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Abstract In this paper, we investigate a complete noncompact submanifold Mm in a
sphere Sm+t with flat normal bundle. We prove that the dimension of the space of L p

p-harmonic l-forms (when m ≥ 4, 2 ≤ l ≤ m − 2 and when m = 3, l = 2) on M is
finite if the total curvature of M is finite and m ≥ 3. We also obtain that there are no
nontrivial L p p-harmonic l-forms on M if the total curvature is bounded from above
by a constant depending only on m, p, l.
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1 Introduction

Let Mm be a submanifold in a Riemannian manifold Nm+t . Fix a point x ∈ M and
a local orthonormal frame {e1, . . . , em+t } of Nm+t such that {e1, . . . , em} are tangent
fields of Mm at x . In the following we shall use the following convention on the ranges
of indices: 1 ≤ i, j, k, . . . ≤ m and m + 1 ≤ α ≤ m + t . The second fundamental
form A is defined by

A(X,Y ) =
∑

α

〈∇XY, eα〉eα
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108 Y. Han

for any vector fields X,Y on Mm , where ∇ is the Riemannian connection of Nm+t .
Denote hα

i j = 〈∇ei e j , eα〉, then |A|2 =∑α

∑
i j (h

α
i j )

2, and the mean curvature vector
field H is defined by

H = 1

m

∑

α

Hαeα = 1

m

∑

α

∑

i

hα
i i eα.

The traceless second fundamental form � is defined by

�(X,Y ) = A(X,Y ) − 〈X,Y 〉H

for any vector fields X,Y on M . It is easy to see that

|�|2 = |A|2 − m|H |2

which measures how much the immersion deviates from being totally umbilical. We
say M has finite total curvature if

||�||Lm(M) =
(∫

M
|�|m

) 1
m

< ∞.

In Cao et al. (1997), Cao, Shen and Zhu showed that a complete connected stable
minimal hypersurface inEuclidean spacemust have exactly one end.Their strategywas
to utilize a result of Schoen-Yau asserting that a complete stable minimal hypersurface
in Euclidean space can not admit a non-constant harmonic function with finite integral
Schoen and Yau (1976). According to the work of Li and Tam (1992), Li and Wang
modified the proof to show that each end of a complete immersedminimal submanifold
must be parabolic in Li and Wang (2002). Due to this connection with harmonic
functions, this allows one to estimate the number of ends of the above hypersurface
by estimating the dimension of the space of bounded harmonic functions with finite
Dirichlet integral. They prove that if M has finite index, then the dimension of space
of L2 harmonic 1-forms on M is finite, and M must have finitely many ends in Li and
Wang (2002). In Fu and Xu (2010), Fu and Xu proved that a complete submanifold
Mm with finite total curvature and some conditions on mean curvaute in an (n + p)-
dimensional simply connected space form Mm+p(c) must have finitely many ends. In
Cavalcante et al. (2014), Cavalcante, Mirandola and Vitório proved that a complete
submanifoldMm with finite total curvature and some conditions on the first eigenvalue
of the Laplace–Beltrami operator of M in an Hadamard manifold must have finitely
many ends. In Lin (2015c), Lin proved vanishing and finiteness theorems for L2

harmonic forms under the assumptions on Schrödinger operators involving the squared
norm of the traceless second fundamental form. In Zhu and Fang (2014a, b), Zhu and
Fang obtained some vanishing and finiteness theorems for L2 harmonic 1-forms on
submanifold in sphere. In Zhu (2016), Zhu obtained that the space of all L2 harmonic
2-forms on submanifolds with finite total curvture in spheres had finite dimension.
And in the same paper, Zhu also gave the following conjecture.
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Conjecture Zhu (2016) Let Mm m ≥ 3 be an m-dimensional complete noncompact
oriented manifold isometrically immersed in Sm+1. If the total curvature is finite, then
the space of all L2 harmonic l-forms 3 ≤ l ≤ m − 3 has finite dimension.

