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Abstract Three- and four-body scattering is described solving Faddeev-Yakubovsky or equivalent Alt-
Grassberger-Sandhas integral equations for transition operators in momentum-space. Several realistic nuclear
interaction models are used; the Coulomb force between charged particles is taken into account via the screen-
ing and renormalization method. Differential cross sections and spin observables for various nucleon transfer
reactions are calculated and compared with experimental data.

1 Introduction

Nucleon transfer reactions constitute a powerful tool for extracting the nuclear structure information as well as
testing nuclear interaction models through comparison of theoretical predictions with experimental data. In the
simplest nuclear three-body reaction, nucleon-deuteron scattering, the nucleon transfer and elastic scattering
cannot be separated due to the identity of nucleons. Thus, a system of four or more nucleons is needed for
the study of transfer reactions. Nevertheless, very often effective three-body models are used for reactions
in systems consisting of a proton (p), a neutron (n), and a heavier nuclear core (A). There is a number of
approximate methods for the description of three-body reactions, but the rigorous Faddeev-type scattering
theory [1–3] has been practically applied to this problem only in the last decade [4,5]. It is more complicated
than traditional approximate methods, but has an advantage that, once numerically well-converged results
are obtained, the discrepancies with the experimental data can be attributed to the shortcomings of the used
potentials or to the inadequacy of the three-body model. Recent progress in the application of rigorous Faddeev-
type three-body theory to nucleon transfer reactions is reviewed in Sect. 2, while Sect. 3 discusses the extension
to a four-body system, where practical results so far are limited to four-nucleon reactions.

2 Three-Body System

Both Faddeev [1,2] and Alt-Grassberger-Sandhas (AGS) equations [3] are equivalent to the Schrödinger
equation but are more suitable for the numerical solution due to the connectedness of the kernel. I use Faddeev
equations in the integral AGS form for transition operators

Uβα = δ̄βα G−1
0 +

3∑

γ=1

δ̄βγ Tγ G0Uγα. (1)
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In Eq. (1) δ̄βα = 1 − δβα and G0 = (E + i0 − H0)
−1 is the free resolvent, E being the available three-particle

energy in the center of mass (c.m.) system and H0 the free Hamiltonian. The two-particle transition matrix
obeys the Lippmann-Schwinger equation

Tγ = vγ + vγ G0Tγ (2)

where vγ is the potential for the pair γ in the odd-man-out notation. On-shell matrix elements of Uβα , i.e.,
〈ψβ |Uβα|ψα〉, are transition amplitudes leading directly to the scattering observables. Elastic scattering is
determined by the matrix elements with β = α, breakup observables are given by β = 0 while 0 �= β �= α
correspond to transfer reactions. The channel states |ψγ 〉 for γ = 1, 2, 3 are the eigenstates of the corresponding
channel Hamiltonian Hγ = H0 + vγ with the energy eigenvalue E ; thus, |ψγ 〉 is a product of the bound state
wave function for pair γ and a plane wave with fixed on-shell momentum corresponding to the relative motion
of particle γ and pair γ in the initial or final state. The channel states |ψ0〉 are the eigenstates of H0 with the same
eigenvalue E and describe the free motion of three particles. The equations are solved in the momentum-space
partial-wave representation.

Formally, AGS equations are applicable only to systems with short-range interactions vγ . The inclusion of
the Coulomb force is however possible using the method of screening and renormalization [6,7] extended to
few-body systems [8,9] with at most two charged clusters. Following Taylor’s idea [6,7], in addition to a nuclear
potential a screened Coulomb one with the screening radius R is included in the pair potential vγ , standard
form of AGS equations is solved, the resulting amplitudes are decomposed into short- and long-range parts,
and renormalized in the R → ∞ limit, leading to proper physical amplitudes. However, the screened Coulomb
interaction, owing to its longer range, brings additional difficulties, i.e., quasisingular nature of the potential
and slow convergence of the partial-wave expansion, that become more and more serious with increasing R.
Thus, it is desirable to work with R as small as possible when solving AGS equations numerically. For the most
complicated short-range part, the infinite R limit is reached with good accuracy at finite R, but one always
needs to check the stability of results with R.

The rate of convergence with R depends on the reaction energy, involved charges, and, as found recently
for (d, n) transfer reactions [10], also on the binding energy of the final (Ap) subsystem: it is slower for weakly
bound nuclei such as 8B or 17F. The comparison of convergence rates for 16O(d, n)17F and 16O(d, p)17O is
presented in Fig. 1; nucleon separation energies for 17F(5/2+), 17F(1/2+), and 17O(1/2+) nuclei are 0.600,
0.105, and 3.272 MeV, respectively.

Differential cross section results for proton transfer reactions 12C(d, n)13N and 16O(d, n)17F are shown in
Figs. 2 and 3. The predictions are obtained using realistic CD Bonn potential [11] for the np pair but several
parametrizations of the nucleon-core optical potential, namely, the local Koning-Delaroche (KD) [12] potential
and the nonlocal (NL) potential introduced by Giannini and Ricco [13] but with the parameters readjusted in
Ref. [14] to the experimental data for the nucleon scattering from 12C and 16O. For 12C(d, n)13N the angular
shape of the experimental data is not well reproduced: the data points from Refs. [15–18] are overestimated
at forward angles �c.m. < 30◦ and underestimated at large angles �c.m. > 90◦. The agreement is better for
16O(d, n)17F. For the transfer to the 17F ground state 5/2+ the theoretical results follow the data [19] up to
�c.m. = 30◦ at Ed = 7.7 MeV, up to 60◦ at Ed = 11 MeV, and up to 90◦ at Ed = 12 MeV but underpredict at
larger angles. This discrepancy is most sizable at Ed = 7.7 MeV, possibly being due to the compound-nucleus
reaction mechanism. For the transfer to the 17F excited state 1/2+ the agreement is even better, especially
when using the nonlocal potential. This possibly indicates that a simple proton plus core model for the 17F
excited state 1/2+ is adequate, and supports the conjecture of Ref. [21] on this state being one-proton halo. In
contrast, the disagreement for 12C(d, n)13N points out the inadequacy of the proton plus 12C core model for
13N nucleus.

