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Abstract In this work we study the Schrodinger equation in the presence of the Hartmann potential with
a generalized uncertainty principle. We pertubatively obtain the matrix elements of the hamiltonian at first
order in the parameter of deformation 8 and show that some degenerate states are removed. We give analytic
expressions for the solutions of the diagonal matrix elements. Finally, we derive a generalized recurrence
formula for the angular average values.

1 Introduction

In recent years many arguments have been suggested to motivate a modified Heisenberg algebra in quantum
mechanics such as theories of quantum gravity and string theory, which lead to the existence of a minimal
observable length expected to be of order of the Planck length [1-11] . The minimal length can be obtained
from the deformed canonical commutation relation between position and momentum operators [12—17]:

[X, P1=ih (1 +BP?), 1)

where f is a positive parameter of deformation. This commutation relation implies the following generalized
uncertainty principle (GUP):

h 2
AXAP > 5 (1+B(AP)?), )

which corresponds to a minimal length (A X)), = fi/B.

There has recently been a lot of interest in the study of quantum mechanics problems in the presence of a
minimal length with various potentials such as the harmonic oscillator, the Coulomb and Yukawa potentials,
the Woods—Saxon potential, the Kratzer potential, ... [18-28]. Other works treat problems of momentum-
dependent mass systems [29] non-hermitian systems,...[30]. The first author to use the standard perturbation
theory to solve the Schrodinger equation of the central potentials in the presence of a minimal length was Brau
in Ref. [21], where energy-level corrections were calculated and splitting of degenerate levels were found
to occur. On the other hand the solutions of the Schrodinger equation with Hartmann potential V (r, 6) =
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&2 n?
7702 (T + 2;/.}2 sin? 0
and ¢ is a real parameter, is well known [31-37]. This potential has been introduced in [38—40] to describe
ring-shaped molecules. When ¢ = 0 and no> = Z the Hartmann potential reduces to the Coulomb potential.
The purpose of this paper is to study the extension of the Schrodinger equation with the Hartmann potential
in the presence of a minimal length. In Sect. 2 we use the first-order perturbation theory to give the general
form of the hamiltonian matrix elements and, for a particular case, we show that the degeneracy is completely
removed. In Sect. 3 we give an explicit analytical expression of the diagonal matrix elements and show that
the splitting of the degenerate energy levels also occurs. In Sect. 4 we provide a general recurrence formula

for the angular part. Finally, in the last section, we draw our conclusion.

>, where 1 and o are positive real numbers with values ranging from about 1 to 10,

2 Hamiltonian Matrix Elements

To calculate the hamiltonian matrix elements for a Hartmann potential in the presence of a minimal length,
we solve the corresponding Schrodinger equation:

P2 X
4V (f, 9) v (7) = EPy 7). 3)
2p
We choose to work with the following representation that verifies the relation (1) to first order in 8:
Xiy () = xiyy (), )
~ . . )
Py Fy=pi(1+BP°) V7). pi =iho—. 5)

To first order in B the Schrodinger equation (3) can be written as:

p*  pp . .
f—+——+vvﬁﬂ¢ma@=Emea@. ©)
2u pw
In this equation the Hartmann potential in the presence of a minimal length appears within the perturbation
term:
pr'
n

To investigate the correlations we use the first-order perturbation theory. For § = 0 the spectrum of Eq. (6)
and the corresponding wave functions are well-known and are given by [31,41,42]:

(7

1
Y (r,0,¢) = ;R(r)®(9)d>(¢), 3
where
q’(¢)=\/12_neXp(im¢), m=0,+1,+£2,£3,...
_ F(2k+ 1) (2n+2k+ 1) 2 k/2 (k+1/2) .
Oum (x) = Tkt \/22"+1F(n+2k+1) (1—-x7)""Cy (x), x =cosf

1/2
R _ uno?e? 172 (n’ —1 - 1)! / 2uno?e? ak
Nnm (r) - hzn/ n/l_' (l’l/ +l + 1) hzn/ r

