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Abstract Closed-form solutions for displacements and

stresses of both the liner and the rock are presented for a

deep circular tunnel excavated in transversely anisotropic

rock above or below the water table subjected to static or

seismic loading. The solutions are obtained with the

assumption of elastic response of rock and liner, tied

contact between rock and liner, impermeable liner, plane

strain conditions along the tunnel axis and simultaneous

excavation, and liner installation. The liner of a tunnel

placed below the water table must support, in addition to

the rock stresses, the full water pressure, while a tunnel

located above the water table must support only the rock

pressures. The solutions presented for static loading show,

however, that displacements and stresses of the liner and

rock are the same when the tunnel is placed above or below

the water table as long as the total far-field stresses are the

same. With rapid loading, e.g. seismic loading, excess pore

pressures may be generated in saturated rock, which induce

a different response than that of a tunnel excavated in dry

rock. The analyses indicate that stresses and displacements

are more uniform when excess pore pressures are pro-

duced, which seems to indicate that pore pressure genera-

tion tends to reduce non-uniform response in anisotropic

rock.

Keywords Deep tunnel � Circular liner � Anisotropy �
Transversely anisotropic rock � Water pressure �
Undrained conditions

List of symbols

As, Is Cross-section and moment of inertia

of liner

Ex, Ey Young’s modulus of rock in x- and y-axis

Es, ms Young’s modulus and Poisson’s ratio of the

liner

Gxy Shear modulus of rock

kx, ky Permeability of rock in x- and y-axis

M Biot’s modulus

p, q Total mean stress and maximum shear stress

of rock

r, h Polar coordinates

ro Radius of the tunnel

t Liner thickness

Ts, Ms Axial force and moment of liner

Ux, Uy Displacement of the rock in

cartesian coordinates

Ur, Uh Displacement of the rock in polar coordinates

Ur
s, Uh

s Displacement of the liner in polar coordinates

u Pore pressures

uff Pore pressure at far-field

x, y Cartesian coordinates of axes of elastic

symmetry

z Complex number, zk = x ? lky, k = 1, 2

ax, ay Biot’s constants in x- and y-axis

b Angle of y-axis of elastic symmetry with

far-field vertical stress

ex, ey, c Axial and shear strains in x- and y-axis

l1, l2 Roots of compatibility equation

mxy, mxz, myz Poisson’s ratios of rock

rv
ff, rh

ff, sff Total normal and shear stresses at far-field

rv, rh, svh Total normal and shear stresses at far-field

along axes of elastic symmetry

rx, ry, sxy Total normal and shear stresses in Cartesian

coordinate system
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r0x; r
0
y; r
0
z Effective normal stresses in Cartesian

coordinate system

rr, rh, s Total radial, tangential, and shear stresses in

polar coordinate system

rr
s, rh

s , ss Stresses of the liner in polar coordinates

f Change of fluid volume per unit volume of

ground

1 Introduction

The analysis of rock and liner stresses due to tunnel con-

struction is often made with the assumption of homoge-

neous and isotropic rock. While the assumption has

facilitated the development of closed-form solutions and

has helped with the understanding of the fundamental

mechanisms of rock–water–liner interaction, it is limited to

sites where the rock is uniform. Tunnels may be built in

formations where the properties of the rock are not iso-

tropic. Typical examples include sedimentary and meta-

morphic foliated rocks. Stresses and deformations in the

rock and loads in the liner differ from those obtained under

the assumption of isotropic properties and strongly depend

on the orientation of bedding or foliation with the tunnel

axis (Hefny and Lo 1999; Tonon and Amadei 2002).

Work has been devoted to the analysis of rock-liner

interaction for shallow or deep tunnels in dry ground (Peck

1969; Einstein and Schwartz 1979) or below the water table

(Fernández et al. 1994; Bobet 2001, 2007, 2009a; Nam and

Bobet 2006; Lee et al. 2006; Bobet and Nam 2007; Car-

ranza-Torres and Zhao 2009), for elastic (Verruijt 1997,

1998; Verruijt and Booker 1996; Strack and Verruijt 2002;

Exadaktylos and Stavropoulou 2002), poro-elastic (Wang

1996, 2000), plastic (Carranza-Torres and Fairhurst 2000;

Sharan 2003, 2005; Carranza-Torres 2004) and poro-plastic

rock (Giraud et al. 2002; Bobet 2009a), and for static and

dynamic loading conditions (Wang 1993; Penzien 2000;

Bobet 2003, 2009b; Huo et al. 2006; Bobet et al. 2008).

Closed-form solutions are obtained in the previous work

considering isotropic properties of the rock. There are,

however, fundamental differences in behavior when the rock

is anisotropic. Figure 1 can be used to illustrate some of the

differences when a tunnel is excavated in isotropic or in

anisotropic media. When the rock is isotropic, there are two

axes of symmetry (Fig. 1a), each along the direction of far-

field loading (note that the far-field loading can always be

expressed in terms of the principal stress directions even if

along vertical and horizontal planes there is shear). It is thus

expected that the largest convergence and axial force and

bending moment in the liner occur along the axes of sym-

metry. Stresses and deformations in the rock and liner

depend on the magnitude of the far-field stresses, size of the

tunnel, and on the relative stiffness between the rock and the

liner (e.g. Einstein and Schwartz 1979). This is not the case

for a tunnel excavated in anisotropic rock, where the axes of

elastic symmetry may not coincide with the directions of the

far-field loading, and thus maximum convergence and liner

stresses will occur at locations that will depend on the

magnitude of loading and on the direction of loading with

respect to the planes of anisotropy, in addition to the

anisotropic properties of the rock or size of tunnel.

This paper presents analytical solutions for the stresses

and displacements for both rock and liner for deep circular

tunnels placed in anisotropic rock below the water table. The

solutions apply to rock with transverse anisotropy with the

tunnel axis parallel to one of the axes of elastic symmetry, as

shown in Fig. 2a, where the tunnel axis is parallel to the

z-coordinate axis. The following assumptions are made: (1)

the tunnel is deep and so far-field stresses can be assumed as

uniform and the magnitude of the vertical stress can be taken
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ff

(a) Isotropic Rock
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v
ff
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h
ff

σ
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(b) Anisotropic Rock

Fig. 1 Circulat Tunnel
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as the unit weight of the rock times the depth of the center of

the tunnel; (2) the cross section of the tunnel is circular; (3)

the rock is porous and elastic; (4) the rock has transverse

anisotropy; (5) the liner is elastic and has a small thickness

compared with the radius of the tunnel; (6) the contact

between the liner and the rock is tied, i.e. there is no slip and

the liner may not detach from the rock; and (7) plane strain

conditions apply along the axis of the tunnel.

There are two scenarios of interest. The first one is that

of a tunnel excavated below the water table with an

impermeable liner and subjected to far-field gravity load.