For p-harmonic 1-forms, Zhang Zhang (2001) obtained vanishing results for p-
harmonic 1-form. Chang Chang et al. (2010) obtained the compactness for any
bounded set of p-harmonic 1-forms. The author and Pan in Han and Pan (2016) inves-
tigated L p p-harmonic 1-forms on complete noncompact submanifolds in aHadamard
manifolds, and obtained some vanishing and finiteness theorems under finite total cur-
vature and the first eigenvalues of Laplace–Beltrami operator. The author Zhang and
Liang in Han et al. (0000) obtained some vanishing and finiteness theorems under
the conditions of the scalar curvature and Ricci curvature. The author and Zhang in
Han and Zhang (0000) obtained that if the total curvature of complete noncompact
submanifold in Sm+t is finite, then the space of L p p-harmonic 1-form is finite. In
Dung and Seo (2016) Dung and Seo obtained some vanishing results for p-harmonic
forms. In Dung (2017) Dung obtained some vanishing results for p-harmonic l-forms,
for 2 ≤ l ≤ n − 2 on Riemannian manifolds with a weighted Poincaré inequality.

Let (Mm, g) be a Riemannian manifold, and let u be a real C∞ function on Mm .
Fix p ∈ R, p ≥ 2 and consider a compact domain � ⊂ Mm . The p-energy of u on
�, is defined to be

Ep(�, u) = 1

p

∫

�

|∇u|p.

The function u is said to be p-harmonic on Mm if u is a critical point of Ep(�, ∗)

for every compact domain � ⊂ Mm . Equivalently, u satisfies the Euler-Lagrange
equation.

div(|∇u|p−2∇u) = 0.

Thus, the concept of p-harmonic function is a natural generalizationof that of harmonic
function, that is, of a critical point of the 2-energy functional.

Definition 1.1 A p-harmonic l-form is a differentiable l-form on Mm satisfying the
following properties:

{
dω = 0,
δ(|ω|p−2ω) = 0,

where δ is the codifferential operator. It is easy to see that the differential of a p-
harmonic function is a p-harmonic 1-form.

In this paper, we investigate the properties for p-harmonic l-form (when m ≥ 4,
2 ≤ l ≤ m − 2 and when m = 3, l = 2) on complete noncompact submanifolds in
space forms. We assume that Mm is a complete noncompact manifold and define the
space of the L p p-harmonic l-forms on M by

Hl,p(M) = {ω|
∫

M
|ω|p < ∞, dω = 0 and δ(|ω|p−2ω) = 0}
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110 Y. Han

where p ≥ 2 and when m ≥ 4, 2 ≤ l ≤ m − 2 and when m = 3, l = 2. We obtain the
following results:

Theorem 1.2 (cf. Theorem 3.1) Let Mm, m ≥ 3 be an m-dimensional complete
noncompact oriented manifold isometrically immersed in an (m + t)-dimensional
sphere Sm+t with flat normal bundle. If the total curvature is finite, then we have
dimHl,p(M) < ∞ for p ≥ 2 andwhenm ≥ 4, 2 ≤ l ≤ m−2 andwhenm = 3, l = 2.

Remark 1.3 When p = 2, l = 2 and t = 1, we can obtain the Theorem 1 in Zhu
(2016). When p = 2, 3 ≤ l ≤ m − 3 and t = 1, we know that the Conjecture in Zhu
(2016) is true.

Theorem 1.4 (cf. Theorem 3.2) Let Mm, m ≥ 3 be an m-dimensional complete
noncompact oriented manifold isometrically immersed in an (m + t)-dimensional
sphere Sm+t . There exists a positive constant � depending only on m, p, l, such that
if ||�||Lm(M) < �, then there is no nontrivial L p p-harmonic l-forms on M, i.e.
Hl,p(M) = {0}, for p ≥ 2 and when m ≥ 4, 2 ≤ l ≤ m − 2, when m = 3, l = 2.
More precisely, � can be given explicitly by a constant C(M) in (7) as follows:

� < min

{√
8(p − 1)

p2mC(M)
,

√
1

m(m − 1)C(M)
,

√
2l(m − l)

m2(m − 1)C(M)

}
.

2 Preliminaries

Let Mm be an m-dimensional complete noncompact submanifold in Fm+t (c), and let
� be the Hodge Laplace-Beltrami operator of Mm acting on the space of differential
l-forms. Given two l-forms ω and θ , we define a pointwise inner product

〈ω, θ〉 =
m∑

i1,...,il=1

ω(ei1 , . . . , eil )θ(ei1 , . . . , eil )

Here we omit the normalizing factor 1
l! . The Weitzenböck formula Wu (1988) gives

� = ∇2 − Wl , (1)

where ∇2 is the Bochner Laplacian and Wl is an endomorphism depending upon the
curvature tensor ofMm . Let {θ1, . . . , θm} be an orthonormal basis dual to {e1, . . . , em},
then

