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Abstract We investigated the statistical characteristics

and probability distribution of the mechanical parameters

of natural rock using triaxial compression tests. Twenty

cores of Jinping marble were tested under each different

levels of confining stress (i.e., 5, 10, 20, 30, and 40 MPa).

From these full stress–strain data, we summarized the

numerical characteristics and determined the probability

distribution form of several important mechanical param-

eters, including deformational parameters, characteristic

strength, characteristic strains, and failure angle. The sta-

tistical proofs relating to the mechanical parameters of rock

presented new information about the marble’s probabilistic

distribution characteristics. The normal and log-normal

distributions were appropriate for describing random

strengths of rock; the coefficients of variation of the peak

strengths had no relationship to the confining stress; the

only acceptable random distribution for both Young’s

elastic modulus and Poisson’s ratio was the log-normal

function; and the cohesive strength had a different proba-

bility distribution pattern than the frictional angle. The

triaxial tests and statistical analysis also provided experi-

mental evidence for deciding the minimum reliable number

of experimental sample and for picking appropriate

parameter distributions to use in reliability calculations for

rock engineering.

Keywords Rock material � Mechanical parameters �
Triaxial strength � Probability distribution � Minimum

sample size

1 Introduction

The natural variety of rock is a major source of uncertainty

in civil and geotechnical engineering. During the 35th

Rankine Lecture, Professor R. E. Goodman observed that

‘‘Charged with responsibility for design, an engineer hopes

to have available tools appropriate to the applicable

materials and conditions. When the materials are natural

rock, the only thing known with certainty is that this

material will never be known with certainty’’ (Goodman

1995). Obviously, there are several common factors of

uncertainty in rock engineering analysis such as the

intrinsic uncertainty of rock composition, the incomplete-

ness of statistical data, the use of simplified models, and

experimental errors made during the manual operation of

test equipment. However, only the natural variety of the

rock material itself is irreducible (Fossum et al. 1995;

Tonona et al. 2000; Cai 2011). The presence of numerous

defects in rock, such as pores, flaws, and micro-cracks, has

a considerable effect on its mechanical properties including

the Young’s modulus, the uniaxial compressive strength,

the inherent friction angle, and the strain of peak stress.

There is no way to predict what the value of any one of

these parameters of the rock will be at any given field.

Given these uncertainties, a stochastic rather than a

deterministic description for the mechanical parameters of

rock is more realistic and acceptable. In the deterministic

estimation of the properties of a rock mass, only a unique

value is used—usually the average of the investigated

property taken from a number of samples. However, in a
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stochastic estimation, it is possible to consider the full

range of data concerning a specific characteristic. In

practice, the probabilistic approach, which views each

variable not as a single value but as probability distribu-

tion, is more useful. This approach has been used as a

powerful tool for representing uncertainty in the physical

parameters of different materials and corresponding

mechanical models during rock engineering analysis (Ma-

jor et al. 1978; Einstein and Baecher 1982; Priest and

Brown 1983; Hoek 1998; Nilsen 2000; Duzgun et al. 2003;

Goh and Zhang 2012). Large data sets are needed to

accurately carry out such probabilistic analyses (Haldar

and Mahadevan 2000; Giasi et al. 2003; Park et al. 2005;

Low 2007) because the appropriate probability distribution

functions for the key mechanical parameters are vital for a

reasonable estimation. In practice, it is desirable to use an

adequate number of reliable laboratory tests or in situ

observations to estimate uncertainty (Wong et al. 2006; Li

and Gong 2009; Sari et al. 2010; Nomiko and Sofianos

2011; Park et al. 2013).

Unfortunately, under practical conditions, the data are

frequently limited and the types of uncertain variables may

not be known before the probability analysis is performed.

This situation makes the application of the probabilistic

approach more difficult (Dodagoudar and Venkatachalam

2000; Park et al. 2012; Sofianos et al. 2014). Although a

large number of laboratory tests on rock specimens and

detailed statistical analysis of experimental data are costly

and time-consuming, many efforts have been devoted to

investigation of the probability distribution function of

mechanical parameters. Among these pioneering experi-

mental programs carried out to estimate the distribution of

parameters, such as unconfined compressive strength and

elastic modulus, are studies by Hudson and Fairhurst

(1969), Kostak and Bielenstein (1971), Karl et al. (1973),

and Mazzoccola et al. (1997). Subsequently, efforts to

define the probability distribution of rock parameters had

been carried out by Bagde (2000), Deng and Bian (2005),

Maheshwari (2009), Sanchidrian et al. (2012), and Bruno

(2013). For a complete stress–strain curve of a rock spec-

imen gained from a triaxial compression test, the charac-

teristic mechanical parameters related to deformation and

break are not only strength and deformational index (i.e.,

peak strength, cohesive strength, frictional angle, Young’s

elastic modulus), but also strain characteristics (e.g., axial

peak strain, axial residual strain, inflexional volumetric

strain) and the break angle of the failure plane. The random

features of all these mechanical parameters are meaningful.

As stated by Fairhurst and Hudson (1999): ‘‘The complete

force–displacement curve of an intact rock specimen is

useful in understanding the total process of specimen

deformation, cracking and eventual disintegration, and can

provide insight into potential in situ rock mass behavior.’’

