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List of symbols

¢ Intercept of the straight line to t-axes

D Disturbance coefficient varying from 0.0 to 1.0

fi-f5 Non-dimensional functions

H Height of inclined rock slope

k Cohesion coefficient

L Distance between the sliding surface at the top and
the edge

m Material constant

m; Material constant

n Material constant

Np Stability factor for linear failure criterion

N, Stability factor for nonlinear failure criterion

Ry The initial radius of the log-spiral in Fig. 1

s Material constant

vy Velocity at velocity discontinuity

o Angle of the slope in Fig. 1

p Angle of the slope in Fig. 1

y Unit weight of the rock mass

0o Angle related horizontal line to line OB in Fig. |
0y Angle related horizontal line to line OC in Fig. 1

®; Tangent friction angle

04 Maximum principal stress
g3 Minimum principal stress
O Uniaxial compressive stress
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g, Normal component of the failure surface
T Shear component of the failure surface

1 Introduction

At present, slope stability analysis is often based on limit
equilibrium methods. To determine the slope stability fac-
tors, the common technique used for design is the slice
technique where the slope is divided into slices. In order to
solve the stability problem, some assumptions regarding the
location and inclination of forces between slices are made
for static equilibrium equations of such slices to be solvable.
Due to the arbitrary assumptions regarding the inter-slice
forces, the solutions using the limit equilibrium method
cannot be regarded as rigorous in a strict mechanical sense.

Recently, the upper bound theorem approach of limit
analysis is widely used (Chen 1975; Donald and Chen
1997; Lysmer 1970; Wang and Yin 2002; Yu et al. 1998).
The theorem states that the rate of work done by the actual
forces is less than or equal to the rate of energy dissipation
in any kinematically admissible velocity field. By con-
structing a kinematically admissible velocity field, it is
possible to find out the upper bound to the true limit load,
and, theoretically, by constructing various kinematically
admissible velocity fields, the lowest possible upper bound
solution can be found. A kinematically admissible velocity
field is governed by the normality rule and is compatible
with the velocities at the boundary of the rock mass. The
solution obtained from the upper bound theorem is rigorous
in that no additional assumption regarding the inter-slice
forces is required.

As well known, the Mohr-Coulomb (MC) failure
criterion is widely used in rock engineering. This is due to
the fact that most computer codes, design practice and
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Fig. 1 Failure mechanism for a homogeneous slope

standards, which are currently employed for evaluating the
stability of rock structures, are formulated in terms of a MC
failure criterion. However, evidence shows that the non-
linear Hoek—Brown (HB) failure criterion is able to
represent fairly satisfactorily the failure of almost all types
of rocks (Agar et al. 1985; Cai et al. 2007; Cai 2007,
Collins et al. 1988; Goodman 1989; Hobbs 1966; Hoek
et al. 2002; Kennedy and Lindberg 1978). Consequently, a
question, which arises in practice, is how to estimate the
equivalent MC strength parameters when the failure crite-
rion is nonlinear. In order to solve the problem, a method
for evaluating the equivalent MC friction angle and cohe-
sion have been proposed for tunnel stability when the rock
mass follows the nonlinear HB failure criterion (Sofianos
and Halakatevakis 2002; Sofianos 2003; Sofianos and
Nomikos 2006). Yang and Yin (2006) calculated the
equivalent MC friction angle and cohesion for a strip
footing resting on a rock mass which follows the nonlinear
HB criterion.

In order to avoid the difficulties resulting from nonlin-
earity, this paper applies the kinematical theorem of limit
analysis to calculate the equivalent MC cohesion coeffi-
cient and friction angle for rock slopes when the rock
failure is governed by a modified HB failure criterion. A
logarithmic spiral failure mechanism is employed in upper
bound computations. Equivalent MC cohesion coefficient
and friction angle from HB failure criterion for five rock
mass types are presented in a tabular form for practical use
in rock engineering.