In this case, the pore pressures in the rock are uniform and

equal to the ambient pore pressures. The second scenario is

that of a tunnel below the water table, also with an

impermeable liner, subjected to seismic loading. The

seismic load is approximated with a quasi-static load in the

form of a far-field shear stress. The fundamental difference

between the two scenarios is that, for the seismic loading,

the loading rate is considered fast such that excess pore

pressures are generated and cannot dissipate during the

duration of the loading, while for the other case, it is

assumed that tunnel excavation occurs without generation

of excess pore pressures. In all the analyses, tension is

taken as positive and compression as negative, following

the sign convention used in mechanics.

2 Poro-elasticity in Anisotropic Rock

The solution of any two-dimensional problem in poro-elas-

ticity must satisfy the following conditions: equilibrium,

constitutive model, strain compatibility, flow through the

porous medium, and boundary conditions. The equations are

expressed in the Cartesian coordinate system that coincides

with the axes of elastic symmetry. Figure 2a shows the gen-

eral problem of a tunnel excavated in transversely anisotropic

rock, where the axes of elastic symmetry make an angle b with

the vertical axis. The problem is equivalent to that shown

in Fig. 2b after a rotation of angle b. With the rotation the

far-field stresses rv
ff and rh

ff transform into (Fig. 2b)

rv ¼
1

2
rff

v þ rff
h

� �
þ 1

2
rff

v � rff
h

� �
cos 2b

rh ¼
1

2
rff

v þ rff
h

� �
� 1

2
rff

v � rff
h

� �
cos 2b

svh ¼
1

2
rff

v � rff
h

� �
sin 2b

ð1Þ

Equilibrium:

orx

ox
þ osxy

oy
¼ 0

ory

oy
þ osxy

ox
¼ 0

ð2Þ

where rx, ry, sxy are the total stresses along the x- and

y-axis and the shear stresses, respectively, and x and y are

the Cartesian coordinates.

The constitutive model is given by the equations of

poro-elasticity, which in plane strain are given by (e.g.

Detournay and Cheng 1993; Cheng 1998; Wang 2000)

ex ¼ a1r
0
x � a2r

0
y

ey ¼ �a2r
0
x þ a3r

0
y

c ¼ sxy

Gxy

r0z ¼ mxzr
0
x þ

Ex

Ey
myxr

0
y

a1 ¼
1� m2

xz

Ex

a2 ¼
ð1þ mxzÞmyx

Ey

a3 ¼ 1� Ex

Ey
m2

yx

� �
1

Ey
ð3Þ

ro

y x
σ

v
ff

β

σ
h
ff
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σ
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σ
h

τ vh
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(a) Original Loading (b) Modified Loading after Rotation

Fig. 2 Deep tunnel in

transversely anisotropic rock
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where r0x; r
0
y are the effective stresses in the x and

y directions, Ex and Ey are the Young’s modulus in the

x and y directions, mxz and myx are he Poisson’s ratios in the

xz and yx directions, respectively, and Gxy is the shear

modulus. Note that because of the symmetry of the strain

tensor, mxy = myx Ex/Ey. Note also that the properties in the z

and x directions are the same.

The relation between effective stresses and total

stresses is

r0x ¼ rx þ axu

r0y ¼ ry þ ayu
ð4Þ

where ax and ay are the Biot’s constants in the x and

y directions, and u is the pore pressure. Combining Eqs. 3

and 4 gives

ex ¼ a1rx � a2ry þ b1u

ey ¼ �a2rx þ a3ry þ b2u

c ¼ sxy

Gxy

b1 ¼ a1ax � a2ay

b2 ¼ �a2ax þ a3ay:

ð5Þ

Pore pressures must obey the following field equation

kx
o2u

ox2
þ ky

o2u

oy2
¼ cw

of
ot

ð6Þ

where kx and ky are the permeabilities in the x and y axes,

respectively, cw is the unit weight of the pore fluid, and f is

the change of fluid volume per unit volume of the porous

material. In addition,

u ¼ M f� axex � ayey

� �
ð7Þ

where M is Biot’s modulus, defined as the increase of the

amount of fluid per unit volume of rock as a result of a unit

increase of pore pressure under constant volumetric strain.

For incompressible fluid and matrix and isotropic proper-

ties, i.e., for typical isotropic soils, ax = ay = 1 and

M ? ?.

Equilibrium equations can be satisfied if a stress func-

tion F(x, y) is found such that (Lekhnitskii 1963)

rx ¼
o2F

oy2

ry ¼
o2F

ox2

sxy ¼ �
o2F

oxoy

ð8Þ

The compatibility equation can be written, in terms of

the function F(x, y) as

a1

o4F

oy4
þ a3

o4F

ox4
þ 1

Gxy
� 2a2

� �
o4F

ox2oy2
¼ �b1

o2u

oy2
� b2

o2u

ox2

ð9Þ

The solution of Eq. 9 provides F(x, y), and hence

stresses and strains can be obtained from Eqs. 8 and 5.

Lekhnitskii (1963) proposed a solution of Eq. 9 by

introducing the complex variable zk = x ? lky, where lk

is a complex number. Expressing Eq. 9 as a function of the

complex variable z, one gets

a1l
4
k þ

1

Gxy
� 2a2

� �
l2

k þ a3

� �
o4F

oz4
¼ �b1

o2u

oy2
� b2

o2u

ox2

ð10Þ

By introducing the function /(zk) = F0(zk) = dF/dzk,

the stresses can be obtained from

rx ¼ 2Re l2
1/
0
1ðz1Þ þ l2

2/
0
2ðz2Þ

� 	
þ o2Fo

oy2

ry ¼ 2Re /01ðz1Þ þ /02ðz2Þ
� 	

þ o2Fo

ox2

s ¼ �2Re l1/
0
1ðz1Þ þ l2/

0
2ðz2Þ

� 	
� o2Fo

oxoy

ð11Þ

where Fo is a particular solution of Eq. 9 and l1 and l2 are

the roots of the equation

a1l
4
k þ

1

Gxy
� 2a2

� �
l2

k þ a3 ¼ 0 ð12Þ

Lekhnitskii (1963) showed that the roots are always

complex numbers and are of the form

l1 ¼ m1 þ i n1

l1 ¼ m1 � i n1

l2 ¼ m2 þ i n2

l2 ¼ m2 � i n2

mk [ 0

i ¼
ffiffiffiffiffiffiffi
�1
p

ð13Þ

3 Tunnel in Dry Rock or in Rock Below the Water

Table with Impermeable Liner

3.1 General Formulation

For the case of a tunnel excavated in dry rock or below the

water table, the pore pressures are either zero, for the case

of dry ground, or are constant (i.e., given the assumption of

deep tunnel, the ambient or far-field pore pressures are

equal to the unit weight of water times the depth of the

center of the tunnel below the water table). In either case,
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the right-hand side of Eq. 10 is zero. The stress functions

