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Abstract It is known that the unconfined compressive
strength of rock decreases with increasing density of geo-
logical features such as micro-cracks, fractures, and veins
both at the laboratory specimen and rock block scales. This
article deals with the confined peak strength of laboratory-
scale rock specimens containing grain-scale strength
dominating features such as micro-cracks. A grain-based
distinct element model, whereby the rock is simulated with
grains that are allowed to deform and break, is used to
investigate the influence of the density of cracks on the
rock strength under unconfined and confined conditions. A
grain-based specimen calibrated to the unconfined and
confined strengths of intact and heat-treated Wombeyan
marble is used to simulate rock specimens with varying
crack densities. It is demonstrated how such cracks affect
the peak strength, stress—strain curve and failure mode with
increasing confinement. The results of numerical simula-
tions in terms of unconfined and confined peak strengths
are used to develop semi-empirical relations that relate the
difference in strength between the intact and crack-dam-
aged rocks to the confining pressure. It is shown how these
relations can be used to estimate the confined peak strength
of a rock with micro-cracks when the unconfined and
confined strengths of the intact rock and the unconfined
strength of the crack-damaged rock are known. This
approach for estimating the confined strength of crack-
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damaged rock specimens, called strength degradation
approach, is then verified by application to published lab-
oratory triaxial test data.
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1 Introduction

Reliable design of structures in rock requires reliable
estimates of rock mass strength, a strength that is influ-
enced by the presence of geological features at various
scales (i.e., micro-cracks and cracks at the laboratory
specimen scale, fractures and veins at the rock block scale,
and block-forming joints at the rock mass scale). The
determination of the strength of rock at the laboratory
specimen scale is the first step in the process of estimating
the rock mass strength.

It is well known that the presence of micro-cracks' in
the form of grain or grain boundary micro-cracks reduces
the unconfined compressive strength of laboratory-scale
specimens. Griffith (1921) proposed that the strength of
brittle materials is strongly influenced by the presence of
small cracks and that failure occurs when the most vul-
nerably oriented crack in a population of randomly oriented
cracks grows under the applied stress. He also explained
that very high tensile stresses can be generated at the tips of
a pre-existing open crack even in an overall compressive
stress condition and that can lead to initiation of new cracks

! Definitions and adopted terminologies used in this article, such as
intact rock, micro-crack, and strength degradation are provided in the
“Appendix.”

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s00603-016-1110-1&amp;domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1007/s00603-016-1110-1&amp;domain=pdf

310

N. Bahrani, P. K. Kaiser

once the tensile stress on the boundary of the crack exceeds
the local tensile strength of the material. Experimental
evidence obtained by Hoek and Bieniawski (1965) showed
that the crack length propagated from the tips of a pre-
existing crack depends on the confinement. They found that
the crack length under triaxial compression is sensitive to
the ratio of o,/G3, where o, and o3 are the major and
minor principal stresses at failure, respectively, and that the
crack length extension reduces to less than 10 % of its
original length for confining pressures greater than about
10 % of the applied major principal stress.

Martin and Stimpson (1994) and Eberhardt et al. (1999)
found that the observed decrease in the rock strength
obtained from cores of the Lac du Bonnet (LdB) granite
with increasing depth is due to an increase in the density of
stress-induced micro-cracks. Watson et al. (2009) made a
similar observation on specimens taken from deep mines in
South Africa, and Lanaro et al. (2009) reported a strong
negative correlation between rock strength and in situ
stresses. Lanaro et al. (2009) related this observation to the
presence of micro-cracks in the specimens taken from
high-stress zones associated with faults. Holt et al. (2000)
generated synthetic rocks cured under initial stress and
applied an approximate coring stress path to generate
damage in the form of micro-cracks in the specimens. The
damaged specimens exhibited lower unconfined compres-
sive strength than undamaged specimens. Hoek and Brown
(1980) show how rock strength decreases with increasing
the specimen size, and Hoek and Brown (1997) suggest
that this reduction is due to the greater opportunity for
failure along grain boundaries and through grains with pre-
existing micro-cracks, as more and more of these features
are included in the specimen. According to Hoek and
Brown (1997), when a sufficiently large number of grains
and micro-cracks are included in a specimen, the strength
asymptotically approaches a constant, lower value.

The above-mentioned investigations were focused on
the strength of rock specimens at the laboratory scale under
unconfined conditions. A number of laboratory experi-
ments investigated the influence of cracks on the confined
strength of rock and observed a more rapid increase in its
peak strength with increasing confinement compared to
that of intact rock. Among them are Rosengren and Jaeger
(1968) and Gerogiannopoulos (1976) who conducted tri-
axial tests on intact and heat-treated Wombeyan marble,
which are discussed in more detail in this article.

In this article, two-dimensional distinct element models,
previously calibrated to the unconfined and confined
strengths of intact and heat-treated Wombeyan marble by
Bahrani et al. (2014), are used to simulate rock specimens
with varying degrees of crack density. The influence of
micro-cracks, simulated in the form of grain boundary
frictional cracks, on the strength and failure mode at
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various confinement levels is investigated. The results of
these simulations are then used to develop semi-empirical
relations for the estimation of the confined strength of
rocks containing micro-cracks. The applicability of the
proposed approach is compared to published laboratory
triaxial test data.

2 Background

2.1 Properties of Intact and Granulated Wombeyan
Marble

Rosengren and Jaeger (1968) and Gerogiannopoulos
(1976) found that when a specimen of coarse-grained
Wombeyan marble is heated to 600 °C, the anisotropy in
thermal expansion of calcite grains causes complete sepa-
ration of the grains at their boundaries. They mentioned
that during heating, the specimen initially emitted “ping-
ing” sounds, which were attributed to tensile failure of the
grain boundaries and confirmed by microscopic examina-
tion showing open grain boundaries. The heat-treated
(called granulated) marble had a low direct tensile strength
of 0.03 MPa, compared to 7 MPa before heat treatment,
supporting the interpretation of cohesionless grain bound-
aries after heat treatment.