〈
Wl(ω), ω〉 = 〈

m∑

j,k=1

θk ∧ ie j R(ek, e j )ω, ω

〉
(2)

for any l-form ω. For any ω ∈ Hl,p(M), by (1) and (2) we have

1

2
�|ω|2(p−1) = |∇(|ω|p−2ω)|2 − 〈δd(|ω|p−2ω), |ω|p−2ω〉
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+|ω|2(p−2)

〈
m∑

j,k=1

θk ∧ ie j R(ek, e j )ω, ω

〉

= |∇(|ω|p−2ω)|2 − 〈δd(|ω|p−2ω), |ω|p−2ω〉

+ l|ω|2(p−2)

⎛

⎝
∑

i j i2···il
Ri jω

i i2···ilω j
i2···il

− l − 1

2

∑

i jksi3···il
Ri jksω

i j i3···ilωks
i3···il

⎞

⎠

where we used ω is l-harmonic in the second equality. This can be read as

|ω|p−1�|ω|p−1 = |∇(|ω|p−2ω)|2 − |∇|ω|p−1|2 − 〈δd(|ω|p−2ω), |ω|p−2ω〉

+ l|ω|2(p−2)

⎛

⎝
∑

i j i2···il
Ri jω

i i2···ilω j
i2···il

− l − 1

2

∑

i jksi3···il
Ri jksω

i j i3···ilωks
i3···il

⎞

⎠

By Kato type inequality |∇ (|ω|p−2ω
) |2 ≥ |∇|ω|p−1|2, we have

|ω|p−1�|ω|p−1 ≥ −〈δd(|ω|p−2ω), |ω|p−2ω〉

+ l|ω|2(p−2)

⎛

⎝
∑

i j i2···il
Ri jω

i i2···ilω j
i2···il − l − 1

2

∑

i jksi3···il
Ri jksω

i j i3···ilωks
i3···il

⎞

⎠ (3)

Here when m ≥ 4, 2 ≤ l ≤ m − 2 and when m = 3, l = 2. By the Gauss equation,
we have

Ri jks = c(δikδ js − δisδ jk) +
m+t∑

α=m+1

[hα
ikh

α
js − hα

ish
α
jk],

and

Ri j = (m − 1)cδi j +
m+t∑

α=m+1

[mHαhα
i j − hα

ikh
α
jk].

Thus,

∑

i j i2···il
Ri jω

i i2···ilω j
i2···il − l − 1

2

∑

i jksi3···il
Ri jksω

i j i3···ilωks
i3···il = F1(ω) + F2(ω)
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112 Y. Han

where

F1(ω) = c(m − 1)
∑

i j i2···il
δi jω

i i2···ilω j
i2···il − c

l − 1

2

∑

i jkli3···il
(δikδ jl

−δilδ jk)ω
i j i3···ilωkl

i3···il
= (m − l)c|ω|2 (4)

and

F2(ω) =
∑

i j i2···il

(
m+t∑

α=m+1

[
mHαhα

i j −
m∑

k=1

hα
ikh

α
jk

])
ωi i2···ilω j

i2···il

− l − 1

2

∑

i jksi3···il

(
m+t∑

α=m+1

[
hα
ikh

α
js − hα

ish
α
jk

])
ωi j i3···ilωks

i3···il

From the computation in Lin (2015a, b), it follows that

F2(ω) ≥ 1

2l
(m2H2 − max{l,m − l}|A|2)|ω|2, (5)

where the assumption of flat normal bundle is used. Substituting (4), (5) into (3), we
have

|ω|p−1�|ω|p−1 ≥ −〈δd(|ω|p−2ω), |ω|p−2ω〉 + l(m − l)c|ω|2p−2

+1

2
(m2H2 − max{l,m − l}|A|2)|ω|2p−2

≥ −〈δd(|ω|p−2ω), |ω|p−2ω〉 + l(m − l)c|ω|2p−2

−m − 1

2
|�|2|ω|2p−2 + m

2
|H |2|ω|2p−2

that is,

|ω|�|ω|p−1 ≥ −〈δd(|ω|p−2ω), ω〉 + l(m − l)c|ω|p (6)

−m − 1

2
|�|2|ω|p + m

2
|H |2|ω|p

In order to prove our main result, we need the following results:

Lemma 2.1 Li (1980) Let E be a finite dimensional subspace of the space L2 q-forms
on a compact Riemannian manifold M̃m. Then there exists ω ∈ E such that

dimE

Vol(M̃)

∫

M̃
|ω|2dv ≤ min{(mq ), dimE} sup

M̃

|ω|2.
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From Lemma 2.1, the author and H. Pan in Han and Pan (2016) obtained the
following result.

