be assessed for the specimens tested at

r3 = 50 MPa and r3 = 60 MPa, no residual strength val-

ues were obtained for these tests.

Under unconfined conditions, Fig. 8 shows that volu-

metric strain reversal consistently occurred after the point

of axial strain nonlinearity. The average unconfined volu-

metric strain reversal stress is 53.5 MPa versus an average

Fig. 7 Schematic

representation of crack initiation

(CI) and crack damage

thresholds (CD) in rock (after

Hoek and Martin 2014)
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axial strain nonlinearity stress of 38.5 MPa. Martin (1997)

and Diederichs and Martin (2010) postulated that these two

points should be coincident, based primarily on experience

in crystalline rocks; these data suggest that their conclusion

may not be valid for porous rocks. The lag in volumetric

strain reversal can be explained by the lower tendency of

porous sedimentary rocks to dilate relative to crystalline

rocks (Alejano and Alonso 2005; Walton et al. 2014b).

An examination of the data suggests that the stress level

at which crack volumetric strain reversal occurs may also

be an indicator of brittleness or ductility. For r3

B 10 MPa, the crack volumetric strain reversal values are

consistent with what has typically been observed as CI in

brittle crystalline rock: relatively low variability, relatively

low confinement dependency, and unconfined values on the

order of 40% of the unconfined compressive strength

(Martin 1997; Diederichs 2003, 2007; Diederichs and

Martin 2010). For r3 C 30 MPa, however, the crack vol-

umetric strain reversal values begin to approximate the

peak strength envelope, which is also roughly coincident

with the volumetric strain reversal envelope. At these high

confining stresses, crack volumetric strain reversal no

longer represents the same mechanistic indicator as it does

for specimens which deform through brittle mechanisms.

In fact, at these high confining stresses, the crack volu-

metric strain reversal values no longer correspond to the

point of nonlinearity in the axial stress–lateral strain curve;

at these confining stresses, nonlinearity of both the axial

and lateral strains begins almost immediately following the

onset of differential loading once the desired confining

stress is reached through an isotropic loading path (see

Fig. 9).

This interpretation of the crack volumetric strain

reversal data is also consistent with the general conclusion

that the behaviour of the Indiana Limestone is fully ductile

for r3 C 30 MPa (i.e. as shown in Fig. 8 through the

convergence of the crack volumetric strain reversal and

peak strength envelopes). Additionally, the tendency for

the crack volumetric strain reversal envelope to change

slope and approach the peak strength envelope starting at

r3 = 15 MPa can be considered as an indication that this

confining stress marks the beginning of a gradual brittle–

ductile transition.

This transitional behaviour at intermediate confining

stress (15, 20 MPa) is also evidenced by the significant

variability in the crack volumetric strain reversal stresses

associated with these tests (see Fig. 8). Some of these

specimens behave in a relatively ductile manner (higher

crack volumetric strain reversal values, closer to the vol-

umetric strain reversal point), whereas others behave in a

relatively brittle manner (lower crack volumetric strain

reversal values, closer to the expected brittle ‘‘Crack Ini-

tiation’’ threshold). Although this difference does not affect

the axial stress–axial strain behaviour of the specimen, it

does affect the relative dilatant/compactant tendency of the

specimen, as well as the degree of strain localization in the

specimen and the primary shear band angle of inclination

(see Fig. 10). Although some strain localization is shown in

all three cases, the degree to which the strain is concen-

trated within a single shear zone decreases as the crack

volumetric strain reversal stress increases; in the more

ductile specimens, the strain localization is more diffuse

and distributed across a larger number of shear bands.

