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Abstract
In this paper, we study the universal inequalities for eigenvalues of a clamped plate
problem of the drifting Laplacian in several cases, and establish some universal

inequalities that are different from those obtained previously in (Du et al. in Z Angew
Math Phys 66(3):703-726, 2015).
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1 Introduction

Let (M A, )) be an n-dimensional complete Riemannian manifold with a metric (, ),
and the triple (M L), e fd u) be a smooth metric measure space, where 0 is a smooth
real valued function on M (or at least & € C%(M)) and is called the potential function,
and dv is Riemannian volume element (also called the volume density, or Riemannian
volume measure) related to (, ). Metric measure spaces have been studied widely
in geometric analysis (see e.g. Cao and Zhou 2010; Cheng et al. 2014; Munteanu
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and Wang 2012; Wei and Wylie 2009) and so on. In particular, Perelman (2002)
established the entropy formulae for Ricci flow on this kind of spaces. On smooth
metric measure space (M L), e v), the so-called drifting Laplacian (also called
weighted Laplacian, or the Witten—Laplacian) ILg can be defined as follows:

Lo = A — (V0. V() = ¢ div [e V)],

where A and V are the Laplacian and the gradient operator on M, respectively. This
operator plays an important role in probability theory and geometric analysis, and
has been extensively studied (see Cao and Zhou 2010; Fang et al. 2008; Li and Wei
2015; Munteanu and Wang 2012; Wei and Wylie 2009), etc.. Moreover, when M is
a self-shrinker and 6 = %, it becomes the £ operator introduced by Colding and
Minicozzi (2012).

Let € C M be a bounded connected domain with smooth boundary 9$2. Consider
the following eigenvalue problem for the bi-drifting Laplacian ]Lg on Q:

(1.1)

_ u _
u_an_O, on 0%2,

{Lgu = Au, in,
where n denotes the outward unit normal vector field of d€2. Problem (1.1) is often
called clamped plate problem of the drifting Laplacian (cf. Cheng and Yang 2006;
Cheng et al. 2010; Wang and Xia 2011). For any f, g € C*(Q) N C3(dQ) with

af
flaa = 8laa on

_ 98
P on

Q2

s

by using integration by parts we obtain

/ (V. Ve)du = — f gl fdu = — f fLogdu
Q Q Q
and
| etdsdi= [ LorLogdu= [ ri3ean.
Q Q Q

where du := e ?dv is often called weighted volume density. This implies that ]L(% is
self-adjoint on the space of functions
a0

0
{f eCHNCBQ) : flyg = a—ﬁ

with respect to the inner product

«f. e :=/ fedu.
Q
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So the spectrum of ILg in (1.1) is real and discrete, and all the eigenvalues can be listed
in a non-decreasing manner (cf. Du et al. 2015):

O<A1 <A< <A =Z--- J o0,

where each eigenvalue Ay (i = 1, 2, ...) isrepeated according to its finite multiplicity.

In particular, when the potential function 6 is a constant, Ly is exactly A, and
problem (1.1) becomes the following eigenvalue problem for the biharmonic operator
A% on Q:

A’u=T in Q
uau u, in €2, (12)
u=gs.= 0, onof2,
which is often called clamped plate problem of the Laplacian. When M = R”, it
describes characteristic vibrations of a clamped plate in elastic mechanics. Obviously,
problem (1.2) also has a real and discrete spectrum (cf. Agmon 1965):

O0<I=INp<-- . <Ix=2--- / Hoo,

where each I'; (i = 1, 2, ...) is also repeated according to its finite multiplicity.

We say that an inequality on a domain €2 is called “universal" if it does not involve
geometric quantities of 2 such as volume or area, etc., but only dimension n.

In this paper, our main interest is to derive universal inequalities for eigenvalues of
the clamped plate problem of the drifting Laplacian. Therefore, we will focus on that
topic and mainly introduce the results on the clamped plate problem of the drifting
Laplacian. Interested readers may refer to Ashbaugh (1999), Chen and Cheng (2008),
Cheng and Yang (2005), Cheng and Yang (2007), Wang and Xia (2008), Xia (2013)
for some results on universal inequalities of the Laplacian eigenvalues, and also refer
to Payne et al. (1956), Hile and Yeh (1984), Chen and Qian (1990), Hook (1990),
Ashbaugh (1999), Cheng and Yang (2006), Wang and Xia (2007b), Cheng and Yang
(2011), Wang and Xia (2011), Cheng et al. (2010), Cheng et al. (2009), Cheng and
Yang (2011), Wang and Xia (2007a), Xia (2013), El Soufi et al. (2009) for some results
on the clamped plate problem of the Laplacian.

The study of universal inequalities for eigenvalues of the clamped plate problem
of the drifting Laplacian, has a long history. It is difficult to describe the complete
literature in this topic. Only a few results are summarized below.

Some interesting results concerning the eigenvalues of the drifting Laplacian can
be found, for instance, in Batista et al. (2014), Cheng et al. (2014), Du et al. (2015),
Futaki et al. (2013), Ma and Du (2010), Ma and Liu (2008), Ma and Liu (2009), Xia
and Xu (2014). In particular, it is worth mentioning that Xia and Xu (2014) studied
the eigenvalues of Dirichlet problems of the drifting Laplacian on compact manifolds,
obtained some universal inequalities for eigenvalues, and also gave a lower bound of
the first eigenvalue of the drifting Laplacian on a compact manifold with boundary.