Both the ISRM and the ASTM suggested that the

number of specimens should be sufficient to adequately

represent the body of rock being studied, recommending a

minimum of five specimens per set of testing conditions

(ASTM 1995; Fairhurst and Hudson 1999; ISRM 2007).

Obviously, experimental data from a few rock specimens

cannot determine comprehensive characteristics and such

data would limit further generalization for a rock’s

parameters owing to the lack of enough experimental data

for a definitive statistical analysis (Martin and Chandler

1994; Palchik and Hatzor 2002; Diederichsa et al. 2004;

Yang et al. 2012). According to Ruffolo and Shakoor’s

(2009) suggestion, ten samples are the minimum number

required for estimating rock properties at 20 % sample

deviation and the 95 % confidence interval in laboratory

testing. Thus, a statistical investigation for natural rock’s

characteristic parameters with about 20 samples at each

level of confining stress during triaxial compression can

provide us intrinsic knowledge regarding its deformation

and failure, which overcome the general disturbance of

sample discreteness.

This paper investigates the stochastic variability of

specimens of a marble by examining the results from a

series of laboratory compression tests. Triaxial compres-

sion tests were carried out for the marble with different

confining stresses (confining stresses of 5, 10, 20, 30, and

40 MPa), and about 20 samples were finished compression

under each confining stress. Based on the stress–strain data

recording the rocks’ failures, we summarized the numerical

values of the mechanical parameters and also their proba-

bility distribution including the deformational parameters,

characteristic strength, and characteristic strain. This sta-

tistical summary of rock mechanical parameters can pro-

vide us new understanding concerning a suite of samples’

stochastic properties and provide experimental evidence

for determining parameter distributions that can be used for

rock engineering reliability calculations.

2 Methods for the Mechanical Experiments
and Data Analysis

2.1 Testing Scheme for Rock Specimens

The rock sample was marble acquired from the under-

ground powerhouse of the Chinese Jinping II hydraulic

station (Feng and Hudson 2011; Jiang and Feng 2011).

Mineralogically, this gray-white marble consisted largely

of calcite, dolomite, and white mica and was weakly

weathered. Each specimen for the test was a cylinder

100 mm in height and 50 mm in diameter, in accordance

with the ISRM’s recommendations. The triaxial compres-

sion tests were carried using a MTS-815 Electro-hydraulic
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Servo-controlled Rock Mechanics Testing System from

MTS Systems Corporation (Eden Prairie, USA). During

testing, loading was done at a rate of 0.001 mm/s; axial

strain was measured using a linear variable differential

transformer, and the lateral strain was measured using a

ring chain gauge (Fig. 1a). The confining stresses used

were 5, 10, 20, 30, and 40 MPa. About 20 marble speci-

mens were tested under each confining stress on the MTS

system, and we gained all the integrated stress–strain

curves under triaxial compression experiments (Fig. 1b–d).

2.2 Analysis Method for Experimental Data

The engineering mechanics-based approach to solving

natural rock mechanical problems requires prior definition

of the natural rock’s stress–strain behavior. Important

aspects of this behavior include the constants relating to

stresses and strains in the elastic range, the stress levels at

each yield, the points at which fracturing or slip occurs

within the rock, and the post-peak stress–strain behavior of

the fractured or failed rock. From the data collected from

the experiments described above, we have selected 11

significant parameters for statistical analysis (Fig. 2).

These parameters, which represent the common charac-

teristics of rock deformation and failure, are as follows:

• Two deformational parameters, Young’s modulus (E)

and Poisson’s ratio (t). These parameters represent the

fundamental compressive deformation property and

volume response of rock under compression.

• Five strength parameters, namely cracking damage

stress (rcd), peak strength (rp), residual strength (rr),
cohesive strength (C), and internal frictional angle (/).
The peak strength represents the maximum loading

capability. The cracking damage stress, which corre-

sponds to the transition point of volume strain,

represents the longtime strength of the rock (Goodman

1989; Martin 1993; Cai 2010; Hoek and Martin 2014).

The residual strength indicates the rock’s possible

loading capacity after failure, and the cohesive strength

and internal frictional angle are the conventional Mohr–

Coulomb strength parameters.
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Fig. 1 Triaxial compression test of the Jinping II marble. a Installed specimen and its measurement, b–d typical stress–strain curves under

different confining stresses
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• Three strain parameters: axial peak strain (ep), axial
residual strain (er), and volumetric inflexion strain (ev).
These represent, respectively, the rock’s maximum

strain before failure, ultimate strain before structural

disintegration, and the acceptable strain during long-

time loading.

• Angle of specimen’s break plane (a).

For the analysis of the compressive stress–strain curves

in the marble, the general statistical coefficients were cal-

culated first, including the sample mean �X; sample standard

deviation S, and sample coefficient of variation, i.e., CV

(Eqs. 1–3). The sample mean defines the value around

which the ‘‘bell curve’’ will be centered and the sample

standard deviation defines the spread of values around the

sample mean. Based on these coefficients, the fundamental

characters of a given rock parameter can be understood,

such as the average value, the degree of dispersion of the

individual result in relation to the sample group, and the

dimensionless dispersion degree of the parameters (the

relative standard deviation).