/1 and /2, following Lekhnitskii’s (1963) approach, are

given by

/1ðz1Þ ¼
1

l1 � l2

X1

n¼1

1

2
bn � l2an

� �
f�n

1

/2ðz2Þ ¼ �
1

l1 � l2

X1

n¼1

1

2
bn � l1an

� �
f�n

2

X1

n¼1

ane�nhi ¼
Z
�rr sin h� s cos hð Þrodh

X1

n¼1

bne�nhi ¼
Z

rr cos h� s sin hð Þrodh

zk ¼
1

2
1� lkið Þrofk þ

1

2
1þ lkið Þrof

�1
k

ð14Þ

where fk is a complex number that depends on zk, as shown

in the last expression in Eq. 14; �an and �bn are the conju-

gates of the complex number an and bn; rr and s the radial

and shear stresses applied at the r = ro boundary; ro is the

radius of the tunnel. See Fig. 3. Note that the complex

variable fk at r = ro takes the form fk = cos h ? i sin h
(see Fig. 3 for definition of coordinate h).

Lekhnitskii’s (1963) showed that l1 and l2 are complex

numbers. It can be shown that they are pure imaginary

numbers. From Eq. 12, it follows that

l2
1 þ l2

2 ¼
2a2

a1

� 1

a1Gxy

l2
1l

2
2 ¼

a3

a1

; and so

l2
1 þ l2

2 � 2 l1l2 ¼ ðl1 � l2Þ2

¼ 1

a1

� 1

Gxy

þ 2a2 � 2
ffiffiffiffiffiffiffiffiffi
a1a3

p� �
\0 ð15Þ

Note that a1a3 [ a2
2 so the compliance matrix, e.g., from

the first two equations of Eq. 3, is positive definite. Hence,

the expression in parentheses on the right-hand side of the

last equation must be negative, and so (l1 - l2) is an

imaginary number. This results, from Eq. 13, in m1 = m2.

Given that the result must hold for any possible elastic

properties, and also that it must satisfy the two-first

equations in Eq. 15, m1 = m2 = 0, and thus the roots of

Eq. 12 are pure imaginary numbers.

3.2 Dry Rock

The problem of a tunnel in dry rock is solved first. In this

case the pore pressures in the rock are zero, i.e., u = 0. The

solution of a tunnel in transversely anisotropic dry rock and

subjected to far-field stresses, as shown in Fig. 2b, can be

decomposed into the following problems (see Fig. 4): I, no

tunnel; II, no liner; III, rock-liner interaction; IV, liner.

Problems I plus II give the solution of an opening in an

infinite transversely anisotropic medium subjected to far-

field stresses rv, rh, svh. This is so because the radial

stresses and shear stresses applied to the excavation in

problem II are those of the far-field, but with opposite sign.

That is

ro
r ¼�

1

2
rvþrhð Þþ 1

2
rv�rhð Þcos2h� svh sin2h

so ¼�1

2
rv�rhð Þ sin2h� svh cos2h

ð16Þ

Problem III incorporates the radial and shear stresses

that will be induced because of the liner. These are the

stresses, with opposite sign, that are applied to the liner, as

shown in Fig. 4e. Due to the symmetry of the problem and

the loading, the stresses due to rock-liner interaction are of

the form

Drr ¼ roþ
X1

n¼2;4;6

ra
n cos nhþ

X1

n¼2;4;6

rb
n sin nh

Ds ¼
X1

n¼2;4;6

sa
n sin nhþ

X1

n¼2;4;6

sb
n cos nh

ð17Þ

(a) Rock

(b) Liner

ro

θ

τ

σ r

ro

θ

σ r

τ

t

E  , νs s

Fig. 3 Stresses at the Rock-liner interface
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where ro, rn
a, rn

b, sn
a and sn

b are constants that depend on the

boundary conditions. The constants are obtained by

imposing compatibility of displacements between the

rock and the liner. This is given by

UIV
x ¼ UII

x þ UIII
x

UIV
y ¼ UII

y þ UIII
y

ð18Þ

In Eq. 18 the conditions must be imposed term-by-term,

i.e., for the constant term and for the terms with sin h, cos

h, sin 2h, cos 2h, and so forth. The result is a system of

equations that, when solved, provides the values of the

constants ro, rn
a, rn

b, sn
a, and sn

b. Note that the constants ro,

rn
a, and sn

a depend on the far-field stresses rv and rh, while

the constants rn
b and sn

b depend on the far-field shear stress

svh. It is implicitly stated in Eq. 18 that tunnel excavation

and liner installation occur simultaneously. In other words,

three-dimensional effects at the face of the tunnel are

neglected. This means that all deformations that occur in

the rock ahead of the face of the tunnel are not considered.

Thus, the final deformations in the rock computed with the

equations obtained are smaller than those from a three-

dimensional analysis. As a result, and because of the elastic

response of both the rock and the liner, the stresses of the

liner are larger than those obtained when face effects are

included.

The stresses in the rock are given by the sum of the

stresses of Problems I, II, and III. Displacements are given

by the sum of the displacements of problems II and III.

This is so because problem I corresponds to the initial

conditions, and hence displacements have occurred before

the liner is placed. Stresses and displacements of the liner

are the result of problem IV.

Displacements of the rock medium are obtained by

integration of strains, i.e., by integration of Eq. 5. They are

given by

Ux ¼ 2Re a1l
2
1 � a2

� �
/1ðz1Þ þ a1l

2
2 � a2

� �
/2ðz2Þ

� 	

Uy ¼ 2Re �a2l1 þ
a3

l1

� �
/1ðz1Þ þ �a2l2 þ

a3

l2

� �
/2ðz2Þ

� �

ð19Þ

Displacements and stresses of the liner are related by

(Flügge 1966)

d2Us
h

dh2
þ dUs

r

dh
¼ �ð1� m2

s Þ
EsAs

r2
os

s

dUs
h

dh
þ Us

r þ
Is

r2
oAs

d4Us
r

dh4
þ 2

d2Us
r

dh2
þ Us

r

� �
¼ ð1� m2

s Þ
EsAs

r2
or

s
r

ð20Þ

where Ur
s and Uh

s are the radial and tangential displacements

of the liner, rr
s and ss are the radial and shear stresses applied

to the liner. In this case, Ur
s = Ur

IV, Uh
s = Uh

IV, and rr
s = Drr,

and ss = Ds which are given in Eq. 17. This is so because of

the assumption of no slip and no detachment at the contact

between the rock and the liner. As and Is are the cross-sec-

tional area and moment of inertia of the liner, respectively, Es

and ms are the Young’s modulus and Poisson’s ratio of the

liner, and ro is the radius of the tunnel (see Fig. 3b).

