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Abstract

We study the existence of a solution to the mixed boundary value problem for
Helmholtz and Poisson type equations in a bounded Lipschitz domain & c R" and
in RM\Q for N > 3. The boundary 92 of € is the decomposition of 'y, T’y C 9
such that 9Q = I' = T; UT, = ' UT, and I'; N T, = @. We have shown that
if the Neumann data f, € H -3 (I'2) and the Dirichlet data f| € H > (I"1) then the
Helmbholtz problem with mixed boundary data admits a unique solution. We have also
shown the existence of a weak solution to a mixed boundary value problem governed
by the Poisson equation with a measure data and the Dirichlet, Neumann data belongs

to f1 € H%(Fl), e H’%(Fz), respectively.

Keywords Mixed boundary value problem - Sobolev space - Newton potential -
Boundary integral operator - Layer potentials - Radon measure

Mathematics Subject Classification 35J25 - 31B10 - 35J20

1 Introduction

The Poisson problem with mixed Dirichlet-Neumann boundary conditions deals with
conductivity, heat transfer, metallurgical melting, wave phenomena, elasticity and elec-
trostatics in mathematical physics and engineering. The detailed applications can be
found in Dauge (1992), Fabrikant (1991), Jochmann (1999), Lagnese (1983), Maz’ya
and Rossmann (2006), Rempel and Schulze (1989), Simanca (1988), Sneddon (1966),
Wendland et al. (1979) and the references therein. A common problem of interest found
in the literature is the following mixed boundary value (MBVP).
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Lu=hin €,
u= fonly, (1.1)
Mu = g on 'y,

where, 2 is a bounded Lipschitz domain in RY for N > 3. The boundary of €2, which
will be denoted by I, is the disjoint union of I'y and I'; which are subsets of I" such
that Ty U, = ' UT, = Cand I'; N Ty = ¢. Further, L is a second order elliptic
operator, M is a general first order oblique differential operator on I';.

Lieberman (1986, 1989) considered the problem (1.1) and proved the existence and
Holder continuity of classical solutions with smooth data. The techniques used in the
corresponding Dirichlet problem (I, = @) and oblique derivative problem (I" = I';)
of (1.1) are helpful to show the existence of solutions to the mixed boundary value
problem. It is worth to mention the work due to Azzam and Kreyszig (1982), as
they have provided the regularity result for MBVP in a plane domain with corners,
where the Dirichlet data belongs to C>*(I"\{0}) and the remaining boundary data is
in C*(I"\{0}). The work due to Sykes and Brown (2001) deals with the boundary
regularity of problem (1.1) with Dirichlet and Neumann boundary conditions where
L is the Laplacian operator, h = 01in 2, g € LP(I'y), f € Wl’p(Fl) forl < p<2
and the angle between I'(, I'; should be strictly less than 7 in the interface. Sykes and
Brown (2001) drew motivation from Brown (1994), who considered the two boundary
dataas f € H'(I';) and g € L*(I"y).

Not much of literature is found for MBVP involving a measure data, although
Liang and Rodrigues (1996) considered a problem involving measure data both on
the domain and on the boundary I'>. Some work has been done by Gallouét and Sire
(2011), where the nonlinearity lies on the boundary with measure supported on the
domain €2 and on the boundary I'>. The MBVP in Galloué&t and Sire (2011) posessess
a weak solution u in W14(Q), forall 1 < q < % and the trace of u on I lies in

1
W!'Ted(r), forall 1 < g < 7%
In this article we have considered the following two mixed boundary value prob-
lems. The first problem (P1) is

—Au—2u=hinQ,

u= fronly, (1.2)
du
— = fronl,
on

and

—Au—)2u =0in RM\Q,

u= fronly, (1.3)
ou
— = fonly,
on

where u satisfies the following conditions at infinity, i.e. |x| — oo.
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Existence Results of Two Mixed Boundary Value Elliptic PDEs in RN 545

ForA =0
u(x) = 0(lx>~N). (1.4)
For A # 0 (Sommerfeld’s radiation condition)

u(x) = o(lx| 7).

du(x) . LN (1.5)
—iru(x) =o(lx| 2).
d|x|
The second problem (P2) is
—Au = pin €,
u= fronly, (1.6)
0
—Lf = faonl
on
and
—Au =0in RN\S_Z,
u= fionly, (1.7)
0
= = faonTy,
on
where u satisfies
()] + x[|Vu)] = 0(x*~N), as |x| — oco. (1.8)

Throughout the article % will represent the normal derivative with respect to the
outward unit normal 7 to the boundary, f| € H 3 Ty, fpeH -3 (I'2) are boundary
data, h € ﬁ_l(Q), o will denote a bounded Radon measure, A € C with Im(A) > 0
and A% will be different from the eigenvalues of the Laplacian (—A). We will, at
some places, refer problem (1.2), (1.6) as interior problems (IP1), (IP2) respectively
and (1.3), (1.7) as exterior problems (EP1), (EP2) respectively. This work is motivated
from the work of Chang and Choe (2008) and Ernst (1987) where the authors have used
the method of layer potentials to show the uniqueness of solution to the homogeneous
mixed boundary value problem in both interior and exterior domains. Chang and Choe
(2008) has shown that for # = 0 and A = 0 the solution u belongs to H'(2) for the
interior problem and belongs to Hll()c (RN\Q) for the exterior problem. This u also
satisfies the following inequality.

ou

by =<C {”fl 120y + ||f2||1—1—|/2(r2)}

||14||H1/2(r,) + ‘
H=1/2(I)

where C is independent of fi, f> and A.
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546 A. Panda, D. Choudhuri

The novelty of our work is the consideration of two nonhomogenous mixed boundary
value problems and a Radon measure u as a nonhomogeneous term in (P2), for which
the solution space becomes weaker than the Sobolev space H'(£2). We have shown
the existence of a unique solution to the problem (P1) by boundary layer method in
Sect. 3 using the representation formula of solution and the invertibility of boundary
layer operators of Helmholtz equation given in Sects. 2.1 and 2.2, respectively. Due
to insufficient given boundary data, we have also found out the cauchy data, i.e. u|r
and "“ | r- for the problem (P1). On applying this method, we get unique solutions to
the appr0x1mating problems to (P2) and then guarantee the existence of solution to
the problem (P2). The Helmholtz operator (—A — Az) is not a coercive operator, SO
we discuss the problem (P2) with the Laplace operator (—A). Since the continuous
embeddings in Lebesgue spaces and Marcinkiewicz spaces fail in unbounded domains,
we have not considered measures in the problem (1.7) and in the boundary conditions.