In what follows, we assume that 8 is a smooth function on 2 with Cyp = maxg [V6].
Du et al. (2015) studied the clamped plate problem of the drifting Laplacian, and
established the following universal inequalities:
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(i) If M is isometrically immersed in a Euclidean space R” with mean curvature
vector H, then

1
k k 2
1 1 1
> (Aeri=A)* < - {Z(AkH—Aoz [<2n+4)A,.2 +4CoA} +n2H§+C§”
i=1 i=1
1
k 1 1 :
x [Z(Ak+1—Ai) (41\,‘2 +4COA;‘+n2H02+C§>:| (1.3)
i=1

and

n
1 1 1
> (A —AD? < { <4A12 +4CoA| +n*H§ + cg)
i=1

1

1 1 2
X [(2;1 +4) A} +4CoA] +n*HS + cg} } :

where Hy = supg, [HJ.
(ii) If there exist a function ¢ : & — R and a positive constant Ag such that

Vol =1, |A¢| =< Ao,

then

1

k k 1 | 2
Y (Aryi— A < {Z(Ak+1 —A)? [61\,-2 +4 (Ao + Co) A/ + (Ao + Co)z]}
i=1

i=1
k 1 , 2
X [Z(Ak+l_Ai) [4A,~2 +4(Ag+Co) A} +(A0+Co)2” .
i=1

(iii) If © admits an eigenmap f = (f1, f2, ..., fm+1) : & — S™ corresponding
to an eigenvalue t, that is,

m—+1
Afu=—Tfu, a=1....m+1, > fI=1,
a=1

then
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1
2

k k 1 1
DAk — A = {Z(AM - A [61\5 +4Con} +(C+ r)”
i=l1

i=1

D=

k 1 1
X {Z(AkJrl —Ay) [4/\,-2 +4CoA} + (Cg + r)” ,
i=1

where S is the unit sphere of dimension m.

More results on the clamped plate problem of the drifting Laplacian can be found
in Du et al. (2015), Xiong et al. (2022), Zeng (2020a,b), Zeng (2022), Zeng and Sun
(2022), Li et al. (2022) and the references therein. In conclusion, the study of the
universal inequality for eigenvalues of the bi-drifting Laplacian is still a very active
research field.

In this paper, our objective is to derive some universal inequalities for eigenvalues of
the bi-drifting Laplacian. Under the same assumptions as in Du et al. (2015, Theorem
1.1), we establish some universal inequalities that are different from those in Du et al.
(2015). Our main results can be roughly stated as the following theorem.

Theorem 1.1 Let M be an n-dimensional complete Riemannian manifold and Q2 be a
bounded domain with smooth boundary in M. Let 6 be a smooth function on Q2 with
Co = maxg |VO|. Denote by I'; the i-th eigenvalue of problem (1.1), respectively.

(i) If M is isometrically immersed in a Euclidean space R™ with mean curvature
vector H, then

k

Z(Ak+1—Ai) <

i=1

S| =

1
k 1 1 ?
{Z(Ak+1 —A)) |:(2n + 4N} +4CoA;} +n2H02+C§} }
i=1

1

k 1 1 .
x [Z <4Ai2 +4CoA; +n*Hg + c(%)} , (1.4)

i=1

where Hy = supg, |H|.
(ii) If there exists a function ¢ : Q2 — R and a constant Ao such that

Vol =1, |Ag| < Ao, on Q, (1.5)
then
1
k | | 2
D (A1 —A) < {Z(Akﬂ — Aj) [61\,? +4(Ao+ Co) A} + (Ao + Co)z] }
i=1 i

i=1
1

k 1 2712
x [Z (21\; + Ao + Co> } ) (1.6)
i=1
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(iii) If there exists a function ¥ : Q — R and a constant By such that
VY| =1, Ay = By, on Q, (1.7
then
1
k 1 1 2
Z(Ak+1 < :me - A) [(4 +2Bo)A} +4CoA; +CF — BS} }

i=1
1

k | | 2
x [Z <4Ai2 +4CoA; +C§ — B&)} . (1.8)

i=1
(iv) If there exist | functions ¢, : Q2 — R such that
(Vop, Vo ) =08pq, App=0 on Q, p,g=1,....1, (1.9)
then

1
2

N|H

k
Y (Airi — A
i=1

k
{Z(Ak+1 A}) [(4+21)A2 +4CoA} +CO]}

i=1

k 2 %
x [Z (21\;1‘ +C0) ] : (1.10)

i=1

(v) If Q admits an eigenmap f = (f1, f2, .- fm+1) : 2 — S™ corresponding to
an eigenvalue t, that is,

m+1

Afo=—Tfu, a=1..m+1, Y f2=1, (1.11)

a=1

then

1
2

k k 1 1
D (Akp1— A < [Z(Am —A) (6A,? +4CoA} + 1+ cg)]

i=1 i=1

1
2

k 1 1
X [Z <4Al.2 +4CoA} + T+ cg)} : (1.12)

i=1
where S™ is the unit sphere of dimension m.

Remark 1.1 (see Wang and Xia 2011) (i) Any Hadamard manifold with Ricci curvature
bounded below admits functions (e.g., its Busemann function) satisfying (1.5) (cf.
Ballmann et al. 1985; Heintze and Im Hof 1978; Sakai 1996).
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(i) Let (N, dsjzv) be a complete Riemannian manifold and define a Riemannian
metricon M = R x N by

ds3, = di* + n*(t)ds3,.

where 7 is a positive smooth function defined on R with 7(0) = 1. The manifold
(M, dsjzw) is called a warped product and denoted by M = R x;; N. It is known that
M is a complete Riemannian manifold. Set n = e¢~’. The warped product manifold
M =R x,~ N admits functions satisfying (1.7).

(iii) Let H" be the n-dimensional hyperbolic space with constant curvature —1. One
can show that H" admits a warped product model, H" = R x,— R"~!. Therefore, H"
admits functions satisfying (1.7).

(iv) Let N be any complete Riemannian manifold. Let

M=R xN:={x2)|x=@....x)e R, ze N}

be the product of R/ and N endowed with the product metric. One can check that the
projection functions defined by

Op(x,2) =xp for p=1,...,1,

satisfy (1.9).

(v) Any compact homogeneous Riemannian manifold admits eigenmaps to some
unit sphere for the first positive eigenvalue of the Laplacian (cf. Li 1980). In other
words, any compact homogeneous Riemannian manifold admits a family of functions
{fa };”ill satisfying (1.11), where 7 is the first positive eigenvalue of the Laplacian.
The reader may refer to Wang and Xia (2011, Example 2.1-2.4) and also Ballmann
et al. (1985), do Carmo et al. (2010), Heintze and Im Hof (1978), Li (1980), Wang
and Xia (2011), Xia and Xu (2014), Sakai (1996) for more details of Remark 1.1.

Remark 1.2 (i) Our universal inequalities are very different from the previous available
universal inequalities. In particular, our results can reveal the relationship between the
(k + 1)-th eigenvalue and the first k eigenvalues relatively quickly.