22 22
uno e @i+1) (2unoe
X exp <_—h2n/ r) Ly <—h2n/ r],

h2o?
k= m2+q”2—0, W=N+Il+1, l=n+k N,n=0123,... 9)
m
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with N being the radial quantum number, L,(f) (x) and C,(l”) (x) respectively stand for the associated
Laguerre and the Gegenbauer (ultraspherical) polynomials. The orthogonality conditions for these functions
are:

| . 2 721720 (n +2v)
L— 22 [ em _T
[ - e w] =T ([T P

1
/ dxe *x" [LSJ) (x)]z — FP+n+D) ) (10)
-1 n!

The energy eigenvalues are:

-2

2\2 4 232

) ,u(no) e 5 gno“h
E = | N+n+,/m+ —+1 . 11
Nnm 2;-12 2M ( )

From (6) and for 8 = 0, we can write:

0
(Ninymy| p* |Nanamy) = EI(V;,,ZmZ

SN N2 OninaOmymy + (N1nymy|'V (r, 0) |[Nonoms) (12)

Thus, the first-order perturbation theory gives the matrix element of the hamiltonian operator (6) up to first
order in § as follows [21]:

B 4 _ o )\’
; (N1n1m1| p |N2n2m2) - 4/’Lﬂ EN2n2m2 8N1N28n1n28m1m2

<2 (N |V (,6) [Nanama) + (Nimma | (V (7, 6)% [ Nanama) | (13)
where
V(6 2(62+ g’ ) (14)
rnd)=no"\ —+—5— ).
1 r 2ur?sin®6

Each of these terms can be written as

1
(N1n1m1|5.—

00
27 |N2n2m2> = / RN1n|m| (7‘) RNznzmz (r)risdr
rs sin“! 0 0

1
—t
x / dx (1 =x%)" Opymy (X) Oy () (15)
-1
For the radial part, the first integral has been evaluated in [32] and its expression is given by:
[o¢]
<N1n1m1| r |N2n2m2> = / RN1n1m1 (r) RN2n2m2 (r) ridr
0
_ no? N1!N>! 2no? hitd 2no? bt
S nm\\TQRU+N+2)T QL+ N+2)\ n) n,

N N 2N+m» ’ 7N\ mi+mo
2 , \—s—l1—l—3 -0 I/n] —1/n,
X ['70 (1/”1+1/”2)] ZZ l/n/l—l-l/n/z

myp  mz

mi'my!

t
x D+ +s+my+my+3) Z (

m3=0

% h+bh+s+m+1 h+bh+s+m+my+m3+2
N —mpy —m3 ms3 ’

h4+bh+s+mp+1
N —my —m3

(16)
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with t = min (N —m, N —m3) and s < [1 + [ + 3. The only values of s which contribute in the
calculation of the matrix elements given in the expression (13) are s = {—1, —2, —3, —4}.
For the angular part, the two integrals which contribute in (13) are given as:

1
f dx (1 - x2)—1 ®n1m1 (x) ®n2m2 (x)
-1

D@k + DT Qk+1) (2ny + 2ky + 1) 22 + 2k + 1)
T T+ )T (ko + 1) | 22+ t20 () + 2k + 1) T (n2 + 2k2 + 1)

1
x / dx (1 — x2) T2 ot/ () ot 1/2) (o (17)
-1

and

1
/ dx (1 — )62)72 Onimy (X) Onymy (X)
-1

T @ki+ DT 2k + 1) ny 42k + 1) 2na + 2kr + 1)
 T(ki+ DT (ko + 1) \ 22k+420 (0 4+ 2k; + DT (2 + 2k + 1)

1
o / dx (1— xz)(k1+kz—4)/2 chi+1/2) () clhat1/2) (18)
—1

We use the following integral of the product of two Gegenbauer polynomials [43] with 6 > —1/2,
u>—1/2,and A > —1/2:

/2] [(z 2k + 1)

| 1-25
) B _o\A-12 2
/_101 () Cpy () (1 —x7) dx (I — 2k)'k!s!