The variability observed in these tests indicates that for

these transitional confining stress levels, specimens can

behave in either a brittle or ductile manner, depending on

slight difference between each test. Since the large vari-

ability in the behaviour of individual specimens could not

be explained by significant grain-scale heterogeneity, other

potential causes were examined. It was determined that a

slight difference existed between the stress paths of the

tests shown in Fig. 10. Although all three tests followed the

standard procedure of isotropic loading up to the desired

Fig. 8 a Peak strength compared to crack initiation and residual

strength and the onset of yield and b the stress at volumetric strain

reversal. All models shown were fit using the generalized Hoek–

Brown criterion (Hoek et al. 2002) with the m, s, and a parameters

allowed to vary except the crack volumetric strain reversal model,

which is represented by a modified Boltzmann sigmoid function per

Kaiser and Kim (2015)
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confining stress followed by an increase in only the axial

stress, there were slight differences in how long the peak

isotropic pressure was maintained prior to increasing the

differential stress. In particular, at r3 = 15 MPa, the peak

uniform isotropic was held for *1, *10, and *40 s for

the cases with the highest, middle, and lowest crack vol-

umetric strain reversal stresses. Based on this, it appears

that the observed discrepancies in dilatant behaviour (and

correspondingly ductility) are consistent with different

amounts of viscoelastic (or perhaps viscoplastic) com-

pression which occurred during this time. In the case of the

specimen with the lowest crack volumetric strain reversal

point, approximately 0.07 mstrain of creep volumetric

strain occurred during the *40 s of constant loading (see

Fig. 10, inset). It is possible that this additional amount of

compression under isotropic loading led to a grain structure

with lower porosity at the onset of differential loading,

producing significant dilatancy and strain localization

during yield relative to the other specimens tested at the

same confining stress. This idea is consistent with the

empirical observation that materials with a lower initial

porosity tend to dilate more (Walton and Diederichs

2015b).

Ultimately, it is the specimens with higher crack volu-

metric strain that more closely match the typical testing

procedure with minimal delay between isotropic and dif-

ferential loading. This further suggests that a transition to

increasingly ductile behaviour is taking place at

r3 = 15 MPa and r3 = 20 MPa, even if the behaviour

cannot be classified as fully ductile based on macroscopic

considerations. Interestingly, the transition in the model for

crack volumetric strain shown in Fig. 8 approximately

corresponds to the line with zero intercept and r1/r3 & 5

(suggested as the approximately brittle–ductile transition

boundary for carbonate rocks by Mogi 1966). All of these

results suggest that the crack volumetric strain may serve

as a reasonable indicator of the brittle–ductile transition, at

least for porous carbonate rocks.

Representative crack volumetric strain profiles (as a

function of axial strain) are shown in Fig. 11. Since these

profiles are effectively showing how the specimen volu-

metric strain deviates from an elastic model for volumetric

strain, they can be used to draw conclusions about the

mechanisms of deformation occurring during specimen

loading and to summarize the relationships between duc-

tility, confining stress, crack volumetric strain, and

Fig. 9 Representative stress–strain and volumetric strain curves for specimens tested at a, c 4 MPa and b, d 40 MPa
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dilatancy. In the case of the unconfined specimen which

deforms through brittle mechanisms, the crack volumetric

strain profile shows the initial closure of pre-existing

cracks followed by the opening and growth of new cracks.

In the case of the specimen shown for r3 = 20 MPa, which

is transitional between the brittle and ductile regimes, fully

elastic compression is observed, followed by some very

minor inelastic compression, and ultimately, dilatancy. The

specimen shown for r3 = 40 MPa which deforms through

fully ductile mechanisms shows a significant amount of

inelastic compression up to large values of axial strain

before, ultimately, dilatancy occurs.

4.3 Progressive Strength Evolution

The differences in the stress–strain curves shown in Fig. 5

clearly illustrate that strength evolution is a progressive

process which occurs over the course of specimen defor-

mation. Through research on brittle deformation mecha-

nisms, several authors have demonstrated that many rocks

follow a cohesion-weakening-friction-strengthening

(CWFS) strength model (Martin 1997; Hajiabdolmajid

et al. 2002; Diederichs 2003, 2007; Walton et al. 2014a, b).

In contrast to conventional strength models, the CWFS

model is consistent with theoretical and empirical evidence

suggesting that the cohesion and friction components of

rock strength do not act simultaneously; rather, frictional

strength is mobilized over the course of a progressive

damage process (often tracked with respect to an inelastic

strain quantity) that reduces cohesion from its peak value to

a residual value (see Fig. 12).