(i1) In some sense, our results may be better than others. So we believe that our
results are new. For example, in case (i) of Theorem 1.1, the result of Du et al. (2015)
is (1.3), and our result is (1.4). In the following we will try to show that (1.4) may be
better than (1.3).

Clearly, inequality (1.3) can be simply rewritten as follows:

k 1 k % k %
D (Mg — AP <~ [Z(Akﬂ - A,~>2Al} (Z(AM - A»&) :
i=1 i=1 i=1

(1.13)
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where
1 1 1 1
= Qn+4A} +4CoA; +n*Hi + C§, Bj =4A} +4CoA} +n*Hg + C§.

From inequality (1.13), and using the weighted Chebyshev inequality (see
Lemma 5.1 in Appendix), we infer

1
k 2
D (Akgr — A <—[Z(Ak+1 } <Z(Ak+1 AI-)A,»Bi)
i=1

(1.14)

Thus we have
k 1 k
D (Mig1 = A < = D (A1 — ADA;B;, (1.15)
“ ns =

which implies

A1 =

k k k k 2
izt A + L > i—1 AiBi + <Zi:1 Ai + L 2i-1 AiBi)
k 2n? k

B ZleA?+iZf=1AiBiAi ’
k n? k

k 2n? k k k

X 2
+i zlABZzlA ZzlABA " LZi:lAiBi
n? k k 2n? k
1A

Z I+IZIIAB
k n? k

k k k 2 k
YimiAi 1 Yo AiBi (Zi_l Ai> Yo A}

D=

(1.16)

Here, in obtaining the last inequality, we used twice the Chebyshev sum inequality
(see Lemma 5.2 in Appendix).
Similarly, inequality (1.4) can be simply rewritten as follows:

¢ ey TR
Z(AW—A,-)S;[Z(Am—mml} (Z&-) : (1.17)
i=l i=1 i=l

where A; and B; are defined as above.
From inequality (1.17), and using the Chebyshev sum inequality, we can get
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k k k
Apay < 2z Ai _'_LZi:l Ai ) ic1 Bi
= w2 k k
k k k 2
+ Dzt A + L 2z Ai 2iy Bi
k 2n? k k
_ 1
koA \? Koaa sk g |]?
2izi A LS 2izi Aidi iy Bi
n2 k k
K k k
_ Zi:l Ai LZ[:I A Zi:l Bi
k 2n? k k
LAY A Y Aan\ Y B
+1= i=1“ i=1" i=1 s i=1"1
n2 k k k k
1
AV I A
+ o i=1 1 i=1 1
2n? k k

k k k
izt A e 21 Ai 2o Bi
= 2 °

1.18
k n k k (1.18)
According to the Chebyshev sum inequality, we know that

k k k
Zi:l Aj Zi:l B; < Zi:l A B;
k k k '

This shows that inequality (1.18) is better than (1.16). Therefore, inequality (1.4) may
be better than (1.3) in some sense. So we believe that it is new.

Corollary 1.1 Under the same assumptions of Theorem 1.1, we have
(1) If M is isometrically immersed in R™ with mean curvature vector H, then

k k

1 L 1
Z(Ak+1 —A) < Py Z [(2" +4A; +4CoA; +nHy + Cé}
im1 iml

1 1
<y (41\3 +4CoA} +n*H§ + C(%) :
i=1

where Hy = supgq, |H|. Moreover,
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YA 1 Y Ai% Y Ai% 202 2
1
k 2 k 7
1 A
x 42’—1 d +4COZ’_k] L+ n?H} +C§)

In particular,

1 3 1
Akq1 < E{(n + 42 A+ 8(n +HCoA] +2[(n + Hn*HE + (n + 12)CF|A}

1
+8Co(n*Hy + C3) A} + (n*Hg + cg)z}.
(ii) If there exists a function ¢ : Q@ — R and a constant Aq such that

Vol =1, [A¢| < Ao, on L,

then
k k 1 1
1 2 7 2
PRUVRETOEESS [6Ai +4(A0 + Co) A} + (Ao + Co) }
i=1 i=l1
k 1 5
X 2:(2A;1 + Ag + C()) .
i=1
Moreover,
k K ooa% koAt
< A A C AN
Akg1 < Z’—kl L4 62’—/; i +4(Ao+co)—Z —kl L 4 (Ag + Cp)?
I ko }
K AC <A
x 4—2’—; Lt 4o+ o= (a4 2
In particular,

3 1 1
A1 <25A% +40(Ag+Co) Al +26(Ag + Co)? A} +8(A0+Co)* A +(Ag+Co)*.
(iii) If there exists a function V¥ : Q — R and a constant By such that

V¥ =1, Ay =By, on Q,
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then

M~

bl

1 1
[(4 +2By)A} +4CoA; + CF — Bg} }

|

k 1 1
x [Z <4Ai2 +4CoA; +C§ — 33)} :

k
D (A1 — A <
i=1

1

Moreover,

ISP

k k k
A kA kA
Ags1 < —Zl—kl - + (4+230)—Z‘*kl : +4C<)—Z’*k1 L4 ci-B;

=

1
k 2 k 1
A C A
> 4Zl=1 i +4COZZ_1 i +C§ _ B(%
k k
In particular,
3 1
Ags1 < (8Bo + 1T) Ak + 8(Bo +4)CoA; +2[(By + 12)C§ — 4B§ — Bj|A}
1
+8(C§ — B§)CoA[ + (C§ — BY) .
(iv) If there exist | functions ¢, : Q — R such that

(Vop, Vog) =8pg, App =0, on Q, p,g=1,...,1,

then
k 1 1 L,
D (A1 — A < i > [(4+21)Ai2 +4CoA} + CO}
i=1 i=1
| 2
i=1
Moreover,
k kA3 kooad
YA 1 C A A
A1 < izt N -+ (4+21)Z’—l d +4COZ’_k1 L4t

k 2

1
k 2 k by
kA kA
Z’—kl ! +4COZ‘—k1 L}

x |4
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In particular,
1 3 1 1
Akl < 3 [(4 +D? Ak + 84 +DCoA} +2(12+DCEAL +8CoA; + cg] .
(v) If Q admits an eigenmap f = (f1, f2, - -s fm+1) : 2 — S™ corresponding to
an eigenvalue t, that is,

m+1

Afa=—Tfo a=1...m+1, Y fI=1,

a=1
where S™ is the unit sphere of dimension m, then

k k
1 1 1
Z(Ak+1 —A) = [Z (61\; +4CoA} + T+ cgﬂ
i=l1

i=1

k 1 1
x |:Z (4Ai2 +4CoA} + 1+ Cg)] .