2 Preliminary Definitions and Properties of Boundary Layer
Potentials

We will denote several constants by C which can only depend on €2, N and independent
of the indices of the sequences. The value of C can be different from line to line and
sometimes, on the same line.

For 1 < p < oo and a nonnegative integer k, the Sobolev space Wk’p(Q) Evans
(2010) is defined as

WEP(Q) = {u € LP(Q) : D’u € LP(Q), for |y| <k}

and the norm on vectors in WX-? () is defined as

lullwer @) = Z ”D u”LP(Q)
lyl<k

where € is a domain in RY. We denote Wl oc P(Q) to be the local Sobolev space such
that for any compact K C Q, u € Wk-P(K). For 0 < o < 1, we define the Sobolev
space W% 7 () as

WEP(Q) = {u € LP(Q) : ullyyepqy = 147, g

lu(x) —u(y)|?
+/Q Q —|x T dydx < o0}.

Let 2 be a bounded Lipschitz domain in RY, N > 3. We now introduce the following
Sobolev spaces. For p =2, s e Rand0 <« < 1,

LHS®RY) = {u @ fen (1 + |E12)20E)e > dg e L>(RY)), @ is the Fourier
transform of u. This space is a separable Hilbert space.
2. HY(Q) = {ulg : u € H*RN)}
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Existence Results of Two Mixed Boundary Value Elliptic PDEs in RN 547

3. HS (€2) = Closure of C5°(R2) in H S(RM). For further details on these Sobolev
spaces one may refer to Hsiao and Wendland (2008) Chapter 4.

(glr:g e HH (@), O<a<l)

L*(I) (@=0),

5. HY(T)) = (glr, : g € H(D)}, B

6. H*(I;) = {glr, : g € H(I), supp(g) C Ty}, i = 1,2.

Let H=*(T') is the dual space of H*('),i.e. H™*(I') = (H*(T"))*. Equivalently, for

i=1,2, H ;) = (H*(T;))* and H*(I';) = (H*(T}))*.

We denote (-, -)r as the duality pairing between H%(I') and H~*(I") given by

(f.8)r = Jr f(2)g(2)ds forany f € H*(I') and g € H~*(I'). Similarly, (-, ), is

the duality pairing between H* (I";) and ﬁ_“(F[) (or H%(T";) and H Ti),i =1,2.
Since H *(Ty),i =1, 2, is a reflexive space, the operator

4. HY(T) =

J: HY(y) — (H*(T)™ = (H*(I})*

is a bijection. Hence, forany f’ € (H~%(T';))* there exists aunique f € ﬁ“(Fi) such
that J(f) = f'. For g € H~*(T[';) we define ((-, -)) by the duality pairing between
H~(T;) and (H~%(T";))* such that

(f.8) =g fir

Definition 2.1 An open set @ C RY is said to be a Lipschitz domain if for each
P € 92 there exist a rectangular coordinate system, (x, z) suchthatx € RV=! 7 e R,
a neighborhood U (P) = U C R and a function ¢ : R¥Y~! — R such that

L |px) =g < Clx —y|. Vx,y e RN,
2.0NQ={x,2):z>ex)}NU.

Definition 2.2 The Marcinkiewicz space denoted as M" (2) (or weak L" (2) space),
for every 0 < r < 00, consists of all measurable functions g : &2 — R such that

m{xeQ: |g(x)|>b})<C b>0,C < o0,

where m is the Lebesgue measure. In fact in the case of bounded domain €2, for any
fixed 7 > 0 we observe M"(2) C M"(R2) for r > r. Furthermore, the embeddings

L'(Q) — M (Q) — L"™°(Q), 2.1

is continuous forevery 1 <r <oocand0 <e <r — 1.

Definition 2.3 (Fredholm operator) Let X and Y are two Banach spaces and A is a
bounded linear operator from X to Y. Then A is said to be a Fredholm operator if its
kernel (ker(A)) and cokernel (coker(A)) = Y /Range(A) are finite dimensional.
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548 A. Panda, D. Choudhuri

Remark 2.4 1. The “Fredholmness” of an operator A ensures that Range(A) is closed.
2. The index of a Fredholm operator A is given by ind(A)=dim(ker(A))-
dim(coker(A)).

The following two theorems are borrowed from Driver (2003) which show the rela-
tionship between a Fredholm operator and a compact operator.

Theorem 2.5 Fora bounded linear operator A : X — Y, the following two statements
are equivalent.

1. A is a Fredholm operator.
2. A is an invertible modulo compact operators, i.e. there exist compact operators
C1, C and an operator B such that AB =1+ Cyand BA =1 + C».

Theorem 2.6 If A is a Fredholm opertor then ind(A) = 0 iff A = A| + Aj, where A
is an invertible operator and A3 is a compact operator.

Definition 2.7 The space of all finite Radon measures on  C RY is denoted as
M(R2). For u € M(2) we define

||M||M(Q)=f dlpul,
Q

which is called the ‘Total variation’ norm.

We now define the weak solution of the first problem (P1).

Definition 2.8 Let X and Y are two test function spaces defined as X = {¢ € C'(Q) :
olr, =0land Y = {¢ € CC1 RN\(Q)) : ¢lr, = 0 and satisfies (1.4) and (1.5)}. A
function u € W1 (Q) is a weak solution to the problem (1.2) if it satisfies

/VmV(p—/Azmp:/h(p—i— o, Yo € X.
Q Q Q I,

Similarly a function u € W,! (RV\) is said to be a weak solution of (1.3) if

/ Vu-V¢ —/ _Azugz—/ frr, V€Y.
RN\Q RN\Q I

Remark 2.9 Hereafter, a subsequence of a sequence will be denoted by the same nota-
tion as that of the sequence. Further a solution will always refer to a weak solution.