2 Hoek-Brown Failure Criterion

In rock engineering, the MC failure criterion is widely
used. However, according to a large number of triaxial
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experiments on a variety of rock types with varying
degrees of fracturing, Hoek and Brown proposed the HB
failure criterion in 1980. This criterion in its revised form is
written as (Hoek et al. 2002):

o1 — 03 = ac[maz/a. + s]" (1)

where g, is the major principal stress at failure, o3 is the
minor principal stress at failure, o, is the rock uniaxial
compressive strength. The material parameters m, n and s
can be estimated on the basis of the geological strength
index (GSI) which characterizes the quality of the rock
mass. GSI depends on the rock mass structure and the
surface condition of the joints. Hoek et al. (2002) revised

the parameter determination using its generalized
exponential form:

" oa( S0
s=ew( S0 ()
nz%—%—é{exp(—c‘;—il)—exp(—é—o)} 4)

where D is a disturbance coefficient which varies from 0.0
for the undisturbed in situ rock masses to 1.0 for very
disturbed rock masses. The parameter m; can be obtained
from triaxial testing of rock. If there are no test data
available, the approximate values for five rock types can be
estimated as follows Hoek (1990): m; ~ 7, for carbonate
rocks with well developed crystal cleavage (dolomite,
limestone and marble); (b) m; ~ 10, for lithified argilla-
ceous rocks (mudstone, siltstone shale and slate); (c)
m; = 15, for arenaceous rocks with strong crystals and
poorly developed crystal cleavage (sandstone and quartz-
ite); (d) m; ~ 17, for fine-grained polyminerallic igneous
crystalline rocks (andesite, dolerite, diabase and rhyolite);
and (e) m; ~ 25, for coarse-grained polyminerallic igneous
and metamorphic rocks (amphibolite, gabbro, gneiss,
granite and quartz-diorite).

In the (o, 7) stress space, the modified HB failure
criterion can be drawn as a nonlinear curve. The tangent
line to the curve is expressed as

T =c; + o, tan @, (5)

where ¢, and ¢, are the tangent friction angle and the
intercept of the straight line to t-axes, respectively. Normal
stress ¢,, and intercept ¢, are functions of ¢, reflecting the
location of tangency point, are given in the following form
(Yang and Yin 2006):

On <l N sin (p,> {mn(l — sin (Pz)] (ﬁ)_

Oc m  mn 2sin ¢,

(6)
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where c¢,/o. is defined as cohesion coefficient k = c¢/o..
The modified HB failure criterion can be applied to intact
rock, or to a rock mass where a sufficient number of closely
spaced discontinuities is present so that an isotropic
behavior involving failure on discontinuities can be
assumed. The HB failure criterion cannot be applied to
rock masses containing only a few discontinuities or
characterized by an anisotropic behavior. Unless specially
mentioned in this paper, the basic idea of isotropy and
homogeneity is adopted for computing the magnitude of
the equivalent MC strength parameters for rock slopes.

3 Equivalent Parameters for Rock Slopes

In the present study, instead of the modified HB failure
criterion, the MC failure criterion as given in Eq. 5, which
is chosen to be tangent to the modified HB failure criterion,
is employed to calculate the rate of external work and
internal energy dissipation, although the location of the
tangency point is not known.

Due to the use of the MC failure criterion, the kine-
matical admissibility condition requires the failure surface
for a rigid collapse to be a log-spiral surface or a plane
surface. Figure 1 shows a log-spiral failure mechanism
with failure surface passing through the slope toe. In this
failure mechanism, the log-spiral line BC separating the
volume ABC from the rest of structure that is kept
motionless, is a velocity discontinuity line. The volume
ABC rotates about point O with an angular velocity. The
velocity discontinuity at any point of BC makes an angle ¢,
with the tangent line at the same point.