i=1

Moreover,
k kA3 e
: A A
Ak+l < i=1 4 + 6Zl_kl i +4C021_l i +'L’+C§
1 1
k 2 k iy
_ A C A
« 4Zl—l i +4CO Zl—l i +T4 C(%
k k
In particular,

3 1 1
Ags1 < 25Ak +40CoA} +2(5T + 13CHA] +8Co(t + CHA] + (T + CH2.

Remark 1.3 (i) For a complete minimal submanifold M in a Euclidean space, we can
infer Hy = 0. As a special case of Theorem 1.1 (i) and Corollary 1.1 (i), we can get
the corresponding results.

(ii) For an n-dimensional unit sphere S”, which can be considered as a hypersurface
in R"*! with |H| = 1, and so we can infer Hy = 1. Again as a special case of
Theorem 1.1 (i) and Corollary 1.1 (i), we can get the corresponding results.

The plan of the paper is the following: In Sect. 2, we will establish a key lemma (see
Lemma 2.1 below), which is needed to prove Theorem 1.1. With the aid of Lemma 2.1,
we will prove Theorem 1.1 in Sect. 3. Finally in Sect.4, we will use Theorem 1.1 and
the reverse Chebyshev inequality to prove Corollary 1.1. For readers’ convenience,
we will collect three inequalities (used in this paper) in the appendix.
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2 Preliminaries

Throughout this paper, we use the notations from Wang and Xia (2011) extensively.
In order to achieve our goal, we need establish a key lemma, which plays an important
role in the proof of Theorem 1.1. In this process, we modify the standard arguments
as in Du et al. (2015), Wang and Xia (2007b), Wang and Xia (2011). For readers’
convenience, we present a very detailed proof here.

Lemma 2.1 Let A;,i = 1,2, ..., be thei-th eigenvalue of problem (1.1) and u; be the
orthonormal eigenfunction corresponding to A;, that is,

Liu; = Aju;, in Q,
ui=%= on 092, 2.1

on ’
fQuiujZSij, Vi,j=1,2,....

Then for any function h € C*(2) N C3(3K2) and any positive integer k, we have
k

> (ks = Ai) / uf|Vh*du

i=1 &

k
<8) (Akp1— A) f |:M,-2(L9h)2 +4((Vh, Vui)® + uiLoh(Vh, Vu;))
Q

i=1

k
1
—2|Vh|2uiL9ui]du + 25 ;/Q [ul-z(Lgh)2 +4((Vh, Vu;)?

+ uilLgh(Vh, Vu;))] du 2.2)

where § is any positive constant and (-, -) stands for the inner product of two vector
fields.

Proof Fori =1, ..., k, consider the functions ¢; : 2 — R given by

k
@i = hu; — Zrl’ju/,
j=1
where
rij :/ hujujdu.
Q

It is easy to verify that

o
11092 on

=0 and /uj(pizo, Vi,j=l,...,k,
QR Q
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According to the Rayleigh—Ritz inequality, we have

Agq1 / pidup < / giLipidu. (2.3)
Q Q
By direct computation, we get
Lo (hu;) = hlLgu; +2 (Vh, Vu;) 4+ u;lLgh,

and

L3 (hu;) = Lo (hLou; +2 (Vh, Vu;) + u;Lgh)
= hlL3u; + 2(Vh,V (Lou;) )+ LohLou; +2Lo (Vh, Vu;)) + Lo (u;Loh)
= Ajhu; + pi,

where
pi :=2(Vh,V (Lou;) ) + LohLou; 4+ 2Lg ((Vh, Vu;)) + Lo (u;iLgh) .

This leads to

k
fcmllégoidusz ]Lg(hui)_zrijAj”j dﬂZ/(ﬂiLz)(hui)dM
Q Q Q

j=1
k
= / @i [pi + Njhuildp :/ @i | pitAi hui_zrijuj du
Q Q ,
j=1
k
= / gipidi+ A ill* = / huipidie =Y rijsij + A lgil1*
Q Q ,
j=l1
2.4)
where
loil1* = / vidu
Q
and
Sij 1= f ujpidup =f wj [Louiloh) +2Lg ((Vh, Vu;))
Q Q
+ 2(Vh, V(Loui)) + LohLou; | d .
Multiplying both sides of }Lgui = Aju; by hu; we get
huLiu; = Aihugu;. (2.5)
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Universal Inequalities for Eigenvalues... Page150f33 10

Similarly, we can obtain
huiLju; = A jhuju;. (2.6)

Subtracting (2.5) from (2.6), integrating the resulted equality on €2, and using Stokes’
formula successively, we get

(Aj— Aprij = /Q(huiLguj —hujILgu,-)d;/,=/Q[L9(hu,~)]Lguj — Lo (huj)Lou; |dp
= /Q {[uiLoh +2(Vh, Vu;)|Louj — [u;Loh +2(Vh, Vu;)|Lou; } du
= /Q Iuj[]Lg(uiILgh) +2Lg ((Vh, Vu;)) | — u;LohLou;

+2u ;e div (e_aLgu,-Vh)}d/L

= f uj |:]L9 (uillgh) + 2ILg ((Vh, Vu,-)) + LohlLgu; + 2(VlLgu;, Vh)]dﬂ
Q

= 5], 2.7
where div is the divergence operator acting on vector fields on €2. Observe that

/Qhuipidu = /Qhui [Lg (uilgh) + 2L0(<Vh, Vui))

+ 2(Vh, V(Loui)) + LohLou; | d

_ / {Le(hu»uimeh + 2Ly (huy)(Vh, Vuy)
Q

—2Lgu;[¢” dive " hu; Vh)] + hu;LohLou; }d,,L. (2.8)
Direct calculation leads to the following equalities:

/ Lo (huj)uilLohdu = / (ul']Leh +2(Vh,Vu;) + thui)uiIL@hd,u
Q Q

- / [uiz(]Lgh)z—i—Zuingh(Vh, Vi) + huiLguiLgh] du,
Q
2.9)
/ Lo (hui){Vh, Vu;)du = / (u,-]Lgh + 2(Vh,Vu;) + h]Lgu,-)(Vh, Vu;)du
Q Q

= / (uiLgh(Vh, Vui) + 2(Vh, Vu;)?
Q
+ (Vh, Vu;)hlLgu;) du, (2.10)
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and
/S;LBW [ee div(e_ehu,-Vh)]d,u
= /QJLW[ [(V(hui), Vh) + huilLoh] dp
— /QLgui (thlzui + h(Vu;, VR + hu,Lgh) du
=fQ(|Vh|2ui]L9ui+hIL9u,-(Vui,Vh>+hul~IL9u,-IL9h)d,u. 2.11)

Thus we can get by combining (2.8)—(2.11) that

/ /’lu,' [L@(M,’Lgh) + 2L9(Vh, Vu,-) + 2<Vh, V(Lgul’)) + Lethu,’] d/L
Q

= / [u%(Leh)z +4((Vh, Vu;)* + u;Loh(Vh, Vu;)) — 2|Vh|2ul-]L9ui] m
Q
(2.12)

So, it follows from (2.3), (2.4), (2.7) and (2.12) that

(A1 — A llgi | < /Q |42 @ah + 4((Vh, Vi) + wiLoh(Vh, Vu;))

k
— 2|Vh|2u,~L9u,-]d,u—Zrijsij. (2.13)
j=l1
In order to prove (2.2), let us set
iLoh
lij ::/ uj ((Vh, Vu;) + i 20 >du. (2.14)
Q

Then we get by Stokes’ formula that

u;Loh ujlLgh
tij+tj = uj | (Vh, Vu;) + 5 du+ uj | (Vh, Vu ) + > du
Q Q

:/ [(Vh,ujVM,' +u;Vuj) +u,~uJ-ILgh]d,u
Q

= / (—uijujlLoh + uju;lLoh)dp =0 (2.15)
Q
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and

/ = <<Vh, Vui) + ”"Leh) du
o 2

:/ [ = 2hui(Vh, Vu;) — u; hLeh]dquZZrzﬂu
j=1

1
V), V(u; ))—uzthh:| d,u—i—ZZr,]tlj

-1 Y
k

[ 2Ly (%) — uzh}Lgh:| du+2 rijtij
j=1

k
- / [12(hLoh + VA — uhLoh]du +2 Y ryjty
Q ;
j=1

k
Z/ W2 IVhPdp+2 ity (2.16)
Q ;
j=1

Multiplying (2.16) by (Ax+1 — A;), and using the Cauchy—Schwarz inequality and
(2.13), we have

k
(Aks — A) (/ 21V Py + 2Zri,rij)
Q

j=1
— (=) [ (20 ((Vh, Vi) + ”"”;9”) du

k

iLoh
= (Agt1 — Ai)fg(—z)wi ((Vh, Vu;) S Z u”J)

2
k

1 u; ]Lgh

< 8(Ak41 —Ai)2||<p,~||2+§/ (<Vh,w Ztl,u,)
Q

1 u;lLgh k

=8(Ak1 = A llgil* + 5 / (<Vh,w,»>+ ) dp — Zr?,
Q

< 8(Ak+1 —A,-){/ [u7 Loh)* + 4((Vh, Vuui)* + uiLgh(Vh, Vu;))
Q

k

k 2
uiLgh
— 2|Vh|*u;Lou; ] dpu— E:rusu} U" <(Vh,Vu,-)+ ’2 ) dp—> :t,?j]

j=1 j=1
(2.17)
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Summing over i from 1 to k for (2.17), we get

k

k
S hasr =) | [ IV +2 Y gy | i
i=1

j=1

k
<34 Z(Ak'H - A,‘){ / I:uiz(Leh)z + 4((Vh, Vul->2 + u;Loh(Vh, VM,'))
. Q

k
—2|Vh|2uiL9Mi] dp + Z(Ai - Aj)rizj}
j=1

k
1 uiLoh
+3§ /Q<(Vh,Vu,~)+ ) Ztu

k
<5Z(Ak+1 A; )f u(Loh)? + 4((Vh, Vui)* + uiLoh(Vh, Vu;))
i=1

k
_2|Vh|2ui]l,9u,~] du—§ Z (Ak+1—Nirijsij
i,j=I
1 k u;lLgh
4_8;[9<<Vh, Vui)+ ) dM__,jzl . (2.18)

Clearly, the left-hand side of (2.18) can be rewritten as follows.
k k
D (Ais1 = Ad) / uFI\VAPdp +2) rijtj
i=1 £ =1

k
=D (Aks1 — A)[ uf|Vhi*dp +2 Z(Ak+1 Arijtij. (2.19)
i=1 i,j=1

Let us set
k k
I = Z (A1 — Aprijtij,  J = Z (A1 — Nidrijsij.
i,j=1 i,j=1

By exchanging the summation order of i and j in the definition of /, and noticing the
following equalities:

rij =rjis  tij=—tji,  (Aj— Arij = sij,
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we can carry out the following calculations:

k k
I = Z (Akg1 = Aprijtij + Z (Aj = Nirijtij
ij=1 i,j=1
k k
Z (Akv1 — Aprjitji + Z Sijlij
jii=1 i,j=1
k k
- Z (Akv1 — Arijlij + Z Sijlij

ji=1 i,j=1

k
-1 + Z Sijtij,

ij=1

which implies

k
1
=3 'Zl Sijtij. (2.20)
L, ]=

Similarly, we also get

k
T= > [(Ay1 = A+ (A — AD]rijsij
ij=1
k k
= > Ayt = Aprijsij+ s
ij=1 ij=1
k k
= > Akt = Adrjisji + Y s}
j.i=1 i,j=1
k k
= - Z (A1 — Airijsij + Z 55
ij=1 i,j=1
k
=—-J+ Z slzj
ij=1

which implies

2.21)