�X ¼ 1

n

Xn

i¼1

Xi ð1Þ

S ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

n� 1

Xn

i¼1

Xi � �Xð Þ2
s

ð2Þ

CV ¼ S
�X
� 100% ð3Þ

Current experimental and experiential knowledge indi-

cates that there is not a unique function that can perfectly

describe the probability distribution of the mechanical

parameters of any rock. This is owing to the rock’s inherent

inhomogeneity. However, it is generally accepted that the

most reasonable probability distribution for any rock’s

mechanical parameters includes the normal distribution

(ND), the log-normal distribution (LND), and the Weibull

distribution (WD), as stated by Yamaguchi (1970), Kostak

and Bielenstein (1971), Wiles (2006), Hoek and Martin

(2014), and others. Here, we propose that the above 11

mechanical parameters of this marble are in accordance

with one of these distribution patterns as shown in Eqs. 4–

6. A hypothesis test can be carried out to see whether the

data collected fit one of the above distribution patterns. The

equations that describe the three distributions are as

follows:

ND: f ðxÞ ¼ 1ffiffiffiffiffiffi
2p

p
r
exp � 1

2

x� l
r

� �2
� �

x 2 ð�1;1Þ

ð4Þ

LND:

f ðxÞ ¼
1ffiffiffiffiffiffi
2p

p
rx

exp � 1

2

ln x� l
r

� �2
" #

x[ 0

0 x� 0

8
><

>:

ð5Þ

WD: f ðxÞ ¼
bxb�1

hb
exp � x

h

� �b
� �

x� 0

0 x\0

8
<

: ð6Þ

where r is the standard deviation, l is the mean, b is the

morphometric coefficient for the shape of density proba-

bility curve, and h is the scaling coefficient for the curve’s

magnitude.

When having a sufficient number of experimental

samples is a required condition, an estimation using a

statistical histogram is the conventional method to deter-

mine the probability density pattern of a statistical objec-

tive. However, a hypothesis test is a more acceptable way

to assess the probability distribution of the variables,

especially when there are not enough experimental results.

The general methods of hypothesis testing include bino-

mial testing, kurtosis–skewness testing, v2 testing, and

Kolmogorov–Smirnov testing (K–S) (Bury 1999; Brani

2011). The K–S test has the advantages of being steady,

independent of the mean, and insensitive to scale, as well

as the integrity to absorb data. This test also satisfies the

requirement for a small number of samples in the group

(Deng et al. 2004; Duarte et al. 2005; Saria and Karpuz

2006; David et al. 2010). For these reasons, we have
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loading [modified Goodman

(1989)]

4634 Q. Jiang et al.

123



chosen to use the K–S test for hypothesis testing to

determine whether our group of samples can be acceptably

represented by any of the three probability distributions

under consideration (Eqs. 4–6). K–S testing needs to fol-

low four steps:

Step 1 Establish two hypothetical equations for the

testing parameter (such as the peak strength of the rock),

like H0: Fn(x) = F(x) and H1: Fn(x) = F(x). Here,

Fn(x) is the cumulative distribution function for the

observed random samples with number ‘‘n’’ and F(x) is

the cumulative distribution function for the selected

theoretical distribution function.

Step 2 Calculate the absolute value of the difference

between the cumulative distribution probability of the

observed sample and the cumulative distribution prob-

ability of the theoretical distribution probability:

Dn ¼ maxfjFðxÞ � FnðxÞjg:
Step 3 Index the critical significance level ðDa

nÞ from the

K–S testing table according to the sample size (n) and

the given significance level (a).

Step 4 Compare the value between Dn and Da
n: The

assumption (H0) can be accepted only if the value of the

Dn is smaller than the value of Da
n:

In the following K–S test on the mechanical parameter

distributions for the Jinping marbles, the significance level

was set at a = 0.05 (i.e., the 95 % confidence interval)

with consideration for the number of samples used.

3 Statistical Characteristic of Rock Strength

Compressive strength can be considered as the most widely

used and quoted rock engineering parameter, and a triaxial

compression test on a cylindrical specimen is probably the

most widely used rock engineering test. It is used to

determine the rock’s individual compressive strengths,

including longtime strength (i.e., cracking damage stress),

peak strength, and residual strength. Despite its apparent

simplicity, great care still needs to be exercised when

interpreting the results obtained from such test.

3.1 Experimental Results of Triaxial Compression

Tests

The compressive testing scheme used for this study

acquired the full stress–strain data set for the marble.

Consequently, all of the marble’s characteristic stresses

including rcd, rp, and rr can be analyzed according to the

experimental stress–strain data (Table 1). The test results

indicated that these characteristic stresses for this marble

were not identical to each other but spanned a range even

under the same experimental conditions. Consequently, the

results had to be analyzed statistically.

The original data showed poor regularity. For example,

some marble peak strengths under high confining pressures

were smaller than the marble’s peak strengths under low

confining pressure and, additionally, some cracking dam-

age stress that occurred under high confining pressure was

also larger than the peak strengths under low confining

pressure (Table 1; Fig. 3). However, the means of char-

acteristic stresses indicated that not only peak strength but

also crack damage stress and residual strength clearly

increased linearly with increasing confining stress within

the range of confining pressures used (Fig. 3). This analysis

confirmed the general idea that natural rock is a typical

cohesive–frictional material. Furthermore, the transition of

the marble from brittleness under low confining stress to

ductility under high confining stress can be understood if

we define the stress-to-drop ratio as the reduced stress

between peak stress and residual stress ð�rp � �rrÞ divided

by peak stress (Eq. 7).

k ¼ �rp � �rr
	 


=�rp ð7Þ

where �rp and �rr are the average peak stress and residual

stress, respectively. Our experimental result on the marble

showed that the stress-to-drop ratio decreased as confining

stress increased—the apparent confining pressure effect

(Fig. 4).

