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A priori error estimates for upwind finite volume
schemes for two-dimensional linear convection
diffusion problems
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Abstract. Itis still an open problem to prove a priori error estimates for finite volume
schemes of higher order MUSCL type, including limiters, on unstructured meshes,
which show some improvement compared to first order schemes. In this paper we
use these higher order schemes for the discretization of convection dominated elliptic
problems in a convex bounded domain € in R? and we can prove such kind of an a
priori error estimate. In the part of the estimate, which refers to the discretization of the
convective term, we gain 4'/%. Although the original problem is linear, the numerical
problem becomes nonlinear, due to MUSCL type reconstruction/limiter technique.
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1 Introduction

There are many Finite Volume and Discontinuous Galerkin schemes for solv-
ing elliptic convection dominated problems and nonlinear conservation laws on
unstructured grids in multi dimensions, like

0,v + div f (v) 0 inR" x R" (1.1)
v(x,0) = wug(x) on R".
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While for strongly elliptic problems like

—eAv+divibv) +cv = f in (1.2)
vix) = 0 on 92

with dominating diffusion (¢ = 1) no stabilization is necessary for numerical
schemes, we need some upwinding or, for higher order schemes, a suitable stabi-
lization for convection dominated problems (with small €). The same statement
holds also for nonlinear conservation laws as in (1.1). In this case the stabiliza-
tion is obtained e.g. by reconstruction technique with so called limiters. They
make the scheme nonlinear, even in cases where the underlying partial differ-
ential equation (1.1) is linear. For finite volume schemes, the reconstruction
with limiters can be realized in a very easy way even on unstructured grids, e.g.
by MUSCL type discretizations. However, the theoretical background for these
schemes, in particular when applied to conservation laws, is not yet satisfactorily
developed. Concerning the convergence of both first and higher order schemes,
there are results in the case of nonlinear scalar conservation laws [6], [19], [18],
[8], and in the case of weakly coupled systems of conservation laws [23]. For
conservation laws as in (1.1) a priori error estimates of the form

1 L
[lv — upl| o1y < ch* + approximation error of data (1.3)

are available [5], [25], [6], [1], [4]. Here, v denotes the exact solution of the
underlying partial differential equation and u,, the approximative numerical so-
lution obtained by a first order finite volume scheme in multi dimensions on
unstructured grids.

From numerical experiments one would expect htin (1.3), but the proof for
this on unstructured grids is an open question. For smooth solutions of the linear
transport equation one gets [1] [|[v — u,l|, < ch.

There are also no error estimates ||[v —uy, || < ch” forhigher order finite volume
schemes for conservation laws in multi dimensions on unstructured grids includ-
ing limiters with 8 > %. To get results in this direction, concerning nonlinear
hyperbolic conservation laws, seems to be very difficult. Theoretically justified
error analysis for upwind finite volume schemes of higher order, which would
also indicate the higher order convergence rate, remains an open problem. See
for example [5], [6], [7], [8], [25].

Therefore in this paper we apply the higher order finite volume schemes with
limiters to a linear convection dominated stationary diffusion equations like (1.2)
in multi dimensions on partially unstructured grids. We can show that we gain
h? in the error estimate for the term, which refers to the discretization of the
convective term, compared to first order schemes.
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Let us briefly mention some related results. In [15] a convection diffusion
equation like (1.2) with ¢ = 1 and general elliptic part is considered. They
prove error estimates of the form ||v — uy,||;2 < ch for finite volume schemes of
first order. Further results for elliptic and parabolic equations for finite volume
schemes are obtained in [2], [11] and the results of an interesting benchmark
problem are published in [12]. Lube considered in [21] discretizations of (1.2)
and proved

v — upl| < coh(e? +h?)

for the streamline diffusion method. Here £ is the degree of the local polynomi-
als. A-priori error estimates of the type (1.3), e.g. with the ¢|| - || g2 + || - ||z2-
norm are also known for the streamline diffusion shock capturing method ap-
plied to the linear transport equation with £ 3 , cf. [16].

For dominating diffusion problems there are error estimates for first order
schemes (cf. [15] for stationary case), which show ||v — u||;2 < ch. In [13],
[22] convergence for a first order combined finite volume-finite element method
in the non-stationary case was proved.

For second order TVD Rung-Kutta Discontinuous Galerkin methods with
piecewise polynomials of order k in space a priori error estimates of the form
[lu — upllL, < ch**3 for smooth solutions u of (1.1) have been proved in [27].
More advanced results for (also hybridized) Discontinuous Galerkin methods
can be found e.g. in [9], [26]. For further finite element approximations of
convection diffusion problems we refer to [3], [24].