Heating the marble reduced the unconfined compressive
strength to about one quarter of its intact strength (from
UCS; = 78 MPa to UCS,; = 20 MPa; see Fig. 1a). In the
low confinement range (03 < ~UCS;/10), the equivalent
friction angle is 45° and 55° for the intact and heat-treated
marble, respectively, as shown in Fig. la. Figure la also
shows that, in the high confinement range (63 > ~ UCS,/
10 = 7 MPa), the equivalent friction angles of intact and
heat-treated marble are about 30°. Beyond this critical
confining pressure (shown by arrows in Fig. la), most
dilation is inhibited and the confined strength of granulated
marble becomes about 80 % of the marble’s intact strength.

Figure 1b shows the strength degradation (see “Appendix”
for definition) of heat-treated Wombeyan marble (Ao =
01; — 014) as a function of confinement. Up to a confining
pressure of about o3 = UCS;/10, the strength degradation of
granulated marble decreases rapidly, and approaches an
almost constant threshold value of about 10 MPa.

2.2 Grain-Based Model of Wombeyan Marble

Bahrani et al. (2014) used the two-dimensional Particle
Flow Code (PFC2D) (Itasca 2008; Potyondy and

2 UCS; and UCS, stand for unconfined compressive strength of intact
rock and rock with micro-cracks, respectively (see “Appendix” for
definition).
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Fig. 1 a Unconfined and confined strengths of intact and granulated
Wombeyan marble (after Gerogiannopoulos 1976) and calculated
equivalent friction angles for confinement ranges less than 10 % of
intact UCS (03 < UCS/10) and greater than 10 % of intact UCS
(a3 > UCS/10); b plot of strength degradation (Ac;) of granulated
Wombeyan marble as a function of confinement; showing a rapid
strength degradation from 63 = 0 MPa to a confinement equal to
10 % of intact UCS (o3 < UCS;/10), and a relatively constant
degradation (less than 15 MPa) for confinements greater than 10 %
of intact UCS (g5 > UCS/10)

Cundall 2004), and its grain-based model (GBM)
developed by Potyondy (2010), to simulate the labora-
tory behavior of intact and heat-treated Wombeyan
marble reported by Gerogiannopoulos (1976). In the
GBM, a rock specimen is simulated with polygonal,
deformable and breakable grains. The grains consist of a
number of circular particles (balls) bonded together
using parallel bonds, and the grain boundaries are sim-
ulated using the smooth-joint contacts. In PFC2D, a
parallel bond can be envisioned as a set of elastic
springs, uniformly distributed over a rectangular cross
section lying on the contact plane and centered at the
contact point. The smooth-joint contact captures the
behavior of an interface regardless of the local particle
contact orientation along the interface. When a smooth-
joint contact breaks (either in tension or shear), the balls

that are located on opposite sides of the smooth-joint
plane can overlap to allow particle sliding along the joint
plane, rather than forcing the balls to move around each
other, which is the case when a parallel bond breaks.
Figure 2a shows the GBM used by Bahrani et al. (2014)
for simulating laboratory tests on intact and heat-treated
Womebeyan marble. Axial and lateral pressures in the
unconfined and confined tests are applied using walls
which are attached to the four sides of the synthetic
specimen following the procedure described by
Potyondy and Cundall (2004). Figure 2b shows the
particles inside the grains and smooth-joint contacts that
are used to simulate the grain boundaries, and Fig. 2c
illustrates the locations of parallel bonds, which provide
the bonds between the particles inside the grains. The
calibration results are presented in Fig. 2d.

The main assumptions made by Bahrani et al. (2014) for
the calibration of the grain-based models on intact and
granulated Wombeyan marble strengths were as follows:

1. Heating intact marble affected the mechanical proper-
ties of the grain boundaries, but not the grains.
Therefore, components of grains were assigned the
same properties in the models of intact and granulated
marble.

2. The grain boundaries in the granulated marble have
zero tensile strength and cohesion. Therefore, tensile
strength and cohesion of the smooth-joint contacts in
the model of granulated marble were set to zero.

3. Heating marble had no effect on the frictional prop-
erties of the grains and grain boundaries. Therefore,
the smooth-joint contacts were assigned the same
friction angle in the models of intact and granulated
marble.

Table 1 lists the calibration results in terms of micro-
properties for the grains (balls and parallel bonds) and
Table 2 for the grain boundaries (smooth-joint contacts).
The details of the calibration process are described by
Bahrani et al. (2014).

3 Shear Strength Degradation of Rock Joint

In a direct shear test on an intact rock specimen, the failure
envelope in the high normal stress range can be approxi-
mated as a line with a slope equal to the rock basic friction
angle ¢, and an apparent cohesion ¢ (Fig. 3a). If the same
rock contains a smooth joint with zero cohesion (Fig. 3b),
the shear strength of the rock joint is represented by a linear
envelope and a slope equal to the joint basic friction angle
¢,. Assuming that the shear strength envelope is linear,
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Fig. 2 a Grain-based model of Wombeyan marble; b larger view of
the boxed area in (a), showing the grain boundaries simulated using
the smooth-joint contacts and grains that consist of a number of
circular particles; ¢ locations of parallel bonds (shown with blue

Fig. 3b shows that the reduction in the shear strength of the
joint from that of the rock (shear strength degradation:
AT = Tiock — Tjoin) is independent of normal stress (as-
suming ¢, = ¢;). For a rough joint with a roughness angle
of i, as shown in Fig. 3c, the shear strength of the rock joint
can be represented by a bilinear envelope as suggested by
Patton (1966). When comparing the shear strength envel-
opes of intact and jointed rocks, it is evident from Fig. 3c
that the shear strength degradation At decreases with
increasing normal stress up to a critical normal stress.
Beyond this critical normal stress, the shear strength
degradation remains constant independent of normal stress.
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circles), which provide bonds between the particles inside the grains;
d correspondence between laboratory triaxial test data for intact and
granulated Wombeyan marble with numerical simulation results
(after Bahrani et al. 2014)

