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Abstract

When the Riemannian metric evolves under the Ricci flow, we investigate parabolic

gradient estimates (Li—Yau’s type and J. Li’s type) for positive solutions to the non-
2

linear parabolic equation (A — d;)u = (p+ 1) % + qu on the underlying manifold.

Based on these gradient estimates, we derive associated Harnack inequalities, respec-

tively.
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1 Introduction

In 1980s, Li and Yau (1986) derived a gradient estimate, which was known as the
Li—Yau estimate, for the heat equation on a complete Riemannian manifold. More-
over, they deduced Harnack inequalities. The Harnack inequality also applied to the
Ricci flow by Hamilton (1993) and played an important role in solving the Poincaré
conjecture Cao and Zhu (2006); Perelman (Perelman). After the fundamental work of
Li and Yau (1986), the investigation of Li—Yau estimates for general parabolic partial
differential equations of second order has drawn much attentions. To name a few,
Yang (2008) proved the Li—Yau estimate for the equation on a Riemannian manifold
of d;ju = Au + aulnu + bu with a,b € R, which was introduced by Ma (2016).
Moreover, Wu (2010) derived a Li—Yau estimate for the positive solutions to the equa-
tion of d;u = Au — (V¢, Vu) — aulnu — qu on complete Riemannian manifolds.
Moreover, Li (1991) proved different type parabolic gradient estimates and Harnack
inequalities for positive solutions to a heat-type equation of (A — 9;)u + hu® = 0 on
manifolds.
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When the metric evolves along the Ricci flow, Bailesteanu et al. (2010) obtained
a series of gradient estimates and Harnack inequalities for positive solutions to the
heat equation. Li and Zhu (2016) showed Li—Yau estimates and associated Harnack
inequalities for the parabolic partial differential equation of d,u = A;u + hu? under
the Ricci flow. They also Li and Zhu (2018) derived Li—Yau’s gradient estimates for
(A — 9)u = qu + au(In u)* coupling with the Ricci flow.

Let (M", g(t)):c[0,77 be a complete solution to the Ricci flow

39g(1) = —2Ricy (). (1.1)

Motivating by the works mentioned above, we consider a positive function u =
u(x, t) defined on the compact set Q, 7 := B(x, p) x [0, T'] solving the nonlinear
parabolic equation of

|Vul?

(A=0)u=(p+1 + qu (1.2)

u
with a nonzero function p € C2(M") and a time-dependent function ¢ € C?! (M" X
[0, T]). Here A stands for the Laplacian of g(x, 7).

Throughout the paper, we define parabolic cylinders

Qpt = B(x,p)x[0,f]C M x[0,T],

which is compact for any 0 < p < 4-00.
The first result of this paper gives a Li—Yau’s type gradient estimate for positive
solutions of the nonlinear parabolic Eq. (1.2) in the case of p > 0 under the Ricci flow

(1.1).

Theorem 1.1 Let (M", g(t)):c[0,7] be a complete solution to the Ricci flow (1.1) on
an n-dimensional manifold M" with —Kg(t) < Ricg) < Kg(t) on Q, 1 for some
constant K > 0 and u(x, t) be a smooth positive solution to the nonlinear parabolic

Eq. (1.2) withp > 0on Q, 1. Thenforany B > 1,0 <e <1and0 <a < %, there

exist positive constants C1 2 and C so that

PIVFI>+Baf + Bq
B L
= 2a(1 — €)ay 4a(B—Dep?> (1 —aB)(B — 1o?

o BK Jioy ]+< np >5

+5 + +

2 726-1 " 2B= Doy 2a(1 — €)o;
2 2 L
[’M—K + (B — Doty + ﬁﬂez] ’ (13)
(I —ap)oy

on Q%T.
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Here) <01 < p <02, |Vp| <03, |Hess p| <ogand|Vq| <61, |Hess q| <6
on Q, 1 for some positive constants o1, 02, 03, 04 and 0y, 6. Moreover,

c 2 Cip2 +2C} +1)C+1
A::—:)/z(n—l)(ﬁ+;>+ > 2y BEDCEL L g neink.

It is not hard to derive the associated Harnack inequality.

Corollary 1.2 Let (M", g(t))c[o,1] be a complete solution to the Ricci flow (1.1) on
an n-dimensional manifold M" with —Kg(t) < Ricg) < Kg(t) on Q, 1 for some
constant K > 0 and u(x, t) be a smooth positive solution to the nonlinear parabolic

Eq. (12) with p > 0on Qp 1. Then forany > 1,0 <e <1land0 <a < % there
exist positive constants C1 2 and C so that
( ) n2<ﬂg+ﬁ>+1)
u(yz, 53 52\ 2a(T=6)7) n
s 7 < il . _ 9 -
u(yrosn) (n) exp{(” s‘){ T 2= om
C 2
x[ﬂ(n - 1)<\/f+ *)
o o
Cip +2C12/2 C12/2,Bn
_— DCipK + —————
+ 3 +(B+DCip +4a(,3—1)e,02
o2 0
+ : s+
(I —ap)(B— Doy 2
K K? -1
L PK o } + np [ " L1
26—1  2(B—1Doi 2a(1 —€)oy | (1 —apP)oi B
1
no, |2
+*//; 2} ” (1.4)

Jorany (y1, 1), (y2,52) € Qo 7 with0 < s1 < 52.
Here, 0 < 01 < p < 02, |Vp| < 03, |[Hess p| < o4 and |q| < 6y, [Vq| < 64,
|Hess q| < 62 on Q, 1 for some positive constants o1, 02, 03, 04 and 6y, 61, 0.