In this paper we omit all the proofs — they can be found in [20].

2 The problem
Consider the following boundary value problem

Lv := —eAv+div(bv) +cv = f in Q, 2.1
v = 0 on 0<2 (2.2)

where Q is a convex polygonal domain in R? and b(x), ¢(x), f(x) are functions
which are sufficiently smooth on Q and such that 0 < ¢y < c(x) <c,divb =0
in . Moreover we suppose that the diffusion parameter ¢ is a positive constant,
0<e<l

We consider that Q = | i T;, where T; € T, are open triangles, i :=
sup; diam(7}), 0 < h < ho. Furthemore, all boundary triangles are mirrored
by the boundary of €2 to get a corresponding ghost triangles. The set of all ghost
triangles will be denoted by T, T N T, = 0.
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Notation 2.1. We denote by
() |T;|: the volume of triangle T;; T; € T, U Tg

(ii) x;: the center of gravity of T; (i.e., x; is the center of the inscribed circle
to the triangle T)

(iii) x;: intersection of the perpendicular bisectors of T; (i.e., X; is the center
of the circumscribed circle to the triangle T})

(iv) vj == v(x))
(V) Nj: the set of the numbers of the neighboring trianglesto T;, T; € T,
(Xl) Tjg = T/ U Tg

(xil) Sj¢, £ € Nj: the joint edge of T; and Ty with length |S |, where T; € Ty,
Tg S 'I}, U TG

(xiii) xj¢: the midpoint of S,

(IX) djg = |Xg —le

x) dj¢ = [¥ — X

(xi) yip = e .0, . — min y;p;
y/@ = m s Y = V/b

(xiil) nje: the outward unit normal to T; € T), in the direction of Ty, £ € N;.

We assume that there exists an n > 0 such that all angles of all triangles
T; € T), are less than 7 — 5. Therefore, both x; and ¥ lie strictly inside of T}
for all j and there is a constant ¢, > 0 independent of / such that y > c,,.

Moreover we assume that 7, = T U Ty, such that Tz N Ts = @, where

Tr ={T; € Ty; T, is equalsided and T is equalsided V¢ € N;}, (2.3)
and
Ts ={T; € Ty; T; is not equalsided or 3¢ € N; s.t. Ty is not equalsided}. (2.4)

The triangles in T and T are called regular and singular, respectively.

We also assume that the triangulation is locally irregular in the sense of Hein-
rich (cf. [14, par. 2.2.2, p. 27]), i.e. that the set T consists of the finite number
of strips of triangles, each being of the width of O (h).
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Assumption 2.2. For the solution v of (2.1) and (2.2) we assume v € W>?(Q)
and that v can be extended onto a small strip w, of the width of O (h) outside of
Q such that we have v(x;) = —v(x;) if Ty C wy is the mirrored ghost triangle
to T;. For the continuation vg of v we assume

||Ud||W2*2(Qd) = C||U||W2,2(Q),
where the constant c is independent of v and Q; := Q2 U wy.

In the context of the locally irregular grid we will also use the following result
(cf. [14, p. 189] and the references there):

Theorem 2.3. Let Q be a convex polygonal domain in R? and w, C Q be
the strip of the width of O(h), 0 < h < hg. Then there is a constant ¢ > 0
independent of h such that for allv € W/t12(Q), j =0, 1, 2, we have

L .
lvllwiz, = chZllvllwivzg) . j=012. 2.5

We split the set £ of the edges S;, = T/ N T,, with T;, T, € T}, into three
parts, £ = Ex U Eg U Eyy, where

Er = {Sje; Sj¢ ¢ 0K2; both T; and Ty are regular} ,
Es = {Sje; Sj¢ ¢ 9K; both T; and T, are singular} , (2.6)
Ty = {Sje; Sje € 02; T; and T, are of different type (regular, singular)} .

and call them regular, singular and mixed edges, respectively. We also denote by
Ep = {Sjg; Sje C0;} 22.7)

and call them the boundary edges.
Furthermore we denote

Nj; = {£]|T,isneighboring triangle to 7}, and T, C 2},
and

Njr := {€|T,is neighboring triangle to T;, and T} € TR},

Njs = {€|T,is neighboring triangleto T;, and T; € T} .