Considering the rough joint and the intact rock in the
rock joint system as an analogue for the grain boundaries
and grains, respectively, it is possible to explain the
laboratory strength behavior of granulated Wombeyan
marble as a function of confinement. As shown in
Fig. la and discussed by Bahrani et al. (2014), at low
confinement up to a confining pressure threshold of
about UCS;/10, failure occurs mainly along the grain
boundaries. It can be seen in Fig. la that for this con-
finement range (03 < UCS;/10), the strength envelope of
granulated marble is steep and has an equivalent friction
angle of 55°. Beyond this confining pressure threshold,
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Table 1 Calibrated micro-properties of the grains (balls and parallel
bonds) in the grain-based models of intact and granulated Wombeyan
marble (Bahrani et al. 2014)

Micro-properties Intact and granulated

0.12 mm

Ratio of maximum to minimum ball radius 1.66

Minimum particle (ball) radius

Contact normal to shear stiffness ratio 2.5

Parallel bond normal to shear stiffness ratio 2.5

Contact modulus 50 GPa
Parallel bond modulus 50 GPa
Ball friction coefficient 0.5
Parallel bond radius multiplier 1
Parallel bond normal (tensile) strength 110 MPa
Parallel bond cohesion 110 MPa
Parallel bond friction angle 0°

Table 2 Calibrated micro-properties of the grain boundaries
(smooth-joint contacts) in the grain-based models of intact and
granulated Wombeyan marble (Bahrani et al. 2014)

Micro-properties Intact Granulated
Smooth-joint normal to shear stiffness ratio 2.5 2.5
Smooth-joint stiffness factor 0.8 0.2
Smooth-joint normal (tensile) strength 10 MPa 0 MPa
Smooth-joint cohesion 65 MPa 0 MPa
Smooth-joint friction angle 0° 0°
Smooth-joint friction coefficient 1.2 1.2

the sliding along the grain boundaries is inhibited and
failure occurs by breaking through the grains.

In the following sections, various densities of cracks in
the form of frictional grain boundary cracks are introduced
to the calibrated models to investigate their influence on
rock strength and to develop an approach to estimate the
confined strength of rocks with micro-cracks.

4 Simulation of Crack-Damaged Rock Specimens

As mentioned earlier, the calibration of the GBMs was
based on the assumption that heating intact marble
affected the mechanical properties of the grain bound-
aries. Thus, the smooth-joint contacts, representing grain
boundaries in the model of intact marble were treated as
cohesive, and the smooth-joint contacts in the model of
granulated marble as frictional. In nature, a rock speci-
men may consist of a combination of cohesive and
frictional grain boundaries. In terms of strength, the

intact specimen (without cracks) is stronger than the
specimen that contains micro-cracks. It is expected that
the strength of crack-damaged rock specimens decreases
with increasing the density of cracks.

The crack-damaged rock specimens were simulated
by assigning the properties of the frictional grain
boundaries (obtained from the grain-based model of
granulated marble listed in Table 2) to a specific number
of grain boundaries. The properties of the frictional
smooth-joint contacts were assigned in increments of
10 %, from O to 90 %, to all of the smooth-joint con-
tacts. SJj, stands for frictional smooth joints and refers to
the percentage of smooth-joint contacts that are in a
frictional state in a GBM.? For example, Fig. 4a shows a
grain-based specimen, where 50 % of the smooth-joint
contacts are frictional (i.e., SJ;= 50 %) and have the
properties of model of granulated marble listed in
Table 2. The intact and frictional grain boundaries
(smooth-joint contacts) are shown in Fig. 4a with green
and black lines, respectively. The grain-based specimens
with frictional smooth-joint contacts are essentially
homogeneous as the frictional smooth-joint contacts are
randomly oriented and located inside the synthetic
specimens and therefore do not generate preferential
planes of weakness. Therefore, the grain-based speci-
mens with frictional smooth-joint contacts are consid-
ered to be representative models of rock specimens with
micro-cracks.

The simulation results are presented in Fig. 4b—d. Each
point in these graphs represents the average of three values
for strength or strength degradation. An example of vari-
ability in the strength degradation for the grain-based
specimens with crack densities of 10, 50, and 100 % is
presented in Sect. 5. The degradation in peak strength and
the related changes in stress—strain characteristics as well
as changes in failure mode are discussed in the following
sections.

4.1 Peak Strength

Three GBMs with different grain structure and particle
arrangement realizations were built for each grain-based
specimen with various crack densities, and uniaxial and
triaxial compression tests were conducted.

Figure 4b shows the unconfined and confined strengths
of the grain-based specimens with the percentage of fric-
tional smooth-joint contacts ranging from 0 % (i.e., model
of intact marble) to 100 % (i.e., model of granulated
marble) in the g, versus g3 stress space. The plots of the

3 SJ; = 0 % refers to a grain-based specimen where all the smooth-
joint contacts are cohesive, and SJ; = 100 % refers to a grain-based
specimen where all the smooth-joint contacts are frictional.
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Fig. 3 a Shear strength of
intact rock as a function of
normal stress. Shear strength
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¢ a rough joint with a roughness
angle of i, as a function of
normal stress, assuming
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strength degradation (Ag;) as a function of confinement in
Fig. 4c suggest that the strength degradation of grain-based
specimens with micro-cracks decreases with increasing con-
finement up to the confining pressure of about UCS/
10 = 7 MPa and remains more or less constant at higher
confinements with strength degradations ranging from less
than 5 MPa to about 20 MPa, beyond the confining pressure
of 7 MPa. Figure 4d shows the equivalent friction angles
calculated for the low (o3 < UCS/10) and high (g5 > UCS;/
10) confinement portions of the strength envelopes as a
function of crack density. The equivalent friction angle at low
confinement increases with increasing crack density, whereas
it is independent of crack density at high confinement.

