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Abstract Closed-form solutions for the stresses and defor-
mations induced in the ground and tunnel liner are provided for
a deep tunnel in a transversely anisotropic elastic rock, with
anisotropic permeability, when subjected to groundwater
seepage. Complex variable theory and conformal mapping are
used to obtain the solutions; additional complex functions,
necessary to prevent multiple solutions of the displacements,
are included. The analytical solutions are verified by comparing
their results from those of a finite element method. Simplified
formulations are presented for tunnels with a perfectly flexible
and completely incompressible liner. A spreadsheet is included
that can be used to obtain stresses and displacements of the liner
due to groundwater flow and far-field geostatic stresses.

Keywords Deep tunnel - Circular liner - Transversely
anisotropic rock - Groundwater flow - Complex variable

List of symbols

A, I Cross section and moment of inertia of liner

E, E, Young’s modulus of rock in x- and y-axis

E, v Young’s modulus and Poisson’s ratio of the
liner

Gy Shear modulus of rock

R Distance to far-field boundary

ky, ky Permeability of rock in x- and y-axis

r, 0 Polar coordinates
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r, Radius of the tunnel

t Liner thickness

T, M° Axial force and moment of liner

U, Uy Displacement of the rock in polar
coordinates

Us, Uy Displacement of the liner in polar
coordinates

U Pore pressures

Usp Pore pressure at far-field

U, Pore pressure at tunnel wall

X,y Cartesian coordinates of axes of elastic
symmetry

Z Complex number, z; = x + wy, k=1, 2

Oy 0Ly Biot’s constants in x- and y-axis

Exxs Eyys Yoy Axial and shear strains in x- and y-axis

(i Complex number that depends on z; through
conformal mapping

¢(z1), ¢'(z) Stress function and its derivative

L1, U Roots of compatibility equation

U3 Root of permeability equation

Viys Vazs Vyz Poisson’s ratios of rock

Cys Oy Toh Normal and shear stresses at the far-field
along axes of elastic symmetry

Oy, Oy, Tyy Total normal and shear stresses in Cartesian
coordinate system

O g, T Total normal radial, tangential, shear
stresses in polar coordinate system

a), o, T Stresses of the liner in polar coordinates

1 Introduction
The presence of groundwater affects the response of the

ground during construction, as well as the forces acting on
the liner. It has been shown that the tunnel advance rate
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changes the seepage forces ahead of the face of the tunnel,
thus impacting face stability (Lee and Nam 2001, 2004)
and shield loading (Ramoni and Anagnostou 2011). In
addition, the tunnel support has to withstand not only the
forces arising from the surrounding ground, but also those
from the water (Bobet 2003; Lee et al. 2006). Clearly,
ground and liner permeability are two driving factors
determining the seepage regime around the tunnel. A per-
fectly impermeable liner preserves existing groundwater
conditions, while a permeable liner induces seepage toward
the excavation. The two conditions result in very different
stresses in the ground (Bobet 2001; Nam and Bobet
2006, 2007), which are associated with different ground
deformations (Bobet 2001, 2007).

The interaction between tunnel construction, ground and
tunnel support is complex and may require sophisticated
numerical methods that capture the inherent three-dimen-
sional nature of the problem, as well as the ground and
support response under complex loading (Bobet and Einstein
2008; Ibrahim et al. 2015; Pachoud and Schleiss 2015).
Analytical formulations, however, while limited due to the
restrictions imposed by the assumptions needed to reach a
solution, have a number of advantages over numerical
methods such as (Bobet 2010): (1) they provide insight into
the problem, (2) are very useful to identify the most
important variables for a given problem, (3) contribute to the
understanding of the excavation-rock liner interaction
problem, and (4) can be used to verify and calibrate complex
numerical models. A number of analytical solutions have
been obtained that account for the interplay that exists
between ground and support (Einstein and Schwartz 1979;
Carranza-Torres and Fairhurst 2000; Bobet 2010) and
between ground, water and support (Bobet 2001, 2010; Nam
and Bobet 2010). These solutions assume that the ground is
isotropic. It is also interesting to explore how the ground and
the support stresses and deformations are affected when the
tunnel is excavated in a layered material (transversely ani-
sotropic ground), with or without the presence of water
(Bobet 2011, 2016). Closed-form solutions were obtained
for the ground and the liner when the ground is dry or when
there is no drainage at the ground-liner interface.

The paper expands the analysis presented by Bobet
(2011, 2016) and presents an analytical solution for the
stresses and deformations induced in the ground and sup-
port due to drainage at the ground-liner interface; that is,
when seepage forces exist in the ground; see Fig. la for
problem definition. The following assumptions are made:
(1) The tunnel is deep and so far-field stresses, ug, can be
assumed as uniform and the magnitude of the vertical stress
can be taken as the unit weight of the rock times the depth
of the center of the tunnel; (2) the cross section of the
tunnel is circular; (3) the rock is porous and elastic; (4) the
rock has transverse anisotropy; (5) the principal axes of
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elastic anisotropy, x and y in Fig. 1, coincide with the
principal axes of permeability; (6) the liner is elastic and
has a small thickness compared to the radius of the tunnel;
(7) plane strain conditions apply along the axis of the
tunnel.

2 Theoretical Framework

Figure 1a shows the problem to be solved, where the axes
of elastic symmetry, x and y, are inclined at and angle f3
with respect to the horizontal and vertical directions. For
convenience, the problem is rotated such that the axes
x and y are horizontal and vertical, respectively; see
Fig. 1b. This is consistent with the approach taken by
Bobet (2011, 2016) for dry ground. Note that the pore
pressures remain unchanged with the rotation.