We further we denote @ as the fundamental solution of Helmholtz equation for N > 3
which satisfies —A® — A2d = §, where § is the Dirac distribution and @ is

1 1
(N—2)wy [x—y N2> fora=0
forA #0, N=3

M=yl
I B
DO (x,y) =4 4rlx—yl N2

. 2 1
g(m> H%(Mx —y]), forx#0, N>3
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Existence Results of Two Mixed Boundary Value Elliptic PDEs in RN 549

forevery x, y € RV, x # y. Here wy is the measure of the unit sphere in R" and H,g,l)
denotes the Hankel function of the first kind of order m. We next define, boundary
layer potentials (single layer and double layer) to solve the homogeneous Helmholtz
equation in RV . Let gy € H*(T"), g2 € H~*(T") for some 0 < « < 1, then the single
layer potential is given by,

v1(x) = Spg2(x)
= f £2(y)®(x — y)dy, ¥x € RM\I 2.2)
r
and the double layer potential is by
v2(x) = Ky g1(x)

d
=/g1(y) —®(x — y)dy, Vx e RN\T (23)
r Bny

where 71, denotes the unit outward normal to the boundary I'. We can see that for
x € RM\T the above two kernels are C*° functions on I".

If P € T, then X (P) denotes a cone with vertex at P such that one component is
in Q which is denoted by X; (P) and the other is in RV \Q denoted by X, (P).

Definition 2.10 Let P € I', then we define
S$0g2(P) = / g2()P(P — y)dy
r
and
0
K;g1(P) = gl(Y)aTq)(P — y)dy.
r l’ly

According to the Lemma 3.8 of Costabel and Stephan (1985) the boundary values of
the two potentials in (2.2) and (2.3) are given by

vi(P)= lim  S;g(x)
Xi(P),x—P (24)
= S1g2(P),

vi(P)=_lim  S;ga(x)
Xe(P),X—)P (25)
= 5,.82(P)
and

lim K,gi(x)

i
P) =
U2( ) Xi(Pl),x—>P

1
= <—§I + KA> g1(P), (2.6)
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550 A. Panda, D. Choudhuri

v5(P) = lim K,gi(x)
Xo(P),x— P

1
_ (51 + KA> a1 (P). @7)

In case of inhomogeneous Helmholtz equation —Au — Au = hin Q, where h €
H~'(Q), the Newton potential (or Volume potential) appears in the form,

Ny A (x) =/ ®(x — y)h(y)dy, x e RV,
Q

It is well known that the Newton potential N, : H~1(Q) — H!(Q) is a continuous
map by McLean and McLean (2000); Steinbach (2007). From Necas (2011) we know

the Dirichlet trace operator, yp : H @ > H 3 (I'") and the Neumann trace operator,

v H(Q) - H -3 ("), are continuous operators. The Dirichlet trace operator of
N, denoted as ypN, is given by

ypN, (h(P)) = lim N h(x), VP €T.
x—P
Thus

”VDNA(/’Z)”H%(F) < CIN.(M g1

= Clhllg-1(q)-
The Neumann trace of N, is denoted as yy N, and hence it satisfies

lwNa ),y = C Al

Let us fix ¢ = % Consider the single layer potential vi(x) = S, g2(x), for g» €

H_%(F). Then v; solves the Helmholtz equation in RN\T. Thus v; € H(Q) for
(IP1), v € HZIOC(]RN \2) for (EP1) and satisfies (1.4)—(1.5) at infinity. We now define

1
the ouward normal derivative of vy, i.e. % that belongs to H ™ 2(I"). Let us choose

hi,h) e H 3 (I'"). We will denote AT, h; to be the extensions of &1, hy respectively
such that

for some constant C > 0 which does not depend on /1 and &, by Jonsson and Wallin
(1978). Define
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)
<i),h1> =/ Vvl-VhT—/szlh*,
on r Q Q

9 2.9
<—Alh2> = —f Vo - Vh3 +f A2vihs.
an r RN\Q RN\S_Z
We have from Costabel and Stephan (1985) that for every P € I,
0v; (P) L i)
an X-(Ill)m—m an
" '1 o (2.10)
- (51 + Kf)gzu))
and
vi(P) ) vy (x)
o x (;l)n):—)P n
o (2.11)

1
_ ( “l K;)gz(P)

where K7 is the adjoint operator of K defined as

K}gi(P) = / Q(P —y)gi(y)dy.

r onp
Similarly, in case of double layer potential v (x) = K, g1(x) for gy € H 5 ), ‘% €
H’%(F) which satisfies (2.8) and (2.9). Let us define an operator D, : H%(F) —
H_% (") as in Costabel and Stephan (1985) such that for every P € T,

0
D;g1(P) = —K, g1(P) (2.12)
anp
and
lim 0 Kyugi(x) lim 9 Kyg1(x)
X) = X
Xi(P),x—P Ofix 181 Xo(P),x—P Ofy 181
= D g1(P). (2.13)

Lemma 2.11 The operators

1. S, : H3(T) — H(I),

2. (£ 11+K):HY () > H (D),

3. (£ 414K} :H (1) > H (D),

4. D, : HX(T) — H-3(I)

are continuous by Costabel and Stephan (1985).
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552 A. Panda, D. Choudhuri

2.1 Derivation of Representation Formulae

Let © be abounded Lipschitz domainin RN and T U’y = I'{UT, = I, T NI = @.
For g € H > (T'y), i = 1, 2, we denote the zero extension function g; of g; by

~ & inl
"o inm\ry,i=1,2.

Clearly, g € H%(F). Similarly, for g, € ﬁ_%(f‘i), i = 1,2, we extend g to a
function g, € H -3 (I"). We now introduce the following operators.
~ 1 1 ~ ~_ 1
Sij : H 2(I'y) > H2(T'j), Sijg2 = Sp&lr; for go € H™2(I),
~1 1 ~ ~1
Kij : H2(I'y) > H2(T'j), Kijg1 = Ky gilr; for g1 € H2(I';),
~ 1 1 ~ ~_1
K H2(Ty) - H 2(T)), K582 = K;glr, for go € H2(T),
~1 1 ~ ~1
Dij: H2(I'i) > H2(T'j), Dijg1 = D;gilr; for g1 € H2(I').
Let us consider u € H' () be a solution to the Helmholtz equation —Au — 2u=nh

inQandu € H! (RV\Q) satisfies —Au — A%u = 0 in R¥\Q along with (1.4)-(1.5).
On using Lemma 3.1 of Costabel and Stephan (1985), we obtain the Green’s second

identity
v ou
UAv — vAu = U— — V— .
Q r on on

When we replace v with @, the fundamental solution of Helmholtz equation, we obtain
the following.