Njc := {€]|T,is neighboring triangleto 7;, and Ty € T5},

3 The scheme

Let ci(x) := ¢;, fu(x) := f; forx € T; € T,, be piecewise constant approxi-
mants of ¢, f, respectively, defined by

1 1
P = — , P= — . 3.1
YT fT,C =1 fT,f G-b
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Let uy(x) = uj forx € T; € T, U Tg, be a piecewise constant solution of the
discrete problem

(Lyun); = fj, if T; € Ty, (3.2)
ug = —u;, ifS;, C9RQ,and Ty € T is the ghost triangle
07T CQ, (3.3)

where the discrete operator is given by
£ 1
(Lntn)j = ———=> (g —up)Vje+ —— > gje(Uje, Ugy) + cju;. (3.4)
1751 (eN; 1751 (eN;
J J

The first term in (3.4) approximates the value of the diffusion term —eAv

in X;, while g je (’U je, Uy j) approximates the values of the convective term
ZENI'
div(bv) along §;,. Here, g, stands for an upwind finite volume flux, and,

Uje = Uje(uj, up), Ugj = Ugj(ug, uj) (3.5)

will be defined more precisely later. A particular scheme of the type (3.2)-(3.5)
is then chosen by the particular choice of functions U, and g .

Example 3.1 (General numerical flux). In general, we suppose that the upwind
finite volume flux g;,(u, v) is a Lipschitz continuous function, i.e., we suppose
that there is a constant ¢ > 0 such that

|gje(u, v) — gje', V) < ch (Ju—u'| +v—1]) . (3.6)

Furthermore we suppose that g, satisfies the following three basic properties:

gje(u,u) = uf bnjeds , 3.7

N
gjeu,v) = —g¢v,u), (3-8)

] ]
agje(u, v> 0 > %gje(u, v), (3.9)

which are referred to as consistency, conservativity, and monotonicity of the
numerical flux g ¢, respectively. (See [18] or [19] for more discussion on general
upwind finite volume numerical fluxes.) Moreover, dueto (3.7) and divb(x) = 0,
we have that (cf. (3.13)):

Z gje(u,u) =0 forall j. (3.10)

ZENI'
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Example 3.2 (First order Engquist-Osher scheme). As a particular example
of the numerical flux we choose the Engquist-Osher type upwind finite volume
flux g, defined by

gje(u,v) :==blu+b;v, bﬁ = [ (bn;)*ds. (3.11)
N

It can be easily shown that this particular numerical flux satisfies (3.6)-(3.10).
The easiest choice of ‘U, in (3.5), namely

,u/‘g =uj, U@j = Uy, (312)
used together with (3.11) in (3.4) defines a first order numerical scheme.

Remark 3.3. Due to the properties of b we have for all T; € T},

YWl Ab) =D bj= Zf bnjids

LeN; LeN; teN; 7S5t (3.13)
:/ bnjeds=/divbdx=0,
T T;
and, forall §;, € Z,
byj = —bj, bj=-bj,, b, =-bl,. (3.14)

Example 3.4 (Higher order scheme using MUSCL type reconstruction). Let
Ty, Ty, T,, be all neighboring triangles to T; with centers of gravity xi, x¢, X,
xj, respectively. Let w € L*>(2) with w|7, € CO(Tj) and w; := w(x;) for
i =k, ¢, m, j, respectively. Let

R}’ be a plane passing through (x;, we), (X, wn), (xj, w;),
R}” be a plane passing through (x, wi), (xXpm, wy), (x;, w;),

R,, be a plane passing through (xy, wy), (x¢, we), (x;, w;) .
Define an index i by
IVR}| = min {[VRY|, [VR}|, VR, |} (3.15)

and put
G} :=VR/. (3.16)
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If w; > max{wyg, we, wy,} or w; < minf{wy, we, wy,}, we say that w; is a local
extremum. Let the coefficients o; = a}" € {0, 1} be such that

w_ | O if w; is the local extremum,
9= { 1 otherwise. (.17
Then define
Ll;’(x) =w; + a}”G‘;’(x —Xj). (3.18)

Finally, the higher order MUSCL type Engquist-Osher scheme is defined by
(3.4) with the numerical flux (3.11) and

,u/‘g = L7 (ng) , U@j = Lz (ng) . (319)

It can be shown that, on the regular grid, the reconstruction operator L' defined
by (3.18) has the following properties.