4.2 Stress—Strain Response

The stress—strain curves are presented in Fig. 5 for crack
densities of 0, 20, 50, 80 and 100 % and for confining
pressures of 0 MPa (Fig. 5a), 6.9 MPa (Fig. 5b), and
34.5 MPa (Fig. 5c). At zero confinement, both the strength
and the deformation modulus decrease with increasing
crack density (Fig. 5a). The axial strain at peak strength is
insensitive to the crack density, but the initial post-peak
response becomes more ductile with increasing crack
density. This is due to the increase in the number of fric-
tional grain boundaries.

The stress—strain curves of the grain-based specimens at
confining pressures of 6.9 and 34.5 MPa, presented in
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Fig. 5b, c, show that the grain-based specimens with
micro-cracks become more ductile with increasing crack
density and confinement. The axial strain at peak strength
increases with increasing crack density. The influence of
micro-cracks becomes less significant in terms of peak
strength reduction at high confinement.

4.3 Failure Mode

The failure modes including the location and orientation all
the grain-scale micro-cracks (inter- and intra-grain) gen-
erated during loading of the grain-based specimens with
initial crack densities of SJ;= 0, 50 and 100 % at con-
fining pressures of 0, 6.9 and 34.5 MPa are shown in
Fig. 6. Note that the initial micro-cracks are purely fric-
tional since they are in a broken state from the start of the
test and therefore cannot be seen in these figures. For this
reason, no inter-grain micro-cracks can be seen in the
grain-based specimen in which all the smooth-joint contact
are frictional (i.e., SJy = 100 %). Close-up views of the
boxed areas in Fig. 6 are presented in Fig. 7.

The typical transition in the failure mode for brittle
rocks from axial splitting at low confinement to shear
failure at high confinement is observed in all grain-based
specimens with various cracks densities. As shown in
Fig. 6, failure at zero confinement is dominated by sub-
vertical cracks. A number of these micro-cracks connect to
generate relatively long macroscopic subvertical fractures
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Fig. 4 a A grain-based specimen where 50 % of the smooth-joint
contacts are frictional (SJ; = 50 %). Green and black grain bound-
aries refer to cohesive and frictional smooth-joint contacts; b uncon-
fined and confined strengths of grain-based specimens with various
densities of frictional smooth-joint contacts representing micro-

(e.g., see the micro-cracks in the boxed area of Fig. 6a and
the corresponding images in Fig. 7). Close to the bound-
aries of the specimens, clusters of micro-cracks generate
macroscopic shear fractures (see arrows in Fig. 6a, d).

At the confining pressure of 6.9 MPa, the failure modes
of the grain-based specimens with the crack densities of
SJy=0 and 50 % are similar (Fig. 6b, €). In the grain-
based specimen in which all the smooth-joint contacts are
frictional (i.e., SJr = 100 %), two inclined fracture zones
(shear bands) consisting of a number of intra-grain cracks
can be identified (see arrows in Fig. 6h). The correspond-
ing images in Fig. 7 illustrate the details of these fracture
zones in terms of the types of micro-cracks and their par-
ticle velocity vectors.

At the confining pressure of 34.5 MPa, the failure
modes of the grain-based specimens with varying crack
densities are similar (Fig. 6c, f, i). The failure is dominated
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cracks; c strength degradation (Ag,) of grain-based specimens with
micro-cracks as a function of confinement; d influence of micro-crack
density on the equivalent friction angle of grain-based specimens at
low (03 < UCS/10) and high (o3 > UCS/10) confinements

by two or more macroscopic and conjugate shear fractures
(e.g., arrows in Fig. 6i point to some of these shear frac-
tures). The macroscopic shear zones appear to be the result
of interaction between intra-grain tensile and shear cracks.

Particle velocity vectors along with the types of micro-
cracks (upper figures) and grain boundaries (lower figures)
are shown in Fig. 7 to emphasize the failure modes at the
grain scale. Three main modes of failure can be distin-
guished from the velocity vectors; opening, shearing, and
combined opening-shearing. In the opening mode, the
directions of velocity vectors are opposite, and they are
nearly perpendicular to the direction of applied load (e.g.,
SJy=0% and o3 =0 MPa in Fig. 7). Shearing occurs
when the direction of velocity vectors of two groups of
particles is opposite, and the resulting shear fracture is
inclined relative to the direction of applied load (e.g.,
SJ)r=0% and o3 =345MPa in Fig. 7). Combined
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Fig. 5 Stress—strain curves of grain-based specimens with various
micro-crack densities at: a o3 = 0 MPa, b 03 = 6.9 MPa, and
¢ o3 = 34.5 MPa

opening-shearing contains components of these two failure
modes (e.g., SJr= 0 % and g3 = 6.9 MPa in Fig. 7).

At zero confinement, the failure mode at the grain scale
mainly consists of a combination of opening and combined
opening-shearing, with opening being the dominant failure
mode. Opening or extension failure, as shown in Fig. 7,
occurs mainly along the nearly vertical grain boundaries.
At a confining pressure of 6.9 MPa, a combination of the
three modes can be seen. The combined opening-shearing
can occur along the grain boundaries or through the grains.
The main mode of failure at the confining pressure of
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34.5 MPa is shearing, which occurs by failing through the
grains. Failure modes described above were also observed
in the other grain-based specimens with micro-cracks.

In the following section, these modeling results are used
to develop a semi-empirical approach for the estimation of
the confined strength of rocks with micro-cracks.