0P (x, 9
f M(Y)Aq)(x’ y) - Au(y)@(x, y) :/ u(y)% _ qD(x’ y) ”(A)’)
@ r i Y
9D (x,
u(x) =/ d>(x,y)h(y)—/u(y)¥
Q@ r n
d
= @(x, y) L;;y) - (2.14)

Let B, = {z € RN : |z = r}and D, = {x € RM\Q : |x| < r}. On applying the
Green’s second identity in the domain D, we get

u(x) = —/D u(A®(x,y) — Au(y)®(x, y)

=—/ u(y)w—¢(x,y)8u—€y)+/u(y)w—®(x,y)au—sy).
B, an an r on on

(2.15)
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On passing the limit » — oo and by using (1.4)—(1.5) we see that

D(x,y) — 0.

P (x, y) du(y)
T i

Let us denote the Cauchy data as (¢, ) € H%(I‘) X H_%(I‘), where u|r = ¢ and

% r = ¥. On combining (2.14) and (2.15), we can express u as

(2.16)

!Nkh(x) “Kop(x) + v (x), ifxeQ
u(x) = ] _
Kup(x) =S¢ (x), if x e RM\Q.

Consider (P1), with the boundary data u|r, = f1 € H%(Fl) and g_zh“z =f e

H™> (I"2). For simplicity, we restrict ourselves to the interior mixed boundary value
problem (1.2). Obviously the corresponding results for the exterior problem (1.3) are
obtained by only slight modifications. Furthermore, we say fl, f°2 are the extensions
of f1 and f respectively, which satisfy

Hfl” L < CIAl 2.17)

H2(T) — H2('))

and

: <C 2.18
|5 1 =€l 2.18)

H 2y

The above extensio{p is possible sinceg we know 9"y = dI'; and I is Lipschitz [3].
Let us define ¢ = f1 + g1 and ¥ = f, + g, where g1 and g5 are arbitrary functions
in H% (') and H_% (T), respectively. Here g is the zero extension of g € ﬁ% (Ty)
and g is the zero extension of g, € H -3 (I"1). The representation (2.16) is used to
express the solutions of problem (1.2) as

u(x) = Nyh(x) — Ko (fi +2D)@) + Si.(fh + 22) (x). (2.19)

On restricting the Eq. (2.19) to I" we get,

. 1 . .
fi+g =ypNuh — (—51 + K,\) (f1+g1) — Su(f2+g2).

@ Springer



554 A. Panda, D. Choudhuri

On I'y we have the following,

1 P e~
f1 =ypNyh|r, — (—51 +K,\) (f1 -i-gl)‘r -i-SA(fz-i-gz)|r1
1
1 o o
= ypNuhlr, — K2181 — (—51 + Kx) fl)r + S8 +Sxfz|1~1
1

1 o o
Koi181 — S11g2 = — fi + ypNih|r, — (—51 + KA) fl‘r +Sxf2\r|
1

= F*(f1, f2, h) (say). (2.20)
Taking the Neumann trace of (2.19) we have
. . 1 AUV
2+ 8 =ynNoh = Di(fi+21) + §1+KA (f2+ 82)-

Similarly on I',,

e o 1 e o
fo=ynNahlr, = Di(fi + 80|, + <§I + K;‘) (f2 4—82)‘F
2

o 1 o
= yNNihlr, — Dngi — Dfip, + Kisg2 + <51 + Kf) fz‘F
2

2
= G"(f1, f2. h) (say). (2.21)

o 1 o
Dngi — Kirg2 = — f> + ywNahlr, — D fi|, + (—I + Kf) fz‘l_
2

Clearly F* € H? (T'1) and G* € H™> (I'2). Combining Eqs. (2.20) and (2.21) we get
<K21 =Su > <81> _ (F*)
Dy —Ki, ) \ &2 G* )’
We now define a matrix operator A as
Ky —S
= (52 k)
where, A : H2(Ty) x H-3(T')) — H2(Ty) x H™2(T5).

2.2 Invertibility of Layer Potentials

For the homogeneous Helmholtz equation with A = 0, the two boundary layer opera-
tors Sp : H2(I') — H2(I") and (— 11 4 Ko) : H2(I') — H(T") are bijective by
Chang and Choe (2008).
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Existence Results of Two Mixed Boundary Value Elliptic PDEs in RN 555

Proposition 2.12 This Proposition is from Torres and Welland (1993) which concludes
that for Im(}) > 0

1. Sy : L3(") — HYT) is invertible.

2. (£ 31+ K,): LX) — LX) is invertible.

3. (£ 31+ Kj): LX) — L2(D) is invertible.

Theorem 2.13 Ler Im(\) > 0. Then D, : HY(I') — L2(I") is an invertible operator.

Proof Let us consider a g € L?*(I'). From the above Proposition 2.12, (%I + K ;f)
is bijective from L?(I) to itself. Hence, there exists a g € L?(T") such that (%I +
K)g' =g

Let v(x) = Sy (=41 + K){‘)_l g'(x). Then v satisfies the homogenous Helmholtz

equation in RV\Q. Using the properties (2.5), (2.11) and the decay conditions at
infinity (1.4)—(1.5) in the exterior domain we have the following representation for v.

v(x) = Ky f(x) = Spg'(x)

where, f = S)\(—%I + K;f)_lg’ € H'(I'). Taking the Neumann trace of v we get

/ 1 * !/
g =D,f—- —51+KA g

which implies

D f = (%1 + K,{‘) q. (2.22)

Hence, forany g € L?(I"), there exists f € H'(I") such that Dy f = (%I + Kf) g =
g.

Claim: D, is injective.

Suppose there exists f € H'(I') such that D; f = 0 on I". We write v(x) = K;, f(x),
for all x in RNM\T. Hence, v € H!' () is a solution of —Av — 2?v = 0 in  and
v e H! (RV\Q) satisfies —Av — 2%v = 0 in RV\Q along with (1.4)~(1.5). From
the Egs. (2.6)—(2.7) we get

vi—v€=(—%1+1q)f—(%1+1q)f
=—f

and from Torres and Welland (1993) we have

iv(x)

D P lim
»f(P) X;(P),x—P 0n

(2.23)

0
lim —v(x).
X.(P),x—P 0N
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Thus,
0= (Dpf,—fir
={purdf) = {arve),
:/ |vU|2_/ 2ol (2.24)
RN RN

where the last term in (2.24) is due to the fact that v is a solution to the homogeneous
Helmholtz equation. As per our assumption A is not an eigenvalue of (—A). Hence,
using the conditions (1.4)—(1.5) we have v = 0 a.e. in RN . Since v is continuous
across the boundary, we have — f = vl — v¢ = 0. This implies f = 0on I'. So, D,
is injective. O

Remark 2.14 The operators S, and D, are self-adjoint operators, i.e. Sy = S;f, D, =
Dj [refer Lemma 3.9(a) of Costabel and Stephan (1985)], where S}, Dj are the adjoint
operators of Sy, D, respectively. Hence, using Proposition 2.12, Theorem 2.13 we
obtain §7 : H='(I") — L?(T") and D} : L*(T') — H~!(I") are invertible operators.
Using the properties of real interpolation from Appendix B (Theorem B.2) of McLean
and McLean (2000) on S;, D, we have

1. S, : H3(T) —» H(I),
2. Dy : HX(T) — H2(I)

are invertible operators.