Inspired by the works of Li (1991), Li and Zhu (2016), we present a parabolic
gradient estimate for positive solutions of the nonlinear parabolic Eq. (1.2) in the case
of p < 0 under the Ricci flow (1.1).

Theorem 1.3 Let (M", g(t)):c[0,7] be a complete solution to the Ricci flow (1.1) on
an n-dimensional manifold M" with —Kg(t) < Ricy) < Kg(t) on Q, 1 for some
constant K > 0 and u(x, t) be a smooth positive solution to the nonlinear parabolic
Eq. (1.2) with p < 0 on Q, 1. Then for positive constants b, ki and k with kib > 1

2nb?

sz < 1, there exist positive constants Cy2 and C so that

and
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[Vul|? k1d,u
2 kig —

< nki B+ («/_91+n%\/6’2k1)
1=k «/1—

1

ki [1 2\ 172
+L — 1+§__ - —
b(l1 —ky)|n b kib ko

2 -2 2 22
no o 1 nkiosC
.|:1+—3<l+?5——) +M

b2(1 — ko) (1 = ko)p?

1
2(b kK +2kibK| 1 + — — —
+2(b + 06)k1 K + 2kq < + b klb)}

(1.5)

on Qg’T, where

c Cipp +2C} o)
Bi=—Lu-1(VK + #+—+(C1/2+Z)K
P p t

Here —0g < p < —o05 < 0, |Vp| < 03, |Hess p| < o4 and |Vq| < 6y,
|Hess q| < 6> on Q. 1 for some positive constants 03, 04, 05, 06 and 61, 0.

The Harnack inequality associated to Theorem 1.3 is

Corollary 1.4 Let (M", g(t))ic[o0,T] be a complete solution to the Ricci flow (1.1) on
an n-dimensional manifold M" with —Kg(t) < Ricy) < Kg(t) on Q, 1 for some
constant K > 0 and u(x, t) be a smooth positive solution to the nonlinear parabolic
Eq. (1.2) with p < 0 on Q, 1. Then for positive constants b, ki and k with kib > 1

2nb? . ... =
and Wkg < 1, there exist positive constants Cy2 and C so that
nk%é )
u(yi, s s7\ k2 nk
(yl—l) S <_2) .exp{(S2_sl){60+ 1 E
u(y2, $2) 1 -k

m(«/—& +ni/O2k)

L ki 10 s 2\2 172
b(1 —ky))|n b kib k2

1+ + no3 1431 -
b2(1 - k) b kb

2 22
nkl%Cl/2

1
Tofypr T2 +ookK +2k1bK< + 2 _ﬂ}}

kib
(1.6)
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forany (y1,51), (y2,52) € Qg,T with 0 < s1 < 2, where

C1/2 + 2C12/2
102

C 2
E = %(n—l) <JE+ ;>+ +(Cipp +2)K.

This paper is arranged as follows. In Sect. 2, we introduce the geometric background
of (1.2), moreover, we present a fundamental analytical result that we shall need. In
Sect. 3, we prove Theorem 1.1 and Corollary 1.2. We finish the proof of Theorem 1.3
in Sect. 4.

2 Preliminaries

In fact, our consideration of the nonlinear parabolic differential Eq. (1.2) is motivated
by the understanding of gradient generalized m-quasi-Einstein metrics. First of all, we
recall the definition of a gradient generalized m-quasi-Einstein metric (see e.g. Barros
and Gomes 2013; Besse 1987; Case et al. 2011).

A gradient generalized m-quasi-Einstein metric on a complete Riemannian man-
ifold (M", g) is a choice of a smooth potential function f : M" — R as well as a
smooth function A : M" — R such that

1
Ric+ Hessf — —df ®df =hg. 2.1)

where Ric denotes the Ricci tensor of g, while 0 < m < +o00 is a constant, Hess and
® stand for the Hessian and the tensorial product, respectively.
Taking the trace of both sides of (2.1), we have

2
Roaf_ VP _

ni. 2.2)

Then letting u = e/, we find that

Au  |Vul>  |Vul?
R4+ ————— =nA.
u u

Therefore, we obtained a elliptic partial differential equation on Riemannian manifold
(M"™, g) that

1 |Vul?
A= LVUE o Ry 2.3)
m u

When the Riemannian metric g evolves along the Ricci flow (1.1), we get a parabolic
partial differential equation that

m+1|Vul?
m u

8[” = Au

— (nA — Rg(r))u. 2.4)
It is clear that (2.4) is a special case of (1.2).
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Next, we present a smooth cut-off function satisfying a basic analytical result stated
in the following lemma. (see also Li and Yau 1986; Bailesteanu et al. 2010; Li and
Zhu 2018). Note that r(x, t) := dg(;)(x, X) is the distance function from some point
X € M"™ with respect to the metric g(t).

Lemma 2.1 Givent € (0, T], there existsasmoothfunction@ 1[0, 00)x[0, T] — R
satisfying the following requirements:

1. The support of@ isa subseLof[O, pl x[0,T], and0 < W < 1in [0, p] x [0, T].
2. The equalitiesa = land %(r, t) =0holdin[0, £]x [z, T]and [0, 2] x [0, T],
respectively.
_ __1 _
3. The estimate |%—‘f| < % is satisfied on [0, 00) x [0, T] for some C > 0, and
U, 0) = O forallr € [0, ool B
4. The inequalities —C“T‘y < % < 0 and |%ZT\£| < C”p—‘f hold on [0, c0) x [0, T]

for every a € (0, 1) with some constant Cy dependent on «.