S Strength Degradation Approach (SDA)

Bahrani and Kaiser (2013) defined a degradation parameter
(DP,), based on laboratory test results on intact and dam-
aged rocks as follows:

DP; = (Aayi/a1;) x 100 = [(a1; — 614)/01i] x 100 (1)

where DP,; determines the reduction in the strength of a
crack-damaged rock (o;;) from that of intact rock
(Ao, = 01; — 014) as a percentage of intact rock strength
(1)-

The DP, of the grain-based specimens with various
crack densities were calculated and plotted in Fig. 8a as a
function of confinement normalized to the unconfined
compressive strength of intact grain-based specimens (g3/
UCS)). In this figure, the DP, ranges from 5 to 70 % at zero
confinement, rapidly decreases to below 20 % at a con-
fining pressure equal to UCS;/10 and remains below 15 %
beyond this limit (i.e., for 63 > UCS;/10). This trend is
consistent with the results obtained by Bahrani and Kaiser
(2013) who investigated the strength degradation of rock
specimens consisting of strength dominating features such
as micro-cracks or fractures from their intact strengths as a
function of confinement. Note that the data points in
Fig. 8a were determined by first averaging the strengths of
grain-based specimens (three data points for each confining
pressure as shown in Fig. 8b—d as an example for the grain-
based specimens with crack densities of SJr = 10, 50, and
100 %) at different magnitudes of confining pressure and
then calculating the DP,; using Eq. 1.

5.1 Determination of Degradation Parameters
for Crack-Damaged Rocks

The results of numerical simulations presented in Fig. 8a
were used to develop a series of semi-empirical equations to
estimate the confined strength of crack-damaged rocks. This
approach, which is based on determining the strength
degradation of rock containing micro-cracks compared to
intact rock, is referred to as the strength degradation
approach (SDA) throughout this article. The SDA provides a
means for estimating the confined strength of a crack-dam-
aged rock in a situation where the unconfined and confined



Estimation of Confined Peak Strength of Crack-Damaged Rocks

317

strengths of the intact rock as well as the unconfined strength
of the rock containing micro-cracks are known.

An exponential function was used to fit to the results of
numerical simulations presented in Fig. 8a. The general
form of this function is shown in Fig. 9 and expressed as:

y=Ae* +E (2)

where the values of A and E define the limits of the
trendline on the vertical axis, and the value of B defines
curvature of the trendline.

A series of least-square regression analyses were con-
ducted to determine the fitting parameters described above.
The following three steps were taken to develop the SDA.

Step 1 The DP, values of the grain-based specimens
with the crack densities ranging from SJ; = 10—
100 % were first plotted against 3. The negative
exponential function used to fit the data is

expressed as:
DP; = (Dug — Deg)el'®s/odlcd L pe,  (3)

where Du, (unconfined degradation) is the value
of DP, at zero confinement, Dc; (confined
degradation) is the value of DP, at high con-
finement (o3 > UCS/10) where DP, becomes
independent of confining pressure, and c,; con-
trols the curvature of the trend line. An example
of this procedure is shown in Fig. 8b—d for the
grain-based specimens with the crack densities of
Sy =10 %, SJy = 50 %. And SJ; = 100 %. The
fitting parameters Du,, Dc, and ¢, for the grain-
based specimens with micro-cracks, which were
obtained from the least-square regression analysis
are listed in Table 3. The coefficients of deter-
mination (R?) are high (>0.8) for most cases.
Poorer fits are obtained for low SJ; percentages,
i.e., 8J; < 30 %. The increase in the coefficient of
determination with increasing crack density is
interpreted as being related to the change in the
failure mechanism at the grain scale. At low SJ;
percentages, a combination of grain and grain
boundary cracks drives the specimens to failure.
This results in a higher variability in their
strength magnitudes (and therefore their strength
degradations) than specimens with high SJ; per-
centages, where opening and shearing along
frictional grain boundaries are the main cause of
failure.

The +95 % confidence intervals (CI) as plotted
in Fig. 8b—d are indicators of data scatter. The CI
gives an estimate of an interval within which the
mean is expected to occur for a given set of data.

Step 2

Step 3

As mentioned earlier, the unconfined compres-
sive strengths of intact and crack-damaged
rocks and the confined strength of intact rock
are the assumed known parameters for the
estimation of confined strength of crack-dam-
aged rocks in the SDA. Therefore, Du, (i.e.,
DP, value at zero confinement) can be directly
determined from laboratory test data according
to the following equation:

Dud = [(Jci — UCSd)/GCi] x 100 (4)

where ¢, is the uniaxial compressive strength of
the intact rock obtained by back projecting the
Hoek—Brown failure criterion fitted to the triaxial
test data of intact rock to the unconfined state
(according to the procedure described by Hoek
and Brown 1997) and UCS, is the average
unconfined compressive strength of crack-dam-
aged specimens directly obtained from uncon-
fined compression tests (the difference between
0. and UCS is explained in more detail in the
“Appendix”).

Du, is in fact a measure of the level of damage
(crack density) in a specimen; the higher the
crack density in a specimen, the higher the Du,
value. The parameters Dc; and c; are unknown
parameters in this approach. Therefore, equa-
tions that relate these two parameters to Duy
had to be developed. For this purpose, the
values of c; and Dc, were plotted against Duy
in Fig. 10a, b. These figures indicate that Dc,
increases nonlinearly with increasing Du,. The
rate of increase in Dc, gradually decreases,
especially for Du, values greater than 50 %.
Figure 10b shows that the curvature parameter
cq decreases rapidly as Du, increases and tends
to level off for Du,; > 50 %.

