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Abstract The cracked chevron notched Brazilian disc

(CCNBD) specimen has been suggested by International

Society for Rock Mechanics for measuring mode I fracture

toughness of rocks. Subsequently, this specimen geometry

has been widely extended to conduct mixed mode fracture

tests on rocks as well. A straight through crack front during

the fracturing process upon the root of the chevron notch is

assumed in the testing principle, but has never been thor-

oughly evaluated before. In this study, for the first time, the

progressive rock fracture mechanism of the CCNBD rock

specimen under mixed mode loading is numerically

simulated. Specimens under representative mixed mode

loading angles are modelled; and the assumption of the

straight through crack front growth is critically assessed.

The results show that not only the notch tip but also the

saw-cut chevron notch cracks during the experiments,

yielding a prominent twisted front, far from being straight.

The crack front never grows up to the root of the notch

ligament and the straight through crack front assumption is

never satisfied in the realistic rock fracture progress of this

chevron notched specimen subjected to mixed mode loads.

In contrast, the fracture progress features typical three-di-

mensional wing cracking towards the loading ends. The

numerically observed progressive fracture mechanism re-

veals that the measuring principle of mixed mode fracture

tests employing CCNBD specimens is significantly

violated and the measures of both modes I and II fracture

toughness are uncertain.

Keywords Progressive fracture � CCNBD �Mixed mode �
Wing crack � Acoustic emission

1 Introduction

Brittle fracture frequently occurs in a variety of geo-

physical processes and engineering applications involving

rocks, such as earthquakes, rockbursts, hydro-fracturing,

explosive fracturing, rock cutting, underground excavation

and rock slope stability (Chen et al. 2008). In the frame-

work of linear elastic fracture mechanics, rock fracture

mechanics has been established to study brittle fracture of

rocks, which was essentially extended from the Griffith

theory and Irwin’s modification of recognizing the sig-

nificance of stress intensity factor (SIF) at a local crack tip.

Fracture toughness, which describes the capability of a

material containing a crack to resist further fracturing, is

one of the most important properties of a material for many

design applications. Depending on the applied stress ex-

perienced by a crack, there are three basic fracture modes:

mode I (the tension or opening mode), II (the in-plane

shear mode) and III (the tearing mode or out of plane

mode) (Anderson 2005). Most studies on the fracture

toughness of rocks were focused on mode I since the

opening mode failure is frequently encountered (Dai and

Xia 2013). International Society for Rock Mechanics

(ISRM) also recommended short rod (SR) method and

chevron bending (CB) method in 1988 (Ouchterlony 1988),

cracked chevron notched Brazilian disc (CCNBD) method

in 1995 (Fowell 1995) and very recently semi-circular bend

(SCB) method (Zhou et al. 2012; Kuruppu et al. 2014) to

measure the mode I fracture toughness of rocks.

However, actual crack propagation in rock mass occurs

not only in tension but also in shear (Funatsu et al. 2014). As
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is known that in tough ductile materials the mixed mode I/III

crack propagation often occurs (Gao and Shih 1998), while

in brittle material such as rocks the mixed mode I/II crack

propagation is more common (Whittaker et al. 1992). Thus,

the critical SIFs in mixed mode (I/II) and pure mode II are

crucial to understand the realistic fracturing behaviour of

rocks. Many methods with special sample geometries have

been developed in the literature for measuring the mixed

mode (i.e. modes I and II) and pure mode II fracture

toughness of rocks, among which the semi-circular bend

(SCB) specimen (Chong and Kuruppu 1988; Lim et al.

1994a, b; Aliha et al. 2010, 2012; Ayatollahi and Aliha

2007) and cracked straight through Brazilian disc (CSTBD)

specimen (Awaji and Sato 1978; Atkinson et al. 1982;

Ayatollahi and Aliha 2007; Alshayea et al. 2000; Aliha et al.

2010, 2012; Ghazvinian et al. 2013; Haeria et al. 2014) are

frequently reported. Recently, ISRM also proposed a sug-

gested method to determine the mode II fracture toughness

of rocks using the punch-through shear (PTS) specimen

(Backers and Stephansson 2012). Employing these designed

sample geometries and experimental implementations, the

laboratory testing of rock fracture toughness in terms of the

ratio of mode II fracture toughness (KIIc) to mode I fracture

toughness (KIc) at the local scale can be determined using

analytical or numerical methods with experimental recorded

critical loads as input.