3.2 Statistical Analysis and Hypothesis Testing

of Characteristic Strength

As the characteristic strengths of the marble were, to a

certain degree, unpredictable under the same triaxial con-

fining pressure, further statistical analyses on strength were

necessary. We determined the variability and the proba-

bility distributions.

The calculated sample standard deviations (Eq. 2) for

the marble’s crack damage stress, peak strength, and

residual stress indicated that the values of sample standard

deviation increased only slightly, although the corre-

sponding strength values had obviously risen along with

the confining stress (compare Fig. 5 with Fig. 3). A more

interesting experimental finding was that the sample coef-

ficient of variation both crack damage stress and peak

strength is comparatively constant and appears to have no

relationship with the confining stress (Fig. 6). Yet, the CV

of residual strength reduces with increasing confining

stress. One possible reason for this could be that high

confining pressures partly diminish the effect of preexisting

micro-cracks on the rock’s compressive strength. Poten-

tially, the entire compressive strength depends more on the

rock material’s bearing capability. Another possible reason
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is that the variations in the roughness of the breaking plane

decreases with increasing confining stress because the

confining stress can suppress the unsteady expansion of

cracks in the post-failure (Diederichsa et al. 2004; Hoek

and Martin 2014).

The K–S tests also showed that the optimal distribution

pattern for the crack damage stress, peak strength, and

residual strength were not identical (Tables 2, 3, 4). We

noted that:

• All three probability distributions (the ND, LND, and

WD distributions) were acceptable for the crack

damage stress according the K–S test (Table 2), but

judged by the Dn value in Table 2, the optimal

distribution pattern for this stress was the ND.

• Similarly, all three probability distributions were

acceptable for the peak stress according to the results

from K–S test. The calculated K–S indices (Dn) of these

probability distributions were all similar (Table 3).

Therefore, under the condition of the limited sample

size, the best-fit distribution for peak strength cannot be

confirmed.

• Three probability distributions were also acceptable for

the residual stress (Table 4). However, the optimal

distribution pattern for the residual strength, again

based on the Dn index, was the WD.

The K–S tests indicated the possibility that the statistical

probability distribution of the natural rock’s strength

parameters was different. In the physical experiments on

the Jinping marble, our suggested probability distribution

for the characteristic strengths was a normal or a LND if

we required a uniform probability function to describe the

disparate results. When we match against the ND to the

marble’s peak strengths, we observed an interesting rela-

tionship. The peak point of the probabilistic density curve

decreased with increasing confining stress, but the curve’s

width increased at the same time (Fig. 7). The reason is

that the sample means of the peak strength are not equal in

different confining stresses, and the variability of the peak

strength is measured with the sample coefficient of varia-

tion to unify the level of sample means. From the point of

view of the variability, the confining stress has no signifi-

cant effect on the variability of peak strength (see Fig. 6).

Table 1 Marble’s crack damage stress, peak strength, and residual strength under conventional triaxial compression

Num. Confining stress (MPa)

5.0 10.0 20.0 30.0 40.0

rcd rp rr rcd rp rr rcd rp rr rcd rp rr rcd rp rr

1 93.7 121.8 50.3 109.5 151.8 74.0 149.2 194.7 81.4 154.2 229.9 145.2 156.1 253.0 180.1

2 91.5 119.5 58.6 123.9 158.0 108.6 146.3 200.6 110.1 139.5 209.2 143.3 159.6 285.7 234.4

3 114.9 143.4 47.7 144.5 158.8 84.8 150.0 194.9 109.8 170.7 224.9 181.0 161.4 243.4 213.5

4 120.8 151.5 39.6 140.3 163.1 78.5 155.1 194.1 109.2 171.5 225.6 164.4 169.4 244.7 234.0

5 114.9 130.7 63.4 132.9 164.5 79.8 153.8 194.1 113.7 149.8 204.2 167.9 177.0 239.0 216.4

6 102.0 122.4 50.7 136.0 151.5 70.6 150.3 192.7 111.9 133.4 221.0 177.9 174.7 243.8 206.1

7 116.6 125.8 58.1 119.2 164.9 88.2 148.5 196.5 116.8 156.7 219.6 183.5 166.0 243.6 213.6

8 118.3 135.4 53.7 118.6 141.5 65.4 138.3 173.8 112.9 141.4 188.8 187.0 173.8 225.4 201.8

9 99.7 126.8 39.5 104.8 134.1 / 125.4 167.1 113.4 134.0 201.9 163.6 148.5 225.6 210.6

10 109.2 127.7 34.7 106.6 144.4 68.0 131.7 175.5 119.6 120.7 201.7 170.1 144.0 232.9 198.2

11 98.4 129.3 45.1 118.2 135.4 67.9 132.2 169.3 107.5 124.9 199.8 172.8 168.5 231.0 203.1

12 107.4 132.8 40.4 118.8 140.2 93.3 142.1 169.3 101.3 149.8 207.4 154.0 157.3 220.1 197.9