TTwre &

Frq—60—k TU—2k+20)T(m+p—s)
0 — 2 — s | 19
“TUta—ktD)  Tmirstn MG ms 19)
where m = [ — 2k + 2s, with [m/2] > s € N, and (z),, is the Pochhammer symbol [44]:
I'z+n
(Z)nZZ(Z—Fl)...(z—i—n—l):L (20)
I'(2)

The integral (19) vanishes for odd values of / + m. Thus, the expressions (17) and (18) take the following
forms:

1
/ dx (1 - x2)*1 Onymy () Oy, (X) = )COS % (n1 +nz)
~1

[ (2ki + 1) T (2k; + 1) Q2n) + 2k + 1) Q2ny +2ky + 1) 112
Dy +1) Tk +1) | 22kitke+tDD (ny 42k + DT (2 + 2k + 1)
r22—ki—k [’%] (1 —2p + (ki + ko — 1) /2]
X
'tk +1/2)T (ky +1/2) s (n1 —2p)!pls!
o C(ny—2p+ki+ky—DTC mo+k —s+1/2)

F(nfﬂ%—s)

r —ki—p—1/2) (k1 — k kr — k
" (ny—ki—p /)(1 2+1) <2 1+1> . 1)
F(n1+k‘+§2+‘—p> 2 p 2 s

and

! n—2 T
/ldx(l—x) Oy, (x)@nzmz(x)z‘Cosi(nl—i—nz)‘



Hartmann Potential with a Minimal Length and Generalized... Page 5 of 10 17

I k; + 1) T 2k + 1) Qny +2k; + 1) (ny + 2k + 1) 12
Cki+1) Tk +1) | 22kitke+DD (ny 42k + DT (2 + 2k + 1)
r24—ki—k [n1/2] |:[n1 —2p+ (k1 + ko — 3) /2]

x >
ki +1/2)T (ka +1/2) =0 (n1 —2p)!pls!
o« C(ny—2p+ki+ky—=3)T(ny+ki —s+1/2)

r <n2 + —k"HEZ_] - s)

F(n—k—p—1/2) (ki — -
y (n1—ki—p /)(kl ko +2) (kz ki +2) ' 22)
r <n1 + —kl+§2_1 — p) 2 P 2 s

Substuting (21) and (22) in (13), the general form of the hamiltonian matrix elements in (13) is given by the
expression:

B -4
— (Nynymy| p* |Nanams) = (n5) ™" 8Ny Na Sy Sy

4p 4t
4
p(no?)" e
h2
2 _
+ (n0?)” e* (Nnymy| r =2 |Nanams)

2\4 6
o e _
(U)Tq (n5) 2 (Nynimy| r=2 [Nanams)

) (n02) e2qh?

-2 _
+ (n5)" " (Ninymy|r | Nanomy)

_|_

(Ninymy|r—3 INznzrnz):|

T (2k; 4+ 1) T ks + 1) Q@ny + 2k + 1) Qny + 2k + 1) 12
Cki+1) Ty +1) [220+o+D (0 + 2k + 1) T (n2 + 2kr + 1)
n22—k1—k2

s
T +1/2)T (ka +1/2) ‘COSE
8 [%] [[”1 —2p+ (ki + k2 — 1) /2]
o (n1 —2p)!pls!
T =2p+ki+ke= DTtk —s+1/2)
r <n2—|— w —s)

r —ki—p—1/2) (k1 — k kr — k
y (n1—ki—p /)(1 2+1>(2 1+1>
F<n1+k‘+§2+1—p) 2 » 2 s

(n; +n2)‘

2 ¢*h* T 2k + 1) T 2k + 1)