Since there is no deformation inside ABC (rigid-body
motion), the internal energy is only dissipated along the
velocity discontinuity BC. Equating the work rate of
external force to the internal energy dissipation rate, the
objective function is:

g sin p{exp[2(0, — Op) tan ] — 1}
7 2sin(B—o)tang,(fi —fo — f);
- {sin(0), + o) exp[(0n — Op) tan ¢,] — sin(Oy + o) }

(8)

where ¢, is a function of ¢, reflecting the location of tan-
gency point, determined by Eq. 7, the functions fi—f3
depend on geometry parameters 6, 0, and tangent line
angle, which are reported in the Appendix, and o and /3 are
the geometrical parameters of slope, respectively.

The logarithmic spiral failure surface, as shown in
Fig. 1, is controlled by three variables ¢, 0, and 0.
Herein, the sequential quadratic programming is employed
to optimize the objective function 8 with respect to ¢,, 0,
and 0, to get a least upper bound for the critical height of
the inclined rock slope. When Eq. 8 is minimized, we can
obtain the values of ¢,, 8, and 0, and the failure surface is
determined. With the friction angle obtained, the equiva-
lent MC cohesion coefficient is calculated using Eq. 7.

With a linear MC failure criterion, the values of ¢, and
@, are known, and some researchers investigated the sta-
bility problem of soil and rock slopes with the limit
analysis of plasticity (Chen 1975; Yu and Sloan 1997; Yu
et al. 1998). Chen (1975) presented the mathematical
development for computing the critical height. In the
present analysis, the derivation of Eq. 8 is similar to Chen
(1975). However, the values of ¢, and ¢, are not specified.

4 Numerical Results

In practical engineering, the critical height of a rock slope is
always invariable, whether the rock mass obeys the MC or
HB failure criterion. The critical height computed from a
linear MC failure criterion, which always circumscribes the
actual nonlinear failure criterion, will be an upper bound
value (Chen 1975). This is due to the fact that the strength of
the circumscribing tangent line failure criterion is equal or
larger than that of the actual nonlinear HB failure criterion.

In this paper, the critical height of the rock slope using the
nonlinear HB failure criterion is equal to the critical height of
the rock slope obtained by using the tangent line failure
criterion. Therefore, the tangent line failure criterion is the
equivalent failure criterion. The equivalent MC strength
parameters are obtained by optimization. When Eq. 8 is
minimized, the least critical height and the corresponding
MC friction angle are obtained. With the MC friction angle
obtained, the cohesion coefficient is calculated using Eq. 7.

In the following analysis, the equivalent MC cohesion
coefficient and friction angle for rock slopes are calculated
with the modified HB failure criterion proposed by Hoek
et al. (2002).

4.1 Comparisons

Collins et al. (1988) proposed a technique to evaluate the
nonlinear stability factors N, by using the linear stability
factors N previously given by Chen (1975). They related the
stability factor N, to Ny by the form: N, = Ni(¢,)c:(@,)/
(s%36.). The least upper bound solution is minimized with
respect to ¢,, which appears in ¢, (¢,) and N;(¢,) by La-
grangean polynomial approximation. Employing the
stability factor Ny given by Chen (1975) and Collins et al.
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(1988) presented the stability factors using the original HB
failure criterion proposed by Hoek and Brown in 1980.

In order to validate Eq. 8, the results obtained by using this
equation and given by Collins et al. (1988) are shown in Table 1
corresponding to the same parameter values of i, &, 5, s and m.
From Table 1, also shown in Yang et al. (2004), it is found that
the numerical results using Eq. 8 are almost equal to those of
Collins et al. (1988). The maximum error is less than 2%.
Therefore, Eq. 8 is an effective expression for evaluating the
stability of rock slopes with the modified HB failure criterion.