Throughout this paper, we choose the cut-off function ¥ constructed in Lemma 2.1
for any fixed t € (0, T]. Moreover, we define ¥ : M" x [0, T] — R by

W(x, 1) =W(r(x,1),1).

2
In the rest of this section, we deal with (A — 9;)¥ — 2% that will be used in the
proof of main theorems.
To estimate AW, we divide the arguments into two cases:

e Case l: r(x,t) < %. In this case, it follows from Lemma 2.1 that W(x, 1) = 1
around (x, t). Therefore, AW (x,t) = 0.

e Case2:r(x,t) > %. Since Ric > —(n — 1)K in B(x, p) for any fixed ¢ € [0, T],
the Laplace comparison theorem (see e.g. Li 1993) implies

Ar < (n — DVK coth(WKr) < (n — 1) («/E+ %) . (2.5)

It follows that

AV (x, 1) BEA +—82 |Vr|?
, 1) = —Ar r
* P o2
CipW1/2 2 C1pW1/2
2 1)<ﬁ+ )— 2
0
Therefore, we obtain
C 2 C
AV, = ——Lm -1 (JE+ —) -2 (2.6)
o o o
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Next, we estimate o, V.V x € B(x, p), lety : [0, a] — M" be a minimal geodesic
connecting x and x at time ¢ € [0, T]. Then we have

Or(x, 1) = 3:/0 [y (s)lds

-—A Ric((s). y(s))ds

< Kr(x,1n)
< Kp.

Combining with Lemma 2.1, we know that

0, W] < [8,W] + VY[ |3r]

C\If% 1

< — +KCpW¥?
T

C

< ?+KC1/2. 2.7
By Lemma 2.1, we obtain
V@2 /
< —5 (2.8)
v ?

It follows from (2.6), (2.7) and (2.8), we have

vy |2 C C
(a—opw 220 G, D(J + )—4§
v P P
2C7?
12 2.9)

C
—— —CipkK -
T

For simplicity, we define

Cipp+2C3 C
CR+2Chs € ok
0 T

A::ﬁ(n—l)(ﬁ+z>+
o o

3 TheCaseofp >0

In this section, we finish the proof of Theorem 1.1 and Corollary 1.2, which presents
a Li—Yau estimate for positive solutions of (1.2) coupling with the Ricci flow (1.1).
We proceed with following evolution inequality.

Lemma 3.1 Let (M", g(t)):c[o,1] be a complete solution to the Ricci flow (1.1) on an
n-dimensional manifold M"™ and u(x, t) be a smooth positive solution to the nonlinear
parabolic Eq. (1.2) withp > 0on Qp 7. If f :=Inu, H := t(prf|2 + Bo; f +ﬂq)
forany B >0and0 < a < %, then we have
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AH—(1—-8)o:H
2ap pt
n

2

2 ot i L N2

(PlVfI +3rf+51> - 2(l—aﬂ)p(2|Vp| IV fl+ BIRic|)
+2p(VH,V f) +2(1 = B)pt(Vq, V f) +2BptRic(V [,V f)

H
—\/ﬁ|Vf|2t|Hess pl — ~/npt|Hess ql—T 3.1

=

on Qp 7.
Proof Sinceu = e/, wehave d,u = /3, f,Vu = e/ V fand Au = e/ (A f+|V f]?).
By (1.2), we have
SANfF+IVIP =8 f)=(p+Del IVFI* +qe’,
ie.,
Af=pIVIP+af+q. 3.2)
Moreover, we have

H
Af=—+U=P0 S +q. (3-3)

Note that
ViH =t(2pViV; fV;f + Vip|VfI* + BVid, f + BViq).

Moreover, we can derive that

AH
= 2pt|Hessf|2 +2ptAV; fV;f +4Hessf(Vp, V) + Ap|Vf|2 + BAO f + BAgq

2
> M +2(1 —aP)pt|Hessf 1>+ 2pt(VAF,V ) +2ptRic(V £,V f)

+4Hessf(Vp,Vf)+ ApIVfI>+ BdAf —2BtR; ViV, f + BAq
_ 2aBpt
T oo

—2BtR;;ViV;f + 2pt(V|:? + A -=8)0f +q)i|, V)+2ptRic(Vf,Vf)

(PIVFP+ 8 f +q@)* +2(1 —ap)pt|Hess fI* +4tHessf(Vp,V [f)

+Ap|Vf|2t+ﬁAqt+ﬂta,[§ + —ﬁ)(a,f+q):|. 3.4)

By direct computations, we have

2(1 —aﬂ)pt|Hessf|2+4tHessf(Vp, Vf)—=2BtR;jV;V,f
> 2t[(1 —aB)p|Hessf|* — |Hess fI2IVp|- |V f|+ BlIRic)]

2|Vp|- |V Ric| T
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- . .
_2(1 —af)p 2IVpl- IV f]+ BlRic|)

t L N2
Z =30 apyy VPl VS BIRic) (-5

Applying (3.5) to (3.4), we obtain

2
aﬂpt(plvf|2+8,f+q)2——t QIVp|- IV f| + BIRic|)?
n 2(1—ap)p

+2p(VH, V f) +2(1 = Bpt(V @ f +q), V f) +2ptRic(V [,V f)
H
+ApIV 1Pt + BAgt — B+ BoH + B —P)id (D f + ). (3.6)