The solution must satisfy the following conditions:
equilibrium, constitutive model, strain compatibility, flow
through the porous medium and boundary conditions.
Equilibrium, in two dimensions, is expressed as:

0 ,

Oxe  OTy _0

fobs Oy (1)
9oy O

Oy ox

where 0y, 0y,, Ty, are the total stresses along the x- and y-
axis and the shear stresses, respectively, and x and y are the
Cartesian coordinates of the axes of elastic symmetry. The
axis z is taken along the axis of the tunnel and is also an
axis of elastic symmetry.

The constitutive model is given by the equations of
poro-elasticity, which in plane strain are given by (e.g.,
Detournay and Cheng 1993; Cheng 1998; Wang 2000):

Exy = 010y — 020y, + ﬁlu

yy = —00 0y + 030y + fou
p =
P Gy

2
o = L=y,

E, 2)
(1 + sz) Vyx (

Oy =

E,

E, 1
u=1—— vz,x —

E, 7] E,
ﬁl = 010 — 020y

By = —aa0, + o3

where ¢,,, &, and y,, are the strains in the x and y direc-
tions, E, and E, are the Young’s modulus in the x and
y directions, v,, and vy, are the Poisson’s ratios in the xz
and yx directions, respectively (vy, = v, E,/E, because of
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Fig. 1 Deep tunnel in (a) (b)
transversely anisotropic rock
with flow, a problem definition,
b problem definition after X y
rotation /
U
X
U | ( -

the symmetry of the strain tensor), Gy, is the shear mod-
ulus, «, and «, are the Biot’s constants in the x and y di-
rections (Biot 1941, 1956), and u is the pore pressure (for
incompressible fluid, compressible solid matrix and iso-
tropic properties, o, = «, = 1). Note also that the elastic
properties in the z and x directions are the same.

Pore pressures, for steady-state conditions, must obey
the following field equation:

2 2

kx % + k, Z—yz =0 (3)
where k, and k, are the permeabilities in the x and y axes,
respectively.

The equilibrium equations can be satisfied if a stress

function F(x, y) is found such that (Lekhnitskii 1963):

°F
Oy = ==
X ayz
°F @)
»=ae
_OF
T = Ox0y

The compatibility equation can be written, in terms of the
function F(x, y), as:

i} a4F+oc a“F+ L, o'F
ot T P T \G, T ax20y?
o%u Q%u
=—p a_y2 =B 2 (5)
Lekhnitskii (1963) introduced the complex variable

Zr = X + Wy, where y is a complex number. Expressing
(5) as a function of the complex variable z,, one obtains:

1 o*F u u
{061#2 + (G_x) - 20(2)#% + 063} e —By e 52@
(6)

Defining ¢(z) = F'(zx) = OF/0z, the stresses are:

0%F,
7 = 2Re [ (1) + ia(@)] + 55
, o°F,
oy, = 2Re [d)ll (Zl) + ¢2 (22)] + o2 (7)
, , o°F,
Txy = —2Re [,Ul(,bl(Zl) + /12(],'72(22)} - axay

where F, is a particular solution of (6) and u; and u, are
complex numbers that are the roots of the equation:

1
fxl,u;:+<G —2cxz>,u,%+oc3:0 (8)
Xy

Displacements and stresses of the liner, in polar coordi-
nates, are related by (Fliigge 1966):

CUp AUy (1)

do> ~ do EAs ¢

au; I, (d'vs _d*Ur (1-42) ,
&) T 2 T US — S S

ap r%As<d04 T T EA, 07"

©)

where U; and Uj are the radial and tangential displace-
ments of the liner, ¢} and t° are the radial and shear stresses
at the liner—ground contact, r, is the tunnel radius, E and v,
are the Young’s modulus and Poisson’s ratio of the liner, Ag
and I, denote the area and moment of inertial of the liner
(i.e.,A¢ =tand I = 1/12 7>, where ¢ is the thickness of the
liner; note that it is assumed that r < r,), and 0 is the
tangential coordinate (see Fig. 1b).

The thrust load 7° and moment distribution M° in the
liner are:

arsdmE
T
dZMS (10)
r, T® + e = rgoﬁ
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First, the problem of a deep opening subjected only to
seepage forces is solved. The solution is then used to find
the forces and deformations imposed on the tunnel liner
due to the groundwater flow.

3 Unsupported Opening

The problem to be solved is shown in Fig. 2. It depicts a
circular opening, at depth, with far-field pore pressure ug
and internal pressures u,. The problem, Fig. 2a, is
decomposed into two: the tunnel with internal and far-field
pore pressures ug, Fig. 2b; and the tunnel with internal
pressure u, — ug, Fig. 2c. The solution of the first problem
is trivial, with the entire medium subjected to uniform pore
pressures ug. The following provides the solution for the
second problem.

The pore pressure distribution in the ground due to the
groundwater flow established in the second problem has
been provided by Bobet and Yu (2015). For a circular
opening, it is given by the following expression:
u:—MRe[lng—ﬂ (11)

InR R
where R denotes the location where far-field pore pressures
are restored and (3 is a complex variable defined as
follows:

1 1 1
3 =x+ ==ro(l —ipz)cs + = ro(l +iuz) —
3 3y 3 ( 143)G3 ) ( #3)g3
12
e (12)
=1 _—
3 k

where i =+/—1. The flow Q into the opening can be
obtained from (11):

The solution of the compatibility Eq. (6) can be
decomposed into a general solution and a particular
solution. The particular solution is discussed first and is
given by:

" dz_F _ Mo~ uffRe[Nlng_-*}
°  dZf InR R
BBy + B (14)