4.2 Effects of Slope Angle o

Table 2 gives the equivalent MC friction angles and the
equivalent MC cohesion coefficients with the parameter
f =70°,D = 0,m; = 15, GSI = 40 and o being equal to 0,
5, 10, 15 and 20°. From Table 2, it is found that the slope
angle o has a small influence on the equivalent MC strength
parameters (Example One). In Table 2, for the case o = 0°,
the equivalent friction angle and cohesion are 53.59° and
8.89 x 10~ %g,, respectively, while the equivalent friction

Table 1 Comparison between present stability factors and solutions of Collins et al. (1988)

p(© Parameters s, m
s = 1.0, s = 0.1, s = 0.004, s = 0.0001, s = 0.00001,
m=15.7 m = 6.6388 m= 17117 m = 0.2822 m = 0.0786

90

Present solutions 1.93 1.93 1.93 1.93 1.93
Collins et al. 1.93 1.93 1.94 1.94 1.93

80

Present solutions 3.09 3.31 3.56 3.61 3.47
Collins et al. 3.09 3.31 3.56 3.60 345

70

Present solutions 5.10 5.94 6.92 7.11 6.56

Collins et al. 5.11 5.95 6.90 7.05 6.48

60

Present solutions 8.78 10.97 13.57 14.07 12.61
Collins et al. 8.80 10.97 13.49 13.89 12.38

50

Present solutions 15.32 19.95 25.34 26.37 23.26
Collins et al. 15.36 19.93 25.18 26.00 22.89

45

Present solutions 20.22 26.60 34.00 35.41 31.28
Collins et al. 20.28 26.64 33.89 35.01 30.73
a=0°and n = 0.5

Table 2 Effects of slope angle o on equivalent MC strength parameters (Example One)

o 0° 5° 10° 15° 20°

Friction angles 53.59° 53.56° 53.52° 53.48° 53.42°
Cohesion coefficients 8.89 x 1072 8.91 x 1073 8.94 x 1077 8.97 x 1073 9.02 x 1073
p =70°, D =0, GSI = 40 and m; = 15

Table 3 Effects of slope angle o on equivalent MC strength parameters (Example Two)

o 0° 5° 10° 15° 20°
Friction angles 45.26° 45.22° 45.16° 45.09° 44.99°
Cohesion coefficients 15.69 x 1072 15.74 x 1072 15.81 x 1072 15.89 x 1072 15.99 x 1072

p =65° D =0.2, GSI = 50 and m; = 10
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Table 4 Effects of disturbance coefficient D on equivalent MC strength parameters

