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Abstract

Let T be a tree. The sets of leaves and branch vertices of T are denoted by L(T)
and B(T), respectively. For two distinct vertices u, v of T, let Pr[u, v] denote the
unique path in 7 connecting u and v. When B(T) # ¢, we call the graph St =
Uv.ven(r) Prlu, v] the internal subtree of 7'. In this paper, we give two conditions
for a connected graph to have a spanning tree whose internal subtree has few branch
vertices and leaves. Moreover, the sharpness of our result is also shown.
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1 Introduction

In this paper, we consider only simple graphs, which have neither loops nor multiple
edges. Let G be a graph with vertex set V(G) and edge set E(G). For any vertex
u € V(G), we use Ng(u) and degs (1) to denote the set of neighbors of u# and the
degree of u in G, respectively. We define G — uv to be the graph obtained from G by
deleting the edge uv € E(G), and G 4+ uv to be the graph obtained from G by adding
an edge uv between two non-adjacent vertices u and v of G.

Let X C V(G). Wedenote by | X | the cardinality of X, deg;(X) = erx degs (x),
Ng(X) = Uxex Ng(x) and G — X is a subgraph of G which is obtained from G by
deleting the vertices in X together with their incident edges. X is called an independent
set of G if no two vertices of X are adjacent in G. For two vertices u and v of V(G),
the distance between u and v in G denoted by dg (u, v). For an integer m > 2, let
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a™(G) denote the number defined by
a™(G) =max{|S|: S C V(G),dg(x,y) > m Vx,y € §,x # y}.
For two integers m, p > 2, we define
0, (G) = min{deg(S) : $ € V(G), S| = p, dg(x,y) 2 mV¥x,y € §,x # y}.

For convenience, we define 0" (G) = +ooif a™(G) < p. We note that a?(G) is often
written «(G), which is the independence number of G, and a[%(G) is often written
0,(G), which is the minimum degree sum of p independent vertices.

Let T be a tree. Vertices of degree one and vertices of degree at least three in T are
its leaves and branch vertices, respectively. Let L(T) be the sets of leaves and B(T') be
the sets of branch vertices of T. The subtree T'— L(T') of T is called the stem of T and
is denoted by Stem(T). Many researchers have investigated independence number
conditions and degree sum conditions for the existence of spanning trees whose stem
has few leaves or branch vertices. Below, we list two results on this topic.

Theorem 1 (Kano and Yan 2014) Let G be a connected graph and let k > 2 be an
integer. If either oz4(G) < korogy1(G) 2 |G| — k — 1, then G has a spanning tree
whose stem has at most k leaves.

Theorem 2 (Yan 2016) Let G be a connected graph and k > 0 be an integer. If one
of the following conditions holds, then G has a spanning tree whose stem has at most
k branch vertices.

(i) o*(G) <k+2,
(i) 0t 5(G) > |G| — 2k — 3.

Let T be a tree with B(T) # (). For two distinct vertices u,v of T, let
Pr[u, v] denote the unique path in 7 connecting u and v. We call the graph
St = UM!UGB(T) Pru, v] the internal subtree of T (see Gould and Shull 2020).
We describe the internal subtree differently as follows. For each s € L(T), let a; be
the nearest branch vertex to s. We let v be the unique vertex in Nt (as) N Prls, as].
The path that connects s to v is called a leaf-branch path of T incident to s and denoted
by IbPr(s). Then St =T — UseL(T) V (IbPr(s)) is also known as the reduced stem
of T and denoted by R_Stem(T) (see Ha et al. 2021a,b) (see Fig. 1for an example of
T and ST = R_Stem(T)). A leaf of St is called a peripheral branch vertex of T (see
Maezawa et al. 2019; Saito and Sano 2016). In 2020, Ha et al. gave two conditions on
connected graphs which ensures the existence of a spanning tree with few peripheral
branch vertices. For each real number r, the notation || stands for the biggest integer
not exceeding r.

Theorem 3 (Ha et al. 2021a) Let G be a connected graph and k > 2 be an integer.
If one of the following conditions holds, then G has a spanning tree with at most k
peripheral branch vertices.

() a(G) <2k +2,
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R_Stem(T)

Fig.1 Tree T and S7 = R_Stem(T)

.. G|—k
(i) ofy,(G) = |19+ ],
Recently, Ha et al. obtained the following result.