Lemma 2.2 Han and Pan (2016) Let E be a finite dimensional subspace of the space
L p q-forms on a compact Riemannian manifold M̃m. Then there exists ω ∈ E such
that

dimE

Vol(M̃)

∫

M̃
|ω|pdv ≤ min{Cp(

m
q ), dimE} sup

M̃

|ω|p,

where Cp is a positive constant depending only p and p ≥ 2.

Lemma 2.3 Hoffman and Spruck (1974); Michael and Simon (1973); Zhu and Fang
(2014a) Let Mm be a complete noncompact oriented manifold isometrically immersed
in a sphere Sm+t . Then we have

(∫

M
| f | 2m

m−2

)m−2
m ≤ C(m)

(∫

M
|∇ f |2 + m2

∫

M
(1 + |H |2) f 2

)
(7)

for all f ∈ C∞
0 (M), where C(m) depends only on m and H is the mean curvature

vector of M in Sm+t .

Lemma 2.4 Let f : Mm → R be a smooth function on Riemannian manifold M, and
ω be an l-form on M, l ≥ 2. Then we have

|d f ∧ ω| ≤ |d f ||ω|.

Proof We can choose a local orthonormal basis e1, . . . , em with the dual basis
θ1, . . . , θm on M . d f and ω are denoted by the following: d f =∑m

i=1 fiθ i and

ω =
∑

i1<···<il

ωi1,··· ,il θ i1 ∧ · · · ∧ θ il

so we have

d f ∧ ω =
∑

i1<···<il+1

[
l+1∑

k=1

(−1)k−1 fikωi1···îk ···il+1

]
θ i1 ∧ · · · ∧ θ il+1 .

Now we compute

|d f |2|ω|2 − |d f ∧ ω|2

=
(

m∑

i=1

f 2i

)⎛

⎝
∑

i1<···<il

ω2
i1···il

⎞

⎠−
∑

i1<···<il+1

(
l+1∑

k=1

(−1)k−1 fikωi1···îk ···il+1

)2
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114 Y. Han

=
∑

i1<···<il+1

⎡

⎣
∑

k �=t

f 2ikω
2
i1···ik ···ît ···il+1

+
∑

k �=t

(−1)k+t ( fikωi1···ik ···ît ···il+1
)( fitωi1···îk ···it ···il+1

)

⎤

⎦ ≥ 0.

Here îk means that ik does not appear. This proves the lemma. ��

3 Proof of the main results

In this section, we obtain the following results.

Theorem 3.1 Let Mm, m ≥ 3 be an m-dimensional complete noncompact oriented
manifold isometrically immersed in an (m + t)-dimensional sphere Sm+t with flat
normal bundle. If the total curvature is finite, then we have dimHl,p(M) < ∞ for
p ≥ 2 and when m ≥ 4, 2 ≤ l ≤ m − 2, when m = 3, l = 2.

Proof Assume that ω is a p-harmonic l-form on Mm , i.e. ω ∈ Hl,p(M). From (6),
we have

|ω|�|ω|p−1 ≥ −〈δd(|ω|p−2ω), ω〉 + l(m − l)|ω|p (8)

−m − 1

2
|�|2|ω|p + m

2
|H |2|ω|p

Fixed a point x0 ∈ M and denote by ρ(x) the geodesic distance on M from x0 to x .
Let us choose η ∈ C∞

0 (M) satisfying

η =

⎧
⎪⎪⎨

⎪⎪⎩

0 on Bx0 (r0) ∪ (M\Bx0 (2r)
)
,

ρ(x0, x) − r0 on Bx0 (r0 + 1) \Bx0 (r0) ,

1 on Bx0 (r) \Bx0 (r0 + 1) ,
2r−ρ(x0,x)

r on Bx0 (2r) \Bx0 (r) ,

where r > r0+1 and r0 will be determined later. Multiplying (8) by η2 and integrating
over M , we have