The CCNBDmethod has received wide acceptance in the

research realm of rock fracture mechanics due to its many

advantages over other conventional testing schemes in-

volving easier sample preparation, much higher failure

loads, simpler testing procedure, lower scatter of test results,

and a wide range of specimen geometries that can be tested

(Fowell and Xu 1994). Another distinct merit of the CCNBD

specimen is its easy adaptation for mode II or mixed mode

fracture tests (Chang et al. 2002). Some selected publica-

tions about the use of the CCNBD specimen on mixed mode

fracture researches include Chang et al. (2002), Ayatollahi

and Aliha (2008), Amrollahi et al. (2011), Erarslan and

Williams (2013) and Aliha and Ayatollahi (2014). A recent

review on the mixed mode experimental results (Ayatollahi

and Aliha 2008) depicts that data obtained using CCNBD

specimens on Keochang Granite and YeosanMarble (Chang

et al. 2002) scatter significantly compared with those from

other samples with a pre-fabricated straight through crack

(Awaji and Sato 1978; Khan and Al-Shayea 2000). Apart

from the size effects (Bažant 2000) on measures, it is noted

that for mixed mode fracture tests using CCNBD specimens

(Ayatollahi andAliha 2008; Amrollahi et al. 2011; Aliha and

Ayatollahi 2014), a straight through crack front growth

(Ouchterlony 1988; Chang et al. 2002) up to the root of the

chevron notch is assumed; this assumption has been widely

adopted to determine the critical modes I and II SIFs and

thus the corresponding mixed mode fracture toughness

values. However, this assumption has never been thoroughly

evaluated yet; and this might induce severe data scatter in

experiments.

In this study, a numerical code RFPA3D is adopted to

numerically simulate the progressive fracture process of

the CCNBD rock specimen subjected to mixed mode

loading. The PFPA3D code is employed because of its

merit of realistically simulating the failure process con-

sidering the heterogeneity of rock materials using the

Weibull distribution (Tang and Kaiser 1998) and the

acoustic emissions (AE) associated with microcracking

can be numerically attained. This paper is organized as

follows. In Sect. 2, the traditional principle of the

CCNBD method for mixed mode fracture tests is intro-

duced and the postulations are schematically presented.

Section 3 briefly describes the RFPA3D code and setups

of the numerical model, followed by the simulated pro-

gressive fracturing process of the specimen in Sect. 4. A

comprehensive discussion on the fracture mechanism is

given in Sect. 5 and the conventional measuring principle

of the mixed mode rock fracture toughness is challenged.

Section 6 summarizes the whole studies.

2 The Principle of CCNBD Method
and its Postulation

A schematic of the CCNBD sample geometry under mixed

mode loading is shown in Fig. 1, where P is the applied

load during the test; B is the thickness of the CCNBD disc;

R is the radius of the disc specimen; a is the crack length

and a, the dimensionless crack length (a = a/R); a0 is the

initial chevron notched crack length (a0 = a0/R); a1 is the

final chevron notched crack length (a1 = a1/R); am is the

critical crack length (am = am/R); aB is the dimensionless

thickness (aB = B/R).

If the loading angle b equals to zero, Fig. 1 depicts the

ISRM suggested CCNBD method for mode I fracture

toughness measurement (Fowell 1995). The mode I SIF of

a crack at length a (dimensionless crack length of a) can be

calculated using Eq. (1). The mode I fracture toughness

can then be calculated by Eq. (2).

KI ¼
P

B
ffiffiffi

R
p Y� ð1Þ

KIC ¼ Pmax

B
ffiffiffi

R
p Y�

min ð2Þ

where KI is the mode I SIF of the fracture sample; KIC is the

mode I fracture toughness of rock material; Pmax is the peak

load at failure; Y� is the dimensionless SIF of the disc

specimen and Y�
min is the critical dimensionless SIF of Y�,

which corresponds to the failure load recorded during

testing.
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For the fracture tests of CCNBD specimens under mixed

mode loading, no suggested methods are proposed by the

ISRM to determine the mixed mode SIF. Some researchers

have attempted this issue by adopting the straight through

crack front assumption (Ouchterlony 1988). Shetty et al.

(1985) proposed the SIF solutions for CSTBD specimen

with a straight through crack length of 2a.

KI ¼
P

pRB

ffiffiffiffiffiffi

pa
p

NI ¼
P
ffiffiffiffiffiffi

pR
p

B

ffiffiffi

a
p

NI

KII ¼
P

pRB

ffiffiffiffiffiffi

pa
p

NII ¼
P
ffiffiffiffiffiffi

pR
p

B

ffiffiffi

a
p

NII

8

>

>

<

>

>

:

ð3Þ

where P is the compressive load and a is the half crack

length. NI and NII are the dimensionless SIF, dependent on

the dimensionless half crack length a (a/R) and the loading

angle b. The approximate solutions for NI and NII with the

applicable equations are documented by Atkinson et al.

(1982), Shetty et al. (1985) and Fowell and Xu (1994).

Employing the straight through crack front assumption

(Ouchterlony 1988), Chang et al. (2002) developed the gov-

erning equations of the SIFs for CCNBD specimen under

mixed mode loading, by substituting B in Eq. (3) to

B�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ða� a0Þ
p

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ða1 � a0Þ
p

. It is assumed by Chang et al.

(2002) that the crack front width increases linearly from zero

toB as the dimensionless crack length increases from a0 to a1.