The procedure for calculating CWFS model parameters

from the laboratory data is graphically represented in

Fig. 13. First the plastic shear strain cp at each data point is

calculated as the difference between the major and minor

principal plastic strains: cp = ep
1 � ep

3. This plastic shear

strain represents a cumulative damage variable to track the

deformation process during the course of testing (Alejano

and Alonso 2005; Walton et al. 2014b); note that here,

yield is defined as the point of axial strain nonlinearity, or

equivalently, CD (Zhao and Cai 2010; Chandler 2013;

Walton et al. 2014b). For each test, the post-yield stress

Fig. 10 a Axial stress–axial

strain and b volumetric strain–

axial strain (bottom) curves for

specimens tested at

r3 = 15 MPa. Also shown are

c post-failure photographs of the

specimens tested at

r3 = 15 MPa; dashed lines

mark areas of notable shear
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values from each test were interpolated over a regularly

spaced vector of plastic shear strain values. Next, for each

value of plastic shear strain, the associated principal stress

values of each test are extracted (shown for cp = 17.5

mstrain in Fig. 13), and a least-squares linear model is used

to determine the effective cohesion and friction angle

values (based on the intercept and slope of the model,

respectively). Because the strength envelope is not

perfectly linear, the results obtained depend on the range of

confining stresses considered in the analysis; as such, the

process described above was repeated using all data from

tests with r3 B 5 MPa (lowest confinement data), r3

B 10 MPa (all fully brittle data), and for all r3. The results

are shown in Fig. 14.

As shown in Fig. 14, the Indiana Limestone follows a

CWFS strength model both at low confining stresses and at

high confining stresses. As the maximum confining stress

considered in the strength parameter determination

increases, the apparent ultimate (or residual) cohesion

tends to increase, whereas the apparent ultimate (or resid-

ual or mobilized) friction angle tends to decrease. These

changes in the ultimate friction angle can be determined for

each individual test by using the servo control to reduce the

confining stress to zero while keeping the specimen in a

continuous failure state and considering the slope of the

line which best fits the resulting r1 and r3 data (Kovari

et al. 1983). These results are shown in Fig. 15, with a

logarithmic least-squares model indicating the overall trend

in residual friction angle as a function of confining stress.

Rather than only considering the results shown in

Fig. 14 for a specific subset of confining stresses, it is

possible to estimate the cohesion and friction angle for all

(r3, cp) conditions. As in the case of the development of the

CWFS profiles in Fig. 14, this process begins by interpo-

lating post-yield strength values over regularly spaced

intervals of plastic shear strain for each test. Next, for

confining stresses with multiple tests, the average post-

yield strength at each plastic shear strain was calculated.

With an average r1–cp profile having been determined for

each confining stress level, the yield surface for the rock

can be plotted with respect to r3 and cp (see Fig. 16). This

representation of the yield surface shows the initial

‘‘hardening’’ behaviour from yield to peak strength which

occurs at very low plastic shear strains; this hardening

behaviour which is typically observed in uniaxial and tri-

axial testing is not intrinsic to the rock material, but rather a

Fig. 11 Examples of crack volumetric strain plots for specimens

tested at confining pressures of a 0 MPa, b 20 MPa, and c 40 MPa.

Crack volumetric strain values have been adjusted to show the peak

value as ‘‘0’’ for clarity

Fig. 12 Schematic illustrating the cohesion-weakening-friction-

strengthening (CWFS) strength model, with a loss of cohesion and

gain of frictional strength occurring as inelastic strain accumulates

within a material (after Walton and Diederichs 2015a)
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consequence of the testing conditions (Diederichs 2007;

Bewick et al. 2015). At low confinement, the post-peak

strength decreases with increasing shear strain, whereas at

high confinement, the post-peak strength continues to

increase to very large levels of strain.