σ
v

σ
h

τ vh

σ
v

σ
h

τ vh

(a) Tunnel with Far-field Loading

= +

(b) Problem I: No Tunnel

I

(c) Problem II: No Liner

II

σr
o

τo

III

(d) Problem III: Rock-Liner Interaction

σr

+

Δ
τΔ

(e) Problem IV: Liner

τΔ

ro

σrΔ

+

Fig. 4 Deep tunnel in dry rock
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The thrust load Ts and moment distribution Ms in the

liner are found from the following expressions

ro

dTs

dh
� dMs

dh
¼ �r2

os
s

roT s þ d2Ms

dh2
¼ r2

or
s
r

ð21Þ

Stresses and displacements of Problem I are

rx ¼ rh

ry ¼ rv

sxy ¼ svh

Ux ¼ Uy ¼ 0

ð22Þ

The stress functions for Problems II and III are

Problem II:

/1 ¼ �
1

2

ro

l1 � l2

ð1þ l2Þsvh þ ðl2rv � rhÞi½ � i
f1

/2 ¼
1

2

ro

l1 � l2

ð1þ l1Þsvh þ ðl1rv � rhÞi½ � i
f2

ð23Þ

The solution of Problem II has been obtained by others

(e.g., Lekhnitskii 1963; Hefny and Lo 1999) and is

included here for completeness.

Problem III:

where l1 and l2 in Eqs. 23 and 24 are the modulus of the

complex roots, i.e., they are real numbers.

Displacements are obtained from Eq. 19 and stresses

from Eq. 11 after taking the derivatives of the stress

functions in Eqs. 23 and 24. The derivatives of the func-

tions are included in Appendix I. The displacements at the

excavation, i.e., at r = ro, are needed in Eq. 18 to obtain

the constants ro, rn
a, rn

b, sn
a, and sn

b. Their expressions are

included in Appendix II.

Problem IV:

The stresses acting on the liner are given by Eq. 17. The

displacements of the liner are obtained after integration of

Eq. 20 and are included in Appendix II. The thrust force

and moment of the liner are obtained from Eq. 21 and are

T s¼roro�
X1

n¼2;4;6

ra
n�nsa

n

n2�1

� �
ro cosnh

�

þ nrb
nþsb

n

nðn2�1Þþ
sb

n

n

� �
ro sinnhg

Ms¼�
X1

n¼2;4;6

nra
n�sa

n

nðn2�1Þ

� �
r2

o cosnhþ nrb
nþsb

n

nðn2�1Þ

� �
r2

o sinnh

� �

ð25Þ

Results from the analytical solution are compared with

those from the Finite Element Method code ABAQUS

(ABAQUS 2009). The following case is analyzed: deep

tunnel with circular cross section with radius ro = 2 m; rock

properties, Ex = 7,800 MPa, Ey = 2,400 MPa, mxy = 0.07,

mxz = 0.22, myz = 0.02, Gxy = 830 MPa (the properties are

those of the bedded sedimentary Waichecheng series,

from Tonon and Amadei 2002); liner properties, Es =

20,000 MPa, ms = 0.3, t = 0.1 m; compressive far-field

loading with rv
ff = -1 MPa, rh

ff = -0.5 MPa with the

bedding parallel to the tunnel axis and dipping 45� (i.e.,

angle b as defined in Fig. 2a is 45�), which results in

rv = rh = -0.75 MPa and svh = -0.25 MPa. Note that

the tunnel would be at about 40 m deep, given a typical rock

unit weight, which would yield a depth to radius ratio of 20;

in this case the tunnel can be considered deep (Peck et al.

1972; Bobet 2003). The simulations in ABAQUS are done in

two steps. In the first step, the initial stresses, i.e., the far-field

stresses, are applied to the unperforated rock medium.

ABAQUS has a feature that allows zeroing all displacements

/1 ¼
1

4

ro

l1 � l2

(

2ð1� l2Þro þ ðra
2 � sa

2Þð1þ l2Þ þ ðrb
2 þ sb

2Þð1þ l2Þi
� 	 1

f1

:

þ
X1

n¼3;5;7

1

n
ð1� l2Þðra

n�1 þ sa
n�1 þ irb

n�1 � isb
n�1Þ þ ð1þ l2Þðra

nþ1 � sa
nþ1 þ irb

nþ1 þ isb
nþ1Þ

� 	 1

fn
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while maintaining the initial stresses. This is necessary to

ensure that the liner, when placed, does not have to

accommodate the rock deformations due to the geostatic

(i.e., initial) stresses. In the second step the elements

corresponding to the tunnel excavation are deactivated and

the liner elements are activated.

Figure 5 shows the comparison in terms of stresses

p = � (r1 ? r3) and q = � (r1 - r3) in the rock, with r1

and r3 being the major and minor principal stresses. Only

one quarter of the medium is used for the comparison.

There are two reasons for this: one, what is intended is to

show that the results from the analytical solution are cor-

rect; two, the problem has symmetry even though the rock

is anisotropic. The x- and y-axes are axes of symmetry

when the far-field loading is given by rv and rh only, i.e.,

no shear, and they are axes of anti-symmetry when only

shear is applied. Figure 6 is a plot of the stresses and dis-

placements of the liner obtained with the two methods (see

Fig. 3 for a definition of the angle h). The comparisons are

acceptable, and so the analytical solution is correct. Note

that the radial stresses applied to the liner are compressive,

which indicates that there is no detachment of the liner

from the rock. If the radial stresses were tensile, the solu-

tion would not be valid, as it would violate the assumption

of tied contact.

Figure 7 illustrates the effects of the orientation of the

axes of elastic symmetry with respect to the direction of

loading, i.e., effects of angle b (see Fig. 2). Using the
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analytical solution, three cases are considered, b = 0�,

45�, 90�. In the first case (b = 0�) the y-axis coincides

with the vertical far-field stress, i.e. horizontal bedding; in

the third case (b = 90�), the y-axis is horizontal and is

along the direction of the horizontal far-field stress, i.e.,

vertical bedding; in the second case, the far-field stresses

make an angle of 45� with respect to the y-axis, i.e., the

bedding dip is 45�. Tunnel geometry, rock, and liner

properties are the same as those used for the calculations

presented in Figs. 5 and 6. Figure 7a is a plot of the

tangential stresses of the rock in contact with the liner,

i.e., at r = ro, and Fig. 7b is a plot of the stresses in the

liner. Radial stresses in all cases are compressive (not

shown in the figures), which indicates that there is no

detachment of the liner from the rock. It is interesting to

note in Fig. 7b that for b = 0�, 90� the maximum and

minimum liner stresses occur at h = 0�, 90�. This is

expected given Eq. 17, where for svh = 0, i.e., b = 0�,

90�, the terms rn
b and sn

b are zero, and so the stress

functions attain their maxima or minima when h = 0 or

p/2. For the third case analyzed in Fig. 7, b = 45�, where

none of the far-field stresses are zero, a minimum occurs

at a location other than h = 0, p/2, p/4 (note that the

maxima and minima at h = p/4 occur when rv = rh = 0

because the terms ro, rn
a and rn

b are zero). Figure 7b

shows that the most non-uniform liner stresses occur for

b = 0�. This is the case where the largest far-field stress,

rv, is aligned with the axis of elastic symmetry (y-axis)

where the stiffness is the smallest. Because of the non-

uniform far-field stress, larger radial deformations and

smaller radial stresses, i.e., larger unloading, occur at

the crown than at the springline. This mechanism is

augmented by the lower stiffness in the vertical direction

than in the horizontal direction. For b = 90� the larger

stiffness along the vertical direction allows the rock to

deform less and thus take more load. This is shown in

Figs. 7a, b as larger tangential stresses in the rock and

smaller tangential stresses in the liner. The third case,

b = 45�, can be considered as intermediate between the

two.