KI ¼
P
ffiffiffiffiffiffi

pR
p

B

ffiffiffi

a
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a1 � a0
a� a0

r

NI
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P
ffiffiffiffiffiffi
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ffiffiffi

a
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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NII

8

>

>

<

>

>

:

ð4Þ

Note that the measuring principle of the CCNBD

method under mixed mode loading postulates that the

primary fracture initiates from the tip of the jag notch and

grows symmetrically towards both loading ends with

perfect straight-line crack fronts, as shown in Fig. 2. The

A, B, C and D in Fig. 2e correspond to four typical pro-

gressive fracture stages in Fig. 2a–d, respectively. During

the stable fracture propagation, the crack front increases

from zero to B as the dimensionless crack length increases

from a0 to a1. When the loading force P reaches its max-

imum of Pmax (C point in Fig. 2e), the fracture is assumed

to grow to the root of the notch ligament (Chang et al.

2002) and the CCNBD specimen appears to be a CSTBD

specimen. The mixed mode fracture test of a CCNBD

specimen turns into a typical CSTBD fracture test under

mixed mode loading; and the corresponding modes I and II

SIFs and fracture toughness values can thus be calculated

via Eq. (4) by virtue of the experimentally recorded peak

force Pmax and the NI and NII solutions commonly derived

independently via numerical tools before performing the

experiments.

3 Brief Description of RFPA3D and Model Setup

3.1 The RFPA3D Code

The RFPA code was developed by Tang (1997) to more

clearly simulate the progressive failure of brittle materials

containing initial random distribution of micro-features. To

statistically consider the variability of the bulk strength, the

mechanical parameters of the model elements are assumed to

follow a Weibull distribution (Weibull 1939) in this code.

WðxÞ ¼ m

x0

x

x0

� �m�1

exp � x

x0

� �m� �

ð5Þ

where m defines the shape of the Weibull distribution

function, referred to the homogeneity index, x is the

B

b

R

P

P
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R
  2a a0

a
a1

A

A A A

Fig. 1 Geometry and the mixed

mode loading of a CCNBD

specimen
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mechanical parameter of an element, x0 is the even value of

the parameter of elements. According to the Weibull dis-

tribution, the larger the m value the more the mechanical

properties of the elements approach the mean value, i.e. a

more homogeneous rock specimen (Liang et al. 2012).

Compared with traditional numerical tools, the RFPA

code and its 3D extension RFPA3D have two significant

features (Tang 1997). First, by introducing heterogeneity of

rock properties into the model, the code can simulate the

nonlinear deformation of a quasi-brittle material with an

ideal brittle constitutive law at the local scale. Second, by

quantitatively reducing material parameters of failed ele-

ments, the code can simulate discontinuum mechanics is-

sues within the framework of continuum mechanics.

Details of the RFPA3D code can be found elsewhere

(Liang et al. 2012). The robustness of this code in

simulating rock fracture or failure has been evaluated by

numerous studies involving the failure mechanism of rock

specimens (Erarslan et al. 2012; Tang 1997; Tang and

Kaiser 1998; Wei et al. 2015), three-dimensional rock

fracture initiation and growth (Liang et al. 2012; Wang

et al. 2014) and stability analysis of rock slope and un-

derground caverns in hydropower stations (Xu et al. 2012,

2014, 2015).

The well-known Mohr–Coulomb failure criterion with a

tensile cut-off is used as the damage constitutive model in

RFPA3D (Liang et al. 2012). Tensile failure occurs in the

elements as long as the minimum principal stress of an

element reaches the uniaxial tensile strength. The evolution

of tensile damage can be expressed as follows:

D ¼
0 ðe\et0Þ
1� rrt

eE0

ðet0 � e� eutÞ
1 ðe[ eutÞ

8

>

<

>

:

ð6Þ

where rrt is the residual strength of an element, E0 is the

elastic modulus of the undamaged material, e is the tensile
strain, et0 is the threshold value of the minimum principal
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Fig. 2 Fracture principle and

assumption of a CCNBD

specimen under mixed mode

loading (Chang et al. 2002)

82 N. W. Xu et al.

123



strain when tensile damage occurs and eut is the threshold

value of the minimum principal strain when the elements

detach. The Mohr–Coulomb failure criterion is employed

to define the shear damage of an element and the evolution

of shear damage can be expressed as:

D ¼
0 ðe1\ec0Þ
1� rrc

E0e1
ðe1 � ec0Þ

(

ð7Þ

where e1 is the maximum compressive principal strain, ec0
is the threshold strain as shear damage occurs, rc is the

uniaxial compressive strength of an element, rrc is the

residual strength of an element and rrc ¼ jrc (j represents

the residual strength coefficient). In the processes of

damage evolution, the resistance load capability of the

elements gradually decreases and the elements maintain a

certain residual strength after the failure criterion can be

reached. Although only uniaxial compressive and tensile

strain damage are introduced above, the effect of the other

two principal stresses on the maximum principal strain or

the minimum principal strain under three-dimensional

stress conditions has also been considered. The equivalent

strain method is employed as follows:

e ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

e1h i2þ e2h i2þ e3h i2
q

ð8Þ

where,

eih i ¼ ei ðei � 0; i ¼ 1; 2; 3Þ
0 ðei [ 0; i ¼ 1; 2; 3Þ

�

ð9Þ

As a failed element releases its stored elastic energy, the

failed or damaged element is assumed to be an acoustic

Fig. 3 Three-dimensional numerical model of a CCNBD specimen (b = 28�)
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emission (AE) source (Tang 1997). The AE counts as-

sumed to be proportional to the number of damaged ele-

ments and the strain energy released by damaged elements

are recorded. Following above assumptions, the RFPA3D

can simulate the AE activities including the AE counts and

the cumulative AE energy release. The accumulative

damage, denoted as D, can be counted using the following

equation:

D ¼

P

s

i¼1

ni

N
ð10Þ

where s is the number of calculation steps, ni is the number

of damaged elements in the ith step and N is the total

number of elements in the model.

3.2 Model Setup

Five CCNBD specimen configurations under mixed mode

loading angle of 28�, 30�, 33�, 45� and 70� are simulated.

All specimens satisfy the dimensional requirements of the

ISRM suggested CCNBD specimens (Fowell 1995) for a

valid range of geometries for fracture toughness measures.

The radius of the disc (D) is 32 mm and the thickness (B) is

25 mm. The saw radius (RS) for preparing the chevron

notch is 20 mm, the initial chevron notched crack length

Fo
rc

e(
N

)

Displacement(mm)

β

β
β
β
β

Fig. 4 The numerically simulated force–displacement curves of the

CCNBD tests under mixed mode loading (b = 28�, 30�, 33�, 45� and
70�)

Fig. 5 The simulated failure

patterns of CCNBD specimens

under mixed mode loading:

minimum principal stress

distribution on the sample

surface
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(a0) is 8 mm, and the final chevron notched crack length

(a1) is 18 mm. All dimensions are converted to dimen-

sionless parameters as follows: a0 = a0/R = 0.25, a1 = a1/

R = 0.5625, aB = B/R = 0.7810, aS = RS/R = 0.625.

Figure 3 shows the numerical CCNBD model subjected

to a mixed mode loading angle of 28� with a typical three-

dimensional hexahedral element distribution. The model is

meshed using 168,960 elements. The simulated sandstone

is relative homogenous with m, the homogeneity index in

Eq. (5), taken as 10. Mean Young’s modulus of 60 GPa,

Poisson’s ratio of 0.25, tensile strength of 9.9 MPa and

uniaxial compressive strength of 100 MPa, are measured

from samples cored from sandstone blocks, directly ob-

tained from quarries (Dai et al. 2015). The loading steel

platens are rigid. To mimic real experiments, a displace-

ment control of 0.001 mm per step is applied vertically to

the top platen and the bottom platen is fixed. A low dis-

placement loading facilitates stable crack growth associ-

ated with microcracking throughout the fracturing process

in the actual experiments. The force–displacement curve

can be numerically recorded similar to that in a real

laboratory experiment.

4 Numerical Results

4.1 Progressive Fracture of CCNBD Specimens

with Loading Angles b of 28�, 30�, 33�, 45�
and 70�

Figure 4 shows the numerically simulated force–displace-

ment curves of the CCNBD test with mixed mode loading

angles of 28�, 30�, 33�, 45� and 70�. All the simulated

force–displacement curves feature a low rising part up to

the peak force and then a rather steep decreasing post-

failure part, comparable to the force–displacement curves

from typical rock fracture experiments (Cui et al. 2010).

According to the measuring principle (Chang et al. 2002),

Fig. 6 The numerically

simulated failure patterns of

CCNBD specimens under

mixed mode loading: minimum

principal stress distribution

from stereo viewpoint

(b = 28�)
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the turning point (i.e. the point at the peak force) on the

force–displacement curve denotes that the primary fracture

grows up to the root of the notch ligament and the CCNBD

specimen turns into a standard CSTBD specimen.

The failure processes of CCNBD specimens under

different mixed mode loading cases (loading angle b of

28�, 30�, 33�, 45� and 70�) are simulated, which are

shown by the minimum principal stress distributions of the

front cross section (Fig. 5, sample surface) and from a

stereo point of view (Fig. 6). For comparison purposes,

the failure pattern under mode I loading case (b = 0�) is
also simulated and included in Figs. 5 and 6. The different

loading angles induce different stress states, the ratio of

the modes I and II SIF of the crack are different and thus

the fracture propagations are distinct. It is evident from

Figs. 5 and 6 that except for the pure mode I loading case

(b = 0�), in which the primary fracture initiates and de-

velops approximately within the original notched plane,

the fractures in other five mixed loading cases deviate

from the chevron notched plane in different extent and

finally approach the top and bottom loading ends. All

fracture propagations of CCNBD specimens with loading

angle b of 28�, 30�, 33� and 45� depict typical wing

cracking; and the larger the loading angle b, the larger the

deflected angle by which the fracture kinks. As the load-

ing angel b increases up to 70�, the simulated fracture

pattern differs dramatically from other four loading cases.