In Fig. 10a, the exponential function was
forced to pass through the origin as the strength
degradation in a specimen with no micro-crack
is zero. Therefore, A and E in the general
exponential function (Eq.2: y = Ae® 4+ E)
had to be equal in magnitude. The confined
degradation Dc was determined to be in the
form of:

Dcg = —17.3¢7%07P" 173 (5)

In determining the equation for the curvature
parameter c, (Fig. 10b), no constraint was used to
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define the fitting parameters. The curvature 5.2 Estimation of the Confined Strength of Crack-
parameter c¢; was found to be related to Duy, Damaged Rocks Using the SDA

according to:

cq = 10.8¢7005Pu 1 45 (6)

Now that the strength degradation of rock specimens with
micro-cracks can be estimated as a function of confine-

The least-square regression analyses resulted in ~ ™Ment, the confined strength of such specimens can be
satisfactory coefficients of determination of  estimated after rearranging Eq. 1 in the form of:
R? = 0.93 and 0.82 for Dc, and ¢y, respectively. g, = ay; % [1 — (DP,;/100)] (7)

The £95 % CI curves are also plotted in
Fig. 10a, b. It is suggested that since there is only
one data point for Du, greater than 70 %, Eqs. 5
and 6 should be used with care when dealing with Step 1
rocks with high Du, values (Du > 70 %). Note
that this point corresponds to the grain-based
specimen with the crack density of SJ, = 100 %.

The following steps provide an estimate of the confined
strength of rocks containing micro-cracks using the SDA:

The Hoek—-Brown (HB) failure envelope is fitted
through the unconfined and confined strengths of
intact rock following the procedure explained by
Hoek and Brown (1997)
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Fig. 8 a Strength degradation graph for grain-based specimens with
micro-crack densities ranging from SJy= 10 % to SJy = 100 %);
strength degradation graph and fitting parameters Du,, Dc,, and ¢, for

Step 2 Du, is determined from the unconfined compres-
sive strength of intact rock (o.;) obtained from
triaxial compression tests and the average uncon-
fined strength of rocks with micro-cracks (UCS,)
using Eq. 4

Step 3 The values of Dcy, ¢;, and DP,; are determined
from Egs. 5, 6, and 3, respectively
Step 4 The confined strength of crack-damaged rocks is

then estimated using Eq. 7

This approach is illustrated and examined on the fol-
lowing case examples.

6 Case Studies

In the following, the applicability of the SDA for estimat-
ing the confined strength of rocks with micro-cracks is first
investigated using the results of laboratory tests on rocks
containing micro-cracks. The crack-damaged rock speci-
mens include granulated Wombeyan marble (Rosengren
and Jaeger 1968; Gerogiannopoulos 1976), granulated
Carrara marble (Gerogiannopoulos 1976), and damaged
Lac du Bonnet granite (Martin 1993).

@ Springer

the grain-based specimens with micro-crack densities of:
b SJy=10 %; ¢ SJy=50 %; d SJy= 100 %. £95 % confidence
intervals are shown with dashed gray curves in (b) to (d)

6.1 Granulated Wombeyan and Carrara Marble

Rosengren and Jaeger (1968) and Gerogiannopoulos (1976)
conducted laboratory tests on coarse-grained Wombeyan and
fine-grained Carrara marble. The intact marble specimens
were heated up to 600 °C, and the anisotropy of thermal
expansion of calcite grains caused the separation of grains at
their boundaries. The results of laboratory tests on Wombe-
yan marble by Gerogiannopoulos (1976) (Fig. 11a) and
Rosengren and Jaeger (1968) (Fig. 11b) and Carrara marble
by Gerogiannopoulos (1976) (Fig. 11c) demonstrate a similar
trend in terms of rapid increase in the strength of granulated
marble with increasing confinement. As can be seen from
Fig. 11a, the SDA predicts this rapid increase in the strength
of granulated marble up to a critical confining pressure with a
value of about UCS/10 (i.e., 7.0 MPa); however, it tends to
underestimate the confined strength beyond this limit.
Figure 11b, ¢ show the results of laboratory tests on
Wombeyan and Carrara marble reported by Rosengren and
Jaeger (1968) and Gerogiannopoulos (1976), respectively,
and their strength envelopes estimated by the SDA. It can
be seen that the SDA captures the rapid increase in the
strengths of granulated Wombeyan and Carrara marble at
low confinement and, considering the inherent variability
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Fig. 9 An example of exponential function that follows the general
function (Eq. 2) with A = —1,B=—-05and E =1

Table 3 Degradation parameters and coefficient of determination
obtained from the least-square regression analysis

STy (%) Dugy (%) Dcy (%) Ca R,

10 6.7 1.7 12.8 0.52
20 10.3 1.6 9.2 0.32
30 16.4 4.7 9.1 0.72
40 25.1 5.1 6.9 0.87
50 259 6.1 8.0 0.91
60 40.4 7.9 4.7 0.88
70 37.6 9.7 6.7 0.98
80 54.7 10.8 4.1 0.97
90 52.1 11.3 5.5 0.98
100 70.3 11.1 5.0 0.99

in the strength data, reasonably predicts their confined
strengths at high confinement. This is more evident in the
case of Wombeyan marble (Fig. 11b).

6.2 Damaged Lac du Bonnet Granite

The Lac du Bonnet (LdB) granite cores drilled from the 420
levels of the Underground Research Laboratory (URL) in

during the process of core drilling due to high stress con-
centrations near the drill bits. Martin and Stimpson (1994)
and Eberhardt et al. (1999) suggested that damaged spec-
imens (i.e., those containing micro-cracks) could be iden-
tified from the change in the material response when
subjected to uniaxial compression; undamaged (intact)
specimens from shallow depth responded in a linear elastic
manner, whereas damaged specimens from deeper levels
initially exhibited a strongly nonlinear response due to
micro-crack closure. The unconfined compressive strength
of the intact and damaged specimens are 213 + 20 and
157 &+ 18 MPa (mean + 1 standard deviation), respec-
tively. Figure 12 shows the laboratory test results on intact
and damaged specimens of LdB granite, along with the
strength envelope from the SDA, which demonstrates that
this approach provides a reasonable fit to the strength of
damaged LdB granite for the entire range of confinement
(i.e., up to 60 MPa confining pressure).