Theorem 4 (Ha et al. 2021b) Let G be a connected graph and k > 2 be an integer. If
the following condition holds, then G has a spanning tree whose reduced stem has at
most k branch vertices:

Gl-2k -4
> .

0t13(G) > [

Lately, some results guaranteeing spanning trees with a bounded number of branch
vertices and leaves have been obtained.

Theorem 5 (Nikoghosyan 2016; Saito and Sano 2016) Let k > 2 be an integer. If
a connected graph G satisfies degs(x) + degg(y) > |G| — k + 1 for every two
nonadjacent vertices x,y € V(G), then G has a spanning tree T with |L(T)| +
[B(T)| <k+ 1.

Theorem 6 (Maezawa et al. 2019) Let k > 2 be an integer. Suppose that a connected
graph G satisfies

G| —k+1

max{degq(x), degs(y)} > 2

for every two nonadjacent vertices x,y € V(G). Then G has a spanning tree T with
|L(T)| + |B(T)| <k + 1.

In this paper, we give two sufficient conditions for a connected graph to have a
spanning tree whose internal subtree has few branch vertices and leaves.

Theorem 7 Let k > 0 be an integer. Suppose that a connected graph G satisfies one
of the following conditions:
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Fig.2 Graph G

(i) «*(G) <k +2,
(i) of,5(G) > {—'G"f"“‘J +1.

Then G has a spanning tree whose internal subtree has at most 2k + 3 branch vertices
and leaves.

Note that if a tree has m branch vertices, then the number of leaves is at least m + 2.
Therefore, from the result of Theorem 7 we get Theorem 4.

To the end this section, we construct an example to show that the condition of
Theorem 7 is sharp.

Let £k > 0 and m > 1 be two integers. Let Hy, Hy, ..., Hyyp and Py, Py, ...,
Pry2 be 2k + 6 disjoint copies of the complete graph K, of order m. Let
X1, X2, «« vy Xk+1, Y05 Y1, - - - » Ykt2 be 2k + 4 vertices not contained in H)U H; U - - - U

Hy 1 2UPyUP1U- - -U Piy2.Join y; to all the vertices of H; U P; forevery 0 < i < k+2.
Adding two edges x1Yo, Xk+1Yk+2 and join x; to y; forevery 1 <i < k+ 1.Let G
denote the resulting graph (see Fig.2).

Then |G| = (2k 4+ 6)m + 2k + 4 and «*(G) = k + 3. In addition, we have

k+3
|G| — 2k — 4
0 43(G) = 3 degg(si) = (k + 3ym = {TJ ,
i=1

where s; is any vertex of P; for every 0 < i < k 4 2. But G has no a spanning
tree whose internal subtree has at most 2k + 3 branch vertices and leaves. Thus, the
condition in Theorem 7 is sharp.
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2 Proof of Theorem 7

First of all, let us state the following useful lemma.

Lemma 1 Let T be a tree. Then the number of leaves in T is counted as follow

LD = ) (degp(x) —2) +2.

xeB(T)

Suppose that G has no spanning tree 7 such that |L(S7)| + |B(ST)| < 2k + 3.
Choose some spanning tree 7 of G such that:

(T1) |B(ST)| + |L(ST)]| is as small as possible.
(T2) |L(T)] is as small as possible, subject to (T1).
(T3) |S7| is as small as possible, subject to (T2).

According to Lemma 1, we have |L(S7)| > |B(S7)|+2. Combining with | B(ST)|+
|L(ST)| > 2k + 4, it follows that |L(ST)| > k + 3 > 3. Thus, |B(S7)| > 1. Put
£ =|L(St)| and L(S7) = {a;, az, ...,ae}. We have £ > k + 3.

By the definition of the internal subtree, we have the following proposition.

Proposition 1 Foreveryi € {1,2, ..., ¢}, there exist at least two leaves T which are
connected to a; by paths in T. Namely, T has at least two leaf-branch paths connecting
aj toaleaf of T.

Proposition2 Foreachi € {1,2, ..., L}, there exist two leaves x;, y; of T such that
Ib Py (x;) and Ib Pr (y;) connect x; and y; to a;, respectively, and Ng(x;) N (V(ST) —
{a;}) =0 and NG (y:) N (V(ST) — {a;}) = 0.