The AGS equations can be formulated in an extended Hilbert space with several sectors corresponding to
different states of the core nucleus, thereby including the core excitations [22,23]. As example the differential
cross sections for neutron transfer reactions 11Be(p, d)10Be at 35.3 MeV/nucleon energy are shown in Fig. 4.
They are quite sensitive to the choice of the underlying optical potential. Inclusion of the core excitation reduces
the differential cross section for the transfer to ground state 10Be(0+), and yields quite reasonable results for
the transfer to excited state 10Be(2+).

3 Four-Nucleon Reactions

The theoretical description of four-nucleon reactions is technically and computationally highly challenging.
Exact four-particle scattering equations have been formulated 50 years ago by Faddeev and Yakubovsky (FY)
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Fig. 1 (Color online) Differential cross section for 16O(d, n)17F and 16O(d, p)17O transfer reactions at Ed = 12 MeV. Results
obtained with different values of the Coulomb screening radius R are compared. See Ref. [10] for more details
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Fig. 2 (Color online) Differential cross section for the 12C(d, n)13N reaction at 7, 12, 18, and 25 MeV deuteron energy. Predictions
obtained using the Koning-Delaroche (dotted curves) and nonlocal (solid curves) optical potentials are compared with the
experimental data from Refs. [15] (7 MeV), [16] (12 MeV), [17] (18 MeV), and [18] (25 MeV)

[25,26] and by Alt, Grassberger, and Sandhas [27,28]. However, they were solved numerically with realistic
force models many years later. In the last decade accurate numerical calculations for nucleon-trinucleon
scattering below breakup threshold have been performed using several rigorous coordinate- or momentum-
space methods, namely, the hyperspherical harmonics (HH) expansion method [29,30], the FY equations for
the wave function components [31,32], and the AGS equations for transition operators [33,34].
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Fig. 3 (Color online) Differential cross section for 16O(d, n)17F reactions leading to the 17F ground state 5/2+ (top) and excited
state 1/2+ (bottom) at the deuteron energy Ed = 7.7, 9.3, 11, and 12 MeV. Curves are as in Fig. 2, and the experimental data are
from Refs. [20] (9.3 MeV) and [19] (other energies)
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Fig. 4 (Color online) Differential cross section for 11Be(p, d)10Be transfer reactions at Ep = 35.3 MeV leading to the ground
(0+) and excited (2+) states of 10Be. Predictions including the 10Be core excitation within rotational model based on Koning-
Delaroche (double-dotted-dashed curves) and Watson (solid curves) potentials are compared with the experimental data from
Ref. [24]

First calculations above the breakup threshold emerged few years ago and mostly were limited to nucleon-
trinucleon elastic scattering and charge-exchange reactions [35–37]. Currently the work on (d, p) and (d, n)
transfer reactions in deuteron-deuteron collisions up to 25 MeV lab energy is in progress. Differential cross
sections, deuteron analyzing powers, outgoing nucleon polarization, and deuteron-to-neutron polarization
transfer coefficients are calculated. Due to the large spatial size of the deuteron, the calculation of transfer
reactions is more demanding in terms of partial waves as compared to nucleon-trinucleon scattering. This
manifests itself in a complicated angular dependence of observables, exhibiting a number of local minima and
maxima. Nevertheless, well converged results are obtained and good overall agreement with the experimental
data is found. As an example deuteron analyzing powers and outgoing nucleon polarization are shown in
Fig. 5.



Nucleon Transfer Reactions Page 5 of 7 47

0.0

0.1

0.2

iT
11

2H(d,p)3H

INOY04
CD Bonn + Δ
CD Bonn

2H(d,n)3He

-0.2

0.0

0.2

T 2
0

0.0

0.2

T 2
1

0.0

0.2

T 2
2

-0.4

0.0

0.4

0 50 100 150

P
y

Θc.m. (deg)
0 50 100 150

Θc.m. (deg)

Fig. 5 Deuteron analyzing powers and outgoing nucleon polarization of 2H(d, p)3H (left) and 2H(d, n)3He (right) transfer
reactions at 10 MeV deuteron energy. Results obtained with potentials INOY04 (solid curves) and CD Bonn + Δ (dashed-dotted
curves) are compared with the data from Refs. [38] (+), [39] (�), [40] (×), [41] (�), [42] (◦), [43] (•), and [44] (�)

4 Summary

Accurate description of three- and four-body nuclear reactions (in the latter case presently limited to four-
nucleon system) is achieved using integral AGS equations for transition operators and solving them in
momentum-space partial-wave framework. Discrepancies with the experimental data observed in some cases
point out inadequacy of employed interaction or structure models. The agreement between theoretical predic-
tions and data for four-nucleon reactions 2H(d, p)3H and 2H(d, n)3He is remarkably good.
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