N =

alug‘ + (GL“ - 20!2)/1% + o3

Note that N given (12) is a real number. The stresses
associated with the particular solution induce displace-
ments that are not unique because the logarithm function
in (14) yields different results when approaching the x-
axis from the positive y-axis or from the negative y-axis.
Hence, additional expressions are needed to remove the
multiple solutions. To accomplish this, the medium is
divided into two half spaces (Atkinson and Clements
1977; Clements 1973; Akoz and Tauchert 1972; Bobet
and Yu 2015): one for y > 0 and the other for y < 0, and
then compatibility of stresses and displacements at the
common boundary y = 0 is imposed. We try the fol-
lowing stress functions:

! 1 o~ c
¢, S t Allns—1
v luy — gy %
¢ — 22

272 mr "R

where A; and A, are complex constants and

1 . 1 . 1
Zk:x+#ky:§ra(1_lﬂk);k+§r0(l+luk)g_k (]6)
k=1,2

and py are the complex roots of Eq. (8). Stresses and dis-
placements for the upper half space are:

(c)

Ufr

0= -2n R (13)
(a) y (b)
U
/7 N\ X
[ uo ] — =
./

Fig. 2 Deep unsupported tunnel, a tunnel with far-field flow, b no flow, ¢ tunnel with flow
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+ Uy — Ugf

Ok =R Re[Alul 1n—+A2,u21nf+Nugln }
Uy — U 3
ofy =" Re[A+1n—+A+1n—+N1nE}
Uy — UFF
L . Re{Amlln +A;u21n +NpzIn= ]
+ Up — Uft
= - R
* InR ¢

(oc.,uf — 12)AT [r,,(l —iu)g -2 (1 +1In %)]

S

+ (ocl,ugN — ooN — [)’]) [r(,(l —ius)c3 — z3<1 + ln%)]
+ Uy — Ust Re

Y InR

1 .
(oczm - H—cts)AT [ra(l — i) — 2
1

+ (13 — m)AS [ro(l — i)

1+1 g—‘)]
( ting
1 4 . )
+ (oopy ——a3 )A; [ro(l—luz)gz—z2(1+ln—>]
Ha R

1 1 . c
+ (cxz,u3N - H—a3N+H—3[)’2> [r,)(l —ily)G3 — z3(1 + ln;%)]

3

(17)
and for the lower half,
_ Uy — Ugp
Y
[ 1“11“(**) +Ay uzln(f—) N,lgln(—iﬂ
_ Uy — Ugp
W= TR R

(=) + (=) ~~m(=3)]

_ Up — Ust
=R Re
onn(-5) 50n(-5) ()]
_ Uo — Ugt
U = R
* InR €

I (o] — o) AT [Vu(l —iu)s — a1 (1 +1n(*%)ﬂ

s (in(-3)

_ (al,ugN* wN—B)) [ru(l —il3)c3 *Z3<1 +1n(*%))}

Up — Ugt

+ (“1/1% —)A; {r,,(l —ilh)S

Re

Uy =—
Y InR

[ (s [ratt s~ (1n(~2))]

N (Mz —ﬂ%u;)A{ [rol1 = i) = 22 (141 (=22} )]

(= ()
(18)

Note that the new stress functions satisfy the far-field
boundary condition of no stresses only when R — oo; that
is, when the far-field boundary is very distant from the
tunnel. The constants Af, A3, A7 and A5 are found

imposing compatibility of displacements and stresses at the
common boundary, i.e., at y = 0. Thus,

+ —
g, =a0,,
Wly=0 Yly=0
+
T _
XY Xy
. y=0 7y 0 (19)
Ux y=0 Ux ‘ y=0
Uyl =0y
Y ly=0 Y ly=0

The constants are obtained from the following system of
four equations:

Ap+An=0
Hi2A11 + A + Aot + Hp1Ady = — i3 N
[“l (:“%1 - /‘%2) - 0‘2]1412 +2 151 1A

+ o (13, = 15,) — 2] A2 + 2415 1Ay
=0

o3
0 +———5 |l A11+<
( i ) ?

3
+ o+ 7) UopAz
( 15, + 15,

o3 1 2
+ 062——>,U Ay =——(op5N+o3N — f
( 183 +13,)"! #32( 2 2)

Al =-A7=A, AT =-A,=A,

——— | U A2
1 +#12)

(20)

In (20), the following notation is used: €; = Q;; + iQ,,
where Q;; and Q,, are real numbers. Additional stress
functions are needed to satisfy the boundary conditions at
the perimeter of the tunnel, i.e., to make the radial stresses
equal to u, — ug. They are:

1 1
¢ 1) = ~\Uo — U )Ty
1(1) 'ul_'uzz((’ ﬂ)
x [iRe (A1 + 15A2 + BN — 1)
1
—Re(A; + A2 + N - 1)] —
1
11
Q’) ) = Uy — U )Ty

[zRe(,ulAl + [1BA; + 13N — 1)

1
—mRe(A; + Ay + N — 1)]—
52

1 . 1 . _
=X+ Wy = 5"0(1 - l:“k)gk + E”u(l + l.“k)gkl
(21)

The complete solution is found using (17) and (21). For the
upper half space, stresses and displacements are:

@ Springer



4822

A. Bobet

gm_:u" — U Re [Alu%ln—l—i—Azu%ln%-&—Nu%ln%]

InR R
+2Re [MM (1) + 159, (Zz)]
U, — U < s c
0y ==t Re[AiIn L+ As In 2+ NI
+2Re [(/5,1 (z1)+ (,‘/),1 (12)]
Uy — USF S} S2 c3
OlnR Re[A]ullnE+A2/lzlnE+Nﬂaln§}
—2Re [Wpl (21) + 1129, (Zz)]
Up — UfF
InR