At each pair of (r3, cp) co-ordinates, the instantaneous

cohesion and friction angle values can be determined based

on a local linear fit to the yield surface shown in Fig. 16 as

a function of confining stress. The process for this

parameter determination is illustrated in Fig. 17. Instanta-

neous cohesion and friction angle values were determined

for each available (r3, cp) pair by obtaining the least-

squares linear fit to the post-yield strength data sharing the

same cp and the nearest confining stresses above and below

the level of interest. For example, the instantaneous cohe-

sion and friction for (r3, cp) = (10 MPa, 3 mstrain) were

determined based on the linear fit to the post-yield strength

data in Fig. 16 for (r3, cp) = (8 MPa, 3 mstrain), (r3,

cp) = (10 MPa, 3 mstrain), and (r3, cp) = (15 MPa, 3

mstrain) (see Fig. 17). Using this approach for all (r3, cp)

conditions tested allowed maps of cohesion and friction to

be produced; additionally, these maps can be re-plotted to

show these parameters normalized to their maximum val-

ues for each confining stress, which gives a better indica-

tion of how much strain is required at each confining stress

to result in significant cohesion loss or friction mobilization

(see Fig. 18).

As shown in Fig. 18, the most significant changes in the

instantaneous cohesion and friction angle occur above

r3 = 20 MPa. Below this threshold, the commonly used

approximation in modelling brittle rock deformation that

the plastic shear strains at which the ultimate cohesion and

friction angle values are reached are confinement inde-

pendent remains valid (Hajiabdolmajid et al. 2002; Die-

derichs 2007; Walton et al. 2014a). Above this threshold,

however, there are not only significant changes in the

ultimate strength parameters values (i.e. Fig. 18a, c), but

also in the plastic shear strains required to reach a quasi-

Fig. 13 Schematic illustrating the different stages of CWFS param-

eter determination—1 raw stress–strain data; 2 yield stress plotted as

a function of plastic shear strain; 3 linear fitting using different

confining stress ranges for a given plastic shear strain (in this case,

cp = 17.5 mstrain); 4 position of individual cohesion and friction

angle points along their evolution profiles
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stable strength state (i.e. Fig. 18b, d). In particular, the

friction angle requires large plastic shear strains to mobi-

lize to its ultimate value at high confining stress as com-

pared to the almost immediate mobilization of friction at

low confining stress.

5 Quantifying Dilatancy

The evolution of dilatancy is strongly tied to the evolution

of strength in rock. Cook (1970) demonstrated that in rock,

the dilatancy observed in compressive testing results was a

manifestation of an inherent tendency of rock to volumet-

rically expand during yield rather than an artefact of testing

conditions. Typically in porous carbonate rocks, although

dilatancy occurs under low confinement conditions (and at

very large strains under high confinement conditions), as

the failure mechanism becomes increasingly ductile, the

rock’s volumetric behaviour becomes increasingly com-

pactant (Wong and Baud 2012). To quantify this volu-

metric behaviour, a commonly used parameter is the

dilation angle, w, which relates the maximum and mini-

mum principal plastic shear increments ( _ep
1 and _ep

3,

respectively):

Fig. 14 CWFS strength profiles for data at a all confining stresses,

b confining stresses of 10 MPa or less, and c confining stresses of

5 MPa or less

Fig. 15 Residual friction angles as evaluated for individual tests

based on analysis of the stresses during unloading. The representative

model fit shown is a logarithmic function with a vertical and

horizontal offset from the origin

Fig. 16 Yield strength as a function of confining stress and plastic

shear strain
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_ep
3

_ep
1

¼ � 1 þ sin ðwÞ
1 � sin ðwÞ ð1Þ

Or, alternatively,

sin ðwÞ ¼ _ep
v

�2 _ep
1 þ _ep

v
ð2Þ

Generally speaking, a higher dilation angle corresponds to

larger post-yield inelastic volumetric strains for a given

amount of driving strain (i.e. major principal plastic strain,

ep
1).

Although originally considered to be a constant

parameter (Hill 1950; Vermeer and de Borst 1984), the

dilation angle of rock has been demonstrated to vary sig-

nificantly as a function of both confining stress and the

damage state of the rock (typically quantified using the

plastic shear strain) (Ofoegbu and Curran 1992; Medhurst

1996; Alejano and Alonso 2005; Zhao and Cai 2010;

Walton and Diederichs 2015b). Several models have been

proposed to quantify the observed variations in the dilation

angle. In this study, the model of Walton and Diederichs

(2015b) (referred to hereafter as the ‘‘W–D’’ model) will be

used to allow for quantitative study of how the dilatant

tendencies of Indiana Limestone change as a function of

confining stress.