~
[l
N =
M=
[
AN
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Hence, it follows from (2.18)—(2.21) that

k k

> (Akp —A»f W IVhPdp+ Y sijti
: Q

i=1

i,j=1
k
<8 (Arr1 = A) f (12 @ah)? +4((Vh, Vi) + wiLoh(Vh, Vuy))
Q

i=1

k
8
—2|Vh|2uiL9u,-]d,u —3 Z sizj
ij=1

1< uilLoh 2 1 &
i 2
+5 21/ ((Vh,Vui)—l— > )du—g E L
1= Q

ij=1

or equivalently,

k

k k X
3 § 1
(Akrr — Ad) '/Q u|\Vh*dp + 3 E S,-2j + E sijtij + 3 E tl-zj

i=1 ij=l ij=l ij=1

k
) Z(AH] — Al-)/;z [uiz(]Lgh)z +4((Vh, Vu;)? + u;Loh(Vh, Vu;))

i=1

k 2
1 Loh
—2|Vh|2ui]L9u,-]d,u + - Z/ (Vh, Vug) + 8200 g, (2.22)
85 /e 2
Observe that
s k k 1 k 1 k
2 2 2 2
3 2 St Doty Dt =55 D [Gsy 4’ + i3] =0
ij=1 ij=1 ij=l1 ij=1
(2.23)

and

Loh\?
f(<w,wi>+”’29 ) du
Q

Z%/ [uiz(]]_,gh)2+4((Vh,Vu,~)2+u,-]L9h(Vh,Vui))]du. (2.24)
Q

Clearly, inequality (2.2) can be easily derived from (2.22)—(2.24). The proof is com-
plete. O

Remark 2.1 In order to derive the conclusion of Lemma 2.1, we introduced a factor
(Ak+1 — Aj) in (2.17). In this process, it can be seen that the unwanted terms on
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both sides of the inequality are perfectly eliminated. In other literature (e.g. Wang
and Xia 2007a,b, 2008, 2011, etc.), in order to eliminate unwanted terms, the authors
also introduce a factor (Ag4+1 — A N2 Itis pointed out here that our reasoning of the
universal inequality for the eigenvalues of a clamped plate problem is roughly similar
to that in the previous literature, with the main modification being that the factors
multiplied are different.

3 Proof of Theorem 1.1

With all the preparation done, we now prove Theorem 1.1 as follows.

Proof of Theorem 1.1 Let {u;}7°, be the orthonormal eigenfunctions corresponding to
the eigenvalues {Ai};’il of problem (1.1).

(1) Let x4, « = 1,...,m, be the standard coordinate functions of R™. Taking
h = x4 in (2.2) and summing over « from 1 to m successively, we arrive at

k m

Y et = 40 Y [ w19
X Q
i=1 a=1

k m
<8) (A=A ), /Q [u%auexa)%zt ((Vas Vatr) i Lo (V. Vi)
i=1 a=l1

1

k m
—2|an|2uiLeui]du + 520 fg |12 Woxa)? + 4 (Vo Vui)?

i=1 a=1

tuiloxe (Vxa, Vui))ldp (3.1

Since M is isometrically immersed in R", it is easy to see that

m
> IVaal® =n, (3:2)
a=1
A1, ... Xm) = (Axy, ..., Axy) = nH, (3.3)
m m
2
Y (Vig, Vi) =Y |Vii () |” = Vi (3.4)
a=1 a=1
and
m m
> Axo(Via, Vui) =Y AxgVui(xe) = (nH, Vu;) = 0. (3.5)
a=l1 a=1

From (3.2)—(3.5), we can easily obtain the following equalities:
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Y Loxe (Vxa, Vui) = Y (Axg — (Via, V0)) (Via, Vui) = — (V6, Vi),

a=1
(3.6)
m m
Y Loxa)* =Y (Axy — (Vxa, VO))
a=1 a=1
m
=3 [(Axa)z —2Axy (Vig, VO) + (Vi ve)z]
a=1
= n’[H)? + |VO|? (3.7)
and
m
Z [M%(IL@)C,,()2 +4 ((an, Vui)z + u;Lgxy (Vxg, Vuﬁ)]
a=1
= u? <n2|H|2 n |v9|2) 4V — dus (V6, Vi) . (3.8)

Substituting (3.6)—(3.8) into (3.1), we deduce that

k
nYy (Akrr —Aj)

i=1

<SZ(Ak+1 A; )/ n2HP + [VO1) + 41 Vui 2 — du; (V6. V)
~2nu Lgul]dw—zf W HP 4 |70P)

4|V 2 — 4u; (VO, wi)] du. (3.9)

Since |VO| < Co, we easily infer

1

2 RT T
/ [Vu;|“dp = —/ uiLouidp < {f Midﬂ} {/ (Lou;) d,u} =A;
Q Q M M

(3.10)
and
1 1
- [ w6, Gy < | |V9||Mi||vui|dﬂico{/ uizdu}z {/ |Vu,»|2du}2
Q Q Q Q
< CoA?. G.11)

@ Springer



Universal Inequalities for Eigenvalues... Page230f33 10

Substituting (3.10) and (3.11) into (3.9), and also using the facts that H|2 < HO2 and
VO] < Cp, we get

k k | |
n Z(Ak+l —Aj)<$ Z(Ak+1 —Ap) [(271 +4A} +4CoA] + <n2H02 + CS)}
i=1

i=1

k
1 1 1
+ D [41\3 +4COAT + (nzHg + cg)} . (3.12)
i=1
Taking
k 1 1 %

. i [41\; +4CoA} + (n*HE + cg)]
§=—

2

1 1
Z{.‘:l(AkH —A) [(2n +4)A} +4CoA] + (n2HF + cg)}
in (3.12), one can obtain (1.4).
(i1) Substituting & = ¢ into (2.2), we have
k

D (kg1 — A))

i=1
k

=8 (Akr1 = A) /Q 12 @a9)* +4 (Vo Vi) + wiLag (Yo, Vi)

i=1

=2V PuiLou;
[ 2
by 2 [ B0 +4 (90, V0 + wiLa(vo. V)| 313)
468 — Ja
By using (1.5) and the Cauchy—Schwarz inequality we obtain
ILod| = [A¢p — (VO, V)| < |Ap| +|VO| - [Vo| < Ao + Co (3.14)
and
V@, Vui)| < [Vl - [Vui| = [Vu;|. (3.15)