(Ocl'u%_az)Al [r,,(l —ify )1 — 21 <1 +ln%)]

Ty =—

Re

Uy=—

+ (s — o)A [r"(l ir)e _2'2<1 Hn%ﬂ

. S
+ (al,u_%NfoczN*ﬁl) [ro(l —iU3)s3—23 (1 +lnﬁ3)]

+2Re [ (o uf — o)y (1) + (0113 — 2) 2 (22)]
_Euo — Ugf

ZWRe{i[al (1A +18A2 +13N) — 3B ] by

_ Uo — Ufr
InR

1 . o
(azm —H—I%)Al [Vo(l —ip)e — 21 (1 ‘Hn%)]

Re

y

1 . )
+ (ocz,uz —H—2a3>A2 [r(,(l —ily)Sy —zz<1 —HnEﬂ

1 1 . c3
N——osN+— [ 1 —i)es— (1 1—>}
+ <O€2H3 H3a3 +’u3ﬁz> ro(1—ip3)g3—z3( 1+ Ny

—2Re |:<O£2u1 —Hizm) b1 (z1) + (azuz —Hizom) sz(Zz)}

1

(22)

where ¢(z;) and ¢(z,) are given in (21) and ¢';(z;) and
¢2'(z0) are the derivatives. The last term of the U, dis-
placements satisfies the boundary condition of zero hori-
zontal displacements at x = 0. As mentioned, the solution
is correct when the far-field boundary is located far from
the tunnel, i.e., when R — o0. In other words, the solution
provides accurate results in the vicinity of the opening, i.e.,
when r < R. It is interesting to find the displacements at
the perimeter of the opening, i.e., at r = r, (note that at
r=r, {y =cos 0+ isin 0, k=1, 2, 3). The algebra is
tedious, but there are no difficulties in finding the following
expressions for the radial and tangential displacements:

Ur = —%(uo — Mff)ro(2| + 22 COS 20)
Uy = % (1o — ug)r, 2 sin 20
Zr= U+ ) (s — ) (s — o)ouN + o (g + 1)
x [1 = 2N = (1= N)] (23)
— oy (g + to)Re[(py — o) (A1 — 1pA)]
= Quyppon + 200 + 1 + )
2y = uN[1 =y — i(py + p)IRe[(us — 1) (13 — 1))
+ o (g + ) (1 + i) + B2 — By
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Note that ¥; and X, are real numbers.

The accuracy of the solution is compared with the
results from the finite element method program ABAQUS
(ABAQUS 2015). The following input properties are used:
deep circular tunnel, with radius r, = 2 m, ground prop-
erties £, = 7800, E, = 2400 MPa, v,, = 0.02, v,, = 0.22,
v,y = 0.07, G, = 830 MPa (from the bedded sedimentary
Waichecheng series, after Tonon and Amadei 2002), and
permeability k./k, = 5. Figure 3 shows a sketch of the
discretization used. Eight-node isoparametric elements
with pore pressure at the corner nodes are used between the
tunnel perimeter and the external boundary, while infinite
elements are placed at the external boundary. The use of
infinite elements and the shape of the external boundary are
adopted to approximate the assumptions made for the
derivation of the analytical solution, as the results are
sensitive to the location and geometry of the far-field
boundary. Figure 4 provides a comparison between the
results obtained from the analytical solution and ABAQUS,
in terms of the normalized tangential stresses and radial
and tangential displacements at the perimeter of the tunnel.
As one can see, the differences between the two results are
small.

4 Supported Tunnel

Figure 5a shows a deep tunnel subjected to far-field
stresses, including far-field pore pressure ug and pore
pressure u, at the interface between the liner and the
ground. Note that for convenience, the horizontal or x-axis
is taken along the direction of one of the axes of elastic
symmetry. The problem is decomposed into two: Problem
I, Fig. 5b, has the far-field stresses and the pore pressures at
the ground-liner interface equal to ug, the far-field pore
pressures; and Problem II, with the same geometry as
Problem I, but with zero pore pressures in the far-field and
u, — ug pore pressures at the ground-liner interface,
Fig. 5c. Clearly, the sum of the solutions of Problems I and
II provides the solution of the complete problem. Problem I
is that of a deep tunnel with no drainage and has been
solved by Bobet (2011, 2016). What follows is the solution
of Problem II that provides any additional stresses and
displacements that are induced in the liner and ground
because of the seepage forces in the medium due to the
flow gradient established.

Problem II can be further decomposed into Problem Ila:
an unsupported opening with flow, Fig. 5d; Problem IIb
that considers the interaction between the ground and the
liner, Fig. 5e; and Problem Ilc that deals with the stresses
and deformations of the liner, Fig. 5f. The unknown
stresses of Problem IIb, Ag, and Az, are found by imposing



Deep Tunnel in Transversely Anisotropic Rock with Groundwater Flow 4823

<

o

""’ detail
777
W
i

\
\
N\

N
W\
3\“‘21@1
.