6.3 Assessment of Prediction Quality of SDA

The confidence interval (CI) is used in this section to assess
the prediction quality of the SDA. It is highly unlikely that
a best estimate for a parameter from a sample (in this case
mean confined peak strength estimated by the SDA) be
equal to the true (unknown) mean population value.
Therefore, it is appropriate to determine an interval, within
which one would expect to find the value of the mean. Such
intervals are known as confidence intervals (CIs). CIs
should strictly be interpreted with respect to a hypotheti-
cal sequence of similar repeated inferences. For example, a
95 % CI for the mean indicates that in a long-run of similar
experiments and inferences, 95 % of the computed inter-
vals will contain the true (unknown) mean population
value and thus, gives 95 % confidence. It is important to
emphasize that a 95 % CI for the mean does not advocate
that the true mean falls in the interval with a probability of
0.95. On the other hand, predilection intervals (PIs)
deal with future observations of the random variable in

Manitoba, Canada, contained micro-cracks generated  question. In other words, PIs provide a range with a
Fig. 10 Relationships between: (a)16 (b) 20
a Dcy and Dug; and b ¢4 and 14 4 B 18 - 0.055D
Dugy. The £95 % CIs are shown | 7 o 16 Cy=10.8€00550u; + 4.5
i 12 1 :
with gray curves _ ¢ o) 14 4
X 107 o 12 1
S 81 O & 104
O 6 81
2] 61
47 De, =-17.3 €00170uy + 17.3 4-
2 - Y R?2=0.93 5
O T T T O T T T T
0 20 40 60 80 100 0 20 40 60 80 100

Dug (%)
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Fig. 11 Laboratory data of intact and granulated: a Wombeyan
marble tested by Gerogiannopoulos (1976); b Wombeyan marble
tested by Rosengren and Jaeger (1968); ¢ Carrara marble tested by
Gerogiannopoulos (1976). The Hoek-Brown (HB) failure criterion
fitted to the strength of intact rock is shown with solid black curve

specified probability (e.g., 0.95) of containing a future
observation. For more details on the concepts of CIs and
PIs, see any classical statistics text books.

Since the SDA is expected to provide the best estimate
of the mean value of the confined peak strength of crack-
damaged rocks, the concept of confidence interval (as
opposed to the future interval) was used to evaluate the
prediction quality of the SDA.

The following steps were undertaken to evaluate the
prediction quality of the SDA approach:

@ Springer

of granulated Wombeyan marble.

Similar analyses were conducted for the case of granu-
lated Wombeyan marble reported by Rosengren and Jaeger
(1968), as presented in Fig. 14. Figure 14a shows the
nonlinear curve fitted to the triaxial test data as well as the
£95 % ClIs. Figure 14b shows that the strength envelope
based on the SDA falls between the £95 % ClIs.

The results of analyses for Carrara marble (Gero-
giannopoulos 1976) and LdB granite (Martin 1993) are
presented in Fig. 15a—d. As can be seen in Fig. 15b, d, the
strength envelopes estimated using the SDA fall between
the £95 % ClIs calculated for the nonlinear curve fitted to
the triaxial data presented in Fig. 15a, c.

The confidence interval is a useful method when
trying to constrain a data set and provide upper and
lower bounds. Such intervals can be wused for
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Fig. 13 Assessment of prediction quality of the SDA for the
estimation of confined strength of granulated Wombeyan marble
reported by Gerogiannopoulos (1976): a the nonlinear curve fitted to

the triaxial test data and the calculated 95 % confidence intervals;
b strength envelope estimated using the SDA and comparison with the
495 % confidence intervals

+95%Cl

-95%Cl

a)160 b) 160

140 - - 140 -
- -

120 - P 120 -

< 100 - © 100

© 100 _ & 100
S 80 = 80
& 607 6 601
40 - -95%Cl 404

20 | 0, =05+ (205+1)0%7 20
0 . : 0+
0 10 20 30 0

0, (MPa)

Fig. 14 Assessment of prediction quality of the SDA for the
estimation of confined strength of granulated Wombeyan marble
reported by Rosengren and Jaeger (1968): a the nonlinear curve fitted

Fig. 15 Assessment of
prediction quality of the SDA
for the estimation of confined
strengths of: a, b granulated
Carrara marble reported by
Rosengren and Jaeger (1968);
and ¢, d LdB granite reported by
Martin (1993). a, ¢ The
nonlinear curve fitted to the
triaxial data and the +95 %
confidence intervals calculated
for granulated marble and
damaged LdB granite,
respectively, and b, d the
strength envelopes estimated
using the SDA for granulated
marble and damaged LdB
granite, respectively, and
comparison with the +95 %
confidence intervals
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probabilistic analysis of different geotechnical problems.
In this article, the concept of confidence intervals was
used to assess the prediction quality of the SDA for
estimating the confined strength of rocks with micro-
cracks. It was demonstrated that confined strengths
estimated using the SDA fall between the +95 % con-
fidence intervals calculated for the rocks with micro-
cracks. Therefore, based on the available data, the results
of analyses presented in this article suggest that the SDA
can provide a reasonable estimate of the confined
strength of crack-damaged rocks.

The experimental work by Rosengren and Jaeger (1968)
on intact and heat-treated Wombeyan marble was origi-
nally conducted to assess the strength properties of heat-
treated marble in relation to intact marble to better
understand the strength of jointed rock masses as a function
of confinement, assuming that the heat-treated marble is an
analogue for a highly interlocked jointed rock mass. It was
demonstrated in this article that the confined strength of
rock specimens with micro-cracks can be estimated using
the proposed SDA. Further investigation on the applica-
bility of this approach for estimating the confined strength
of rocks with larger scale strength dominating features such
as veins, fractures and joints is suggested.