Combining (3.13), (3.14) and (3.15), and also using (1.5), we infer that
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k
Z(Ak-i-l —Aj)
i=1

k
<8 (Ak1 = A) /Q { Ao+ Coru? +41Vui? + (Ao + Co)lui] - V1]
i=l

—2u,~IL9u,~}
|k
by 2o [ 4o+ Corud + ViR + Ao+ Colel - (Vuil]) . G16)
4= e
By using the Holder inequality together with (3.10) we obtain

1 1
2 2 1
/|ui|~|wi|s(/ u?> (/ |Vul-|2) = A
Q Q Q

B (3.17)
Combining (3.10), (3.16) and (3.17), we get

k k | |
D (Akp1 —A) <8 (Akgr — A [6A,~2 +4 (Ao + Co) A + (Ao + Co)2i|
i=1 i=1
1< 1 2
+BZ (21\;‘ +A0+Co> . (3.18)
i=1
Taking
) ) !
| Zle (ZAI-4 + Ag + Co)
8= =
2

1 1
S (A1 — A [6A,? +4(Ag+ Co) A} + (A + Co)ﬂ

in (3.18), we can get (1.6).
(iii) Substituting & = i into (2.2), we have

k
Y (Ak1 — A) /Q u; |V Pdu
i=1

k
<53 hawr = A0 [ [0 +4 (193, Va? + Lo (9. Vi)
i=1
29y PuiLou; | dp
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k
1
b5 20 [ 1B @ow? 44 (99 Vi Loy (. Vi) [ . .19
i=17¢
Using (1.7), it is not difficult to get the following equality:

/ u; (Lo ) dp = / uj (Bo — (V0. V) du
Q Q
=/u,2 <B§—2B0(V0,V1ﬂ)+(V0, vwz) m
Q

= 33—230/ u?(V&,V¢>+/ uZ(Vo, V)2du.
Q Q

(3.20)
Using Stokes’ formula,(1.7) and (3.17), we get
1 2
[ wstvw Vuan = 5 [ (v vad)an
Q Q
1 2
= ) o u;Loydp
1
=—3 /Q u; (Bo — (VO, V) du
By 1 5
=-5+3 i (VO, Vy)du. (3.21)

Using (1.7) and (3.21), and by direct calculation, we have

4/ uilLoy (Vyr, Vu;)d
Q
_ 4f ui (Bo — (V0. V) (V. Vas)dpe
Q
= 430/ ui (Vyr, Vu;)du — 4/ ui (V0, Vyry(Vir, Vu;)d
Q Q

= —233+230/ u? (v, vw>du—4/ ui (VO, V) (Vyr, Vu;)d .
Q Q
(3.22)

By combining (3.20) and (3.22), and using the Cauchy—Schwarz inequality, (1.7),
(3.10) and (3.17) we obtain

[ [ @ow + 4690 Vi + Loy (9, V) | an
Q

<-B2 +/ (i (VO, V) — 2(V, Vu)) dp
Q
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< —B§+/Q(c()|u,-| 21V ) dp

<-B+ /Q (C3lui > + 4Co|ui || Vu;| + 4|Vu; |*)d

< —Bg+cg+4c0A§ +4A§. (3.23)
By (1.7) and (3.10) again, we also get

- Z/Q |V1//|2u,-IL9uid;L = —2/9u,-]Lgu,-du < 2Al.% (3.24)

Substituting (3.23) and (3.24) into (3.19), we arrive at

k k | |
D (At = A) <8 ) (Akgr = A) [61\3 +4CoAf +Cj ~ Bg]
i=1 i=1

k
1 1 1
+2; > (41\; +4CoA} +C§ — B&) : (3.25)
i=1
Taking
P 1 1 %
1 Yoisi (4A7 +4CoA; +Cf — By)

6= —
2

1 1
¥ (Aks1 — AD[6AZ +4CoA; + C2 — B2
in (3.25), we can get (1.8).

(iv) Substituting 1 = ¢, into (2.2) and summing over p from 1 to [ successively,
we get

k l
D (kg1 — Ad) /Q u; Y IVeyldu
i=1 p=1

k 1
<83 (A=A fg 3 [ oy 2 +4((Vy. Vi) il (V. Vi)
p=1

i=1
29, PuiLou; | du
k I
1
52 /Q 3 [ o) +4((V oy, Vi +uiLod, (Vop, Vui)) | dis
i=1 p=1
(3.26)

We can easily obtain from (1.9) that
]L9¢p = A¢p - (VQ, V¢p> = _<VQ, V¢p)‘
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Since {V¢ p}lp:l is a set of orthonormal vector fields, we have

I 1
Y Mogp)* =) (V6,Vg,)* < |VO* < Cj, (3.27)
p=1 p=1
and
1
D (Ve Vui)? < [Vuy|*. (3.28)
p=1

By the Cauchy—Schwarz inequality, we also get

1 1
Y Lo¢p(Vop. Vui) = = Y (V0. V) (V. Vuy)
p=1 p=1

1
l 2 (1 2

<[> (ve.ve,)? > (V. Vuy)
p=1 p=1
< VO] - |Vu;]
< ColVul. (3.29)

Substituting (3.27)—(3.29) into (3.26), we obtain

lZ(AkH A)<82(Ak+1 A)/ C 7+ 4(IVui* + Colug| - |Vu;)

—21u iLouildu

+432f C W2 + 41V | + Colus| - |w,-|)]du. (3.30)

Using (3.10) and (3.17), we derive from (3.30) that

k k | |
1Y (Akp1 — A) <8 (A1 — Ay) [(4 +20)A7 +4CoA} + cg}
i i=1

k
1
+15 Z (41\2 +4C0A4 + Co) (3.31)
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Taking