4u2 T(k1+1) Tk +1)
(2n1 +2k; + 1) (2n2 4 2kr + 1) 12

22k1+k+ DT (n) + 2k + 1) T (n2 + 2k + 1)
w2A-hi—ke [’%l |:[n1 —2p+ (ki +ky — 3) /2]

X

P+ 1T (ke +1/2) 2 (n1 —2p)!pls!
o« C(ny—2p+ki+ky—=3)T(na+k —s+1/2)

r (nz + kol s)

+ |cos % (n1 + nz)‘ (noz)
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r —ki—p—1/2) (k1 — k kr — k
" (n k1 kpl /)(122+2> (2 1+2>
F(m—i—%—p) p s

x (Nynymy|r=*|Nangma) (23)

where (Nynym1|r®|Nynamy) are given by replacing s = {—1, —2, —3, —4} in (16).

Example: The States |010) and [100)

In the ordinary case (i.e. 8 = 0), |010) and |100) are two degenerate states. It is clear that the matrix (13) is
actually diagonal ((100] p* |010) = 0) which can be seen by using the expressions:

LY w=1, LY@ =—x+a+1 (24)
@ =1, € (x)=2ax (25)

From Eq. (13), a straightforward calculation gives the energy corrections at first order in the parameter g as
follows:

2 abAES) ko + 12 [ 220+ [T (ko + DI 223 [T (ko + 2)12
AEg1o = 4> [(Eé%) - 010 0 - 0

ko + 2 ' 2ko + 2) ' ko +4)
~ a®bBE) (2ko + 1)? (220~ [T (ko) ]2 2%+ T (ko + D
(ko +2) (2ko + 3) T (2k) I (2ko + 2)
a’bA* (ko + 1)* (220FN[ (ko + DI 2203 T (ko +2))
2 (ko 4+ 2) ko + 3) I' ko + 2) ' Qko +4)
a*bB* (2ko + 1) 2207 [T (ko — DI* 220 [T (ko)
2 (ko +2) (2ko + 3) (2ko + 2) I' 2ko —2) " (2ko)

a’bAB (2ko + 1)? 22k0=1 T (ko)]? B 22K+ [T (kg + 1)]?
(ko + 2) (2ko + 3) (2ko + 2) ' (2ko) I (2ko + 2)

2 abAEY) 220+ [T (ko + 1)]?
AEim =42 | (E©) — 100
100 = =4 {( 100) 2+k) T (ko+2)
~ a*bBE 220~ [T (ko) ]2 a’bA22%0 [T (ko + 1)]?
(2 + ko) ko + )T (2ko) (2 + ko) (ko + 1) T (2ko + 2)

+a4b3222k0’3 (2ko —2) (4 + ko) [T (ko — D> a*bAB2%0 [T (ko))? 26)
(2 + ko) (2ko + 3) I' (2ko + 3)
where

o) 0) M(n02)2€4 gno?h? - 22 nqo’h?
EO g0 - AT 1 = A= ,B="1_"—, 27
100 010 2 o no-e 0 27
_2uno?e  [TQk+DT @n+2k+1) o gnho? 08)

T U T TkED | 2Ty 2k+ ) TN 2

Thus, at first order in the parameter 8, the degeneracy of the two levels |010) and |100) is completely lifted.
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3 Matrix Elements for AN =0, An =0and Am =0

Taking N; = N> = N,n1 = np = n and my = my = m, we derive the explicit form of the energy corrections
given in Eq. (13). Using the relation between the confluent hypergeometric function F (—n; [ + 1; x) and the

associated Laguerre polynomials Lf,l) (x), namely:

Fn+1+1)
LO(z) = F(—n;l+1;2),
O =t rraen iR

where z = ar anda = % , and using the integral:

c>Olfl “Z[F(=n:v: 2 — n!r(l) {1
/OZ e “[F(=niy:2)] dx v+ (y+n—1) +

ny-l-Dy=h nn=-Dly-l=-2@-l-Dy =D =-l+D

12y 1222y (y + 1)
n(n—1)~~1(y—l—n)~~(y—l+n—1)}
122202y (y + 1)---(y +n—1) ’

we obtain the following average values for the radial part:

(Nnm | r=' | Nnm) = foo (R rdr = -2
0

on'’
00 1 2
(Nnm | r=2 | Nnm) = /0 (R (M r2dr = Zl——i-l%
a’ a2

(Nnm | r=3 | Nnm) = foo [R (") r3dr =
0

(Nnm | r=* | Nnm') = foo [R (1% r~*dr
0

_a4( 3() —1a+1) )

W\ @ =1)20QI+1) 2l +2) 2] +3)

a4 [3 (n’)z —1 (l + 1)] r (2[ _ 1)
n’ [ Ql+4)

Now, we evaluate the following integral of the angular functions:

1
ot , Cn+2k+1)
/_ldx (1-2%) oW = 24T (n 4 2k + 1)

rek+n7* (! k=t [ k+1/2) T2
[m] [ =y et o)

We use the following expression given in Ref. [45]:

T2AQI+DQI+2) TQRI+3)]

T 2 v 2
27T 1) (21

/d@sin"@sin(y@) [C,E“( 1+,osin29>i| — v+ 1)( +)n

0 vty

T (L + )T (4 +1)

(YT —n, A 2h Fn, S 12— p
<sin(7) 5F4<A+%,2A, vy vy ) Rev>D

. ar,as,...ap x . . . X
with , F ( PP ) being the hypergeometric function defined as:

a,az,...,ap;x
F, = ,F,(a1,az,...,a,;b1,b2,...,b,; x
pPr4q b17b27-~~sbq p‘I( p q )

(29)

(30)

€19

(32)

(33)

(34)

(35)

(36)
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B i (@i (@) -- - (ap), x* 37
= (b b2y - .- (bg), *!
‘We obtain:
1
. T Qn4+2k+1)T (n+2k+ 1T 2k —3)
dx (1 —x? QW] =
/_1 (=) OWF = S T a T 0P Th— 32T &- 12
—n,k+1/2,n+2k+1,k—1/2,k; 1
X5F4< k4 1,2k + 1,k —1/2,k+1/2 ) (38)
! . 2n+2k+1)T 2k+ 1T 2k — 1
/' dx(l—xz) 2[®(x)]2: b4 2(n—i— +2) n+2k+1)T"( )
1 2% m)* [T+ T*k—1/2)T(k+1/2)
—nk+3.n+2k+1,k—3/2,k—1;1
XSF“( K+ 1.2k +1,k—3/2,k—1/2 : (39)
Finally, the diagonal matrix elements up to first order in g take the form:
B 4 at (n* (n? n
— (N Nnm) = L
gy Nl pmINnm) =B g\ 2 T o)t
+nq02h4< 1 4n’r(21)) T Qn+2k+1)
w 2 2L+ 1) T QL+3)) 2%=2xH? [T (k+ D]?
F'(n+2k+ 1T 2k —3) —nk4+1/2,n4+2k+1,k—1/2,k; 1
T(k—3/)Tk—1/2) ¢ k+1,2k+1,k—1/2,k+1/2
2
+n2q204h4[3(n’) —l+D]Te=D L ekt
n T QL+4)n 2442 (n)? [T (k+ 1)
GLOA2k+ DEQk—1) o (—nk+g.n+2k+1,k=3/2,k—1;1 40)
C(k—1/2)T (k+1/2) k41,2k+1,k—3/2,k—1/2

This last expression depends on /(I = n + k), which lifts the degeneracy.