D 0.0 0.1 0.2 0.3 0.4 0.5
Friction angles 46.22° 46.21° 46.19° 46.11° 45.97° 45.74°
Cohesion coefficients 14.23 x 1073 1291 x 1073 11.64 x 1073 10.42 x 1073 925 x 1073 8.14 x 1073
D 0.6 0.7 0.8 0.9 1.0
Friction angles 45.39° 44.88° 44.14° 43.08° 41.54°
Cohesion coefficients 7.09 x 1073 6.11 x 1072 521 x 1073 439 x 1073 3.66 x 1073
B =70° GSI = 50, 0. = 0° and m; = 7
Fition angie for v types ;B Friction angles (°
of rocks GSI=10 GSI=20 GSI=30 GSI=40 GSI=50 GSI=60 GSI=70
7 85 55.71 58.05 57.59 55.89 53.56 50.85 47.90
80 54.18 56.10 55.48 53.79 51.54 48.96 46.16
75 52.31 53.66 52.86 51.22 49.13 46.75 44.17
70 49.94 50.56 49.59 48.06 46.22 44.13 41.84
65 46.95 46.76 45.64 44.29 42.77 41.04 39.12
60 43.30 42.37 41.15 40.01 38.83 37.51 36.01
55 39.11 37.62 36.41 35.47 34.59 33.64 32.55
10 85 60.39 62.41 61.98 60.46 58.36 55.91 53.22
80 58.65 60.19 59.58 58.05 56.05 53.73 51.18
75 56.40 57.26 56.43 54.97 53.15 51.06 48.76
70 53.42 53.43 52.41 51.08 49.55 47.81 45.85
65 49.61 48.76 47.60 46.47 4528 43.94 42.40
60 45.08 43.60 42.38 4143 40.54 39.59 38.48
55 40.16 38.33 37.12 36.31 35.66 35.01 34.27
15 85 65.05 66.71 66.30 64.99 63.18 61.04 58.67
80 63.03 64.14 63.52 62.20 60.49 58.50 56.29
75 60.23 60.51 59.65 58.42 56.94 55.23 53.71
70 56.39 55.72 54.67 53.59 52.44 51.12 49.60
65 51.56 50.15 48.98 48.06 47.22 46.30 4522
60 46.19 4435 43.15 4235 41.72 41.11 40.40
55 40.74 38.72 37.53 36.82 36.33 35.91 35.47
17 85 66.34 67.90 67.50 66.24 64.52 62.49 60.22
80 64.23 65.20 64.58 63.32 61.71 59.83 57.73
75 61.23 61.33 60.47 59.30 57.93 56.34 54.54
70 57.09 56.23 55.18 54.17 53.13 51.94 50.57
65 51.97 50.42 49.26 48.40 47.64 46.83 45.89
60 46.40 4449 43.29 4253 41.96 41.42 40.83
55 40.83 38.79 37.60 36.91 36.46 36.09 35.72
25 85 69.93 71.17 70.79 69.71 68.24 66.51 64.56
80 67.48 68.02 67.34 66.33 64.99 63.44 61.69
75 63.75 63.30 62.42 61.47 60.43 59.23 57.83
70 58.64 57.33 56.28 55.47 54.72 53.91 52.96
65 52.76 50.96 49.82 49.09 48.53 48.01 47.12
60 46.77 44.75 43,57 42.88 4243 42.08 41.72
55 41.01 3891 37.74 37.09 36.71 36.44 36.21
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Table 6 Equivalent MC

cohesion coefficients for five mi (%) Cohesion coefficients
types of rocks (x107%) GSI=10 GSI=20 GSI=30 GSI=40 GSI=50 GSI=60 GSI=70
7 85 0.45 1.15 2.52 5.11 9.98 19.14 36.35
80 0.48 1.26 2.78 5.61 10.84 20.54 38.61
75 0.53 1.45 322 6.41 12.15 22.62 41.82
70 0.61 1.78 3.96 7.72 14.23 25.77 46.54
65 0.76 2.36 5.22 9.87 17.53 30.63 53.56
60 1.03 3.35 7.30 13.32 22.72 38.08 64.07
55 1.50 4.96 10.56 18.63 30.62 49.31 79.75
10 85 0.38 0.99 2.17 441 8.62 16.54 31.48
80 0.42 1.13 2.49 5.01 9.64 18.21 34.16
75 0.49 1.38 3.07 6.06 11.35 20.88 38.27
70 0.61 1.87 4.15 7.93 14.27 25.26 44.72
65 0.85 2.78 6.09 11.17 19.19 32.39 54.91
60 1.31 4.36 9.30 16.46 27.08 43.69 70.77
55 3.12 6.93 14.31 24.54 39.08 60.81 94.70
15 85 0.32 0.84 1.84 3.74 7.30 14.00 26.65
80 0.37 1.01 2.24 448 8.56 16.05 29.92
75 0.46 1.38 3.08 5.98 10.95 19.71 35.47
70 0.67 2.18 4.80 8.89 15.41 26.27 44.97
65 1.11 3.72 7.95 14.10 23.23 37.54 60.88
60 1.95 6.39 13.19 22.57 35.85 55.60 86.28
55 3.44 10.67 21.21 35.34 54.78 82.78 124.59
17 85 0.31 0.80 1.75 3.55 6.94 13.30 25.31
80 0.36 0.98 2.19 4.36 8.29 15.49 28.80
75 0.47 141 3.14 6.04 10.96 19.56 34.93
70 0.71 2.34 5.13 9.40 16.08 27.05 45.71
65 1.24 4.15 8.80 15.42 25.12 40.04 64.05
60 2.26 7.28 14.85 25.18 39.64 60.87 93.36
55 4.04 12.27 24.10 39.84 61.36 92.05 137.45
25 85 0.26 0.68 1.51 3.06 5.95 11.39 21.63
80 0.33 0.93 2.08 4.10 7.68 14.14 25.96
75 0.50 1.59 3.53 6.59 11.55 19.91 34.47
70 0.93 3.12 6.68 11.82 19.43 31.32 50.69
65 1.87 6.08 12.46 21.18 33.43 51.44 79.11
60 3.66 11.13 21.87 36.13 55.63 83.40 124.35
55 6.78 19.10 36.12 58.39 88.46 130.63 191.47