\

)
.
I

Q\‘i
.
\\

175
7
Wt

/
R\
|
I

“23\:
il
\
0
i

\a\
\e‘t
|\
|
|

detail

Fig. 3 Problem discretization

@40 —— — — — (b) g9

—o— ABAQUS 1 7.0 L —O— U ABAQUS
—0— U ABA 1
U QuSs 4 M

6.0 N —®— U analytical
y ; —®— U analytical /J
5.0 0 %

30 i —e— analytical solution

== s
° 3.
=g S
D El
D St
2 i R s
= [ =) ' /
= 2094 :
m w
= %‘"‘ T a0 [
= 3 g - s
= ) L
& | b’“‘.,ﬁ 2 a0 -/j‘
S 10 000 Z :
= ¥80008-0-0-0000800-0-0-00009 a 3
= i
9 = 20
N N [ ﬁ
] =
E [ <
5 00 §
z z
-1.0 - P - — - T— a0 L e — - - —
0 15 30 45 60 75 90 0 15 30 45 60 75 90

0 0

Fig. 4 Unsupported tunnel. Normalized tangential stresses and Ve = 0.02, v,. = 0.22, G,, = 830 MPa, k,/k, =5, a normalized
displacements at the tunnel perimeter. Comparison between analytical tangential stresses, b normalized displacements
solution and FEM ABAQUS. r, = 2 m, E, = 7800, E, = 2400 MPa,

@ Springer



4824

A. Bobet

AT

\) AG,

===

Uo-Ugr

IIb

Fig. 5 Supported deep tunnel with groundwater flow, a tunnel with far-field loading, b Problem I: no flow, ¢ Problem II: flow only, d Problem
IIa: no liner, e Problem IIb: ground-liner interaction, f Problem Ilc: liner

compatibility of stresses and deformations at the contact
between the liner and the ground.

For a tied interface (the displacements of the liner are
those of the ground in contact),

Ul:s — Ul!Ia + U:Ib

24
U = Ul 4 gl (24)

Problem Ila is analogous to that of the unsupported open-
ing, already discussed, except that there are no stresses at
the tunnel perimeter. Equations (22) apply, with the fol-
lowing stress functions:

1 1
$1(z1) = - i E(u” — usr)r,
1
x [iRe(uAr + p3As + 15N) — Re(Ar + Ay + N)| —
51
1 1
$2(22) = — i — ’uzi(”o — U)o

. 1
X [zRe(,u%Al + WA + ,u%N) — 1Re(A; +A; + N)] o
2

1 . 1 . _
Uk =X+ [y = Er”(l — i) G + Er”(l + i) :
(25)

The displacements at the opening are found from (22), (25)
and are:
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1
U, = 75(1,{,, — uff)r,,(zl + 2, cos 20)

[ —

U@ = (uo — Mff)VOZZ sin 20

—~ N

2= (T + ) (s — ) (3 — to)ouN + iy + o)
X (= #%)0611\’
— o (py + 1) Re[(py — po) (A1 — 1,A2)]
— (B + Ba)

2y =1 =y —i(y + )] (s — 1) (13 — 1)

x uN — (B — B2)

It is helpful, to understand the effects of groundwater flow,
to find the displacements at the perimeter of the opening for
the case of anisotropic flow with isotropic ground proper-
ties. In this case, u;, o — i, and so (26) reduces to:

(26)

1 1-2 -1
U, = ,2w (o — ugr)r, s cos 20
E fz + 1
1 1-2 —
Uy = 2w (o — )t aci sin 20 (27)
E 3+ 1

The displacements, as one can see, strongly depend on the
anisotropic permeability of the medium, given that
Uz = +/ky/ky. The groundwater flow, given by (11), is not
radial due to the different permeabilities. As a result, the
seepage forces in the rock are not radial, and so the ground
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deformations produced by the groundwater flow are not radial,
as in the case of isotropic medium. This is confirmed by the
displacement field in (27). With the assumption of k, > k,, i.e.,
Uzp > 0, the radial displacements at the springline, i.e., at
0 = 0°, are outward when there is inward flow (u, < u) and
are inward, with the same magnitude, at the crown, 6 = 90°.
The tangential displacements are clockwise when the flow is
toward the opening. This is due to the seepage forces that, as
mentioned, are no longer radial and have a tangential compo-
nent that is clockwise in this case due to the larger horizontal
permeability. The tangential seepage forces induce larger
compression at the springline than at the crown, which results in
the displacement pattern given by (27). Another interesting
observation is that the displacements are zero when the flow is
isotropic, i.e., when k, = k, which makes pi3, = 1. In this
particular case, the flow established due to different pressures at
the tunnel perimeter and the far-field does not induce defor-
mations at the tunnel perimeter, and thus, it does not induce
deformations in the liner. This conclusion was already reached
by Bobet (2001) who showed that the displacements and
stresses in the liner were independent of the drainage conditions
at the liner—ground interface. What is worth noting is that
groundwater flow does not affect the displacements at the
tunnel wall and the stresses of the liner only when the medium
has isotropic elastic properties and isotropic permeability, and
the tunnel is deep (from Bobet 2001). In all other cases, the flow
regime at the liner—ground contact, from no drainage to full or
partial drainage, affects the response of the liner.

Problem IIb is concerned with the stress and displace-
ment fields produced in the ground due to the (unknown)
radial and shear stresses that are present at the ground-liner
interface, Ag, and At. Due to the symmetry of the problem,
the interface stresses must be of the form:

o0
o, =Ao, =0, + E o, cosnb

n=2,4.6 (28)

o0
T =At= E T, sinnf
n=246

Stresses and displacements can be obtained from the fol-
lowing stress functions:

x|
_ (b, —wa, )™
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At the tunnel perimeter, the displacements are:
Ur=2Zs50,1,+Z3(02—12) 7,
1
+§[6230'(, +3%4(02—12) + Z5(02+12)
+33(04 —14)|r,c0s20
by 1
. = (uea+ Tam2) (0 + )Ty + (1= 1)Zs]o,
+ Z -l =l rocosnl
| 0

)y
[(n=1)Z5 = (n+1)Z4]t, +73((7n+2 —Tui2)

n=468
+nz -1 n+1

1 1 1
Up=— [2235,, +3 (384 = 25)02 — 3 (3T4 + Z5)72 — 3 Za(04 — 1)  rpsin20

z 1
e (Ou2 tT2) + [+ s = (1= 1) Zslo,

) s 1 . rosinnfl
e *nz,1[(”+1)24+(’l7 ])Z5]Tg7ﬁ(ﬂ'n+27‘5n+2)
23:ii(l+u1uz)(#| T H)o
24 :%[2%!!2 (1= gy i) (g + )] +%a2
Zsz_i[zﬂlﬂz—i(l—#1ﬂ2)(ﬂ1+“2)]“] —%ocz
(30)