As shown in Figs. 5f and 6f, the initiation of the main

fracture is not from the crack tip, but somewhere near the

centre of the disc with a large deflected angle. The dam-

aged region is much wider and scattered compared with

other mixed mode loading cases (i.e. b = 28�, 30�, 33�
and 45�).

The simulated fracture patterns and their development

on the sample surface (Figs. 5, 6) for all five mixed mode

loading cases are comparable to those reported by Erarslan

and Williams (2013) from physical experiments (Fig. 7).

Note that conventional laboratory fracture tests on CCNBD

specimens can record the force–displacement history or

Fig. 7 Photo of recovered

CCNBD samples under mixed

mode loading (reproduced after

Erarslan and Williams 2013)
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Fig. 8 Simulated AE counts and accumulated AE counts during the

failure process of the CCNBD test with a mixed loading angle of

b = 28�
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even the crack surface displacement field via advanced

techniques (e.g. digital image correlation); however, in

general, only the fracture patterns on the sample surface

can be visualized, while the inner crack emanation and

development can hardly be observed and understood. This

scenario is especially severe for a specimen with three-

dimensional fracture configurations (e.g. CCNBD speci-

men). Under such given circumstances, numerical tools are

effective to trace the progressive failure process of the

CCNBD specimen under mixed mode loading and to un-

cover the fracture mechanism beneath the sample surface.

To demonstrate this, CCNBD fracture tests with two

typical loading angles (b = 28� and 70�) are simulated and

the progressive fracture inside the specimens is discussed

in the following sub-sections.

4.2 Progressive Fracture of CCNBD Specimen

with a Loading Angle of 28�

Figure 8 shows the associated AE counts and accumulated

AE counts during the simulated failure process of the

CCNBD test with a mixed loading angle of b = 28�; the
force–displacement curve can be seen in Fig. 4. The nu-

merically simulated progressive failure of a CCNBD spe-

cimen under mixed mode loading (b = 28�) can be

visualized through AE distribution during six typical

loading stages, i.e. 38 % peak force, 58 % peak force,

80 % peak force, 100 % peak force, post 61 % peak force

and post 2 % peak force, viewing in the direction per-

pendicular to the sample surface (Fig. 9) and in a stereo

viewpoint (Fig. 10). The blue and red circles of AE dis-

tribution denote the tensile and shear failure of the

Fig. 9 The numerically simulated failure process of the CCNBD

specimen under mixed mode loading: AE distribution in the view of

the direction perpendicular to the sample surface (b = 28�)

Fig. 10 The numerically simulated failure process of the CCNBD

specimen under mixed mode loading: AE distribution from stereo

viewpoint (b = 28�)
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elements, respectively. It is evident that the AE distribution

in circles (Figs. 9, 10) is dominantly in blue, denoting

tensile damage. The red circles, i.e. the shear damage,

occur only at both loading contacts as the bearing force is

up to 100 % peak force, which reveals that the fracturing of

the central notched region is primarily in tension upon

failure. The shear damage is only induced by the three-

dimensional stress effects at the contact region of the disc

with loading platens.

Due to the stress concentration at the local scale, the

special fabricated chevron notch does facilitate the crack

emanation from the notch tip, as evidenced by the AE

events at the loading stage I (38 % peak force). Through

loading stages I (38 % peak force) to II (58 % peak force),

cracks grow further along the plane of the notch ligament,

appearing to be self-similar (Fig. 9). After stage II (58 %

peak force), cracking deviates from the prescript fracturing

route of the notch ligament. An inevitable scenario

emerging from this stage is that the chevron saw-cut notch

is also damaged to some extent from both sides of the tip.

From stages III (80 % peak force) to IV (100 % peak

force), the fractures grow not only from the notch tip but

also from two chevron notched edges and develop

significantly. The growing crack front is far from being

straight within the plane of the notch ligament but con-

siderably curved and twisted in space, approaching the two

loading ends. The post-failure stages V (post 61 % peak

force) and VI (post 2 % peak force) depict that the speci-

men gradually loses its load-bearing capability.

Special attention should be paid on the critical or the

peak loading stage (i.e. stage IV), at which stage the nec-

essary information involving the dimensionless crack

length and crack front shape can be determined for calcu-

lating both the critical modes I and II SIFs, and thus the

fracture toughnesses using Eq. (4) in the laboratory frac-

ture tests. Indeed, the realistic crack front at this critical

stage is not confined to the notched plane, and not straight

through at all but significantly twisted in a three-dimen-

sional fashion; and this completely violates the measuring

assumption (Chang et al. 2002) for mixed mode fracture

toughness determination via CCNBD specimens.