AH >t

The definition of H implies that

H 2
o H = e + 10, (pIVfI"+ Bo f + Bq)
_ ? F2PIRIC(V .V f) + 2p1 (VO £V ) + BtoiOf + ), (3T)

where we used (1.1).
Combining (3.6) with (3.7), we have

AH —(1—B)dH
2
o 1 2P R 0, a0 — —— @IV p|- IV f| + BIRic])?
n 2(1 —aPB)p
2p(VH. V[ +2(1 — B)pt (V@ f +q), V.f) + 2ptRic(V £,V f)

H H
+APIVS P+ BAg = o+ B PGS +4) — (1= )
21— BYptRIc(V £V f) —2(1 — B)pt(Va, £,V f) — B(L — B)edy(d, f + )
> 29PPL LG PR o f + )t — —— @IV pl- IV f] + BIRic])?
= ' 2(1—ap)p
L2p(VH, V) +2(1 — B)pt(Vq, V f) + 28ptRic(V £,V f)

H
—/n|V f*t|Hess p| — ~/nBt|Hess q|—7. 0

Now we are ready to prove Theorem 1.1.

Proof of Theorem 1.1 From Lemma 3.1, we can get

AWH) — (1 —8)3,(VH)
= H(A — (1 = B)d)V +2(VW, VH) + (A — (1 — B)a) H

2 2|VW|?
> H(A—(1—B))V + E(V\IJ, V(VH)) — H
2ap pt 2 2 t . .0
+\If[ " (PIVFIF+0:f +q) X0 —aB» _aﬂ)p@lvpl IV fl+ BlRic|)

@ Springer



86 L. Zhang

H
+2p(VH, V f) +2(1 = B)pt(Vq, V f) — /npt|Hess q| — "

+2BptRic(Vf,Vf)— ﬁlVf|2t|Hess p|:|

[V ?

> H(A—(l—,B)B,)\I’—i—é(V\IJ, V(VH)) — H+2p(V(VH),Vf)

2
—2pH(VW, V) + V[ a’jpt (PIVII>+ 0 f +4)°
t 2
_m(2|vp|.|Vf|+ﬂﬁK) —2(B = Dpt|VqlIVf]
—/nBt|Hess q| — ? —2BptK |V f|* = /n|V f*t|Hess pl]. (3.8

For fixed t € (0, T'],let (x1, 1) be amaximum point for WH in Q, ; := B(X, p) x
[0, 7] C Qp,7. It follows from (3.8) that at such point.

2|VW|?

0=HA-0-pB)o)V —
+2aﬂp‘~l’t(
n

H—2pH(VWY, V)

2
pIVIP+af+q)

W
—t(2|VP| AV I+ BVnK)? = 2(B — 1)pWi|Vg||V f]
2(I—ap)p

VH
—/nBVt|Hess q| — — - 2BW pt K|V f|? — /n|V f|*t|Hess p|.
(3.9)

Multiplying both sides of (3.9) by Wt and define / = W H, we will obtain

VW ?
\\

0> [(A — )V -2 + ﬂa,\y} It — 2Ipt(VW, V f)

2.2
+%(Wﬂ2 +o.f+q)
W22
s —ag s AIVPL IV I+ BNK)? —2(8 — 1) pW2t?|Vq||V f]
(1—aB)p
—ﬁﬂlpzt2|Hess ql
—W] —2BpWIP K|V fI? — /n|V f|>Wi?|Hess p] (3.10)

at (x, t1).
In the following, we deal with each term of the right-hand side of (3.10).
From Lemma 2.1, we get

V¥ Cipp 1
(VO VF) = g IV s = 2R, (3.11)
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Plugging (2.7), (2.9) and (3.11) into (3.10), we have

W1V f]

- pC 2pCypplt
02—<A+IB—+,3C1/2K)II—%
T P

2
(PIVFIP 40 f +4q)
2{Vp RV FIPW22  BZnK2W?s?

2aBpWri?

—2(8 — HpW**|Vql|V f]

(I1—ap)p (1—ap)p
—«/ﬁﬂ\llzt2|Hess ql
—W] —2B8pVA K|V fI? — /n|V f|*Wi?|Hess p] (3.12)

at (xp, 7).
As in Chen and Chen (2009), Li and Zhu (2018), Yang (2008), we set v =

V2 (x1, 1
% > 0. Therefore, |V f| = (wH)? and

5 _ 1/H _ 1 — pot
pIV fl +3tf+q—pwH+E T—pwH =H| pw+ B .

We can simplify (3.12) into the following inequality

2pCy ot 2apl?
Pl/zw%lg+ 14
0

o= (i BC 2
> — +T+,3C1/2K It — [(B— Dpot +1]

2IVpPwlWi?  BInK2Ww2i?

(I—aB)p (I—aP)p
—/nBY?t2|Hess q| — VI — 2BpVi*Kwl — /nwlt*|Hess p| (3.13)

—2(8 — DpWIA|Vg|(wl)?

at (xp, 7).
By Cauchy’s inequality, we get

2wh)? <1+ wl, (3.14)
and

2pCipnt 1.3 2aepl? pCipBnowlt?
PR 13 < TP (B — Dot + 1P 4 s
p np 2aep[(B — Dpot + 1]

Bl —

S (.15

for any € € (0, 1).
Applying (3.14) and (3.15) to (3.13), we obtain

2a(l — €)pBI>

2
py [(B = Dpor +1]

- BC
0> —<A+ﬂ7+,3C1/2K>It+
T
pC12/2/3na)1t2

" 2aep?[(B — 1) powt + 12
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2IVplRwlWi?  BinK2Ww2s?
(1 —aB)p (I—ap)p
—/npY%i?|Hess q| — VI —2BpVi’Kwl — /nwlt*|Hess p|  (3.16)