3 Existence and Uniqueness Results of (P1)

Theorem 3.1 Let Ty C T, then Si; : ﬁ_%(Fl) — H%(lﬁ) is a bijective operator.

Proof We break the proof into three steps.

Step 1. The operator S11 is injective.

Assume that there exists g» € ﬁ’% (I'1) such that S11g2 = 0onI';. We write v1(x) =
S22 (x), for all x € RN\TI", where g € H™? (") is the zero extension of g. Hence,
from the Eqs. (2.4)~(2.5) we have v} = v¢ € H*(I") and from (2.10), 22 — 24 — 5,
On replacing hy, hp with v}, v{, respectively in the Eq. (2.9) we have

0= (g2, S118)r,
= (g2, Sig2)r

=<3_v’1 ) _<3_vf )
an v \aa

=fRN |V |2 —/RN A2 (3.1)
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Thus, on using the conditions (1.4)—(1.5) we conclude that v; = 0 a.e. in RV. By the
B_Uli ov{

— —+ = 0. This implies g = 0in '} and

continuity of vy on I', we have g, = PE o

hence S1; is injective.
Step 2. S11 is bounded below.

Suppose there exists a sequence (g7) € H _%(Fl) such that Sy1g7 — f, for some
fe HyT).

Case 1. Assume that (g7%) is a bounded sequence in H -3 (I"1). Therefore, there exists
a subsequence (g5) and g> € H _%(Fl) such that (g7) converges weakly to g, i.e.
ggﬂgz in ﬁ’%(Fl). Let/ € ﬁ*%(rl). Then we have

(I, fir, = (l, lim S1185),
n— 00

lim ([, Sllgg)r]
n—oo

= lim ((S},/, &5))

n—oQo

((ST11, 82))
= (l’ 51182)1"1-

Since every reflexive space has a unique predual, hence S11g2 = f. Therefore, S
has a closed range.

Case 2. Assume that (g7) is an unbounded sequence in H -3 (I'1). Let us denote

— -
FE .
Hence, ||G”||ﬁ7 ! . = 1. Therefore, there exists a subsequence (G") and G €
1

H~2(I')) such that G"%G in H~2(I"}). Since S11¢% — f and [ ¢”| b~
1

we have §11G" — 0in H% (I'1). From Case 1 it easily follows that S11G = 0, which

further implies G = 0 by the injectivity of S1;. Using the invertibility of S, (refer

Remark 2.14) we obtain

>

=14,

<

1504
=C| SA(G’I)”H%(F) (for C > 0). (3.2)

We know that §11G" = S, (G™)|r, and S12G" = 85 (G")|r,.Forx # y, ®(x —y)isa
C®® function. This implies S;,G" — 0in H? (I'p), since 6" 20in A2 (I'"1). Hence,
SH (@71) — 0in H > (I'), which is a contradiction to (3.2). Therefore, we conclude that

S11 has closed range. Thus, S;; is bounded below since S is injective and its range
is closed.
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Step 3. S11 has dense range.
Assume that ST, g2 = 0 for some g; € A (T'1). Hence, for any [ € H> T,

0= ((S182.1))
= (g2, Sul)r,.

Choose ! = g». Then by proceeding on similar lines as in step 1 we get g» = 0. Since
Kernel(S})) = Range(S1)* = Range(S“)L, the injectivity of S}, implies S; has
dense range.

Combining the results from the above three steps we conclude that the operator

S11: I’-IV_%(Fl) — H%(Fl)isbijective. O
Theorem 3.2 Let "y C T, then the operator Dj; - ﬁ% (T'y) — H_% (I"p) is invertible.

Proof Similar to the steps in Theorem 3.1, we will show that Dy; is injective and

bounded below with a dense range. Assume that there exists g1 € H? (I"2) such that
Dyg1 = 0 on I'>. We now express va(x) = K; g (x), for all x € R¥\I". From the
Egs. (2.6) and (2.7) we get

. 1 ~ 1 ~
vy — vy = <—§1 + KA) 81— (51 + KA) 81

= —§1 .
Thus,
0= (Dxng1, —gi)r,
= (D381, —g1)r
= <D,\§1, v§>r - (ngl, u§>r (from the Eq. (2.13))
=/ |sz|2—/ Wl (33)
RN RN
Hence, using the conditions (1.4)—(1.5) we have v, = 0 a.e. in RN . since A2 is not an
eigenvalue of (—A). By the continuity of vy inx € RV \I'> we have vy—v§ = —g1 =0.

This implies g1 = 0in I'2. So, Dy; is injective.
On using arguments from Theorem 3.1, we can show that D> has a closed range and
hence it is bounded below. We suppose that D3, g} = 0 for some g € Az (I'2). Then

for f € H2(T),

0

<_D§2817 fir,
((—g1, D2 f))
=(—g1, Dnf)r,.

Taking f = g1, then from (3.3) we obtain g; = 0in I';. Hence, D3, is injective which
implies D»; has dense range. Therefore, Dj; is an invertible operator. O
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Theorem 3.3 The matrix operator A Az (I'p) x H? ') - H? (T') x H™? (T'p)
is invertible.

Proof For any g| € ITI%(FQ) and P € I'y, the operator K»; : I:IV%(Fz) — H%(Fl) is
defined as

K2181(P) = K;g1(P)

d -
=/ o ®(P, y)g1(y)dy
T ny

0
_ / S0P, )51 (). (3.4)
r, 0ny

We can see that the kernel w in (3.4) is a C* function. Let (g{') be a bounded
;

sequence in H 7 (T"2), then there exists a subsequence (g!') and g; in H 7 (I"») such that
(g1) converges weakly to g1. Hence,

. . 8
lim Ky g'(P) = lim — (P, y)gi (y)dy
n— 00 n—o0 I ny

0
=/ o7 (P, y)g1(y)dy
I, o7ty

= K2181(P).