4 Generalized Recurrence Relations

For theoretical studies of atoms and molecules, it is useful to know the average values of the powers of radial
and angular coordinates. In order to determine all powers, we need a recurrence relation and first few values.
In our case and for the diagonal matrix elements, the radial part verifies the following recurrence relations
given in Ref. [31](restoring u, e and f):

h4a2 s hn'a o s [(21 + 1)2 _ SZ] .
12 s+ D)= e () = 1 (r=3), 41)

where the first average elements of r* were evaluated in Ref. [31]. Next, we evaluate the recurrence formula
for the angular part. For this we denote:

1
(sin? @), = (Nnm | sin® @ | Nnm) =/ dx (1 -x?)"[0 (1))
’ -1
 (@Qn+2k+1) rek+n7° (! ok [oetl/2) T2
C 22D (n 42k + 1) [ Tk+1) } /_1dx (=) [C" (x)] ' )

We can write:

1 2
/ dx (1 _ xz)k-i-t-i-l I:Cr(lk+1/2) (x)]
-1
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1
=/ dx (1 —x2) ([C,ﬂ"“/z) (x)]2— [xci (x)]2>. (43)
-1

Using the following recurrence rule of the Gegenbauer polynomials [44]:
20 (1 -x%) C* (1) = Qa4+n+ 1) CY, (1) — nxC (x), (44)

we straightforwardly obtain:

I
(sin**D6) = (sin* o), , — 7 (n+2k+ 1) (sin* Do)

(n+2k+2) (n+2k+1)
B nn+2k+1)

(n + 2k +2)
C Qn+2k+1)Q2n+2k—1)

n.k n—1,k+1

<Sin2t 9),1—1,k+1

<sin2t 9)

no Lk (45)

From Egs. (41) and (45) we can derive the general formula of the averages values of r” sin®* 6. The
recurrence formula (45) requires the two initial values <sin2’ 9)0 . and <sin2’ 9)1 - Then, taking the special

cases (25) and using of the following integral [46]:

T w 221 (w4 D [I (v)]2
s 2v—1 )
/0 do (Z ++v/z2 — lcos 9) sin 0= e ) C, @, (46)

with Re(v) > 0, we obtain the first matrix elements:

, 22T 2%k +2) [Tk+t+17°
2t _
sin G)O*k_F[Z(k+t+1)]|: Ck+ 1) ] ’ @0
, 220 2k + 3) [T 2k + D]* Fk+t+1)7?
2t _
(sin 0>1»"_2k+2r+3F(2k+2)F(2k+2t+1)[ Tk+1) } (“48)

5 Conclusion

In this paper we studied the Schrodinger equation for the Hartmann potential with deformed Heisenberg algebra.
Using perturbation theory at the first order in the parameter of deformation 8, we obtained the general form
of the hamiltonian matrix elements and, as an example, we showed that the degeneracy of the two states |010)
and |100) is completely lifted. For the diagonal matrix elements, we derived an explicit analytical expression
which depends on /. In this case, some degenerate states split into sub-levels, and new transitions appear. It is
worth mentioning that the expressions (23) or (40) of matrix elements shifted up to the first order of 8 have
a behaviour similar to the Stark effect up to the second order in Hydrogen atom (8 = ((AX)n /)%), thus,
the parameter of deformation g play the same role of an external electric field. In addition to the recurrence
formula for the radial average values given in [31], we derived the one for the angular part which leads to the
general formula of the average values of r” sin®* § for the non-relativistic Hartmann potential. These results
are useful in the calculations of the bound-state transitions and, on the experimental side, the energy levels can
be measured and an upper bound on the minimal length (A X),,;, can be obtained. Appliying our results to
diatomic molecules, such as CO, N O, N>, .... For example, we can make an estimation of the minimal length
comparing our results with the experimental data of the ground state energy of the N molecule. In Ref [47],
this energy is about —109, 58 (7) a.u. From (23) and by taking (q =1, no’= 7.82), we find that the upper
bound of the minimal length is about (AX),;, < 107'%m. This estimation is identical to the one obtained
by [22], and slightly disagrees with the one given in Ref [21]. The presented results in this paper may lead to
many interesting applications in ring-shaped molecule studies.
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