— (B = D)pWiVg|( + wl)

at (xp, 7).
Note that 0 < ¥ < 1 and p > 0. It follows from (3.16) that
2a(1 — €)pI? 2
#[('3 — 1) pot + 1}
np
pCtppnor® 2|V plPwr?
2aep?[(B — Dpowt +112 (1 —aP)p

+(B — D pt?|Vqlw+ 1+ BpKt*w + J/nwt*|Hess p|:|

- BC
<I (A+T+/3C1/2K)t+

,3an2 2
=B

at (x1, t1).
Since B > 1, we have [(8 — 1) pwt + 1]2 > 1 and

+ (B — DpIVqlt* + /nB|Hess qt* (3.17)

powt - 1
[(B— Dpwr —1]" ~ 2B=1)

Therefore, (3.17) reduces to

) np . E C12/2:3”t IV pl|*t
= sa—op _E)p[<A i +ﬂcl/2K>t+ 2 —Dep? T U —ap) B —1)p?
Vgt BKt J/n|Hess p|t:|
1
LI Y7y 26— Dp
np B*nK?t? 2 2

+2a(1 —op |:(1 —ap)p + (B = D)p|Vqlt> + /np|Hess gt i| (3.18)

at (xq, 7).

Recall an elementary fact: if x2<a 1x + ap for some aj, az, x > 0, then

a

a
r2g o+ (F) =T Hva+(5) =a+va
Then we get an upper bound for 7 (xy, #1) that

C12/2,3n
4a(p — ep?

tl) S L
2a(l —€)p
|V pl?(x1)

(1 —ap)(B—1)p*(x1)

- BC
I(x1, [A+ﬂ7+ﬂC1/ZK+

_I_

@ Springer



Parabolic Estimates and Harnack Inequalities Under The Ricci Flow 89

2 c 2D T 26—

+ nb [ PnK® (6= Dpe Vgl 1)
— X X1,
2a(l — ) pn) (1 — af)pn) PRIVGRS A

1

+/nBlHess q|(x1, rl)}zr

+|V‘]|(xlvtl)+l BK +«/5|H€SS P|(xl):|

npt

= 2

- BC C1/2:3”
< —|A+ — CipK
~ 2a(l —€)oy [ + T TACiIpK +

4a(B — 1)ep?
2
o o1, K
TU—ap—no2 2 T T2
n J/noy i| N np [ B*nK?>
2(B — 1)o 2a(1 —€)o; | (1 —ap)oy
1

+(B — Doty + ﬁﬁ92]zf.

(3.19)

By the construction of W, we have

sup H < sup(VH) = I(x1,4)
QP Qp,r

2T

for all t € [0, ] with T < T is arbitrary. Therefore, we conclude that

|Vul?

alu
P—s—+8
u

+Bq = pIVII* +Bof + Ba
S N PO A
~ 2a(l - €)oy 4a(p—Dep> (1 —ap)(p — Do}

1
LS Jioy g\
2o T 1)01] " <2a<1 - 6)01) '

u

B2nK?2 i
[m + (B — Doz + \/;/392}

on Qg 7, where

C 2 Cijp+2C? +1C +1
A= %(n—l)(ﬁ—i—;)—i— > 2y BEDCEL L gt neink.

]

We apply the Theorem 1.1 above to prove Corollary 1.2 by integrating along a
space-time path joining any two points in M".

@ Springer



90 L. Zhang

Proof of Corollary 1.2 1t follows from Theorem 1.1 that

§ i Cip +2C12/2
W S a0 [ =R+ A
B+DC+1 Cippn o
4+ T B4+ 1DCipK +
: DOt LB e T U app— o2

01 BK
)

[Za(l —€)o1B

1

/32” 2 2
((ﬂ Doty + — P k24 ﬁﬁ@z)]  (320)
(1 —ap)ar

For any (y1, s1), (32, 82) € Q%T with 0 < 51 < s7, take the geodesic path y ()
from y; to yp at time s parametrized proportional to arc length with parameter ¢
starting at y at time s; and ending at y, at time s>. Now consider the path (y (¢), t) in
space-time and integrate (3.20) along y, we get

2
02 HPCEBED
(1 —ap)(B— Doj

u(yi,s1) — 2a(l —e€)o; K
C 2 Cip +2C?
n [ 12 —1)<ﬁ+—>+ / i 12
0

2a(1—6)01 o

C+1 CinBn 6, BK

e DCipK +—2 2L PR
+ ; + B+ DCip2 +4a(ﬁ—1)ep2+2+,3—1]

1

" Dostr + — P k24 ge )|
+[za<1—e)alﬂ<(’3_ RNt T g AV 2)} }

for any given (y1, s1), (y2, $2) € Qg’T with 0 < 51 < 5.
Now exponentiating and rearranging gives the desired result. O

As corollary of Theorem 1.1, we have a Li—Yau’s type gradient estimate and asso-
ciated Harnack inequality for (2.4), which has a closer relationship with the gradient
generalized m-quasi-Einstein metric, coupling with the Ricci flow (1.1).