−
∫

M
η2〈∇|ω|,∇|ω|p−1〉 − 2

∫

M
η|ω|〈∇η,∇|ω|p−1〉 +

∫

M
〈δd(|ω|p−2ω), η2ω〉

≥ l(m − l)
∫

M
η2|ω|p − m − 1

2

∫

M
|�|2|ω|pη2 + m

2

∫

M
|H |2|ω|pη2 (9)

Now we first estimate the third term of the left side of (9)

∣∣∣∣
∫

M
〈δd(|ω|p−2ω), η2ω〉

∣∣∣∣ =
∣∣∣∣
∫

M
〈d(|ω|p−2ω), d(η2ω)〉

∣∣∣∣
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≤
∫

M
|d(|ω|p−2ω)||d(η2ω)| ≤ 2

∫

M
η|dη||ω|2|d|ω|p−2| (10)

= 4(p − 2)

p

∫

M
η|∇η||ω| p

2 |∇|ω| p
2 |.

Here we use the inequality |d f ∧ ω| ≤ |d f ||ω|, for any f ∈ C∞(M). By direct
computation, we get

−
∫

M
η2〈∇|ω|,∇|ω|p−1〉 − 2

∫

M
η|ω|〈∇η,∇|ω|p−1〉

= −4(p − 1)

p2

∫

M
η2|∇|ω| p

2 |2 − 4(p − 1)

p

∫

M
η〈∇η,∇|ω| p

2 〉|ω| p
2 (11)

≤ −4(p − 1)

p2

∫

M
η2|∇|ω| p

2 |2 + 4(p − 1)

p

∫

M
η|∇η||ω| p

2 |∇|ω| p
2 |.

From (9), (10) and (11), we have

0 ≤ −4(p − 1)

p2

∫

M
η2|∇|ω| p

2 |2 + 4(2p − 3)

p

∫

M
η|∇η||ω| p

2 |∇|ω| p
2 |

−l(m − l)
∫

M
η2|ω|p + m − 1

2

∫

M
|�|2|ω|pη2 − m

2

∫

M
|H |2|ω|pη2

For ε1 > 0, we apply the Cauchy-Schwarz inequality, we have

[
4(p − 1)

p2
− 4(2p − 3)

p
ε1

] ∫

M
η2|∇|ω| p

2 |2 ≤ (2p − 3)

p

1

ε1

∫

M
|ω|p|∇η|2

−l(m − l)
∫

M
η2|ω|p + m − 1

2

∫

M
|�|2|ω|pη2 − m

2

∫

M
|H |2|ω|pη2 (12)

On the other hand, since m ≥ 3, we use Hölder, Sobolev inequality (7), and Cauchy-
Schwartz inequalities to obtain

∫

M
|�|2|ω|pη2 ≤

(∫

supp(η)

|�|m
) 2

m
(∫

M
(η|ω| p

2 )
2m
m−2

)m−2
m

≤ C(m)

(∫

supp(η)

|�|m
) 2

m
∫

M
(|∇(η|ω| p

2 )|2 + m2(1 + |H |2)η2|ω|p)

≤ C(m)φ2(η)[(1 + ε2)

∫

M
η2|∇|ω| p

2 | +
(
1 + 1

ε2

)∫

M
|ω|p|∇η|2] (13)

+C(m)φ2(η)m2
∫

M
η2|ω|p(1 + |H |2)
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116 Y. Han

for ε2 > 0, where φ(η) = (
∫
suppη |�|m)

1
m . From (12) and (13), we have

A
∫

M
η2|∇|ω| p

2 |2 + B
∫

M
|H |2|ω|pη2 + C

∫

M
|ω|pη2 ≤ D

∫

M
|ω|p|∇η|2 (14)

where

A = 4(p − 1)

p2
− 4(2p − 3)

p
ε1 − m − 1

2
C(m)φ2(η)(1 + ε2)

B = m

2
− m − 1

2
C(m)φ2(η)m2

C = l(m − l) − m − 1

2
C(m)φ2(η)m2

D = (2p − 3)

p

1

ε1
+ m − 1

2
C(m)φ2(η)(1 + 1

ε2
)

We choose 0 < ε < min{−(mp+7p−12)+
√

(mp+7p−12)2+16(m−1)(p−1)
2(m−1)p , 1

2(m−1)m ,

l(m−l)
(m−1)m2 } and a positive constant �(ε) > 0 satisfying:

4(2p − 3)

p
ε + (m − 1)ε(1 + ε) ≤ 4(p − 1)

p2

m − 1

2
C(m)�2(ε) < (m − 1)ε

Since M has finite total curvature, we can fix r1 large enough such that

(∫

M\Bx0 (r1)
|�|m

) 1
m

≤ � (15)

Take r0 > r1, thus supp(η) ⊆ M\Bx0(r1) and φ(η) ≤ �. Choose 0 < εi < ε, for
i = 1, 2, we have

A ≥ Ã = 4(p − 1)

p2
− 4(2p − 3)

p
ε − (m − 1)ε(1 + ε) > 0,

B ≥ (̃B) = m

2
− m2(m − 1)ε > 0

C ≥ C̃ = l(m − l) − m2(m − 1)ε > 0

0 < D ≤ D̃ = (2p − 3)

p

1

ε1
+ m − 1

2
C(m)�2

(
1 + 1

ε2

)

From (14), we have

Ã
∫

M
η2|∇|ω| p

2 |2 + B̃
∫

M
|H |2|ω|pη2 + C̃

∫

M
|ω|pη2 ≤ D̃

∫

M
|ω|p|∇η|2 (16)
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p-Harmonic l-forms on Complete… 117

From (7) and the Cauchy-Schwarz inequality, we have

C−1(m)

(∫

M
(η|ω| p

2 )
2m
m−2

)m−2
m ≤

∫

M
|∇(η|ω| p

2 )|2 + m2
∫

M
(1 + |H |2)η2|ω|2

≤ (1 + s)
∫

M
η2|∇|ω| p

2 |2 +
(
1 + 1

s

)∫

M
|ω|p|∇η|2 + m2

∫

M
(1 + |H |2)η2|ω|2

(17)

From (16) and (17), we have

C−1(m)

(∫

M
(η|ω| p

2 )
2m
m−2

)m−2
m ≤

(
m2 − (1 + s)

B̃

Ã

)∫

M
|H |2|ω|pη2

+
(
m2 − (1 + s)

C̃

Ã

)∫

M
|ω|pη2 + (1 + 1

s
+ (1 + s)

D̃

Ã
)

∫

M
|ω|p|∇η|2

Choose a sufficiently large s such that m2 − (1 + s) B̃
Ã

< 0 and m2 − (1 + s) C̃
Ã

< 0.
Then we have

C−1(m)

(∫

M
(η|ω| p

2 )
2m
m−2

)m−2
m ≤

(
1 + 1

s
+ (1 + s)

D̃

Ã

)∫

M
|ω|p|∇η|2

That is,

(∫

M
(η|ω| p

2 )
2m
m−2

)m−2
m ≤ E

∫

M
|ω|p|∇η|2 (18)

where E is a positive constant depending only on m, p. It follows from the definition
of η and (18), we have

(∫

Bx0 (r)\Bx0 (r0+1)
(|ω| p

2 )
2m
m−2

)m−2
m

≤ E
∫

Bx0 (r0+1)\Bx0 (r0)
|ω|p + E

r2

∫

Bx0 (2r)\Bx0 (r)
|ω|p

Since |ω| ∈ L p(M), taking r → ∞, we have

(∫

M\Bx0 (r0+1)
(|ω| p

2 )
2m
m−2

)m−2
m

≤ E
∫

Bx0 (r0+1)\Bx0 (r0)
|ω|p (19)

It follows from the Hölder inequality that

∫

Bx0 (r0+2)\Bx0 (r0+1)
|ω|p ≤ [Vol(Bx0(r0 + 2))] 2

m (

∫

Bx0 (r0+2)\Bx0 (r0+1)
|ω| pm

m−2 )
m−2
m .

(20)
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From (19) and (20), we have

∫

Bx0 (r0+2)
|ω|p ≤ C1

∫

Bx0 (r0+1)
|ω|p, (21)

where C1 depends on Vol(Bx0(r0 + 2)), m and p. From (8), we have

|ω|�|ω|p−1 ≥ −〈δd(|ω|p−2ω), ω〉 − F |ω|p, (22)

where F : M → [0,∞) is a function given by

F = |l(m − l) − m − 1

2
|�|2 + m

2
|H |2|.