13 109.7 120.5 44.7 103.2 135.6 80.1 139.0 173.9 100.6 139.8 202.2 152.0 151.3 218.5 200.2

14 108.6 121.7 49.7 110.6 138.0 84.3 131.8 172.1 103.0 132.2 195.6 155.2 150.4 223.3 201.8

15 109.7 142.3 71.5 89.9 120.3 51.3 110.5 183.2 118.3 133.7 225.1 165.4 146.8 242.7 239.0

16 123.3 152.5 30.3 111.1 168.5 81.5 102.2 170.8 124.8 140.9 251.0 189.4 130.3 255.0 197.4

17 87.4 142.0 67.3 109.3 149.5 70.2 127.3 206.0 143.3 145.9 247.6 161.8 148.4 274.7 224.5

18 113.9 135.6 48.8 127.4 168.5 83.1 165.2 213.2 133.1 170.1 229.1 169.2 134.6 278.4 216.3

19 123.6 144.0 45.7 126.6 148.9 68.8 122.7 164.2 103.5 148.4 236.3 158.4 196.3 282.5 219.8

20 87.9 115.3 46.3 110.2 145.5 68.2 143.7 190.7 110.4 – – – 142.9 268.9 206.6

Ave. 107.6 132.1 49.3 118.1 149.2 77.2 138.3 184.8 112.2 145.1 216.6 166.7 157.9 246.6 210.8
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4 Statistical Characteristics of Rock Deformation
Parameters

The elastic modulus (Young’s modulus) and Poisson’s

ratio are two important mechanical parameters used to

represent a rock’s deformational properties. They are used

not only for elastic or elasto-plastic numerical engineering

simulations but also for practical engineering designs

during planning excavation and support schemes. Because

natural rock materials contain random pores, flaws, and

cracks, the Young’s modulus and Poisson’s ratio for such

materials would usually be scattered within a specific

range. Consequently, a detailed stochastic analysis of the

rock’s deformation parameters and a reasonable estimation

of its corresponding random probability density function

are meaningful for understanding the deformation charac-

ter of natural rock and useful for evaluating the rock’s

stability risk.
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4.1 Experimental Results of Marble Deformation

Based on the triaxial compression data, each specimen’s

Young’s modulus and Poisson’s ratio can be calculated from

the gradient of the axial stress–strain curves and ratio of the

lateral strain to the axial strain (ISRM 1979; Brady and

Brown 2004). The deformational parameters obtained are

shown in Fig. 8, and this figure shows that the means of both

the Young’s modulus and the Poisson’s ratio were relatively

constant, although their individual values were scattered

even at identical confining stress levels. This result means

that the rock’s deformation parameters may not be sensitive

to the confining stress, but that the elastic modulus and

Poisson’s ratio calculated from a range of different confining

pressures can be accepted as its reference value.

4.2 Probability Distribution of Deformation

Parameters

A statistical analysis of all the Young’s modulus values and

Poisson’s ratios obtained under different confining stresses

Table 2 Hypothesis testing for the distribution patterns of the mar-

ble’s crack damage stress by the K–S test

Confining

stress (MPa)

Distribution

format

K–S

statistics

Judgment Best

distribution

format

5 ND 0.1439 Acceptable WD

LND 0.1646 Acceptable

WD 0.1363 Acceptable

10 ND 0.1447 Acceptable WD

LND 0.1342 Acceptable

WD 0.1280 Acceptable

20 ND 0.1009 Acceptable ND

LND 0.1230 Acceptable

WD 0.1033 Acceptable

30 ND 0.1265 Acceptable LND

LND 0.1126 Acceptable

WD 0.1403 Acceptable

40 ND 0.1098 Acceptable LND

LND 0.1007 Acceptable

WD 0.1055 Acceptable

ND normal distribution, LND logarithmic normal distribution, WD

Weibull distribution, the same to all the following tables, same for

following tables

Table 3 Hypothesis testing for the distribution patterns of the mar-

ble’s peak strength using the K–S test

Confining

stress (MPa)

Distribution

format

Dn Judgment Best

distribution

format

5 ND 0.1188 Acceptable ND

LND 0.1291 Acceptable

WD 0.1431 Acceptable

10 ND 0.1036 Acceptable ND

LND 0.1074 Acceptable

WD 0.1187 Acceptable

20 ND 0.1896 Acceptable WD

LND 0.1890 Acceptable

WD 0.1676 Acceptable

30 ND 0.1238 Acceptable WD

LND 0.1185 Acceptable

WD 0.1181 Acceptable

40 ND 0.1856 Acceptable LND

LND 0.1705 Acceptable

WD 0.1870 Acceptable

Table 4 Hypothesis testing for the distribution patterns of the mar-

ble’s residual strength using the K–S tests

Confining

stress (MPa)

Distribution

format

Dn Judgment Best

distribution

format

5 ND 0.1474 Acceptable LND

LND 0.1065 Acceptable

WD 0.1208 Acceptable

10 ND 0.1231 Acceptable ND

LND 0.1259 Acceptable

WD 0.1482 Acceptable

20 ND 0.1532 Acceptable LND

LND 0.1310 Acceptable

WD 0.1612 Acceptable

30 ND 0.0686 Acceptable LND

LND 0.0677 Acceptable

WD 0.0927 Acceptable

40 ND 0.1297 Acceptable LND

LND 0.1236 Acceptable

WD 0.1602 Acceptable
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showed that the density histograms for both parameters

were similar to LNDs (Fig. 9a, b). A further quantitative

K–S test showed that the only acceptable random distri-

bution format for both the Young’s modulus and the

Poisson’s ratio was the log-normal function (Table 5).