The response of a lined tunnel in transversely aniso-

tropic rock can be further explored by comparing the

distortion that occurs in an unlined tunnel with isotropic

material and with transversely anisotropic material. Both

cases are analyzed with uniform far-field loading,

rv
ff = rh

ff = ro
ff. For the case of isotropic rock, the radial

displacements at the tunnel perimeter are given by the

following expression (e.g. Einstein and Schwartz 1979)

Ur ¼
1þ m

E
rff

o ro ð26aÞ

For the case of transversely anisotropic rock (from

Eq. 38)

Ur ¼
1

2
½l1 þ l2 þ l1 þ l2 � 2ð Þ l1l2�f a1 þ 2a2

� l1 þ l2ð Þ l1l2 � 1ð Þa1 cos 2h rff
o ro ð26bÞ




In the first case, isotropic rock, the radial displacements are
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not uniform. This indicates that the stresses in the liner, since

they are related to the displacements of the unsupported

tunnel, are also not uniform, and so bending of the liner will

occur in anisotropic rock even if the far-field applied stresses

are uniform.

3.3 Below the Groundwater Table

Tunnels below the water table and with impermeable lining

are subjected to a uniform pore pressure with magnitude

uff, which is determined by the product of the unit weight

of the pore fluid times the depth of the center of the tunnel.

The liner is thus subjected to stresses that come from the

rock (effective stresses) and those of the pore pressure. It is

important to realize that the pore pressures may induce

effective stresses in the rock, and thus contribute to

deformations. This is so because, if the liner is compress-

ible, it will deform towards the opening due to the pore

pressures on the exterior of the liner, i.e., at the contact

with the rock. Because the rock must remain attached to the

liner, it must also move with the liner (note that it is

assumed that the final radial stresses on the liner are

compressive, i.e., no gap forms between the rock and the

liner). Since deformations are only possible with effective

stresses, then it follows that pore pressures may cause

effective stresses.

It will be shown, however, that despite the fundamental

differences that exist between a tunnel in dry rock and a

tunnel below the water table, the end result is that stresses

in the liner, displacements of the liner and rock, and total

stresses in the rock for a tunnel below the water table are

the same as those of a tunnel excavated in dry ground, as

long as the total far-field stresses are the same in both

cases. This statement can be supported by computing

separately the contributions of effective stresses and pore

pressures. Figure 8a shows the tunnel with far-field total

stresses rv, rh, and svh. The problem is decomposed into

four other problems. Problem I, Fig. 8b, corresponds to

the tunnel without the liner and subjected to effective

stresses in the far-field; since there is no liner, the total

and effective radial stresses and shear stresses at the

opening are zero. Note that the problem is defined com-

pletely in terms of effective stresses. Problem II, Fig. 8b,

includes the contribution of the pore pressures. The figure

describes a circular opening filled with water at a pressure

uff with far-field pore pressures also uff. Note that total

far-field vertical and horizontal stresses with magnitude -

ayu
ff and -axu

ff, respectively, are applied; they are nec-

essary because the sum of the total far-field stresses in

Problems I and II must add up to those in Fig. 8a.

Problem III, as denoted in Fig. 8d, represents the inter-

action between the rock and the liner, i.e., the stresses

induced in the rock because of the presence of the liner as

the deformations of the rock must be those of the liner.

Finally, Problem IV in Fig. 8e represents the liner sub-

jected to the stresses from the rock. At the interface

between the liner and the rock, the total stresses acting on

the liner must be the same as those on the rock, the pore

(a) Tunnel with Far-field Loading

= +

(d) Problem III: Rock-Liner Interaction

(b) Problem I: No Liner with 
      far-field effective streses
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+
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Fig. 8 Deep tunnel below the water table. Effective stress decomposition
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pressures at the contact are equal to the ambient pore

pressures uff and the displacements of the liner and of the

rock are the same. Problem I can be further decomposed

into Problems Ia and Ib; see Figs. 9a–c. Problem Ia rep-

resents the unperforated ground subjected to far-field

effective stresses r0v ¼ rv þ ayuff and r0h ¼ rhþ axuff .

Problem Ib in Fig. 9c includes the effective stresses that

need to be placed at the perimeter of the opening such

that Problems Ia and Ib are equal to problem I; that is the

stresses in Ib are the same with opposite sign as those of

Problem Ia at the location of the perimeter of the opening.

The stresses in Problem II (Fig. 8c, also repeated in

Fig. 9d) are decomposed into pore pressures, problem IIa

shown in Fig. 9e, and effective stresses, Problem IIb

shown in Fig. 9f.

Figure 4 (dry ground or tunnel above the water table)

represents the decomposition of a problem similar to that

shown in Fig. 8 (tunnel below the water table). It can be

shown that the decomposition used in Fig. 4, and thus the

corresponding analytical solutions, is exactly the same as

that of Fig. 8. This is done considering the following:

1. Problem I in Fig. 4 is exactly Problem Ia (Fig. 9b) plus

Problem IIa (Fig. 9e).

2. Problem II in Fig. 4 is exactly Problem Ib (Fig. 9c)

plus Problem IIb (Fig. 9f) except for the compressive

radial effective stresses with magnitude uff at the

perimeter of the opening. Indeed, the radial stresses at

the opening from Problems Ib and IIb are: r0or þ
ð1� aÞuff ¼ ðr0or � auffÞ þ uff ; the expression in

parenthesis is the total stress rr
o, which is that shown

in Problem II in Fig. 4. The extra term uff is added to

Problem III, Fig. 8d; see next point.

3. Problem III in Fig. 4 is exactly problem III in Fig. 8

with the addition of the compressive radial stresses uff

discussed in the preceding point.

4. Problem IV in Fig. 4 is equal to Problem IV in Fig. 8.

Hence, the preceding statement that concludes that the

total stresses and displacements in the rock and liner for a

tunnel with impermeable liner can be obtained from the

equations derived for a tunnel in dry rock is correct as long

as total stresses are used as input in the calculations. In

other words, Eqs. 23 and 24 and Eqs. 37–42 that were

derived for dry rock are also valid for saturated rock below

the water table.