Thus, K> is a compact operator. Similarly we can show that the operator K7, is also
compact.
We have

where A; = (KOZI 1(;* ) and A, = (DO _g“ . The matrix A, is invertible,
B ) 22

since S11 and Dyp are invertible operators by Theorems 3.1 and Theorem 3.2 respec-
tively. As the operators D and S, are also continuous by Costabel and Stephan (1985),
the inverse of Aj,i.e. Ay !'is also bounded. We know the operators K71 and K ;‘2 are
compact operators and hence A is also a compact operator.

Thus, we can write Ay'A = Ay'A| +1 = Ci+1and AA;' = A1A + 1 =
C, + I where Cy, C, are compact operators. Using Theorem 2.5, it is equivalent to
say that A is a Fredholm operator. This implies ind(A) = 0 (by Theorem 2.6). Now
to show A is bijective it is sufficient to show A is injective, i.e. dim ker(A) = 0.
Claim: A is injective.
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Let us assume that there exist some g; € ﬁ%(Fz) and gy € ﬁ*%(rl) such that
A(g1,82) = 0. Now for x € RN\F, we write

o(x) = Siga(x) —Kpgi(x), ifxeQ
—Si2(x) + K21 (x), ifx e RM\Q

Then v satisfies the following problems

—Av—22v=0inQ,

v=0onIYy,
bl 3.5
—f:Ooan, 3-3)
an

ve H(Q)

and

—Av — A2 =0in RN\S_Z,

v=0onTI,
0 3.6
—?:Ooan, (36)
on

ve H (RVN\Q).

This implies v|r € H2(I"), 2 € H~(T') and

o=

on’

/|Vv|2—/ A2 v]?
Q Q

dv
o=
on

=—/ ) |Vv|2+/ _k2|v|2.
RN\Q RM\G

Thus, v = 0 a.e. in RY, since A% is not an eigenvalue of (—A) and v satisfies the
radiation conditions at infinity. On ', v = 0 and hence v' — v® = +g; = 0 and

Bu — 3 = 4% =0.Thus, g; =0 and g, = 0. o

and

Theorem 3.4 The mixed boundary value problem (1.2) with Im()) > 0 possesses a
unique solution u which is represented as

u(x) = Nyh(x) — Ko (fi + 8 @) + Si(fr + §2) (x)
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forunique g1 € ﬁ% (I'y) and g» € ﬁ*% (T'1). This solution u also satisfies (1.4)—(1.5)
and

hall o+ |2
u H%(F) on

= ClAy,

+ 20 1
H 2() ) H 2

Il ) G)

r T

Proof The solvability and uniqueness of problem (1.2) depend on the invertibility of
the operator A. Due to Theorem 3.3 we know that A is invertible. Hence, there exists
a unique pair (g1, g2) € Az (M) x H 2 (I"1) such that

A(g1, g2) = (F*,G"),

where, F* € H? (') and G* € H™3 (I"2) as defined in Egs. (2.20) and (2.21). Then
we can represent

u(x) = Nph(x) — Ky (x) + Sp ¢ (x),

where, ¢ = f°1 +grandy = f°2 + g are the Cauchy data for the problem (1.2). Since
K> —Sii g1\ _(F*
(b2 %) (2) = (6) o

g1 = D' (Khgr + G¥). (3.9)

SO we can write

Substituting the value of g in the Eq. (3.8) we get
(S11 — K21D5, Ky g2 = K21 D5, G* — F*. (3.10)

We will now show that the operator H := S11 — K7 D;zl KTZ : ﬁ_% (') — H% (T'y)
is invertible. We can then represent g1, g2 as follows.

g1 = D3, G* + D3 Kiy H™ (K21 Dy G* — F*)
and
g = H™' (K2 Dy, G* — F¥).
Claim: H = Si1 — K21 Dy, K, is invertible.
We know K3 and K7, are compact operators. So K7 D2_21 K7, is also compact. Using

Theorem 2.6 we get ind(H) = 0, since Sy is bijective. Thus we only need to show
that H is injective.
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Suppose H(gz) = 0, for some g € I-NI’%(Fl). We express w(x) = S;g2(x) —
K, D;ZI K1,g2(x). We observe that on I'y,

w = (Sn — Ka1Dy Ky

= H(g2)
=0
and on Iy,
W K% oy — Dy (DI KE
% = K582 — D2 b9 12182

=0.
Therefore, w satisfies (3.5) and (3.6). Following the proof of Theorem 3.3 we conclude

that g = 0. So H is injective hence invertible.
Furthermore,

i
a3 0 = |+ 81,

2 H2(I)

< Hfl HH%(F) + ||§1||H%(l_)

<C ||f1||H%(Fl) + |K}y82 + G* ||H_%(F2)} (by (2.17) and (3.9))

<C ”leH%(rl) + HG*HH%(FZ) + IIgzllH,%(Fl)}

S LU o IO HKMD;ZIG* _ H%(r.)} (by (3.10)

=Cilf ”H%(Fl) + ||f2||H,%(F2) + 1Al -1 1} . (by (2.20) and (2.21))
(3.11)

Similarly
‘B—Lf SC{”fl” TN 2 I 112 } (3.12)
O | =3 HI(T) H™2 () )

On combining inequalities (3.11) and (3.12) we get

=% LAY IS o (5 (NS T o (1] -2 Vo 9 B

3fl H*j(r) H2(Ty) H_E(FZ)

O

Proceeding similarly for the exterior problem (1.3) of (P1), the following Theorem
can be established.
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Theorem 3.5 For Im()) > 0, problem (P1) with given boundary data f| € H% T
1
and f» € H™2(I'y) has a unique solution u which is represented as

N — Ko (A 3D + Si(fa + ) (x), ifx € Q

ulx) = S P . Ny &
Ky(f1 +8D)(x) = Su(f2 + g2)(x), ifx € RT\Q

for unique g1 € ﬁ%(Fg) and g € ﬁ_%(Fl). The solution u belongs to H'(Q) for
(IP1) and belongs to Hch (RN\Q) for (EP1) satisfying the conditions (1.4)—(1.5) at
infinity. Furthermore, u satisfies (3.7).