5 Statistical Analysis of Strength Parameters

The Mohr–Coulomb shearing strength parameters (cohe-

sive strength and internal frictional angle) are the most

important indices for estimating the materials resistance to

shear failure. These parameters have been widely accepted

in and applied by the geotechnical field because they rep-

resent two significant aspects of a rock’s shearing capa-

bility: its block strength and the magnitude of frictional

resistance on the possible shearing surface.

5.1 Method of Analysis

In general, the Mohr–Coulomb shearing criterion can be

expressed as the principal stresses (Eq. 8). Taking the peak

strength data from each confining stress in Table 1, a

regression line can be fit through the experimental data

(curving with r3 and r1). The cohesive strength parameter

(c) and the internal frictional angle (/) can be determined

from the slope and the interception of the line to the

axes (Fig. 10). For this analysis, we randomly chose five

experimental peak strengths in each confining stresses to

regress the marble’s strength indices according to the

procedures of Hudson (1969) and ISRM (1979) for deter-

mining a natural rock’s strength parameters.

r1 ¼ kr3 þ b ¼ 1þ sin/
1� sin/

r3 þ
2c cos/
1� sin/

ð8Þ
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a Young’s modulus, b Poisson

ratio

Table 5 Hypothesis testing for

the distribution patterns of the

marble’s deformational

parameters using the K–S test

Deformable parameters Index Distribution format

ND LND WD

Young’s elastic modulus Dn 0.1657 0.1076 0.1480

Judgment Rejectable Acceptable Rejectable

Best distribution LND

Poisson ratio Dn 0.1648 0.1026 0.1541

Judgment Rejectable Acceptable Rejectable

Best distribution LND
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5.2 Statistical Characteristics of Strength

Parameters

According to the above random selection method for

determining the cohesive strength and inherent frictional

angle of the marble, the maximum number of the coupling

parameters (c, /) was the full permutation of values for

peak strength under five confining stresses, i.e.,

C1
20; C

1
20; C

1
20; C

1
20; C

1
19: Similar to the general method of

evaluating random distribution patterns for these variables

in a laboratory, we used a moderate number of points from

the sample group to estimate parameters for these com-

bined large samples. We chose the samples with magnitude

104 for further statistical analysis.

The calculation showed that the sample means of the

Jinping marble’s cohesive strength and inherent frictional

angle were 33.1 MPa and 31.4�, respectively, and their

respective sample coefficients of variation were 0.18 and

0.14 (Fig. 11). Obviously, the variability of these strength

parameters was larger than the variability of peak strengths,

whose average sample coefficient of variation was about

0.083 (see Fig. 6). This indicated that the randomness of

the rock strength would further increase the scatter of its

strength parameters. This means that it is important to

select a comparatively uniform rock material for testing

and that a detailed check of the experimental data must be

performed in order to obtain the representative strength

parameters of rock.

Further quantitative K–S testing showed that the best

acceptable random distribution format for the marble’s

cohesive strength was the log-normal function, but the

acceptable distribution format for the internal friction angle

was the normal function (Table 6). This result is only

slightly different from the generally accepted view that

both the rock’s cohesive strength and internal frictional

angle should follow the same probability distribution pat-

tern. It should be noted, however, that some researchers

suggested them as a normal function, but other researchers

suggested them as logarithmic normal function (Yam-

aguchi 1970; Kostak and Bielenstein 1971; Hoek 1998;

Martin et al. 2003; Saria and Karpuz 2006).

6 Break Angle of the Critical Plane

According to the Mohr–Coulomb strength envelope

regarding principal stresses, there is a critical break plane

along which the shear strength is reached as the peak
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Fig. 11 Statistical distribution

and corresponding probability

density curves for the

deformational parameters

Table 6 Hypothesis testing for

the distribution patterns of

marble’s strength parameters

using the K–S test

Index Cohesive strength (c) Internal friction angle (/)

ND LND WD ND LND WD

K–S statistics 0.0382 0.0190 0.0713 0.0411 0.0661 0.0710

Judgment Acceptable Acceptable Rejectable Acceptable Rejectable Rejectable

Best distribution format LND ND
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strength. The Mohr circle can be used to determine the

orientation of this critical plane by:

b ¼ p=4þ /=2 ð9Þ

where b is the intersection angle between the critical plane

and the minimum principle stress and / is the internal

frictional angle. A statistical analysis of the break plane not

only can check the critical plane theory (i.e., Eq. 9), but

also can recognize the end effect of loading to the rock’s

failure.

6.1 Experimental Result of the Break Plane Angle

Measurements of the failed specimens’ break planes

showed that the mean of the break angles under relatively

low confining pressure was larger than that under relatively

high confining pressure (Fig. 12). The difference between

the actual break angle in the marble and the theoretical

break angle was about 10� under low confining stress, but it

was close to the theoretical break angle under high con-

fining stress. There was a step-by-step decrease in the break

angle with increasing confining stress (Fig. 13). We have

postulated two reasons for this effect.