Corollary 3.2 Let (M", g(t))sc0.1] be a complete solution to the Ricci flow (1.1)
on an n-dimensional manifold M" with —Kg(t) < Ricgsy < Kg(t) on Q, 7
for some constant K > 0 and u(x,t) be a smooth positive solution to the non-
linear parabolic Eq. (2.4) on Q, 1. Assume 0; = SUpg, 7 V(A — Rgr))| and
6, = SUpg, , |Hess (nh — Rg(1))|, then forany B > 1,0 <€ <1and0 < a < %

there exist positive constants Cy 5 and C so that

2
|Vu|2 atu mnﬂ C1/2 C1/2 + 2C1/2
ot e n—D(VK etV
R T ) + pe
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T A B DCRK s E+ﬁ}
mnp_((B-10  Fam !
+|:2Cl(l —E)( m + 2(1 —aﬁ)K +ﬂﬁ02)] (3.21)
on Q%T,

Corollary 3.3 Let (M", g(t))ic0,1] be a complete solution to the Ricci flow (1.1)
on an n-dimensional manifold M" with —Kg(t) < Ricgsy < Kg(t) on Qp 1
for some constant K > 0 and u(x,t) be a smooth positive solution to the non-
linear parabolic Eq. (2.4) on Q, 1. Assume 0; = Supg, 7 [IV(nA — Rgr))| and

6 = supy ., |Hess (nk — Re)l, then forany p > 1,0 <€ < land0 < a < 1

i B’
there exist positive constants C1 2 and C so that
) mn;ﬂ(c_l+ﬂ;—l)
(2, 5) _ (s_z) .exp{(sz _sl){go
u(yi, s1) 51
c 2\ Cip+2Ct
+L ﬂ(l’l—l) ﬁ+_ +M
2a(1—e)| p P 02
C3,Bn 0 BK
/2 1
DCipK+—~>——— + — + ——
FOEDCREY - T2 +/3—1}
1
mn (B — 1o, pinm 2
K 0
+|:2a(1 - e),B( m 2(1 —ap) ek
(3.22)

forany (y1, s1), (2, 52) € Q%T with 0 < s1 < $2.

4 TheCaseofp< 0

In this section, we give a proof of Theorem 1.3, which presents a Li’s type gradient
estimate for positive solutions of (1.2) in the case of p < 0 under the Ricci flow (1.1).
Asin Li (1991), Li and Zhu (2016), we define a new function

where b is a small enough positive constant to be determined later. Then we have

(A —=0d)v

—bu""N(A = 3)u + bbb+ Du"l72|Vu|?

= —b(p+ Du""2|Vul> = bqu™" + b(b + Du~t72|Vu|?
b—p|Vul?

~ T v

bgv, 4.1)
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where we used (1.2) in the second equality.
Let k1 be a positive constant such that k1 > 1. Similar to Li (1991), Li and Zhu
(2016), we consider the evolution of the following three functions.

Go := |[VInv|* — kib*q,
Gl = 3, In v,

and
G = Go + k1bG;.

Proposition 4.1 Let (M", g(t))ic(0.1] be a complete solution to the Ricci flow (1.1)
and u be a smooth positive solution to the nonlinear parabolic Eq. (1.2) with p < 0
on Qp 1. Then we have

(A —9,)Go
2|H 2 2 H Vinv, V1
_ 'e—zs“' — ZIVInu(Vp, Vinv) —4 essuVInv, VIno) oo ¢ oo
v
2
—2b(1 + k1 p)(Vgq, VInv) — f(VGO, Vinv) — kib*(A — d))q 4.2)
on Qp 7.
Proof Note that
2V;VivV; 2|Vv|?V;
ViGy = SR A v,
v v
we have
2|Hessvl|? 2AV;vV;v  8Hessv(Vv, Vv)
AGo = 2 + 2 - 3
v v v
2|Vu|2Av  6|Vul* )
— 3 + A —k1b"Ag
2|Hessv|*> 2(VAv,Vv) 2Ric(Vv,Vv) 8Hessv(Vv, Vv)
- >t 2 + 2 - 3
v v v v
2|Vu|2Av  6|Vul*
J2lAY VYD ag, (43)
v v
where we used Bochner formula.
By (1.1), we obtain
2Ric(Vv,Vv)  2(Vdv,Vv) 2|Vv|?dv
3Go = ( ) 20w, Vo) 2V 2, (4.4)

v2 v2 v3
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Combining (4.3) and (4.4), we get

2|Hessv|2 n 2{V(A — 9)v,Vv) 8Hessv(Vv, Vv)

(A - 8I)GO = U2 U2 U3
2|Vol2(A —9)v  6|Vu]*
_AVEA b SV e g
v
_ 2|Hessv|*  2|Vv|*(Vp,Vv) = 4(b— p)Hessv(Vv, Vv)
- v2 bv3 bv3
2(b — p)IVu|*  2b(Vq,Vv)  2bq|Vv|?
bvt v v2
8Hessv(Vv, Vv)
V3
2|Vu|? [ (b — p)|Vv|? 6|Vu|*
_|3|<< IVl _bqv>+ Vo a3
v bv v
2|Hessv|> 2 2
==—— = Z|VInv[}(Vp, Vinv)
v b
_4(1 N E) Hessv(Vinv, Vinv)
b v
2p 4 2
+2 1+7 |VInv|® —2b(Vq, VInv) — kb (A — d;)q
2|Hessv|®> 2 )
=—7 - —|VInv|“(Vp, Vinv)
v b
Hessv(Vinv, Vinv) 4
—4 +2|Vinv|
2p
—2b(1 + k1 p)(Vq,VInv) — 7(VG0, V In v)
—kib*(A = d))q, 4.5)
on Q, 7, where we used (4.1) in the second equality. O

Similarly, we calculate (A — 9;)G.

Proposition 4.2 Let (M", g(t))ic(0.1] be a complete solution to the Ricci flow (1.1)
and u be a smooth positive solution to the nonlinear parabolic Eq. (1.2) with p < 0
on Qp 1. Then we have

2b—1p) . 2p 2(Ric, V2v)

(A—3,)G| = _TR’C(V Inv, Vinv) — 7<vc;], Vinv)—bdg— —F"F—
v

(4.6)

on Qp 1.