Proof Assume that there exists i € {1, 2, ..., £} for which the claim does not hold.
Then every leaf-branch path Pr[z;, vzj](l < j < m) of a;, except at most one such
a path, satisfies Ng(z;) N (V(St) — {a;}) # @. Foreach j € {1,2,...,m}, take a
vertex t; € Ng(z;) N (St — {a;}). Then

T’:T—i—{zjtj:lfjfm}—{a,-vzjzlfjfm}

is a spanning tree of G such that |B(S7/)| < |B(S7)|, |L(S)| < |L(S7)|, |L(T")| =
|L(T)| and |S7/| < |ST|, where a; is not a vertex of S7-. This gives a conflict with the
conditions (T1) or (T3). Hence, Proposition 2 is proved. O

For 1 <i < ¢, let x; and y; be vertices defined as in Proposition 2 and let U =
Uliisf{xi’ Vil
Proposition 3 U is an independent set of G.

Proof Suppose that there exist two vertices s, t € U such thatst € E(G). Without lost
of generality, we assume that s = x; for some i € {1, 2, ..., £}. We have ay, = a;.
Consider the tree 7" = T + x;t — a;vy,. Then, T’ satisfies B(Sp7) € B(St). If
degr(a;) = 3, then L(S7r) = L(St)\{a;}, this contradicts the condition (T1). If
degy(a;) > 4, then L(Sp) = L(St) and L(T') = (L(T) U {vy, D\{xi, t}, which
contradicts the condition (T2). Proposition 3 is proved. O
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Fig.3 Distance between s; and s

Proposition 4 For any two distinct i,j € {1,2,--- £}, dg(si,s;) = 4 for s; €
{xi,yi}, sj € {xj, y;}.

Proof For u, v € V(G), let Pg(u, v) be a shortest path connecting «# and v in G. Let
Pij = Pg(si, sj). We will prove V(P;;) N (ST \ {a;,a;}) # ¥. Indeed, assume that
all vertices of P;; are contained in (V(G) — S7) U {a;, a;}.

Let#; be the vertex of [b Pr (s;) N P;j closest to a;, and ¢ be the vertex of [b Pr (s;) N
P;j closest to aj. Then Pij = Pglsi, 51U Pglt, ;1 U Pgltj, s, where Pglt;, £;]
passes through only vertices contained in V(G) — V (St) (Fig. 3).

For every vertex p € L(T) such that [bPr(p) N Pglt;, t;] # @, remove all the
edges apv, of T and add Pglt;, t;]. Furthermore, if the path Pgl#;, ¢;] intersects
an [bPr(p) multiple times, then for each cycle (w) of Pglt;,t;] + IbPr(p), we
delete an edge of E(w) N E(IbPr(p)) which associates with V (Pg[t;, t;]). Then the
resulting subgraph T’ of G includes an unique cycle C which contains two vertices
a; and a;. Because |B(St)| > 1, there exists a branch vertex u of St to be contained
in C. Let x € Np(u) N V(C). Denote by T” = T’ — ux. For every p € L(T)
such that [bPr(p) N Pglti, tj] # ¥, we have that for all vertices of V(Pr[p, vp]) \
(V(Prlp,vp]) N P;j) not contained in S7~» and B(St») = B(St) (if degy(u) > 4) or
B(St») = B(St)\{u} (ifdegy (u) = 3). Then T" is a spanning tree of G satisfying the
conditions | B(S7~)| < |B(St)|and L(S77) € ((ST\{ai, a;}) U{x}). This contradicts
the condition (T1). Therefore, P;; N (St —{a;, a;}) # ¥.Setz € P;;N (St —{a;, a;}).
Hence, by combining with Proposition 2, we obtain

dg(si,sj) =dp;(si,sj) =dp,;(si,z) +dp;(z,85) 22+2=4.

Proposition 4 has been proven. O

According to Proposition 4, we have a4(G) > ¢ > k + 3, which implies that G
must satisfy the condition (ii) of Theorem 7.
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Next, we choose T to be a spanning tree of G satisfying
(T4) Zle (|IIb Pt (x;)| + |IbPr(y;)]) is as large as possible subject to (T1)-(T3).

For p € L(T) and x € Pr[p, vp], let xT = Nr(x) N Prlx, aplandif x # p, let
x~ = Nr(x)N Pr[x, p].

Proposition 5 For each p € L(T) \ U, we have Ng(U) NlbPr(p) = @.