A combination of the experimental method and the

physical properties of the material are the first and most

important reason. Under low confining stress, the marble

behaved as a brittle material with what was largely a tensile

break and, to a lesser extent, a shearing break. Thus, its

break plane was approximately parallel to the maximum

principle stress owing to the end restraints (Fairhurst and

Hudson 1999). Because the marble was breaking by

shearing under high confining stress, its break angle fit the

theoretical Mohr break angle more closely.

The second reason comes from the theory of the Mohr

break angle. The theoretical break angle was deduced using

the Mohr–Coulomb theory. This theory is essentially a

shearing strength law that describes the shear failure of

brittle material. However, natural rock commonly exhibits

partly tensile shear failure under low confining stress and

pure shear failure under high confining stress (Goodman

1989; Hoek and Brown 1997; Liolios and Exadaktylos

2013). Therefore, it is reasonable to expect the theoretical

function to predict the rock’s shearing break angle well

under high confining stress but not be able to predict the

break angle under low confining stress conditions.

The above analysis indicates that the actual break angle

of the marble under compression is nonlinear with the

confining stress. In general, the relationship between break

angle and confining stress can be approximated by Eq. 10

and is illustrated in Fig. 13.

b0 ¼ k lnðPÞ þ q0 ð10Þ

where b0 is the predicted break angle, P is the confining

stress, and k and q0 are constant coefficients.

(a) (b) (c)

(e)(d)

1σ

3σ

Fig. 12 Typical failure of marble specimens under different confining stresses. a r3 = 5 MPa, b r3 = 10 MPa, c r3 = 20 MPa,

d r3 = 30 MPa, e r3 = 40 MPa
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6.2 Probability Distribution of the Break Angle

Little attention has been paid to the random characteristics

of a rock’s break angle, and we have found no experi-

mental data to inspect to determine the possible probability

distribution pattern. Therefore, we have applied the K–S

test method to our marble data to see whether any of the

general probability distribution functions discussed above

was applicable. The K–S tested results indicated that the

WD was the most reasonable probability function for

describing the marble’s break angle (Table 7).

7 Statistical Analysis of Characteristic Strains

When the full stress–strain curve for the marble under

compressive test is considered, it is possible to define

special strains (the volumetric inflexion strain, the axial

peak strain, and the axial residual strain), which were

responding to crack damage stress, peak strength, and

residual strength. Closer inspection of these three charac-

teristic strains can provide additional useful information

about the rock’s deformation and failure.

On average, the statistic curves showed that the char-

acteristic strains increased with the rise in the confining

stress (Fig. 14), which were similar to the relationship

between the characteristic stresses and the confining stress

(see Fig. 3). A more detailed analysis found that the gra-

dient of the increasing volumetric inflexion strain was

lower than that of the axial residual strain. This difference

may be related to the marble’s brittle–ductile transition

from low confining stress to high confining stress. As the

confining stress increased, the dropping segment of the

axial strain after reaching peak strength grew longer owing

to an increase in the rock’s ductility.

Further K–S testing showed that the most appropriate

probability distribution function was the ND, although the

best probability distribution pattern for different character-

istic strains was different from each other (Tables 8, 9, 10).

8 Discussion

Above statistical analysis for triaxial compressive tests

showed that the variable property of marble’s mechanical

parameters was inevitable. Determination of the minimum

sample size was important for the efficacy of testing

regimes to characterize aleatory variability within a

parameter. Thus, we investigated the minimum accept-

able sample size of the marble at the 95 % confidence

interval by the deviation-approaching calculation accord-

ing to Ruffolo and Shakoor’s (2009) method. The results

showed that the minimum sample size for different

mechanical parameter was different even at the same

confidence interval, typical as Fig. 15. A summarization of

the minimum sample size under different deviation is listed

in Table 11. For a realistic consideration, we think the
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Fig. 13 Relationship between experimental break plane and its

theoretical value in different confining stress

Table 7 Hypothesis testing for the distribution patterns of marble’s

breaking angle using K–S test

Confining

stress (MPa)

Distribution

format

K–S

statistics

Judgment Best

distribution

format

5 ND 0.2088 Acceptable WD

LND 0.2165 Acceptable

WD 0.1896 Acceptable

10 ND 0.1342 Acceptable WD

LND 0.1438 Acceptable

WD 0.1154 Acceptable

20 ND 0.1396 Acceptable WD

LND 0.1392 Acceptable

WD 0.1315 Acceptable

30 ND 0.2791 Acceptable WD

LND 0.2733 Acceptable

WD 0.2580 Acceptable

40 ND 0.1928 Acceptable WD

LND 0.1811 Acceptable

WD 0.1747 Acceptable
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minimum sample size of marble was about 12 for gaining a

reliably statistical characteristic of mechanical parameters

at 20 % sample deviation and 95 % confidence interval

under each confining stress.

9 Conclusions

For the purpose of investigating the statistical characteris-

tics and probability distribution of rock mechanical

parameters, we conducted triaxial compression tests on

samples of marble. We tested 20 specimens at each

different confining stresses (i.e., 5, 10, 20, 30, and

40 MPa). Eleven mechanical parameters that described the

general deformation and strength properties of the rock

were recorded, and a statistical analysis of most of them

revealed some interesting probabilistic distributions.