Proof By (1.1), we obtain

_ Adwv 2(Vow,Vv)  Avd N 2|Vv|?8,v

AGi v2 v2 v3
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_ %Av  2(Ric,V*v)  2(Viv, Vv) Avatv+2|Vv|28tv

. 4.7
v v v? v? v3 @.7)
Furthermore, we have
(A -9 2(Ric, V? 2(Vd,v, V
(A —3)Gy = i ( v 2(Ric, Vo) 2 ﬂ; v)
v v v
(A —3)vdv  2|Vu|*9v
- 2 + 3
v v
g [ G=pIVol _
B ’( bv V) 2(Ric,V2v)  2(Vdv, V)
a v v v?
G=pIVol2 g
S qv) v N 2|Vv|?9,v
2 V3
_ 2(b—p)Ric(Vv, Vv) n 2(b — p){(Vosv, Vv)
- bv? bv?
b — p)|Vv|*d 2(Ric, V?
_ b= pIVefav 3”' Y birg — bad,Inv 4+ 2R VY
bv
2(Vdv, V b — p)|Vv|?d 2|Vv|?d
. ( tl; U)_( Pl))|3v| tv—i—bqatlnv—i— | U|3 tv
v v
2(b — 2
= —%Ric(vm v, Vinv) — Tp(vcl, Vinv)
2(Ric, V?
by — (Ric, V°v) (4.8)
v
on Q, 7, where we used (4.1) in the second equality. O

Then we derive the evolution inequality for G.

Lemma4.3 Let (M", g(t))iej0,7] be a complete solution to the Ricci flow (1.1) and
u be a smooth positive solution to the nonlinear parabolic Eq. (1.2) with p < 0 on
Qp,1- Then for some 0 < ky < 1, we have

2(1 —k)G?  4(1 — ko) p 1 5
A—93)G > 1- 2 —— )|IVhhv|*’G
B=WG = e kb b k) VI
+2(1 — k) e 1t ’ 1|v1 |4 2|v1 1PV pl
— - _ - = — - — nv| —— nv
Y15 b kb)) k b P
2
—2b(1 +k1p)|Vq||VInv| — f(VG, Vinv) — ﬁk1b2|Hessq|
2kib(Ric, V?
_2(b — p)kiRic(VInv, VInv) — —H12(RIC. V7v) (4.9)
v
on Qp .
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Proof Recall that G = G + k1bG . It follows from Propositions 4.1 and 4.2 that

(A —3)G
_ 2|Hessv|?
- -

—2b(1 + k1 p)(Vq, VInv)
—2(b — p)kiRic(VInv, VInv) — 2k p(VG1, Vinv) — klbzatq
2k1b(Ric, V?v)
v
H 2 1 2
=201 — k) SV o~ LY o — 29 vV pl
U2 k2 b

Hessv(Vinv, Vinv) 4
4+ 2|V iInv|

2 2
- ElVlnv| (Vp,Vinv) — 4

2p 2
— 7(VG0, Vinv) — k1b“(A — 9;)g

2
—2b(1 + k1 p)|Vq||V Inv| — %(VG, VInv) — /nkib*| Hessq|

2kib(Ric, VZv) .10)

—2(b — p)kiRic(VInv, Viny) — ———— = 1
v

for any O < k» < 1, where we used Cauchy’s inequality.
It follows from (4.1) that

Av b—gq 5
— =0Inv+ ——|VInv|* - bg
v b
G p 1 5
= — I—>~——|IVI 4.11
kb +( b klb)| nvl 1D

Furthermore, using Cauchy’s inequality again and then applying (4.11), we have

H 2 1
(1— kz)ﬂ + (1 - —>|V1nv|4
v ko

1—ky (AV\> 11—k
2(-”) 2\ Vinwf
n v ko

1—k[ G 1 21—k
22t (12 ) \vmo?| - —2\Vinu?
n k]b kz

1—k)G*  2b(1—k 1
.o} 1= k) (1—3——)|v1nu|2G
nk2b? nkib b kib

k| L2 ] 1 IV In v[* (4.12)
- —(1-==-—) —— nv|”. .
) b kb ks

(4.9) follows immediately by plugging (4.12) into (4.10).

In the following, we finish the proof of Theorem 1.3.
Proof of Theorem 1.3 We only consider the case of G > 0.
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By Lemma 4.3, we have

V(A - 0)(VG) =

— 2 —
2(1 - k)(¥G)* 4 kz)(l_g 1)|Vlnv|2q,2G

nk}b? nkib b kib
! P LY 17,2 4_ 20 3
20 —k)|—|1————) — —|¥|VI — =WV Vv
+2( z)[n( b k1b> kz] Vv = WV in o[V

2 2
—2b(1 + ki p)¥2|Vq||VInv| — fw(voyc), Vinv) + TP\IIG(V\I!, VInv)

—nkib*W?|Hessq| — 2(b — p)ky W2 Ric(VInv, Vinv)
2k1bW2(Ric, VZv)
v

[ ]
+2(VW, V(UG)) + WG| (A — 3)¥ —2

2(1 —k)(WG)* | 41—k 1
o X 22)( ) ( 2)<1 E__)|V1nv|2\1’2G
nk2b? nkib b kib
1 os 1\ 17, 4_ 203 3
21 —k)|—(1+4 2= —) — =W VInu* - Z20?V1
iy 2)[n< +2 k1b> kz] |V Inv| , |V Inv|