1
k 7 2
1 Yizi 20 + Co)
1 1
S (A1 — AD[@ +2DA7 +4CoA; + €3]

in (3.31), we can easily get (1.10).
(v) Taking h = fy in (2.2) and summing over « from 1 to m + 1 successively, we
have

k
T (Akg1 — A)
i=1
m+1

k
<8 (Akpi—A) /Q > [u%(Lefa)2+4(<Vfa, Vui)® + uiLg fu(V fur Vi)
i=1 a=1

m+1

k
1
—2|Vfa|2u,»L9u,}du + 25 ; /Q ; |:u,‘2(]L(-?fa)2
FA((V fur Vi) + il fo(V fur, w»)]du- (3.32)

By direct calculations and applying (1.11) we obtain

m+1 1 m—+1 m—+1 m+1
D IVfal? =54 (Z fi) = falhfu=T Y fE=1.  (3.33)
a=1 a=I a=1

a=1

m+1

Note that since Za:l fa2 =1, we also have

m—+1 1 m—+1
wVfy==V 2) =o. 3.34
; faVfa =3 (2 /. ) (3.34)

By using (1.11), (3.10), (3.33), and the Cauchy—Schwarz inequality we obtain

m+1 m+1
f D AV fa, Vui)rdp < f <Z|Vfa|2>|w,-|2du
Qa:l 2 a=1

= z/ |Vu; |>du < rAi%, (3.35)
Q
m+1 m+1
D Lo fu (Vfar Vi) = Y (Afu— (VO V fu) )V fur Vi)
a=1 a=1
m+1
< (= T fa AV fur Vi) + |V £l > (VO] Vi)
a=1
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<1Co|Vu;l, (3.36)
and

m+1 m+1

Y Wofa = (Afu— (V0. V)

a=1 a=1

m+1

> [(Af? =28 £ (V0. V fu) + (V0. V £u)?]
a=1

m+1

S [2r2 420 fu (V6.9 fo) + VORIV £l

a=1

2+ 1C§, (3.37)

IA

IA

Using (1.11), (3.10), (3.17), (3.33), (3.35) and (3.36), it follows from (3.32) that

rZ(AkJrl A)<5Z(Ak+1 A)|:(t +tC0)/ uldp

i=1 i=1

1
+4(T A} +tC0/ lui| - |Vuildp) —21/ u,-]Lgu,-d;Li|
Q Q

k 1
Z[(rz—l—ng)/ ufdu+4(m?+rc0/ |ui] - |Vu,~|du)]
_ Q Q

IA
[« 2
K -

1 1
(Aks1 — A) (6rAi2 +41CoA} + 12+ rc5>

1

k
Z (4n\2 +4tC0A4 +72 + 1:C0>

-lk‘,_.

or equivalently,
k k 1 1
D (A1 = A) <8 (Akrr — A) <6Al? +4CoA; + T+ Cé)

i=1 i=1

k
1 1 1
+3 Z (4rA; +41CoA} + 70 + rc(%) : (3.38)
Taking

1 1
SE (4TA] +4T1CoA} + 2 +1CF)

8= ; ;
Sict (Akst = AD(6A] +4CoA} +1+Cf)

1
2
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in (3.38), we can get (1.12).
The proof is now complete. O

4 Proof of Corollary 1.1

We now use Theorem 1.1 and the reverse Chebyshev inequality (see Lemma 5.3 in
Appendix) to prove Corollary 1.1 as follows.

Proof of Corollary 1.1 (i) Since {Ay+1 — Ai}f?:1 is decreasing and
1 1 k
{(2n +4A} +4CoA; +n*HE + cg}

i=1
is increasing, we get by the reverse Chebyshev inequality that
k

1 1
D (Akr1 = Ap) [(271 + A} +4CoA} +nPHE + Cé}
i=1

k k
1 1 1
<7 [ E (Agy1 — Ai):| { § [(271 + 4N} +4CoA; +n*HE + Cé” )

i=1 i=1

Substituting this into (1.4) and simplifying the resulted inequality successively, we
get
k 1 & 1 1
> (Akp1— A < o > [(Zn +4)A7 +4CoA] +n*HE + cg}
i=1 i=1

k 1 1
x 3 (4] +acon] 42+ c3).
i=1

From this inequality, we immediately obtain

1 1

k 2 k iy

ZI'(:I A1 doici A Yz A 2.2 2

Ak+1§lT+n—2 (2n+4)T’+4C0T’+n Hy + C
1 1
k 2 k 7
LA c A

x 42’—; d ~|—4COZ’_kl L4 n?HE + cg) .
It then follows from the last inequality and A; < Ay (i =1, ..., k) that

1 1 1
Apy1 < Ak + — [(Zn +4) A} +4CoA} +n*H + cg}
n
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1 1
x (41\,3 +4CoA} +n*HE + cé) :
Simplifying the above inequality, we can see that

1 3 1
Akt < =1 0+ Mg+ 8+ DHCoA} +2[(n + Hn’HE + (n + 12)CF]A]
n
1
+8Co(n*Hy + C3) A} + (n*Hg + C§)2}.

This completes the proof of (i).
The rest of the proof is similar to (i). So we omit it. The proof is complete. O

Data availability There are no data availability issues.
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Appendix

To prove some results of this paper, we need the following inequalities:

Lemma 5.1 (Weighted Chebyshev inequality, see Hardy etal. 1988) Let {a; }5?:1 Abi }le
and {c; }f-‘z | be three sequences of non-negative real numbers with {a; }le decreasing;
{b,'}f»‘=1 and {ci}f»‘=1 increasing. Then the following inequality holds

(2 (330) = () (o)

Lemma 5.2 (Chebyshev sum inequality, see Hardy et al. 1988) Let {a; }f.‘: | and {b; }f.‘zl
be two sequences of real numbers with {ai}f: | and {bi}f: | increasing or decreasing.
Then the following inequality holds

()£

i=
with equality if and only if

ay=---=ag, or by=---=b.
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Lemma 5.3 (Reverse Chebyshev inequality, see Hardy et al. 1988) Suppose {a,-}i.‘: h
and {bi}f‘(:1 are two real sequences with {a,-}f.‘:1 increasing and {b,-}i“zl decreasing.
Then the following inequality holds:

1 k k
AP IO

i=1 i=1

IV

k
Zaibh
i=1

with equality if and only if

a=---=ay or by =---=by.
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