4 Existence Results of (P2)

Problem (P2) is a mixed boundary value problem of Poisson equation where p €
M(2) is a bounded Radon measure supported on €2 and the boundary data are f; €

H2 () and f> € H2 ().

Definition 4.1 We say a function u € wL1(Q) is a weak solution to the problem (1.6)
if

/WV@ =/<pdu+ f, Yo € X
Q Q I

where, X = {p € C1(Q) : @|r, = 0} is the test function space. Similarly a function
u e Wllo’l(RN\Q) is said to be a weak solution of (1.7) if

C
/ Vu-Vo=— | frp,VoeZ
RN\ I,

where, Z = {¢ € C}(RM\Q) : ¢|r, = 0 and satisfies (1.8)}.

We will now approximate ;1 € M(2) by a smooth sequence (i,,) C L®(), in the
weak* topology, i.e.

/ gdin — f gdu, Vg € C(Q). 4.1
Q Q

In order to show the existence of solutions to (P2), we consider the ‘approximating’
problems to (1.6)—(1.7) which are as follows.

—Au, = iy in ,
Up = fl onl, 4.2)
duy,
— = foonly
on
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and

—Au, =0in RM\Q,

u, = fronly, 4.3)

duy
— = fronI,.
on

These ‘approximating’ problems are special cases of (P1) with A = 0. The weak
formulation to (4.2) is

/Vun~V<p =/ wn+/ o, Yo € X. 4.4
Q Q I

Theorem 4.2 The problems (4.2) and (4.3) admit a unique solution u, which is rep-
resented as

o o , o n (45)
Ko(f1 + 21,)(x) — So(f2 + 82,) (x), ifx e RT\Q

) — {Noun(x) — Ko(fi +81,)00) + So(fo + 8,)(x), ifx € Q
LX) =

for aunique pair (g1,, &2,) € ﬁ% (') x ﬁ*% (T:l). The solution u,, belongs to H! ()
for the problem (4.2) and belongs to HIL . (RN\Q) for the problem (4.3) satisfying the
radiation condition (1.8) at infinity.

Proof The invertibility of the operators Sj; and Dj; follows from Theorem 3.1 and
Theorem 3.2 of Chang and Choe (2008), respectively. Further, following the proof of
Theorem 3.3, Theorem 3.4 one can see that the matrix operator A is invertible and the
problems (4.2)—(4.3) have a unique solution denoted as u,. The solution u, can be
represented as in (4.5) by Theorem 3.5 and satisfies the condition (1.8) at infinity. O

Now to show that problem in (1.6), involving measure, possesses a solution # we need
to pass the limit n — oo in the weak formulation (4.4).

Lemma4.3 Let us suppose that u, is a solution of problem (4.2) with f1 €

H%(Fl) and fr € H_%(Fz). Then the sequence (uy,) is bounded in wla(Q) for
allg < %

Proof From the continuous embedding (2.1) we have
N N N
LV-T(Q) < M¥-T(Q) < L¥-T(Q). (4.6)

If we can show that (u,,) is bounded in M N1 (2), then this will also imply (u,,) to be

N
bounded in L ¥-T~¢(2). More precisely, we can say (u,,) to be bounded in L4 (2), for
every g < %

Claim. The sequences (u,) and (Vu,) are bounded in M e ().
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Let us fix a constant ¢ > 0. The truncation function of u,, is defined as
T,(u,) = max {—a, min{a, u,}} .

ouy,
on

change, let us test (4.2) with functions from H 1(Q). Thus for v € H'(2) we have

fvun.VUZ/MnU+/(‘fo‘2+§2n>v'
Q Q r

Note that the integrals are all finite. Thus in particular, choose v = T, (u,), to get

From Theorem 4.2, we have L= fz + g2, for a unique g, € ﬁ_% (I'1). For a

/ VT < / Vit V(Ta(tn))
Q Q

= / T () i + / (fo + 82,0 Ta ()
Q r

Sa/ Mn+a/(f2+§2n)
Q r
< Ca. 4.7)

Consider

{IVun| = k} = {|Vup| = k, u, < a}U{|Vuy| > k,u, > a}
C {|vun| >kou, < a}U{Mn > a}
=B UB, CQ

where By = {|Vu,| > k,u, < a}and B, = {u, > a}. Hence, due to the subadditivity

property of the Lebesgue measure ‘m’ we have
m ({|Vuy| = k}) < m(B1) + m(Ba). (4.8)

Using the Sobolev inequality, we have

2
</ |Ta(un>|2*)2 —%/ |V T, (un))?
Q 1JQ
Ca

where A1 is the first eigenvalue of (—A) with Dirichlet boundary condition. Now we
restrict the above inequality (4.9) on B, to get

A

IA

(4.9)

a’m {u, = a})zl* < Ca, (Since T,(u,) = a in By).
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Thus,

C
m({unza})f vaazl'
anN-2

Hence, (u,) is bounded in M %(Q) and also bounded in M %(Q). Similarly on
restricting (4.7) on By, we have

1
m ([ Vitn] = k. < a}) < ﬁfgwra(umz

c
<= a1,
k2

Now the inequality (4.8) becomes

m ({|Vuy| = k}) <m({B1}) +m(B2)
Ca C
< k_2 + Miz, Va > 1.

N=2
On choosing a = k=T we get

C
m ({|Vuy| > k}) < —5—, Vk > 1.
kN-T

So (Vuy) is bounded in M %(Q). Hence, we conclude that (u,) is bounded in
W4 (Q) for every ¢ < % O

Theorem 4.4 There exists a weak solution u of (1.6) in Wh4(Q), for all g < %

Proof According to Lemma 4.3, (u,) is bounded in W14 () which is a reflexive
space. This implies that there exists a function u € W19 () such that u,, converges

weakly to u, i.e. uniu in Whe(Q), forall ¢ < %
Thus for ¢ € X,
n—-+o0o

lim Vun.V(p=/ Vu.Vo.
Q Q

The sequence (u,,) converges to i in the weak* topology in the sense given in (4.1).
On passing the limit n — oo in the weak formulation (4.4) involving u, we obtain

/ Vu.Vo :f odu + b, Yo € X.
Q Q 2

Hence, a weak solution of (1.6) in W14(Q) for every q < % is guaranteed. ]
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Now with the consideration of Theorems 4.2 and 4.4 we state our main result which
is as follows.