5.1 The Walton and Diederichs (2015b) Dilation

Model

The W–D model consists of a piecewise function for the

dilation angle with respect to plastic shear strain. The two

distinct components of the model represent the pre-mobi-

lization phase, where the dilation angle rises to its peak

value, and the post-mobilization phase, where the dilation

angle decays towards zero. The pre-mobilization phase is

represented by a logarithmic curve with a tangent linear

segment to connect this function to the origin; the post-

mobilization phase is represented by an exponential decay

Fig. 17 Schematic illustrating the different stages of cohesion and

friction angle determination for (r3 = 10 MPa, cp = 3 mstrain)—1
averaged r1–cp profiles at each confining stress tested; 2 interpolated

visualization of yield strength as a function of confining stress and

plastic shear strain with data constraints represented as dots; 3

determination of approximate tangent linear fit to the yield surface at

the point of interest; 4 location of the resulting cohesion value on a

plot of cohesion as a function of confining stress and plastic shear

strain
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function (see Fig. 19). The pre-mobilization parameter, a,

controls the curvature of the logarithmic function in the

pre-mobilization phase of dilatancy, with lower values

corresponding to greater curvature. The dilation

mobilization parameter, cm, indicates the plastic shear

strain at which the dilation angle reaches its peak value,

wPeak, and transitions from the pre-mobilization phase to

the post-mobilization phase. The dilation decay parameter,

c*, controls the rate of decay of the dilation angle in the

post-mobilization phase of dilatancy.

Walton and Diederichs (2015b) found that the primary

effect of confining stress is to reduce the value of the peak

dilation angle from being equal to the peak friction angle

under unconfined conditions to lower values under con-

fined conditions; the extent to which confining stress

affects the peak dilation angle is controlled by two model

parameters—b0 and b0. Walton and Diederichs (2015b)

also found that the pre-mobilization curvature and post-

mobilization decay of the dilation angle showed some

slight trends as a function of confining stress for certain

rock types, although in some cases it is reasonable to

approximate the pre- and post-mobilization dilatancy

trends as confinement independent. Figure 19 illustrates

the piecewise W–D model as fit to some sample coal data

Fig. 18 Cohesion and normalized cohesion (a, b) and friction and

normalized friction (c, d) as a function of confining stress and plastic

shear strain; note that the normalization of both cohesion and friction

is relative to the maximum value for a given confining stress, not the

full range of confining stresses tested

Fig. 19 A typical dilation angle profile obtained from a triaxial test

with the piecewise mobilized dilation angle model of Walton and

Diederichs (2015b) shown (after Walton and Diederichs 2015b; data

after Zhao and Cai (2010)—originally from Medhurst (1996))
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and shows which parameters control which parts of the

model. Indicated in this figure are the four parameters

required to define the influence of plastic shear strain on the

dilation angle. For a detailed description of the model,

readers are referred to the study by Walton and Diederichs

(2015b) which outlines the development of the model.

5.2 Changes in Dilatancy as a Function of Confining

Stress

Based on an examination of data from a number of dif-

ferent rock types, Walton and Diederichs (2015b) illus-

trated a general concept for how the dilation angle profile

(as shown in Fig. 19, for example) changes as a function of

confining stress. Under unconfined conditions, the peak

dilation angle equals the peak friction angle, and the post-

mobilization decay of the dilation angle is minimal. At low

confining stress, the peak dilation angle is still relatively

high, and the post-mobilization decay of the dilation angle

is large. At relatively high confining stress (near the brittle

ductile transition), the dilation angle value tends to reach

an approximately constant (and small) value once mobi-

lized (Vermeer and de Borst 1984). Unfortunately, this

conceptual model was based on data collected using a

relatively limited range of confining stresses.

In Fig. 20, this conceptual model is compared against

representative data from the tests performed in this study.