To clearly interpret the twisted three-dimensional crack

development, the simulated inner fracture process of

CCNBD specimen under mixed mode condition (b = 28�)
is revealed by the minimum principal stress distribution at

the central cross section through the notch tip (Fig. 11), the

Fig. 11 The simulated fracture

process of the CCNBD

specimen under mixed mode

condition (b = 28�): minimum

principal stress distribution of

the central cross section through

the notch tip
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cross section through one quarter thickness (Fig. 12) and

the cross section through the disc surface (Fig. 13),

respectively.

With the width of the cut section thin enough, those

figures can be regarded as giving the failure progress of the

CSTBD specimen under mixed mode loading. Figures 11,

12 and 13 represent CSTBD specimens with three different

crack lengths. The crack length for Fig. 11 is the least one,

equal to the length of the minimum crack length a0 of the

CCNBD; and thus minimum principal stress distribution in

Fig. 11 can reflect the progressive fracture of the CCNBD

sample through the notched tip. The stress concentration at

the notch tip is severe. Upon 58 % peak load, the crack tip

fractures parallel to plane of the chevron notch. As the load

reaches 80 % of the peak force, the fracture starts to deflect

and grows up to both loading ends, as shown in Fig. 11c–f,

featuring typical two-dimensional wing cracking.

The crack length for Fig. 13 (sample surface) is the

longest one, the length of which equals to the maximum

crack length a1 of the CCNBD specimen. The minimum

principal stress distribution in Fig. 13 illustrates the pro-

gressive fracture of the CCNBD specimen at the notch root.

Compared to the fracture progress at the notch tip

(Fig. 11), the fracture at the root lags evidently. As the load

increases from 38 % peak force to 58 % peak force and

afterwards, no microcrackings occur. Upon 80 % peak

force, the stress concentration is visible. From Fig. 13c–e,

the fracture emanating from the crack tip does not grow

within the notched zone but kinks away from the original

crack surface, propagating inside the specimen towards the

loading ends until the final catastrophic failure of the

specimen occurs as shown in Fig. 13f. Figure 12 shows the

crack growth of a CSTBD specimen with the crack length

equal to the average crack length of the CCNBD specimen;

the fracture characteristics depict the scenario between that

of the Figs. 11 and 13. Comparing the cracking develop-

ments in all three thin sections, it is evident that mi-

crocrackings also occur at the saw-cut chevron edges and

that the region near the notch tip cracks prior to those

sections far away from the tip.

4.3 Progressive Fracture of CCNBD Specimen

with a Loading Angle of 70�

With the increase of the loading angle b, the mode I SIF

decreases while the mode II SIF increases (Ayatollahi and

Aliha 2007). As the loading angle b is up to 70�, the

fracture process of the CCNBD specimen is distinct from

Fig. 12 The simulated fracture

process of the CCNBD

specimen under mixed mode

condition (b = 28�): minimum

principal stress distribution of

the cross section through one

quarter thickness
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other mixed modes with lower loading angles. Figure 14

shows the associated AE counts and accumulated AE

counts during the simulated failure process of the

CCNBD test with a mixed loading angle of b = 70�; the
force–displacement curve can be seen in Fig. 4 as well.

Compared with Fig. 8, both AE counts and accumulated

AE counts are significantly higher for b = 70� than those

for b = 28�, since the bearing force required to fail the

specimen is much higher. More details of the progressive

fracture process at the given loading angle can be ob-

served through AE events distribution viewing in the di-

rection perpendicular to the sample surface as shown in

Fig. 15 and in a stereo viewpoint as given in Fig. 16

(b = 70�). Six typical loading stages are demonstrated,

i.e. 83 % peak force, 92 % peak force, 100 % peak force,

post 61 % peak force, post 49 % peak force and post 2 %

peak force. Due to the stress concentration, the very first

cracking also occurs at the tip of the fabricated chevron

notch, as shown by the AE events at the loading stage I

(83 % peak force). However, right after that, the pre-

fabricated notch has little influence on the further fracture

propagation of the specimen. Compared to the loading

case with a mixed loading angle of b = 28�, through

loading stages I (83 % peak force) to II (92 % peak force)

in Figs. 15 and 16, cracks do not grow along the notched

plane but rather deviate from it, growing towards loading

ends. From stages III (100 % peak force) to IV (post

61 % peak force), it is featured that the two chevron saw-

cut notch edges are also damaged to some extent from

both sides. The crack fronts are rather wide and straight

Fig. 13 The simulated fracture

process of the CCNBD

specimen under mixed mode

condition (b = 28�): minimum

principal stress distribution of

the cross section on the sample

surface
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Fig. 14 Simulated AE counts and accumulated AE counts during the

failure process of the CCNBD test with a mixed loading angle of

b = 70�
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(Figs. 15c, d, 16c, d) compared to the loading case with a

loading angle of b = 28�.
Similar to the simulated mixed mode loading case of

b = 28�, the progressive fracture process of the CCNBD

specimen under a mixed mode loading angle of b = 70�
can be illustrated by the minimum principal stress distri-