Figure 10 shows a comparison between results

obtained from the analytical solution and those from

ABAQUS for a tunnel below the water table. The tunnel

geometry and material properties are the same as those

used in all the previous examples, except that the far-field

stresses are as follows: rv = -2.0 MPa, rh = -1.5 MPa,

(a) Problem I: Effective stresses

= +
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Fig. 9 Stress decomposition of Problems I and II (Fig. 8)
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svh = 0, b = 0�, uff = 0.25 MPa. The simulations in

ABAQUS, similar to the case with dry rock, are done in

two steps. In the first step, the far-field stresses are

imposed with zero displacements. In the second step the

elements corresponding to the tunnel opening are deac-

tivated and those of the liner are activated. Since ABA-

QUS can only model materials following Terzaghi’s

principle of effective stresses, the values of the Biot’s

parameters ax and ay in the analytical solution are ax =

ay = 1, and the Biot’s modulus M is given a very large

value. Figure 10a shows total tangential stresses in the

liner and total tangential and radial stresses in the rock

adjacent to the liner, while Fig. 10b shows radial and

tangential displacements. The effective radial stresses at

the rock-liner contact are compressive, which satisfies the

assumption of a tied contact. The figures show that the

results are acceptable, with differences smaller than 2%,

except perhaps for the tangential stresses in the interior

fiber of the liner where the differences are up to 5%. The

comparisons not only show that the analytical solution

provides accurate results, but also that stresses and dis-

placements do not change if there is water pressure as

long as total stresses are used for the calculations. Note

that the trends of rock and liner stresses shown in Fig. 10

are similar to those in Fig. 7 for b = 0�. There are

expected differences in magnitude since the total far-field

stresses are not the same, but the overall shape of

the tangential stresses in the liner and in the rock are

similar.

4 Tunnel in Saturated Rock Subjected

to Undrained Shear

A mode of loading that is of interest is that of far-field

shear. This is because seismic loading of tunnels placed far

from the seismic source can be approximated by a quasi-

static analysis, where the magnitude of the shear stress or

shear strain induced by the earthquake in the free-field (i.e.,

without the tunnel) is applied to the far-field (Wang 1993).

See Fig. 11a. The quasi-static analysis is acceptable when

the wavelength of peak velocities induced by the earth-

quake is at least eight times larger than the width of the

opening (Hendron and Fernández 1983; Merritt et al. 1985;

and Monsees and Merritt 1988).

The direction of the far-field shear loading is oriented at

angle b with the axis of elastic symmetry, as shown in

Fig. 11a. The far-field shear loading, sff, after a rotation of

angle b, can be expressed in terms of rv, rh and svh as

rv ¼ �sff sin 2b

rh ¼ sff sin 2b

svh ¼ sff cos 2b

ð27Þ

The solution of the problem requires solving Eq. 9.

Because of rapid loading, excess pore pressures will be

generated such that no change of fluid volume in the rock

occurs, i.e., undrained conditions apply. This requires that

Df = 0, and so the excess pore pressures can be found,

from Eqs. 7 and 5, as
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Fig. 10 Rock and liner stresses and liner displacements. Comparison

between ABAQUS and analytical solution. Deep tunnel below water
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u ¼ �M axex þ ayey

� �
¼ � 1

b3

b1rx þ b2ry

� �

b3 ¼
1

M
þ axb1 þ ayb2

ð28Þ

Strains are obtained from Eqs. 28 and 5 and are

ex ¼ a1 �
b2

1

b3

� �
rx � a2 þ

b1b2

b3

� �
ry

ey ¼ � a2 þ
b1b2

b3

� �
rx þ a3 �

b2
2

b3

� �
ry

c ¼ sxy

Gxy

ð29Þ

The compatibility equation now takes the form

a1 �
b2

1

b3

� �
o4F

oy4
þ a3 �

b2
2

b3

� �
o4F

ox4

þ 1

Gxy
� 2a2 � 2

b1b2

b3

� �
o4F

ox2oy2
¼ 0 ð30Þ

which can be solved following a technique similar to that

used for the case of a tunnel in dry rock. Eq. 11 for stresses,

with Fo = 0, and Eq. 14 for the stress functions, are still

valid. The complex numbers l1 and l2 are the roots of the

equation

a1 �
b2

1

b3

� �
l4

k þ
1

Gxy
� 2a2 � 2

b1b2

b3

� �
l2

k

þ a3 �
b2

2

b3

� �
¼ 0 ð31Þ

As with the case of dry rock, it can be shown that the

roots of Eq. 31 are pure imaginary numbers. Given Eq. 31,

the following applies

l2
1þl2

2¼�
1

Gxy
�2a2�2

b1b2

b3

� �

a1� b2
1

b3

� �

l2
1l

2
2¼

a3� b2
2

b3

� �

a1� b2
1

b3

� �[0; and so

l2
1þl2

2�2l1l2¼ðl1�l2Þ2¼
1

a1� b2
1

b3

� �

� 1

Gxy
þ2 a2þ

b1b2

b3

� �
�2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a3�
b2

2

b3

� �
a1�

b2
1

b3

� �s2

4

3

5\0

ð32Þ

Note that (l1l2) [ 0, as indicated in the second

expression in Eq. 32 because both the numerator and

denominator must be positive given the definition of strains

in Eq. 29. Also, the compliance matrix must be positive

definite, and so (a3 - b2
2/b3)(a1 - b1

2/b3) [ (a2 ? b1b2/

b3)2. Hence (l1 - l2) is an imaginary number. Following

the same reasoning as before, the roots must be pure

imaginary numbers.

The solution of the problem can be found in a manner

analogous to what was done for the problem of a tunnel in

dry rock. It can be decomposed into the same four prob-

lems shown in Fig. 4. Compatibility of displacements due

to the four problems requires

UIV
x ¼ UI

x þ UII
x þ UIII

x

UIV
y ¼ UI

y þ UII
y þ UIII

y

ð33Þ

Note that, similar to the previous problems analyzed, it

is assumed that the liner-rock interface is a tied contact.

However, the assumption that no tension may be produced
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(a) Original Loading (b) Modified Loading after Rotation

τ ff

Fig. 11 Deep tunnel with

quasi-static seismic loading
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at the contact due to the far-field shear can be relaxed as

long as the addition of the radial stresses due to the shear

and the pre-existing radial stresses, e.g., from construction,

do not result in tension.