Proof Suppose that NG (U)NIbPr(p) # @. Thereexistst € U and x € b Pr(p) such
thatxt € E(G).PutT' =T +xt —xxT.If x = v, then B(S7+) € B(S7), L(S77) <
L(S7) and L(T') = L(T)\{t}. It contradicts the condition (T1) or (T2). If x # Vp,
then B(S7/) = B(St), L(S77) = (L(ST) U {ph\{t}, L(T") = (L(T) U {v,})\{t} and
S = S7. However, the condition (T4) is contradicted (p of T instead of ¢ of T).
The proof is complete. O

Proposition 6 For any two distinct i, j € {1,2,...,£}, Ng(s;) NIbPr(s;) = ¥ for
si € {xi, yitand sj € {xj, y;}.

Proof Suppose the assertion of the claim is false. Then there exists a vertex x €
Ng(si)NIbPr(sj).Set T' = T + xs;. Then T is a subgraph of G including a unique
cycle C, which contains both a; and a;.

Since |B(S7)| > 1, then, there exists a branch vertex u of S7 contained in C. Let
z € Nr(u) N V(C). Consider the tree 7" = T — uz. If degy (1) > 4, then B(S}) =
B(S7). If degy(u) = 3 then u ¢ B(St), so B(Sy#) = B(St) \ {u}. Then T" is a
spanning tree of G satisfying B(S7») € B(St) and L(S7») € (L(S7)\{ai, a;})U{z}).
This contradicts the condition (T1). So Proposition 6 is proved. O

Proposition7 Forevery 1 <i < € and s; € {x;, yi}, we have

Y ING () NIbPr(si)| < lIbPr(s)| — 1.

yeU

Proof By the same role of x; and y;, we can only consider s; = x;. By Proposition 6,
we conclude that

Ng(U) NIbPr(x;) = Nc({xi, yi}) NIbPr(x;).

Claim7.1 vy, ¢ Ng(3;).

Indeed, assume that vy, y; € E(G). Consider the tree T’ = T + y; Uy, — QjVy;.
Then, T’ is a spanning tree of G such that |B(S7/)| < |B(S7)|, |L(S7/)| < |L(S7)]
and |L(T")| < |L(T)|. This contradicts either the condition (T1) or the condition (T2).

Claim7.2 If x € Ng(y;) NIbPr(x;), then x* ¢ Ng(x;).

Suppose that there exists x € Ng(y;) N IbPr(x;) such that x™ € Ng(x;). Set
T' = T + {xy;, xixT} — {xxT, a;jvy,}. Hence T’ is a spanning tree of G such that
|B(St)| < |B(SP)|, IL(St)| < |L(S)| and |L(T")| < |L(T)|. This contradicts
either the condition (T1) or the condition (T2). Claim 7.2 holds.
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By Claims 7.1, 7.2 and Propositions 3, 6, we conclude that {vy, }, NG (y;) NIb Py (x;)
and (Ng(x;) NIbPr(x;))” = {x~ | x € Ng(x;) NIbPr(x;)} are pairwise disjoint
subsets in /b Pr(x;). Then

> ING(») NIbPr(xi))
yeU

= |Ng(y:) NIbPr(x;)| + |Ng(x;) NIbPr(x;)|
= |Ng(y:) NIbPr(x;)| + |(Ng(x;) NIbPr(x;))" | < [IbPr(x;)| — 1.

This completes the proof of Proposition 7.
By Propositions 2, 6 and 7, we obtain that

4
degg(U) =) (degg(xi) + degg (3))

i=1

4 4
<Y (bPrx)l — D+ Y (bPr(y) — 1) +2l{ar, a2, ..., ar}]
i=1 i=1

¢
= Z (IIbPr(x;)| + |IbPT (yi)])

i=1

=G| —1ISrl— Y [|bPr(p)|
peL(T)\U

< |G| — |87l
On the other hand, we have |S7| > |L(St)| + |B(S7)| > 2k + 4. So deg;(U) <
|G| — 2k — 4. It means that
¢ ¢
Y degg(xi) + ) degg (i) < 1G] — 2k — 4.
i=1 i=l1
So
¢ ¢ |G| — 2k — 4
min {ZdegG(xi), Zdegc(y,-)} < —
i=1 i=1
Thus
¢ ¢
. G| — 2k — 4
min {X;degG(xi), Z;deg(;(yi)] < {f .
1= 1=
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Combining the above inequality with Proposition 4 and £ > k + 3, we obtain

¢ : |G| — 2k — 4
013(G) < 0} (G) <min > “deg(xi). Y degs(v) | < LfJ .
i=1 i=1

This contradicts the assumption (ii) of Theorem 7. The proof of Theorem 7 is
completed. O
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