7 Summary and Conclusions

The grain-based model previously calibrated to the
unconfined and confined strengths of intact and granulated
Wombeyan marble by Bahrani et al. (2014) was used to
simulate rock specimens with different crack densities.
Rock specimens with micro-cracks were simulated by
assigning the crack properties to a percentage of the
smooth-joint contacts representing the grain boundaries
(i.e., SJr = 10-100 %).

The following can be concluded from the simulation of
intact rock and crack-damaged rock specimens:

1. The unconfined and confined strengths of the grain-
based specimens with crack density ranging from
SJr=10% to SJy=90 % are between those of
models of intact marble (i.e., SJ;= 0 %) and model
of granulated marble (i.e., SJ; = 100 %);

2. The confined strengths of grain-based specimens with
micro-cracks increase rapidly with increasing confine-
ment and approach those of intact grain-based speci-
mens at a confining pressure equal to about 10 % of
the UCS of intact specimen (i.e., 63 = UCS;/10);

3. The density of cracks does not influence the overall
macroscopic failure mode at different levels of confine-
ment: transition from axial fracturing along the grain

@ Springer

boundary at low confinement to shear failure through
grains at high confinement is observed in all grain-based
specimens independent of their initial micro-crack density;

4. At the specimen scale, the failure mode changes from

axial splitting at low confinement to shear rupture
formation at high confinement and this is independent
of the density of cracks;

5. At the grain scale, three modes of failure are opening,
combined opening-shearing and shearing;

6. Opening, which occurs along the grain boundaries, is
dominant under unconfined conditions, while shearing,
which occurs through the grains, is dominant at high
confinement (o3 > UCS,/10).

The simulation results including the unconfined and
confined peak strengths of grain-based specimens with
various crack densities were used to develop a series of
semi-empirical relations, which describe the strength
degradation of a rock with micro-cracks from the intact
rock as a function of confinement. Therefore, having
knowledge of the unconfined and confined strengths of the
intact rock and the unconfined strength of the rock con-
taining micro-cracks, the confined strength of the crack-
damaged rock can be estimated.

The applicability of this approach, called the strength
degradation approach (SDA), for estimating the confined
strength of rocks with micro-cracks was assessed by
comparing it with the published laboratory tests. It follows
that the SDA provided a reliable estimate of the mean
confined strength of rock specimens containing various
crack densities.

To the knowledge of the authors, the strength degrada-
tion approach (SDA) is the only quantitative method to
estimate the confined strength of crack-damaged rocks. It is
suggested that the applicability of this approach for esti-
mating the confined strength of such rocks and rocks
containing larger scale strength dominating features needs
further investigations.
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Appendix

This Appendix summarizes the terminologies adopted in
this article.
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Intact Rock

Intact rock is used to describe the homogeneous portion of
a rock, the material between geological features, which
might be represented by a hand specimen or piece of drill
core examined in the laboratory (Brady and Brown 2007).
In this article, intact rock refers specifically to a laboratory
specimen that does not contain any strength dominating
features such as micro-cracks, fractures, veins, or cemented
joints.

Micro-cracks

Micro-cracks are noncohesive flaws at the grain scale such
as grain and grain boundary cracks, which may influence
the strength and/or failure mode of rocks under different
stress conditions.

UCS; and UCS,

UCS stands for unconfined compressive strength. The
value of UCS is directly obtained from the laboratory
unconfined compression test. In this article, UCS; and
UCS, are used to describe the unconfined compressive
strength of “intact” rock and rock specimens with micro-
cracks, respectively.

UCS; and o;

UCS; is the unconfined compressive strength obtained
directly from laboratory tests on unconfined intact rock
specimens. As per recommendation by Hoek and Brown
(1997), o.; is determined by extrapolation, from fitting
triaxial test data covering a confinement range up to half of
UCS; in five equal increments, to the unconfined state; it is
obtained by back projection using a least-square regression
analysis. Studies by Kaiser and Kim (2015) have shown
that independently determined unconfined strengths from
UCS tests and from triaxial tests (o,;) on the same rock type
do not correspond; UCS; is often lower than ¢.;. Thus, UCS
data should not be used as a replacement for 7.

v
A 4

o; (MPa)
Strength Degradation

The term “degradation” in rock mechanics is used for
different purposes. For example, Fang and Harrison (2001)
used the term “degradation” to describe the post-peak
strength reduction. In this article, the difference between
the peak strengths of intact rock and rock containing micro-
cracks (or the peak strength reduction due to micro-cracks)
is called “rock strength degradation.” The concept of
strength degradation is schematically shown in Fig. 16.
Figure 16a illustrates a situation where the strength of a
rock with micro-cracks increases rapidly with increasing
confinement and approaches the intact strength. Therefore,
the strength degradation (Aa;), which is the strength dif-
ference between the intact rock (g;;) and the rock with
micro-cracks (g,,), decreases rapidly with increasing con-
finement and remains almost constant beyond a critical
confining pressure (Fig. 16b).

According to Bahrani and Kaiser (2013), this critical
confining pressure is between UCS/20 and UCS;/6, with a
typical central value of UCS/10, as was suggested by
Kaiser and Kim (2015). The rapid increase in the strength
of rocks containing micro-cracks with confinement is due
to the reduction in the length of propagating cracks and a
resistance of an interlocked structure to dilation. When
the confining pressure is greater than about 10 % of the
applied axial stress, (g,/03 > 0.1; Hoek and Bieniawski
1965; Diederichs 2003) shear banding or shear rupture
starts and eventually dominates the confined rock failure
process.
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