Displacements are obtained from the integration of

strains from Eq. 29 and are, in terms of the stress functions

Ux ¼2Re a1 �
b2

1

b3

� �
l2

1 � a2 þ
b1b2

b3

� �� �
/1 z1ð Þ

�

þ a1 �
b2

1

b3

� �
l2

2 � a2 þ
b1b2

b3

� �� �
/2 z2ð Þ

�

Uy ¼2Re � a2 þ
b1b2

b3

� �
l1 þ a3 �

b2
2

b3

� �
1

l1

� �
/1 z1ð Þ

�

þ � a2 þ
b1b2

b3

� �
l2 þ a3 �

b2
2

b3

� �
1

l2

� �
/2 z2ð Þ

�

ð34Þ

Note the similarity between Eqs. 34 and 19. Both sets of

equations have the same structure, with differences only in

terms of the factors of the functions /(z). The expressions

included in Appendix I and II are thus applicable to

problems II, III, IV, and undrained conditions. Problem I

has the solution

rx¼ rh

ry¼ rv

sxy¼ svh

u¼� 1

b3

b1rhþb2rvð Þ

Ux¼ a1�
b2

1

b3

� �
rh� a2þ

b1b2

b3

� �
rv

� �
xþ1

2

svh

Gxy
y

Uy¼ � a2þ
b1b2

b3

� �
rhþ a3�

b2
2

b3

� �
rv

� �
yþ1

2

svh

Gxy
x

ð35Þ

The difference between Eqs. 35 and 22 for tunnels in

dry rock or below the water table, e.g., problem I for dry

ground, is that, in addition to the pore pressures, in Eq. 22

the displacements are zero because they occurred before

the tunnel is placed. In Eq. 35, however, the far-field

stresses are applied while the tunnel is in place and so the

displacements induced in the unperforated ground must be

included. Consequently, the stresses in the liner and in the

rock mass are the sum of tunnel construction and far-field

shear. In the following, only stresses and displacements due

to the far-field shear are discussed.

Figures 12, 13 and 14 present a comparison of the

results obtained from the analytical solution and ABAQUS.

Tunnel geometry, rock, and liner properties are the same as

those considered in previous analyses, with the orientation
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FEM and analytical solution for

undrained loading, with
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mxz = 0.22, myz = 0.02,

G = 830 MPa,
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of the axes of elastic isotropy with respect to the far-field

loading given by b = 45�. The far-field loading is given by

a shear stress sff = 1 MPa, i.e., rv = -rh = -1.0 MPa

and svh = 0 (note that tension is taken as positive). For the

rock, the Biot’s constants are ax = ay = 1, and the Biot’s

modulus M [[ 1. The calculations in ABAQUS are done

in one step, where the liner elements are activated and the

excavation elements are deactivated. Undrained conditions

in ABAQUS are approximated by imposing a time step

very small, so there is no time for excess pore pressure

dissipation.

Figure 12 is a contour plot of stresses p = 1/2

(r1 ? r3) and q = 1/2(r1 - r3) in the rock, where r1 and

r3 are the major and minor total principal stresses, and

Fig. 13 is a contour plot of the pore pressures, also in the

rock. As one can see the comparisons are acceptable. It is

important to mention that pore pressures are generated in

response to volumetric changes in the rock, which are

associated with the mean stress and the stiffness of the rock,

and so there is no reason why the pore pressures should be

symmetric. Figure 14 introduces plots of the total tangential

stresses and radial and tangential displacements of the liner

obtained both with ABAQUS and with the analytical

solution. Again, the comparisons are acceptable. In general,

the differences are within the 1–2% range, except for the

liner stresses, where they can be up to 5–6%.
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It is interesting to compare stresses and deformations that

occur in a tunnel when excess pore pressures may occur and

when they cannot (e.g., the rock is dry or the rock perme-

ability is very high and so excess pore pressures dissipate

before the end of the loading). Figures 15 and 16 are plots

of the p-q stresses, tangential stresses, and displacements of

the liner for the same tunnel as that used for the calculations

shown in Figs. 12 to 14, but in dry ground; that is no excess

pore pressures occur. The same formulation as for

the undrained conditions can be used by taking the

Biot’s parameters ax = ay = 0 (note that this makes

b1 = b2 = 0). A comparison between Figs. 12 (undrained,

i.e., excess pore pressures) and 15 (dry, i.e., no excess pore

pressures) indicates that the p and q stresses for the

undrained scenario show symmetry with respect to an axis

at 45� with the horizontal (the p stresses show anti-sym-

metry). For the dry ground there is a tendency of larger

magnitudes of the p-stresses towards the horizontal axis.

This is associated with the higher stiffness of the rock in the

horizontal axis and lower stiffness in the vertical axis. It

seems that, for undrained conditions, the excess pore pres-

sures tend to reduce the non-uniformity of stresses in the

rock, as the magnitude of the pore pressures is related to the

tendency of the rock to deform. As one can see in Fig. 13,

the magnitude of the pore pressures along the horizontal

axis is larger than along the vertical axis, which tends to

compensate the differences in p-stresses. In other words, if

no excess pore pressures are produced (Fig. 15), the

p-stresses are larger along the horizontal axis than along the

vertical axis. If excess pore pressures occur, pore pressures

are larger at the locations where the p-stresses would be

larger, and so the end result is an increase of uniformity

around the tunnel. Further support of the ‘‘regularizing’’

effect of the pore pressures is found by comparing results

between Figs. 14 and 16, which include tangential stresses

in the liner and radial and tangential displacements of the

liner. Figure 16 indicates that the magnitudes of stresses

and displacements for the tunnel in dry rock are much larger

than those of the tunnel with undrained conditions, and also

that the differences between results at the springline and

crown are larger. Note that for the tunnel with undrained

conditions, the absolute magnitude of the results at the

springline and the crown is very similar. In other words,

excess pore pressures tend to mask the anisotropy of the

rock and result in patterns similar to those that are produced

in tunnels in isotropic rocks. The ‘‘regularizing’’ effect

strongly depends on the magnitude of the Biot’s parameters

ax and ay. The smaller the parameters, the smaller the effect.

Indeed, results for dry rock are obtained when ax = ay = 0,

where no ‘‘regularizing’’ effect occurs.

5 Summary and Conclusions

The paper presents closed-form solutions for the stresses

and displacements of a circular tunnel excavated in rock

with transverse anisotropy. The tunnel may be placed

above or below the water table and subjected to static or

undrained seismic loading. The solutions are reached with

the assumption of elastic response of the rock and the liner,
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no-slip between the liner and the rock, impermeable liner,

simultaneous excavation and liner installation, and plane-

strain conditions along the axis of the tunnel.

A number of examples are presented, which are solved

using the analytical solution and the commercial Finite

Element code ABAQUS. The results show that the ana-

lytical solution provides results that are comparable to

those obtained using the numerical method, which indi-

cates that the analytical solution is correct.

Existing analytical solutions for isotropic rock, e.g., the

relative stiffness method, indicate that stresses in the rock

and in the liner strongly depend on the magnitude of the

far-field loading, tunnel radius and thickness, and stiffness

of the liner. The new solution for anisotropic rock has

shown that the direction of the far-field loading with

respect to the axis of elastic symmetry of the rock and the

values of the elastic properties of the rock are additional

parameters that need to be considered, as they may have a

large effect on the solution. The results show that stresses

and displacements do not change if the tunnel is placed

above or below the water table as long as the total far-field

stresses are the same. Uniform loading, in anisotropic rock,

does not induce uniform displacements or stresses in the

liner as it occurs with isotropic rock, and so a tunnel liner

in anisotropic rock will always be subjected to bending.