bution at three thin cross sections parallel to the sample

surface: the central cross section through the notch tip

(Fig. 17), the cross section through one quarter thickness

(Fig. 18) and the cross section through the disc surface

(Fig. 19), respectively. Six typical loading stages (namely,

83 % peak force, 92 % peak force, 100 % peak force, post

61 % peak force, post 49 % peak force and 2 % peak

force) are demonstrated. It is evident that the fracture ini-

tiates from the notch tip (Fig. 17b) and then develops

almost vertically (Fig. 17b, c). Compared with the mixed

mode loading case with b = 28� (Fig. 11c–f), the damaged

zone is much wider and scattered (Fig. 17c–f). This is due

to the much higher loading force required to fail the spe-

cimen with a large mixed mode angle (Fig. 4). Both

Figs. 18 and 19 show that the crackings at both sections

initiate not from the notch tips but from somewhere near

the centre of the notch, quite near the tip of the chevron

notch. The saw-cut edges of the chevron notch rarely crack,

which reveal that under such mixed mode loading cir-

cumstances, the failure is dominated by the tension and the

cutting edges relatively far away from the notch tip have

little influence on the failure of the rock disc. Further

cracking is similar to the case of the thin section cut

Fig. 15 The numerically simulated failure process of the CCNBD

specimen under mixed mode loading: AE distribution in the view of

the direction perpendicular to the sample surface (b = 70�)
Fig. 16 The numerically simulated failure process of the CCNBD

specimen under mixed mode loading: AE distribution from stereo

viewpoint (b = 70�)
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through the notch tip (Fig. 17), propagating towards the

two loading ends. Figure 17 also clearly illustrates that as

the mixed mode loading angle b is up to 70�, no self-

similar crackings occur at all within the plane of the pre-

fabricated chevron notch; and the three-dimensional wing

cracking emerges very early in the loading stages.

5 Discussions

Core-based rock specimens with pre-fabricated sharp

cracks (e.g. CSTBD, SCB) have long been utilized in the

literature for fracture toughness tests in different fracture

modes involving pure modes I, II and mixed mode. It has

been well known that an accurate measurement of the

fracture initiation toughness requires sufficient crack tip

sharpness for these sample geometries (Kuruppu et al.

2014). For polycrystalline rocks, to ensure reliable mea-

sures of fracture toughness, the radius of an intergranular

crack shall be comparable to the order of the characteristic

material length (e.g. the average grain size in a polycrys-

talline solid), as evidenced by Lim et al. (1994a, b) on

measuring both mode I and mixed mode fracture toughness

of a soft rock and later discussed by Dai et al. (2010, 2011)

on measuring fracture toughness of brittle rocks using

chevron notched rock samples. For intermediate to coarse

grained rocks, these sample configurations are especially

convenient for fracture tests due to its ease of sample

fabrication; and the interpretation of the crack initiation is

straightforward. For fine-grained rocks, pre-cracking is

required. However, the sample configurations (e.g.

CSTBD, SCB) suffer from the inability to pre-fabricate a

sharp straight through crack, which requires tedious pre-

cracking treatments prior to tests. Indeed, pre-fabrication of

a sharp crack is not easy to perform for brittle solids such

as rocks.

The CCNBD specimen for fracture toughness mea-

surements features myriads of merits over other counter-

parts such as a wide range of specimen geometries that can

be tested, higher loading force upon failure, less rock cores

required to tests, simple loading fixture and specimen in-

stallation. Most importantly, the CCNBD specimen cir-

cumvents the difficulty of fabricating sharp cracks by

chevron notching rock discs (Fowell 1995). It is commonly

believed that the stress concentration at the chevron not-

ched tip triggers the bourgeon of a sharp crack, which

further grows in a stable manner by the guidance of the

saw-cut notch ligament until the critical crack length is

Fig. 17 The simulated fracture

process of the CCNBD

specimen under mixed mode

condition (b = 70�): minimum

principal stress distribution of

the central cross section through

the notch tip
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reached during the laboratory experiments. At this critical

crack length, as elaborated by Chang et al. (2002), the

crack shall become unstable since the further growth of it

requires a decreasing load; and thus the mixed mode

fracture toughness can be calculated from the instability

crack length (a = a1), the corresponding values of NI and

NII as well as the peak loading force recorded from

experiments.

However, a comprehensive review by Ayatollahi and

Aliha (2008) on the mixed mode experimental results re-

veals that the scatter in the testing results obtained using

CCNBD specimens on Keochang Granite (Chang et al.