The displacements and stresses or forces in the liner
(Problem IlIc) are obtained from (9) and (10), given (28).
The solution is:

n=24
1 (2 —1)" I ,
X o, ——1, ————51, | sinnb
< "on” n Ag:”
ad 1
T = 0,1 — 1o Z ——— (0, — nt,) cos nl
Wade 1
M =r ——— (1, — nay,) cosnb
0 2 n n
Wen? = 1)

(31)

The values of the unknown stresses due to liner—ground
interaction, o, g, and 1, in (28), are obtained from (24) by
making the radial and tangential displacements equal term
by term, i.e., constant term, sin 6, cos 0, sin 20, cos 20, etc.
The higher the term, the smaller the contribution to the
solution, so only a few terms are needed to obtain an
accurate result. A comparison between the analytical
solution and ABAQUS is presented in Fig. 6. The case
analyzed is the same as that shown in Fig. 4, except that the
tunnel is supported with a liner with the following prop-
erties: E, = 20,000 MPa, vy = 0.3 and ¢t = 0.2 m. The
figure is a plot of the normalized normal and shear stresses,
Fig. 6a, and displacements, Fig. 6b, at the interface. As one
can see, the comparison is very good, which brings confi-
dence in the approach taken and on the validity of the
solution.
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Fig. 6 Supported tunnel. No slip. Normalized interface stresses and
displacements. Comparison between analytical solution and FEM
ABAQUS. r,=2m, E,=7800, E,=2400MPa, v, = 0.02,

If one assumes that the liner is flexible and yet fairly
incompressible; e.g., shotcrete or segmental liner, a simpler
solution is obtained by taking the liner stiffness EJs — 0
and compressibility E;A; — co. The following provides a
two-term approximation of the liner response, which can be
used as a first estimate.

1
Ao, = zl’[(uo — ugr)[(324 + 5%5) cos 20 + 325 cos 40)

At = T1(u, — ugr)[(3Z4 + 5%5) cos 20 + 6X5 cos 40)
Urj = *21_1(1,{(, — Mff)

X 1o [(3E3 — 34Zs — 5%3) cos 20 — 25355 cos 40
Uj = M (u, — uge)r, [(3Z5 — 3Z4Zs — 5X2) cos 20 — T335 cos 40]
T’ = r,Ao;
M =0

%5 — X125
(3Z4 + 5%5) (25 — 5435 — 3%3) + 92355

(32)

For a frictionless interface (the shear stresses at the liner—
rock contact are zero),

Us = U™+ U™

At=0 (33)

Problem IIa in Fig. 5 remains unchanged, and so Eqgs. (26)
still apply. The liner—ground interaction stresses, given that
the interface is frictionless, are those of Eq. (28), except
that the shear stresses, as shown in (33), are zero. The
solution for Problem IIb is still given by (29) and (30), but
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with 7, = 0 for n > 2. The equations for the liner, Problem
Ilc, are now given by:

UY I—Vg 2+1_v34i 0
Q- o, r cosn
r EsAs re ESIS ’ n=2,4,6 (11 ?

1—4? G o
U(; I S r4 7nzsin no

EJl, ° n;,ﬁn(nz -1

00
T‘Y:O'arg_ro Z zjlcosn()
n=24,6
>

Ms — _ r2 7nCOS n@

0 2 _

n=24.6 (}’l 1)
(34)

Verification of the analytical solution is done by comparing
the results from the closed-form solutions with those from
ABAQUS. The same problem chosen for the tied interface
(Fig. 6) is used for the comparison, except that the contact
between the liner and the ground is frictionless. Figure 7
shows the results, in terms of normalized stresses at the
liner—ground interface and liner displacements. The dif-
ferences between the two solutions are small, which pro-
vides confidence in the equations obtained. Comparison of
the data shown in Figs. 6 and 7 indicates that a frictionless
interface is associated with smaller stresses at the interface,
and thus with smaller displacements and smaller stresses in
the liner (not shown in the figures). If the liner can be
considered perfectly flexible and completely incompress-
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Fig. 7 Supported tunnel. Full slip. Normalized interface stresses and
displacements. Comparison between analytical solution and FEM
ABAQUS. r,=2m, E,=7800, E,=2400MPa, v, = 0.02,

ible (EJy » 0 and EA; — o0), the liner response is
obtained with the following, much simpler equations:

12
AO’r = Zi(uo Mff)
At=0
N DRI WP
S = Sl Bt (up — ugr)r, cos 20
2 s (35)
. 12,23 — 225 .
Uy = ~32 5 (up — ugr)r, sin20
12
T = 2 —; (o — ugr)r,
M =0

Equations (35) show that the liner is subjected to uni-
form contact radial stresses and no shear, which results in
uniform axial load and no bending moments, and radial
deformations that are the same at the springline and at the
crown, with opposite sign. This result is in agreement with
Peck’s concept of a flexible liner (Peck 1969), where the
liner has a pressure distribution and a deflected shape such
that the bending moments at all points in the liner are
negligible.