The tunnel response does change with the type of

loading, i.e., static or seismic (seismic loading in the paper

is approximated with a quasi-static loading) when the

tunnel is above or below the water table. If the rock is

saturated, liner displacements and stresses seem to be more

uniform than when the rock is dry or when no excess pore

pressures are generated.
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Appendix I: Derivatives of Stress Functions

This Appendix contains the derivatives of the stress func-

tions associated with problems II and III, as defined in Fig. 4.

Problem II:

/01 ¼
1

l1 � l2

rh � l2rv þ ð1þ l2Þisvh

ð1þ l1Þf2
1 � 1þ l1

/02 ¼ �
1

l1 � l2

rh � l1rv þ ð1þ l1Þisvh

ð1þ l2Þf2
2 � 1þ l2

ð36Þ

Problem III:

where l1 and l2 are the modulus of the complex roots (i.e.,

they are real numbers).

Appendix II: Displacements at Tunnel Perimeter

This Appendix includes expressions for the displacements of

the rock at the tunnel perimeter, i.e., at r = ro, and of the

liner.

Problem II:

Ux ¼
ro

l1� l2

l2
1A1þA2

� ��
rh� l2rvð Þcosh½

þð1þl2Þsvh sinh� � l2
2A1þA2

� �

� rh� l1rvð Þcoshþð1þ l1Þsvh sinh½ �g

Uy ¼
ro

l1� l2

(

l2A2þ
A3

l2

� �
: l1rv�rhð Þ sinh½

þð1þ l1Þsvh cosh� � l1A2þ
A3

l1

� �
l2rv�rhð Þ sinh½

þð1þ l2Þsvh cosh�
)

ð38Þ

/01 ¼ �
1

2

1

ðl1 � l2Þ ð1þ l1Þf2
1 � 1þ l1

� 	

(

2ð1� l2Þro þ ð1þ l2Þðra
2 � sa

2 þ irb
2 þ isb

2Þ
� 	

þ

X1

n¼3;5;7

ð1� l2Þðra
n�1 þ sa

n�1 þ irb
n�1 � isb

n�1Þ þ ð1þ l2Þðra
nþ1 � sa

nþ1 þ irb
nþ1 þ isb

nþ1Þ
� 	 1

1n�1
1

)

/02 ¼
1

2

1

ðl1 � l2Þ ð1þ l2Þf2
2 � 1þ l2

� 	

(

2ð1� l1Þro þ ð1þ l1Þðra
2 � sa

2 þ irb
2 þ isb

2Þ
� 	

þ

X1

n¼3;5;7

ð1� l1Þðra
n�1 þ sa

n�1 þ irb
n�1 � isb

n�1Þ þ ð1þ l1Þðra
nþ1 � sa

nþ1 þ irb
nþ1 þ isb

nþ1Þ
� 	 1

fn�1
2

)

ð37Þ
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Problem III:

Ux ¼�
1

2

ro

ðl1�l2Þ
l2

1A1þA2

� �
(

2ð1�l2Þroþð1þl2Þðra
2� sa

2Þ
� 	

cos h

þ 1þl2ð Þ rb
2þ sb

2

� �
sin h

þ
X1

n¼3;5;7

1

n
1�l2ð Þ ra

n�1þ sa
n�1

� �
þ 1þl2ð Þ ra

nþ1� sa
nþ1

� �� 	
cos nh

þ
X1

n¼3;5;7

1

n
1�l2ð Þ rb

n�1� sb
n�1

� �
þ 1þl2ð Þ rb

nþ1þ sb
nþ1

� �� 	
sin nh

)

þ 1

2

ro

ðl1�l2Þ
l2

2A1þA2

� �
(

2 1�l1ð Þroþ 1þl1ð Þ ra
2� sa

2

� �� 	
cos h

þ 1þl1ð Þ rb
2þ sb

2

� �
sin h

þ
X1

n¼3;5;7

1

n
1�l1ð Þ ra

n�1þ sa
n�1

� �
þ 1þl1ð Þ ra

nþ1� sa
nþ1

� �� 	
cos nh

þ
X1

n¼3;5;7

1

n
1�l1ð Þ rb

n�1� sb
n�1

� �
þ 1þl1ð Þ rb

nþ1þ sb
nþ1

� �� 	
sin nh

)

Uy ¼�
1

2

ro

ðl1�l2Þ
l1A2þ

A3

l1

� �(

2 1�l2ð Þroþ 1þl2ð Þ ra
2� sa

2

� �� 	
sin h

� 1þl2ð Þ rb
2þ sb

2

� �
cos h

þ
X1

n¼3;5;7

1

n
1�l2ð Þ ra

n�1þ sa
n�1

� �
þ 1þl2ð Þ ra

nþ1� sa
nþ1

� �� 	
sin nh

�
X1

n¼3;5;7

1

n
1�l2ð Þ rb

n�1� sb
n�1

� �
þ 1þl2ð Þ rb

nþ1þ sb
nþ1

� �� 	
cos nh

)

þ 1

2

ro

ðl1�l2Þ
l2A2þ

A3

l2

� �(

2 1�l1ð Þroþ 1þl1ð Þ ra
2� sa

2

� �� 	
sin h

� 1þl1ð Þ rb
2þ sb

2

� �
cos h

þ
X1

n¼3;5;7

1

n
1�l1ð Þ ra

n�1þ sa
n�1

� �
þ 1þl1ð Þ ra

nþ1� sa
nþ1

� �� 	
sin nh

�
X1

n¼3;5;7

1

n
1�l1ð Þ rb

n�1� sb
n�1

� �
þ 1þl1ð Þ rb

nþ1þ sb
nþ1

� �� 	
cos nh

)

ð39Þ

where l1 and l2 are the modulus of the complex roots (i.e.,

real numbers). The values of A1, A2, and A3 are

For dry rock or rock below the water table with no

excess pore pressures

A1 ¼ a1

A2 ¼ a2

A3 ¼ a3

ð40Þ

For saturated rock and undrained conditions

A1 ¼ a1 �
b2

1

b3

A2 ¼ a2 þ
b1b2

b3

A3 ¼ a3 �
b2

2

b3

ð41Þ

Liner:

Us
x¼

1�m2
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Es Isþr2
oAs

� �r4
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� �
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� �
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� �
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� �
sin h

þ
X1

n¼3;5;7

ðn�1Þra
n�1�sa

n�1

n2ðn�1Þ2ðn�2Þ
þ
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� �
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where C is a constant to be determined in the same manner

as the other constants.
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