Overall, the model and data are relatively consistent, with

the caveat that the transition towards an approximately

constant dilation angle does not occur at r3/r1_MAX & 1/

3.4 (Mogi’s line for non-carbonate rocks), but at the brit-

tle–ductile transition, which is r3/r1_MAX & 1/5 for the

Indiana Limestone tested in this study. Beyond the brittle–

ductile transition, significant compactant behaviour can be

observed. In the case of the specimen tested at

r3 = 60 MPa shown in Fig. 20, the dilation angle begins at

an approximately constant value of w & -25� and then

gradually increases to a positive value (dilation, rather than

compression) after significant deformation. Although the

parameters describing the mobilization of peak dilatancy

and post-mobilization dilatancy are still relevant in this

case, the pre-mobilization parameter (a) is meaningless

when compactant inelastic volumetric behaviour precedes

dilatancy, as the W–D model assumes that the pre-mobi-

lization dilation angle starts at a value of w = 0� at the

onset of yield.

When considering how each of parameters of the W–D

model (as illustrated in Fig. 19) changes with confining

stress, the following items can be noted:

• Pre-mobilization parameter (a): this parameter shows

an approximately linear trend with confining stress, as

found by Walton and Diederichs (2015b). As stated

above, the pre-mobilization dilatancy parameter cannot

be defined in the ductile regime.

• Dilation mobilization parameter (cm): Of all the dilation

model parameters considered, this parameter most

clearly shows the brittle–ductile transition (see

Fig. 21). For tests conducted in the brittle regime

(r3 B 20 MPa), the mobilization parameter can be

considered as roughly constant as per the suggestion of

Walton and Diederichs (2015b). In the ductile regime

(r3 C 30 MPa), the mobilization of peak dilatancy is

significantly delayed, however, as the onset of dilatancy

is somewhat delayed due to an initial compactant

phase.

• Peak dilation angle (wPeak): these values generally

agree with the W–D dilation model, although there

appears to be a tendency for peak dilation angles to take

on higher values than expected in the ductile regime. It

is hypothesized that this can be explained by the very

large strains required to mobilize dilatancy in the

ductile regime, which are roughly one order of

magnitude larger than those in the brittle regime, as

well as the significant pre-dilatancy compression which

occurs, ultimately leading to need for dilatancy to occur

for the specimen to accommodate further straining.

• Dilation decay parameter (c*): these values generally

show a trend which is consistent with the conceptual

model shown in Fig. 20. Under unconfined conditions,

almost no post-mobilization decay occurs (in Fig. 21,

the unconfined decay parameter values are very large

and do not appear within the axis limits of the

chart shown). With a slight increase in confinement,

there is a rapid decrease in the decay parameter (up to a

confining stress of around r3 = 4 MPa in the case of

this Indiana Limestone). Then as confining stress

increases further, the decay parameter values increase

approximately linearly as the peak dilation angle

decreases and the post-mobilization dilation angle

approaches a constant value. At high confining stress

in the ductile regime, the decay values drop again, as

post-compression dilatancy tends to decay relatively

rapidly following mobilization.

In examining the data in Fig. 21, the relatively large dis-

persion in parameter values at r3 = 20 MPa is immedi-

ately apparent. Since similar variability was seen in the

crack volumetric strain reversal values of these specimens

(see Fig. 8), potential relationships between the crack

volumetric strain reversal values and the dilation model

parameters were investigated. In Fig. 22, these relation-

ships are illustrated, with the stress at crack volumetric

strain reversal being strongly related to all four dilation

angle model parameters for the r3 = 20 MPa data. Since it

appears that the crack volumetric strain reversal stress can
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be taken as a qualitative measure of individual specimen

ductility in the brittle–ductile transition, these relationships

can be compared against general trends for expected

changes in dilatancy with increased ductility. With respect

to the relationship between dilatancy parameters and the

crack volumetric strain reversal stress, the following con-

clusions are most readily apparent:

• Pre-mobilization parameter (a): In the case of this

parameter, the trend that the more ductile specimens

take on higher values is in agreement with the general

trend shown in Fig. 21, where specimens at higher

confinements also take on higher values (a least-squares

linear model illustrates the trend).

• Dilation mobilization parameter (cm): This parameter

shows a slight downward trend as a function of crack

volumetric strain reversal stress, although the magni-

tude of this trend is very small relative to the overall

variability in this parameter shown in Fig. 21.