angle and cohesion are 53.42° and 9.02 x 107> ¢, at
o = 20°. The absolute difference of the equivalent friction
angle is 0.17°, and the absolute difference of the equivalent
cohesionis 0.03 x 1073 d.. The same phenomenon can also
be found in Table 3 corresponding to f§ = 65°, D = 0.2,
m; = 10 and GSI = 50 (Example Two).

4.3 Effects of Disturbance Coefficient D

Table 4 gives the equivalent MC friction angles and cohesion
coefficients corresponding to m; = 7 and GSI = 50, with the
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disturbance coefficient D ranging from 0.0 to 1.0, with 0.1
interval. From Table 4, it is found that the equivalent MC
strength parameters decrease as the disturbance coefficient D
increases when parameters 3, GSI, o and m; are constant.

4.4 Design Tables

Based on the modified HB failure criterion, shown in Eqs. 14,
the equivalent MC cohesion coefficient and friction angle are
obtained when Eq. 8 is minimized. Tables 5 and 6 give the
values of equivalent MC strength parameters for five rock types
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with the parameters o = 0°, D = 0 and f§ varying from 85 to
55°. These values are presented to meet the demands of soft-
ware, design practice and standards written in terms of the MC
failure criterion.

5 Conclusions

The upper bound theorem of limit analysis is employed to
calculate the equivalent MC cohesion coefficient and
friction angle to meet the demands of software written in
terms of the MC failure criterion when the rock mass
failure follows the modified HB failure criterion for slopes
in limit state. A MC failure criterion, which is tangent to
the actual modified HB failure criterion, is used to calculate
the rate of external work and internal energy dissipation.
Equating the work rate of external forces to the internal
energy dissipation rate, we can obtain the objective func-
tion. The equivalent MC friction angle is obtained when
the objective function is minimized. The equivalent MC
cohesion is calculated with Eq. 7. Based on the analysis
above, the following conclusions are drawn:

(a) For rock slopes, the stability factors obtained from
Eq. 8 are nearly the same as previously available,
which shows that Eq. 8 is an effective expression for
evaluating the equivalent MC strength parameters
when rock mass failure follows the modified HB
failure criterion. Equivalent MC cohesion coefficient
and friction angle for five rock types are presented for
practical use in rock engineering.

(b) The equivalent MC friction angles and cohesion
depend not only on the nonlinear HB failure criterion
but also on the rock slope angles, « and f.
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Appendix
_ (3tan @, cos 0, + sin 0) exp[3(0;, — Oo) tan @,] — (3 tan ¢, cos O + sin 0)
fi= 3(1+9tan® ¢,)
)
1L L
fh==—— (2 cos 0y — —cos oc) sin(0p + o) (10)
6 40 ro
0, —0p)t L
f3:exp[( h . b)tang,] [sin(@h—f)o)—r—sin(Hh—i—oc)]
0

X {cos@oLcosochcosHh'exp[(HhHo)tancp,]} (11)
ro

L - sin(()h — 0()) Sin(Oh + ﬁ)
ro sin(0p +o)  sin(0) + o) sin(f — o)
- {exp[(6, — 6p) tan ¢, sin(0), + o) — sin(fp + ) }

(12)
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