Theorem 4.5 There exists a weak solution u of (P2) with ;€ M(S), with support is

in Q, as a nonhomogeneous term, f| € H%(Fl) and fr € H*%(Fz). The solu{ion u
belongs to WH4(Q), for every q < % for (IP2) and belongs to HZIUC(RN\Q) for
(EP2) satisfying Eq. (1.8) at infinity.

Acknowledgements The author Akasmika Panda thanks the financial assistantship received from the Min-
istry of Human Resource Development (M.H.R.D.), Govt. of India (Registration No. 516MA3008). The
authors also thank the anonymous reviewers for their constructive comments and suggestions which led to
the improvement of the manuscript overall. Finally, both the authors also acknowledge the facilities received
from the Department of Mathematics, National Institute of Technology Rourkela.

References

Amann, H., Qiuttner, P.: Elliptic boundary value problems involving measures: existence, regularity and
multiplicity. Adv. Differ. Equ. 3(6), 753-813 (1998)

Azzam, A., Kreyszig, E.: On solutions of elliptic equations satisfying mixed boundary conditions. SIAM
J. Math. Anal. 13(2), 254-262 (1982)

Brown, R.: The mixed problem for Laplace’s equation in a class of Lipschitz domains. Commun. Partial
Differ. Equ. 19(7 & 8), 1217-1233 (1994)

Chandler-Wilde, S.N., Graham, 1.G., Langdon, S., Spence, E.A.: Numerical-asymptotic boundary integral
methods in high-frequency acoustic scattering. Acta Numerica 21, 89-305 (2012)

Chang, T.K., Choe, H.J.: Mixed boundary value problem of Laplace equation in a bounded Lipschitz domain.
J. Math. Anal. Appl. 337, 794-807 (2008)

Costabel, M., Stephan, E.: A direct boundary integral equation method for transmission problems. J. Math.
Anal. Appl. 106, 367-413 (1985)

Dauge, M.: Neumann and mixed problems on curvilinear polyhedra. Integral Equ. Op. Theory 15, 227-261
(1992)

Driver, K.B.: Compact and Fredholm operators and the spectral theorem. Analysis Tools with Applications,
Lecture Notes 35, 579-600 (2003)

Evans, L.C.: Partial differential equations, graduate studies in mathematics, vol. 19. American Mathematical
Society, Providence (2010)

Fabrikant, V.I.: Mixed boundary value problems of potential theory and their applications in engineering,
mathematics and its applications, vol. 68. Kluwer Academic Publishers Group, Dordrecht (1991)

Gallouét, T., Sire, Y.: Some possibly degenerate elliptic problems with measure data and non linearity on
the boundary. Ann. Fac. Sci Toulouse 20(2), 231-245 (2011)

Hsiao, G.C., Wendland, W.L.: Boundary integral equations, Applied Mathematical Sciences, Springer,
Berlin (2008)

Jochmann, F.: Regularity of weak solutions of Maxwell’s equations with mixed boundary conditions. Math.
Methods Appl. Sci. 22(14), 1255-1274 (1999)

Jonsson, A., Wallin, H.: A Whitney extension theorem in L” and Besov spaces. Ann. Inst. Fourier (Grenoble)
28(1), 139-192 (1978)

Lagnese, J.: Decay of solutions of wave equations in a bounded region with boundary dissipation. J. Differ.
Equ. 50(2), 163-182 (1983)

Liang, J., Rodrigues, J.F.: Quasilinear elliptic problems with nonmonotone discontinuities and measure
data. Port. Math. 53, 239-252 (1996)

Lieberman, G.M.: Mixed boundary value problems for elliptic and parabolic differential equations of second
order. J. Math. Anal. Appl. 113, 422-440 (1986)

Lieberman, G.M.: Optimal holder regularity for mixed boundary value problems. J. Math. Anal. Appl. 143,
572-586 (1989)

Maz’ya, V., Rossmann, J.: Schauder estimates for solutions to a mixed boundary value problem for the
Stokes system in polyhedral domains. Math. Meth. Appl. Sci. 29, 965-1017 (2006)

@ Springer



568 A. Panda, D. Choudhuri

McLean, W.: Strongly elliptic systems and boundary integral equations. Cambridge University Press, Cam-
bridge (2000)

Necas, J.: Direct methods in the theory of elliptic equations. Springer Science & Business Media, Berlin
(2011)

Rempel, S., Schulze, B.W.: Asymptotics for elliptic mixed boundary problems. Pseudo-differential and
Mellin operators in spaces with conormal singularity, mathematical research, vol. 50. Akademie,
Berlin (1989)

Ernst, P.: Stephan, boundary integral equations for mixed boundary value problems in R3. Math. Nachr.
134, 21-53 (1987)

Simanca, S.R.: A mixed boundary value problem for the Laplacian. Illinois J. Math. 32(1), 98—114 (1988)

Sneddon, I.N.: Mixed boundary value problems in potential theory, North-Holland Publishing Company—
Amsterdam (1966)

Steinbach, O.: Numerical approximation methods for Elliptic boundary value problems: finite and boundary
elements. Springer, Berlin (2007)

Sykes, J.D., Brown, R.M.: The Mixed Boundary Problem in L? and Hardy spaces for Laplace’s equation
on a Lipschitz domain. In: Harmonic analysis and boundary value problems, Contemp. Math., Am.
Math. Soc., Providence, RI, 277, 1-18 (2001)

Torres, R.H., Welland, G.V.: The Helmholtz equation and transmission problems with Lipschitz interfaces.
Indiana Univ. Math. J. 42(4), 1457-1485 (1993)

Verchota, G.: Layer potentials and regularity for the Dirichlet problem for Laplace’s equation in Lipschitz
domains. J. Funct. Anal. 59, 572-611 (1984)

Wendland, W.L., Stephan, E., Hsiao, G.C.: On the integral equation method for the plane mixed boundary
value problem of the Laplacian. Math. Methods Appl. Sci. 1(3), 265-321 (1979)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer



	Existence Results of Two Mixed Boundary Value Elliptic PDEs in mathbbRN
	Abstract
	1 Introduction
	2 Preliminary Definitions and Properties of Boundary Layer Potentials
	2.1 Derivation of Representation Formulae
	2.2 Invertibility of Layer Potentials

	3 Existence and Uniqueness Results of (P1)
	4 Existence Results of (P2)
	Acknowledgements
	References