5 Discussion
Inspection of Egs. (26), (30) and (31) or (34) shows that the

solution, when «, = a, = 1, can be expressed as a function
of the following non-dimensional parameters: #/r,, k,/k,, o/
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oy, ozlay, 1/(0,Gy), (1 — v)I(1 — Vi)EJE,. Neglecting
the effects of the Poisson’s ratios, which are generally
small, and also of E,/G,,, the solution is a function of: #/r,,
kyk,, E\/E,, and E,/E,. The effect of these non-dimensional
parameters is explored in the following through a (limited)
parametric analysis where all variables except one are kept
constant, while the other variable is changed within a
reasonable range of values. The following is the base case,
around which the material properties, loading and geome-
try are explored: deep tunnel with circular cross section
with radius r, =2 m, rock properties E, = 7800,
E, = 2400, G,, = 830 MPa, v,, = 0.22, v,, = 0.02, k/
k, = 5.0, liner properties E; = 20,000 MPa, v, = 0.30
with thickness # = 0.2 m and tied rock-liner interface.
The effects of anisotropic flow are explored by com-
puting the loading and displacements of the liner for iso-
tropic rock, £ = 7800 MPa and v = 0.22, and for a range
of permeabilities k,/k, = 1, 2, 5 and 10. Figure 8a is a plot
of the normalized axial force, T°/(u, — ug)/r,, and nor-
malized moment, 7%/(u, — ug)/r>, of the liner for the dif-
ferent permeabilities, and Fig. 8b of the normalized radial
and tangential displacements U, g E/(1 — VDI, — uglr,.
As one can see, the normalized axial force and, to a much
smaller extent, the normalized moment acting on the liner
increase as the permeability becomes more anisotropic.
The normalized axial force is positive at the springline and
negative at the crown, which for, e.g., flow toward the
tunnel, u, — ug < 0, induces compression at the springline
and tension at the crown. This results in a displacement
pattern of negative normalized radial displacements at the
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Fig. 8 Isotropic case. Effect of anisotropic flow on liner loading and displacements. r, = 2 m, E = 7800 MPa, v = 0.22, E; = 20,000 MPa,
vs = 0.3, t = 0.2 m, a normalized axial force and moment, b normalized radial and tangential displacements

springline (outward displacements with flow toward the
tunnel) and positive at the crown (inward displacements
with flow toward the tunnel) with increasing in magnitude
with flow anisotropy. The normalized tangential displace-
ments are always positive (clockwise with flow toward the
tunnel) and increase with the anisotropy of the flow. As
explained in the preceding section, the groundwater flow
creates seepage forces inside the ground that, due to the
anisotropy, have a tangential component that increases in
magnitude as the k,/k, ratio increases. The tangential
seepage forces are those responsible for the differences of
loading and displacements between the springline and the
crown. Because of the symmetry of the problem along the
45° direction, the solution is also symmetric with respect to
this direction.

The loading and displacements of the liner due to the
relative stiffness between the rock and the liner, given by
the E,/E; ratio, are explored by conducting a number of
numerical experiments using the base case and changing
the relative stiffness ratio as E/E; = 0.1, 0.39 (the base
case), 0.8, 1.0. This has been accomplished by keeping E,
constant and changing E. Figure 9a shows that as the liner
becomes softer, or as the rock gets stiffer, the normalized
loading of the liner decreases. This is an expected result as
a softer liner attracts less loading and so a larger portion of
the load is taken by the rock. The corresponding normal-
ized displacements, Fig. 9b, are larger, again because the
rock is taking more load, and thus deforming more.

The effects of the relative anisotropy of the rock, E\/E\,
are displayed in Fig. 10. The figure plots the normalized
forces and moments, Fig. 10a, and the normalized
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displacements, Fig. 10b of the liner, for the base case with
EJE, = 1.0, 3.25 (the base case), 5.0 and 10.0. This is
done by keeping E, constant and changing E|. As the rock
becomes softer in the y direction, the normalized radial
displacements at the crown increase while the normalized
radial displacements at the springline remain mostly
unchanged. The normalized tangential displacements
increase as the E,/E, ratio increases. This deformation
pattern is associated with a reduction in radial stresses at
the crown, where the rock is softer, and an increase in
radial stresses at the springline (not shown in the figure), as
E,, decreases with respect to E,. For the liner, this results in
smaller normalized axial force at the crown and larger
force at the springline. Interestingly, the normalized
moment is not much affected, suggesting that changes in
relative stiffness of the rock affect mostly the axial force of
the liner.

Figure 11 is a plot of the normalized loading, Fig. 11a,
and normalized displacements, Fig. 11b, of the liner when
t/r, = 0.05, 0.1 (base case), 0.2 and 0.25. The results are as
expected, with the liner taking larger load and deforming
less when it is thicker (the simulations are run with r,
constant).

Finally, the effects of the interface, either no slip or full
slip, are explored in Fig. 12. Two scenarios are presented:
isotropic ground (same properties as those of Fig. 8) and
anisotropic ground (base case), each with a no slip inter-
face (no relative movements between the rock and the liner
at the contact; that is, a tied interface) and full slip interface
(no shear stresses at the rock-liner contact). The main
observations are similar for each scenario. A full slip
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Fig. 10 Anisotropic case. Effect of stiffness anisotropy of rock. r, = 2 m, E, = 7800 MPa, v,, = 0.02, v, = 0.22, G, = 830 MPa, k/k, = 5,
E; = 20,000 MPa, v, = 0.3, t = 0.2 m, a normalized axial force and moment, b normalized radial and tangential displacements

interface decreases the normalized axial force of the liner
compared to the no slip/tied interface and dramatically
decreases the moment of the liner, resulting in an almost
uniform normalized axial force. This is associated with
somewhat of an increase in normalized radial displace-
ments and a decrease in normalized tangential displace-
ments. The reason for this behavior can be found in how
the load is transferred from the rock to the liner. As the
interface becomes less constrained, i.e., the rock can
deform in the tangential direction independently of the

liner and cannot transfer shear stresses for the full slip case,
the rock is less capable of transferring load to the liner, it
carries more load and deforms more. As a consequence, the
liner is less loaded and it is less constrained to deform,
which results in reduced bending.