• Peak dilation angle (wPeak): This parameter follows a

similar trend in Figs. 21 and 22—the more brittle

specimens with lower confining stress or lower crack

volumetric strain reversal stress tend to have a higher

peak dilation angle.

• Dilation decay parameter (c*): the most brittle speci-

men tested at r3 = 20 MPa is consistent with the linear

trend in this parameter for more brittle samples (lower

confinements) shown in Fig. 21. The more ductile

Fig. 20 A hypothesized model

for dilation angle profile

changes as a function of

confinement proposed by

Walton and Diederichs (2015b)

and corresponding dilation

angle profiles at a variety of

confining stresses with the W–D

(Walton and Diederichs 2015b)

dilation models fit to the data;

note the different scale used for

the r3 = 60 MPa data
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specimens, however, show lower values of this param-

eter which are consistent with the values observed for

samples tested at higher confining stresses (50,

60 MPa).

Overall, these results are consistent with the original sug-

gestion that the crack volumetric strain reversal stress is

representative of individual specimen ductility and that it

influences sample dilatancy accordingly.

6 Conclusions

This study represents an investigation of a large database

of compression tests performed on Indiana Limestone

over a wide range of confining stresses. Based on visual

observation of specimen failure mechanisms as well as an

inspection of the averaged axial stress–axial strain curves,

the confining stress threshold for fully ductile deformation

Fig. 21 W–D dilation parameters as a function of confining stress—

a the pre-mobilization parameter and associated linear fit; b the

plastic shear strain at peak dilation angle mobilization; c the

normalized peak dilation angle and associated logarithmic fit with a

tangent linear transition to (0, 1); d the dilation decay parameter.

Linear and logarithmic fits are shown in a and c as per the

relationships proposed by Walton and Diederichs (2015b)

Fig. 22 Variability in W–D dilation model parameters for specimens

tested at r3 = 20 MPa as a function of the crack volumetric strain

reversal stress. Linear models are fit to all parameters shown except

the decay parameter, c*, which has been fit using an exponential

model
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at ambient room temperature was found to be between

r3 = 20 MPa and r3 = 30 MPa. The crack volumetric

strain reversal stress, which is typically considered an

indicator of crack initiation in the brittle regime, was

found to transition to coincide roughly with the peak

stress at high confinement and is suggested to indicate the

onset of the brittle–ductile transition when it deviates

from the typical CI envelope. The total volumetric strain

reversal stress was found to be higher than the onset of

axial strain nonlinearity (CD in the brittle regime), which

is different from the behaviour observed in low-porosity

rocks, where these two parameters are coincident under

uniaxial conditions.

In examining the post-yield strength evolution of spec-

imens at different confining stresses, the CWFS strength

model was found to be generally appropriate for capturing

the observed behaviour. The parameters of this model,

however, change significantly as the confining stress

exceeds the brittle–ductile transition. In particular, the

commonly used approximation in modelling brittle rock

deformation that the plastic shear strains at which the

ultimate cohesion and friction angle values are reached are

confining stress independent is not valid beyond the brittle–

ductile transition. The mobilization of the friction angle to

its peak value is especially delayed for ductile deformation

relative to brittle deformation.

Post-yield dilatancy was also considered in the context

of a model which captures the confining stress and plastic

shear strain dependencies of the dilation angle. Although

the W–D dilation model can be applied to individual tests

at all confining stresses, the pre-mobilization portion of the

model is inadequate in the ductile regime, as the existence

of an initial compactant phase violates the assumption of an

initial dilation angle of zero degrees, which is inherent in

the model’s formulation. Considering the entire data set,

the trends identified as a function of confining stress by

Walton and Diederichs (2015b) either become less reliable

or wholly invalidated for tests performed in the ductile

regime. A close examination of the data revealed that

dilation model parameters strongly depend on the crack

volumetric strain reversal stress, even when holding con-

fining stress constant; the specimens with higher crack

volumetric strain reversal stress values were found to have

dilation model parameters similar to those expected at

higher confining stress. This finding further suggests that

the crack volumetric strain reversal stress can be used as an

indicator of brittleness or ductility.
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