2002) and Yeosan Marble (Chang et al. 2002) is sig-

nificantly higher than those by Awaji and Sato (1978) and

Khan and Al-Shayea (2000) using samples with a pre-

fabricated straight through crack. Based on the measuring

principle (Chang et al. 2002), the crack developed in

CCNBD specimen can be divided into two separate stages

(Ayatollahi and Aliha 2008). During the first stage, crack

initiates from the notch tip and grows stably with a straight

crack front; at the second stage, unstable fracture occurs

from the straight crack front. For mode I fracture tests

using CCNBD, the two stages take place in the same

chevron notched plane; however, due to crack kinking in

the mixed mode loading, the fractures at the first and

second stages occur in different planes (Ayatollahi and

Aliha 2008). Thus, one possible reason for the dramatical

scatter in laboratory testing results is the ‘‘two-stages’’

postulation in the CCNBD method adopted for creating the

initial crack and growing inside the specimens. Note that

when calculating the SIF and the fracture toughness using

numerical or analytic methods, a straight through crack

propagation (Ouchterlony 1988; Chang et al. 2002) is as-

sumed during the first stage, which is a two-dimensional

fracture problem in fracture mechanics. Actually, the two

crack fronts of the top and bottom two halves of the rock

disc grow along the notched plane to a limited extent de-

pending on the loading angle, but rarely grow up to the root

of the notch. The progressive fracture of the CCNBD

specimen under mixed mode loading features a typical

three-dimensional wing cracking in the linear elastic frac-

ture mechanics.

Our numerical observation of the three-dimensional

wing cracking has been evidenced by recent mode II ex-

perimental studies (Aliha et al. 2006; Aliha and Ayatollahi

2014), which show that the main fracture emanates from

the notch tip and grows somehow along the notched plane

of CCNBD specimen but further development of it is

Fig. 18 The simulated fracture

process of the CCNBD

specimen under mixed mode

condition (b = 70�): minimum

principal stress distribution of

the cross section through one

quarter thickness
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associated with drastic crack kinking and never reaches the

root of the chevron notch (Fig. 20). Although specimen

configurations with five mixed mode angles are attempted

in our simulations and two typical fracture processes are

demonstrated herein, this study stresses that an elaborate

investigation on the realistic progressive fracture of the

specimen is necessary to assess the measuring principle of

the CCNBD specimen subjected to mixed mode loading

and to check the validity of the adoption of a straight

through crack propagation assumption (Ouchterlony 1988;

Chang et al. 2002). The previous treatment can induce

significant errors in calculating the mixed mode SIF and

thus inevitable discrepancies in measuring mixed mode

fracture toughness as well.

6 Conclusions

The ISRM suggested cracked chevron notched Brazilian

disc (CCNBD) specimen for mode I fracture toughness

measurement has also been widely utilized to measure the

mixed mode fracture toughness of rocks due to its myriads

Fig. 19 The simulated fracture

process of the CCNBD

specimen under mixed mode

condition (b = 70�): minimum

principal stress distribution of

the cross section through the

sample surface

Fig. 20 Photo of a recovered

CCNBD sample subjected to

pure mode II fracture test

(reproduced after Aliha and

Ayatollahi 2014) showing the

cracks kinking off the chevron

notch plane

94 N. W. Xu et al.

123



of advantages over other counterparts. A straight through

crack front propagation upon the root of the pre-fabricated

chevron notch during the progressive cracking process is

assumed in the testing principle but never being rigorously

assessed. This study numerically assesses the progressive

fracture mechanism of the CCNBD rock specimen under

mixed mode loading.

The results show that for CCNBD specimens subjected

to mixed mode loading, the very first fracture does initiate

from the jag notch tip and grow somehow along the not-

ched plane. However, the primary fracture only grows a

little bit within the chevron notched plane and promptly

deviates from it, further propagating towards both loading

ends. As a result, the primary fracture never reaches the

root of the chevron notch as the load reaches its maximum.

Further, the saw-cut chevron notch edges of the CCNBD

specimen also crack during the progressive failure of the

CCNBD under mixed mode loading and thus the generated

crack front of the sample is not straight through, but rather

curved and twisted. The assumption of a straight through

crack propagation (Ouchterlony 1988; Chang et al. 2002)

up to the notch root is never satisfied in the realistic rock

fracture progress of the CCNBD specimen under mixed

mode loading cases. Consequently, the progressive mixed

mode fracture of the CCNBD specimen features a typical

three-dimensional wing cracking even at the early loading

stage. The numerical or mathematical analysis based on the

assumption of a straight through crack propagation upon

the notch root to determine the mixed mode SIF cannot

yield accurate results. In addition, as the mixed mode

loading angle is large enough (e.g. 70�), the simulated

acoustic emission reveals that the notch tip cracks first and

the fracture grows almost vertically toward the loading

ends; the primary fracture does not grow at all within the

notched plane.

Indeed, due to the existence of the chevron notch, the

fracture of the CCNBD specimen under mixed mode loads

is a rather complicated three-dimensional issue. Significant

errors can be induced by simply adopting the straight

through crack propagation assumption and simplifying it as

a CSTBD specimen experiencing two-dimensional mixed

mode fracturing. The numerical assessment performed in

this study depicts a more realistic understanding of the

progressive fracture mechanism of the CCNBD specimen

which is necessary to more reliably measure the mixed

mode fracture toughness of rocks.
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