Fix x ∈ M and take η ∈ C∞
0 (Bx (1)). Multiply both sides of (22) by η2|ω| pq

2 −p, with
q ≥ 2, and integrating by parts we obtain

−4(p − 1)

p

∫

Bx (1)
η|ω| pq

2 − p
2 〈∇η,∇|ω| p

2 〉

≥ 2(p − 1)(pq − 2p + 2)

p2

∫

Bx (1)
|ω| pq

2 −p|∇|ω| p
2 |2η2 (23)

−F
∫

Bx (1)
η2|ω| pq

2 −
∫

Bx (1)
〈d(|ω|p−2ω), d(η2|ω| pq

2 −pω)〉.

From the inequality |d f ∧ ω| ≤ |d f ||ω| and Cauchy-Schwatz inequality, we have

∫

Bx (1)
|〈d(|ω|p−2ω), d(η2|ω| pq

2 −pω)〉| ≤
∫

Bx (1)
|d(|ω|p−2ω)||d(η2|ω| pq

2 −pω)|

≤
∫

Bx (1)
|∇|ω|p−2||ω|2|[d(η2)|ω| pq

2 −p + η2d|ω| pq
2 −p]| (24)

≤ 4(p − 2)

p

∫

Bx (1)
η|ω| pq

2 − p
2 |∇η||∇|ω| p

2 |

+2(p − 2)(q − 2)

p

∫

Bx (1)
η2|ω| pq

2 −p|∇|ω| p
2 |2

≤ 2ε3
p2(m − 1)

∫

Bx (1)
|ω| pq

2 −p|∇|ω| p
2 |2η2

+2(p − 2)2(m − 1)
1

ε3

∫

Bx (1)
|∇η|2|ω| pq

2

+2(p − 2)(q − 2)

p

∫

Bx (1)
η2|ω| pq

2 −p|∇|ω| p
2 |2
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where ε3 > 0 is a positive constant. And

−4(p − 1)

p

∫

Bx (1)
η|ω| pq

2 − p
2 〈∇η,∇|ω| p

2 〉

≤ 2ε3
p2(m − 1)

∫

Bx (1)
|ω| pq

2 −p|∇|ω| p
2 |2η2 (25)

+2(p − 1)2(m − 1)
1

ε3

∫

Bx (1)
|∇η|2|ω| pq

2 ,

From (23), (24) and (25), we have

[
2(p − 1)(pq − 2p + 2)

p2
− 2(p − 2)(q − 2)

p

− 4ε3
(m − 1)p2

] ∫

Bx (1)
|ω| pq

2 −p|∇|ω| p
2 |2η2

≤ F
∫

Bx (1)
η2|ω| pq

2 + [2(p − 1)2

+2(p − 2)2](m − 1)
1

ε3

∫

Bx (1)
|∇η|2|ω| pq

2 . (26)

We can choose ε3 small enough such that [ 2(p−1)(pq−2p+2)
p2

− 2(p−2)(q−2)
p − 4ε3

(m−1)p2
] >

0. By using the Cauchy-Schwarz inequality, we have

∫

Bx (1)
|∇(η|ω| pq

4 )|2 =
∫

Bx (1)
|ω| pq

2 |∇η|2 + q2

4

∫

Bx (1)
η2|ω| pq

2 −p|∇|ω| p
2 |2

+q
∫

Bx (1)
η|ω| pq

2 − p
2 〈∇η,∇|ω| p

2 〉 (27)

≤ (1 + q)

∫

Bx (1)
|ω| pq

2 |∇η|2 + q

4
(q + 1)

×
∫

Bx (1)
η2|ω| pq

2 −p|∇|ω| p
2 |2.

From (26) and (27), we have

∫

Bx (1)
|∇(η|ω| pq

4 )|2 ≤ C1

∫

Bx (1)
|ω| pq

2 |∇η|2 + C2

∫

Bx (1)
Fη2|ω| pq

2 , (28)

where

C1 = 1 + q + q

4
(q + 1)[2(p − 1)2 + 2(p − 2)2](m − 1)

1

ε3[
2(p − 1)(pq − 2p + 2)

p2
− 2(p − 2)(q − 2)

p
− 4ε3

(m − 1)p2

]−1

≤ C(p, ε3)mq,
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C2 = q

4
(q + 1)

[
2(p − 1)(pq − 2p + 2)

p
− 2(p − 2)(q − 2)

p

− 4ε3
(m − 1)p2

]−1

≤ C(p, ε3)q,

whereC(p, ε3) is a positive constant depending only on p, ε3. Applying (7) to η|ω| pq
4

and using (28), we have

(∫

Bx (1)
(η|ω| pq

4 )
2m
m−2

)m−2
m ≤ C(m)