• Investigation of the marble’s characteristic strengths

(crack damage stress, peak stress, and residual stress)
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Fig. 14 Distribution of characteristic strains and their relationship

with confining stress. a Volumetric inflexion strain, b peak strain,

c residual strain

Table 8 Hypothesis testing for the distribution patterns of the mar-

ble’s inflectional volumetric strain using the K–S test

Confining

stress (MPa)

Distribution

format

Dn Judgment Best

distribution

format

5 ND 0.1177 Acceptable ND

LND 0.1569 Acceptable

WD 0.1412 Acceptable

10 ND 0.1181 Acceptable ND

LND 0.1340 Acceptable

WD 0.1458 Acceptable

20 ND 0.1117 Acceptable ND

LND 0.1418 Acceptable

WD 0.1283 Acceptable

30 ND 0.1665 Acceptable ND

LND 0.1939 Acceptable

WD 0.1795 Acceptable

40 ND 0.1723 Acceptable ND

LND 0.2710 Acceptable

WD 0.2588 Acceptable

Table 9 Hypothesis testing for the distribution patterns of marble’s

axial strain in peak strength using K–S criterion

Confining

stress (MPa)

Distribution

format

K–S

statistics

Judgment Best

distribution

format

5 ND 0.0936 Acceptable ND

LND 0.1265 Acceptable

WD 0.1226 Acceptable

10 ND 0.1597 Acceptable ND

LND 0.1741 Acceptable

WD 0.1641 Acceptable

20 ND 0.2312 Acceptable WD

LND 0.1468 Acceptable

WD 0.0792 Acceptable

30 ND 0.1098 Acceptable ND

LND 0.1577 Acceptable

WD 0.1463 Acceptable

40 ND 0.1459 Acceptable LND

LND 0.1003 Acceptable

WD 0.1272 Acceptable
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showed that the statistical probability distribution of

these strengths might have been somewhat different

from each other. Our experiments suggested that if a

uniform probability function were needed to describe

the random property of these multi-characteristic

strengths, the probability distributions were a ND and

a LND.

• Calculations of the marble’s crack damage stress, peak

strength, and residual stress indicated that the values of

their sample standard deviations increased only slightly

with an increase in the confining stress, although their

corresponding strengths rose markedly with the con-

fining stress. A more interesting experimental finding

was that the sample CV of the peak strength and

residual strength were comparatively constant, evi-

dently not being related to the confining stress.

• The sample means of the deformational parameters

(Young’s modulus and Poisson’s ratio) were compar-

atively constant under all confining pressures, but their

individual values were scattered even at the same

confining stress. This suggests that the rock’s deforma-

tion parameters might not be sensitive to the confining

stress. Consequently, the calculated elastic modulus

and the Poisson’s ratio for the specimen would be

acceptable reference values even under different con-

fining pressures. Additionally, quantitative K–S testing

showed that among the three typical distribution

functions considered, the only acceptable random dis-

tribution format for both Young’s modulus and Pois-

son’s ratio was the log-normal function.

• The quantitative K–S testing showed that the most

acceptable random distribution format for the marble’s

cohesive strength was the normal function, but the

acceptable distribution formats for inherent frictional

angle were the log-normal function. This result was

different from the normal case where both the cohesive

strength and frictional angle of the rock would follow

the same probability distribution pattern.

• Measurements of the failed marble specimens’ break

plane showed that there was a progressive decrease in

the break angle with the confining stress and the two

were related by a log function. The difference between

Table 10 Hypothesis testing for the distribution patterns of marble’s

axial strain in residual strength using K–S criterion

Confining

stress (MPa)

Distribution

format

K–S

statistics

Judgment Best

distribution

format

5 ND 0.1915 Acceptable LND

LND 0.1297 Acceptable

WD 0.1531 Acceptable

10 ND 0.1582 Acceptable ND

LND 0.2007 Acceptable

WD 0.1751 Acceptable

20 ND 0.1449 Acceptable LND

LND 0.1046 Acceptable

WD 0.1253 Acceptable

30 ND 0.1697 Acceptable LND

LND 0.1199 Acceptable

WD 0.1435 Acceptable

40 ND 0.1574 Acceptable WD

LND 0.1250 Acceptable

WD 0.1223 Acceptable
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Table 11 Summarization of the generally minimum sample size for

different kinds of mechanical parameters under different deviations

Types Minimum sample size

10 %

deviation

20 %

deviation

Deformational parameters (E, m) 19 12

Strength parameters (rcd, rp, rr, c, /) 10 3

Characteristic strains (ep, er, ev) 18 11
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the actual break angle of the marble and the theoretical

Mohr–Coulomb break angle was about 10� under low

confining stress, but the actual break angle was very

close to the theoretical Mohr–Coulomb break angle

under high confining stress. K–S test results indicated

that the WD was the best reasonable probability

function for describing the marble’s break angle.

Although there were an insufficient number of marble

compression tests to fulfill the requirements for a strict

stochastic model, the direct static analysis and experiential

hypothesis testing presented some new knowledge regarding

the marble’s probabilistic distribution characters, which will

be useful for picking appropriate parameter distributions to

use for calculations in rock engineering. Our further analysis

indicated that the minimum number of experimental sample

for marble was about 12 for gaining the reliably statistical

characteristics of all the mechanical parameters at 20 %

sample deviation and 95 % confidence interval under each

confining stress. But more experimental samples are needed

if we require higher confidence or lower variable coefficient.
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