A spreadsheet is included with this paper that can be
used to compute the rock-liner interface stresses and the
liner loading and deformations due to groundwater flow,
using the formulation presented, as well as due to geostatic
stresses, using the closed-form solutions obtained by Bobet
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r,=2m, E,=7800, E,=2400 MPa,

vy, = 0.22,

G,y = 830 MPa, k/k, = 5, E, = 20,000 MPa, v, = 0.3, 7 = 0.2 m,

(2011, 2016) for a deep tunnel in transversely anisotropic

rock.

6 Summary and Conclusions

The paper addresses the problem of a deep tunnel in a
transversely anisotropic medium subjected to seepage for-
ces. It provides closed-form solutions for the case of an
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unsupported tunnel and for the case of a supported tunnel
with a liner. The work complements the analytical for-
mulation that exists for a deep tunnel in transversely ani-
sotropic ground, for dry conditions or for saturated ground
with no drainage at the liner—ground interface (Bobet
2011, 2016). It provides the additional deformations and
stresses in the ground and liner due to the seepage forces
that exist in the ground when there is drainage at the

ground-liner interface.
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A number of assumptions are made to reach a solution
and include: transversely anisotropic elastic ground and
isotropic elastic liner; plane strain conditions; deep tunnel;
circular cross section; thin liner. For the supported tunnel,
two situations are addressed: tied contact and full slip
between the liner and ground. The formulation presented
has been verified by comparing its predictions with the
results obtained with the finite element code ABAQUS,
where boundary conditions and type of elements have been
chosen such that they match the assumptions made to
develop the analytical formulation, e.g., elements with
coupled displacements and pore pressures, far-field
boundary geometry that matches the analytical formulation
for groundwater flow and infinite elements.

An important observation is that seepage forces induce
displacements at the tunnel wall, which in turn produce
stresses and deformations of the liner when the ground has
anisotropic mechanical properties or anisotropic perme-
ability. The analytical solution confirms the previous finding
(Bobet 2011, 2016) that the liner experiences no additional
deformations or stresses when the groundwater regime
changes from no drainage to drainage, or vice versa, at the
ground-liner interface, but only when the ground has both
isotropic elastic and permeability properties.

In addition to the general formulation for cases with tied
(no slip or relative movement between liner and rock) or
for frictionless interface (full slip between liner and rock),
the paper also presents equations to estimate the liner
deformations and load when the liner can be considered
flexible and incompressible. For the full slip case, the result
agrees with the concept of flexible liner put forward by
Peck (Peck 1969), where the liner experiences a uniform
radial pressure at the contact with the ground and a dis-
placement distribution such that the bending moments in
the liner are zero.

A limited parametric analysis explores the effects of
different variables on the load and displacements of the

liner. As the anisotropy of the ground increases, either
because the permeability ratio, k,/k,, or the stiffness ratio,
E,/E,, increases, the loading of the liner increases and its
deformations increase. The study also provides findings
that are consistent with those obtained for isotropic rock in
that, as the relative stiffness of the rock with respect to the
liner, E/E,, increases or the relative thickness of the liner,
t/r,, decreases, in other words as the liner becomes softer,
the load transferred from the rock to the liner reduces, and
thus, the loading that the liner has to carry decreases.

A spreadsheet is included that can be used to obtain the
stresses and deformations of the liner of a deep tunnel in
anisotropic rock subjected to geostatic (far-field) stresses
and groundwater flow, and for a no slip/tied or full slip
interface. It is provided as is and free to use. “Appendix”
section contains a short summary about how to use the
spreadsheet. While an effort has been made to ensure that
the results provided in the spreadsheet are correct, the
author would welcome any corrections, suggestions and
improvements.

Appendix

This “Appendix” is intended to be a “user manual” for the
spreadsheet included with the publication. It also provides
a very short summary of the assumptions made to obtain
the solution. This information is also included in the
spreadsheet, by clicking the “green” button “Read Me
First.”

Assumptions Transversely anisotropic elastic ground and
isotropic elastic liner; plane strain conditions; deep tunnel;
circular cross section; thin liner; simultaneous tunnel
excavation and liner installation. Rock-liner interface: full
slip (no shear stresses at the interface) or no slip (tied
interface).

Fig. 13 Problem definition, : y
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Solution The spreadsheet gives the total radial and shear
stresses at the rock—liner interface, g, and t; the axial force
and moment in the liner, 7°, M’; and internal and external
tangential stresses in the liner, ¢j. The solution is given in
terms of the angle 6, as defined in Fig. 13. Tension is
positive, and compression is negative.

Methodology The solution is obtained after the following
steps:

1. Input problem geometry, rock and liner elastic prop-
erties, rock permeability, far-field loading (in total
stresses) and pore pressures in the designated cells in
Sheet 1.

2. Click the red button labeled “Click to find solution.”

3. Solution it is given as a function of the angle 0 in
Fig. 13. It is given separately for the contribution of
groundwater flow and for far-field stresses. The final
result, i.e., the sum of the two contributions, is also
provided.

Other information Sheet 1 includes the input and output.
This is the input/output user interface. Sheet 2 contains
calculations for groundwater flow, and Sheet 3 contains
calculations for far-field stresses. Note that any modifica-
tions by the user to cells in Sheets 2 and 3 may result in
erroneous results.

Disclaimer The spreadsheet is provided as is and free to
use. The user is requested to acknowledge the source of the
work and that any modification and/or improvement made
should be shared with the author and with the community.
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