(∫

Bx (1)
|∇(η|ω| pq

4 )|2

+m2
∫

Bx (1)
(1 + |H |2)η2|ω| pq

2

)

≤
∫

Bx (1)
[C2F + m2(1 + |H |2)]η2|ω| pq

2

+C1

∫

Bx (1)
|ω| pq

2 |∇η|2.

so we have

(∫

Bx (1)
(η|ω| pq

4 )
2m
m−2

)m−2
m ≤ qC3

∫

Bx (1)
[η2 + |∇η|2]|ω| pq

2 , (29)

for a constant C3 > 0 depending m, p, ε3, Vol(Bx (1)), supBx (1) F and supBx (1) |H |.
Given an integer k ≥ 0, we set qk = 2mk

(m−2)k
and ρk = 1

2 + 1
2k+1 . Take a function

ξk ∈ C∞
0 (Bx (ρk)) satisfying ηk ≥ 0, ηk = 1 on Bx (ρk+1) and |∇ηk | ≤ 2k+3.

Replacing q and η in (29) by qk and ηk respectively, we have

(∫

Bx (ρk+1)

|ω| pqk+1
2

) 1
qk+1 ≤ (qkC34

k+4)
1
qk

(∫

Bx (ρk)

|ω| pqk
2

) 1
qk

. (30)

Applying the Moser iteration to (30), we conclude that

|ω|p(x) ≤ ||ω||p
L∞(Bx (

1
2 ))

≤ C4

∫

Bx (1)
|ω|p (31)

for a constant C4 > 0 depending only on m, p, ε3, Vol(Bx (1)), supBx (1) F and
supBx (1) |H |. Take x ∈ Bx0(r0 + 1) such that

|ω|p(x) = sup
Bx0 (r0+1)

|ω|p. (32)
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From (31) and (32), we have

sup
Bx0 (r0+1)

|ω|p ≤ C4

∫

Bx0 (r0+2)
|ω|p. (33)

From (21) and (33), we have

sup
Bx0 (r0+1)

|ω|p ≤ C5

∫

Bx0 (r0+1)
|ω|p, (34)

where C7 > 0 is a constant depending on m, p, ε3, Vol(Bx (r0 + 2)), supBx (r0+2) F
and supBx (r0+2) |H |.

Finally, let V be any finite-dimensional subspace of Hl,p(M). From Lemma 2.2,
there exists ω ∈ V such that

dimV

Vol(Bx0(r0 + 1))

∫

Bx0 (r0+1)
|ω|p ≤ min{Cp(

m
l ), dimV } sup

Bx0 (r0+1)
|ω|p. (35)

From (34) and (35), we have dimV ≤ C6, whereC6 > 0 depends only on onm, p, ε3,
Vol(Bx (r0 + 2)), supBx (r0+2) F and supBx (r0+2) |H |. This implies that Hl,p(M) has
finite dimension.

Theorem 3.2 Let Mm, m ≥ 3 be an m-dimensional complete noncompact oriented
manifold isometrically immersed in an (m+ l)-dimensional sphere Sm+l . There exists
a positive constant � depending only on m, p, l, such that if ||�||Lm(M) < �, then
there admit no nontrivial L p p-harmonic l-forms on M, i.e. Hl,p(M) = {0}, for p ≥ 2
and when m ≥ 4, 2 ≤ l ≤ m − 2, when m = 3, l = 2. More precisely, � can be given
explicitly by a constant C(M) in (7) as follows:

� < min

{√
8(p − 1)

p2mC(M)
,

√
1

m(m − 1)C(M)
,

√
2l(m − l)

m2(m − 1)C(M)

}
. (36)

Proof From (36), we know that A > 0, B > 0 and C > 0 in (14). For a fixed point
x0 and take a cut-off function η such that

⎧
⎪⎪⎨

⎪⎪⎩

0 ≤ η ≤ 1,
η = 1 on Bx0(r)
η = 0 on M\Bx0(2r)
|∇η| ≤ c

r ,

where c is a positive real number. From (14), we have

A
∫

Bx0 (r)
|∇|ω| p

2 |2 + B
∫

Bx0 (r)
|H |2|ω|p + C

∫

Bx0 (r)
|ω|p ≤ Dc2

r2

∫

M
|ω|p,

Let r → ∞. We obtain that |ω| = 0, that is, ω = 0. ��
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