2p 206
—2b61¥|VInv| — T\IJ(V(\DG), Vinv) — T\IJG|V\IJ||VIH v

A

— Jnk1b%60y — 2(b + 06)k i KW|V Inv]? — 2k bK W2 22|
v

|W|2}

+2(VW, V(VG)) + \I!G[(A — )V -2 4.13)

For fixed t € (0, T'], let (x2, t2) be a maximum point for WG in Q, ; := B(X, p) x
[0, 7] C Qp,7. It follows from (4.13), (4.11) and (2.9) that at such point:

2(1 —k2)(WG)?  4(1 — k) os 1 24,2
0> 1+ ——-——)|VI1 v G
=l b T TR MY
1 os 1\ 17, 4 203, 3
20 —k) |~ (1+2 - —) — — W Vinu)* - Z2w?v1
+2( 2)[;1( + b k1b> kz] |Vinv| b |[Vinv|

206 2 2
—2b01¥|V Inv| — T\IJG|V\IJ||V1H v| — /nk1b°6y — 2(b + 0¢)k1 KW |V Inv|

1 .
—21(\1/6—2k1b1<<1+%—ﬁ>xp|v1nv|2—A\pG. (4.14)
1

. 2 .. .
Since k1b > 1 and %kz < 1, it is easy to verify that

@ Springer



Parabolic Estimates and Harnack Inequalities Under The Ricci Flow 97
and
1_k2(1+65 L)oo 4.15)
— — —) >0, .
nkib b kb

By Cauchy’s inequality and the fact of 0 < W < 1, we have

205, ) os 1\ , 4
B> —— 21+ 3 - ) vl
p VIl s e I ) YV

na32 g5
b2(1 — ko) b

and
— 2001 ¥ |VInv| > —¥|Vinv> — %67

Using Cauchy’s inequality and Lemma 2.1, we obtain

206

_ (1 —k)(WG)®  nkjog [VYP?

— Vv|Vinv 2
- nk3b? 1 -k | |
2 22
(1 —k)(¥G)?  nkjogCip )
> — O - _kz)pzxy|v1nv| )
1

Plugging (4.15) to (4.18) into (4.14), we get

2
. U - k)(VG)

A 2102 2
0> e — (2K + A)WG — b*0; — /nk1b°0,
1 os 2\ 17, s
l—k)|—(1+2 ") —— [WHVI
+( 2)|:n( + k1b> kj [Vinv|

_[ﬂ(l_i_ﬁ_i)_z_l_]_'_@
b*(1 — k2) b kib (1 —k2)p?
+2(b + 0e)k1 K + 2k1bK<1 +2 - i)}\mvm v]?
b kib
_ (1 —k)(¥6)?
nk3b?

1 T1 o5  23\> 171!
— 1+=2-=) - =
l—k|n b kb k

1+ na32 1+ o5 1\ 2 N nk12062C12/2
b2(1 - k2) b kib (1 —k2)p?
1

2

os
2(b kK +2kibK 1+ — — — s
+2(b + 06)k1 K + 2k, <+b k1b>:|

— 2K + AVG — b*0} — /nk b6,

1 -2
—— ) w|VInv]® 4.16
klb) |[VInv|®, (4.16)

4.17)

(4.18)

(4.19)
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at (xp, np), i.e.,
, nk2b? . nk2b40%  n3k3bo,
(WG) (x2, 1) < 2K + AVG +
1 —kp 1 —ky 1—kp
nk?p? 1 os  2\> 177!
+— -1+ ——
(1—k)?|n b kb ko
14+ L"J‘z 1+ ﬁ — L - + %
b2(1 — k) kib (1 — kp)p?
1 2
+2(b + oe)k1 K + 2k1bK<1 + ? — kl_b)} . (4.20)
Recall an elementary fact: if x% < ajx + ap for some aj, az, x > 0, then
ai ar 2 aj ap 2
y<—+ ]tz =5 +Jo+|Z) =a+ Ja.
2 2 2 2
Then we get an upper bound for (W G)(x2, #3) that
(W62, 1) = it LOK+ A+ _w’e +ni ok
X2, ) < 1+n hK1
ﬁklb 1/ o5 2)\> 17
kbl os 2\ L
l—ky|n b kb ko
g nc732 4 o5 L -2 ”k12‘762C12/2
b2(1 — k) kib (I — ko) p?
1
+2(b + o)k K + Zkle<1 + ? — kl_b)} 4.21)

By the construction of W, we have

sup G < sup(VG) = (VG)(x2, 1)
Qﬂ T Qp,r

for all t € [0, t] with t < T is arbitrary. Therefore, we conclude that

G = |VInv|? — kib>q + kibd; Inv

b2 Vul|? ki1b%d
_ | 2’4| —k1b2q— 1 iz
u u
nkib? kb2 3
< B 0 1/0,k
15 + m(\/ﬁ 1+n hky)

kb 1+05 2\2 17
1—k2 b kb ko
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2 -2 2202
no o 1 nkiosC
.[1+—3<1+_5 ) +M

b2(1 — ka) b kib (1 — k) p?
1
F2b + oe)k K + 2kbK (142 — — (4.22)
b kb

on Q%T, where

C1/2 + 2C12/2

C 2
B::ﬂ(n—1)<«/1<+—>+ >
p p P

C
+7+(C1/2+2)K.

m}

Remark 4.4 As we proved Theorem 1.1, it is not hard to derive Corollary 1.4 by similar
arguments as in the proof of Corollary 1.2.
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