Lemma 3.1. Forall T € T we have

(a) |L7(Xg) —uj| < |uj—ug foralll € N, (3.20)
1

(b) |L7(ng)—uj|§§|btj—ug| forallt € N;, 3.21)

(c) (ug— L;(Xg))(btj —up) <0 foralll € N;. (3.22)

4 Main result

We will use the scheme (3.2)-(3.4) with the following definition of the numeri-
cal flux:

e If §;, € £ we use the higher order flux using MUSCL type reconstruc-
tion, i.e. we set (cf. (3.11), (3.18)-(3.19))

gie(Ujp, Uyj) := bﬁ%‘- (xjo) + b Ly (x;e) - “4.1)

e If Sj;, € £y or S € g we use the first order flux, i.e. we set (cf. (3.11),
(3.12))
gjg(,u/‘g,’llgj) = bﬁuj +bj_5145 . (42)

° Iijg S fB we use
gje(Uje, Uyj) == byu; + bu 4.3)

where in this case u, is the value in the ghost cell of the cell T satisfying
Ug = —Uj (Cf (33))
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The main result of this paper is formulated in the following theorem.

Theorem 4.1. Let u,(x) = u; forx € T; € Ty, be a piecewise constant numer-
ical solution of the discrete problem (3.2)-(3.4) with a numerical flux satisfying
(3.11), (3.18)-(3.19), (4.1)-(4.3) and let the Assumption 2.2 hold. We define

in = IhU — Uy (44)
where
Lv(x):=v(@x;)=v;, ifxeT;jeT,. 4.5)
Then, defining
Izl ==y D (zj —2) 4+ Y STy, (4.6)
FUEp TjE'Th

we have the following error estimate for any § > 0:
2 2 sy M 2 h' 2
lanl2 < c(eh® + 17 + Z)oll, +e— Y RAT. @)
€ 'TjE'TR
If, moreover, v € W32(Q), we have
2 3 ST 2 h* 2
Il = e(en +n 2 4 Sl b= D RATI. @48)
e ’ e J
'TjE'TR
Here, R; := ﬁ D ten, e —u)yje.
Remark 4.2.

It follows from Lemma 8.2 that the sum ZT,— cTr R;lle is of the same
order in & as [[v]]3 (), cf. (8.2) and (8.4).

* Note that if 7, is the mirrored ghost triangle to 7;, we have v(x;) =
—v(X;) (see Assumption 2.2), and also uy, = —u; (see (3.3)). Therefore,

U=V —Uug=—vjtuj=-—2;, (4.9)
if Ty is the mirrored ghost triangle to 7';.

¢ In the case when the first order scheme is used in the whole domain we
get (for comparison) the following result:

h2
lzall? < c(sh2 L hY ?) w12, (4.10)
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For the higher order MUSCL type scheme we thus gain 4!/2 inside the
estimate of the norm of ||z, || for the term corresponding (as it shows) to
the convective part of the equation, compared to the first order scheme:
compare é to % in the estimate of the norm of ||z, ||§.

* For the particular numerical calculation for which ¢ & h, we get, using
(4.10) and (4.7), the error estimates of the order O(ﬁ) and O (h) in the
cases of first order and higher order scheme, respectively. If ¢ & Vh , We
get in the corresponding cases the error estimates of the order O (h*/*) and
O (h™/*), respectively.

5 The energy estimate

We prove the discrete energy estimate for the higher order scheme.

Lemma 5.1. Let u;, be the numerical solution defined by the scheme (3.2)-
(3.4) with a numerical flux satisfying (3.11), (3.18)-(3.19), (4.1)-(4.3) and let
Assumption 2.2 hold. Then there is a constant ¢ > 0 such that for all ¢ > 0 and
allh >0

ey Y wj—u) +co Y Wil <c Y T, (5.1)

FUEp TjE’Th TjE'Th

6 The basic strategy in proving the main result

The main technical step in the whole proof is to consider the term (L (I,v) —
Lyuy, zp) = Zj(Lh (Iyv) — Lypuy)|T}|z; in the following form.

Lemma 6.1.
(Lp(Ipv) — Lpuy, zp) = (Wg, zn) + (Wi, zn) + Wy, z) , (6.1)
where
& Vg — V; 1
Wj = = 2 ISul(F=E - — | o),
! |T/‘|e§\;j ! dje 1Sjel Js;,
1
Vg = _Z<gj€(’vj£,’vej)_f ”jebv),
Tl (¥, Sie
v lf ( )
= — [ cv; —v
N 750 Sy,
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where ’ng = ,u/‘g(vj, Ug), ’Vg/‘ = U@j(vg, Uj), and
(Wa, z) i= Z‘I’AijITjI, for A=H, K, N.
J
In what follows, we split the sums in (6.1) into two parts,
J T; e’TR T; e’TS

In the “regular” part of the sum we have regular triangles and the higher order
approximation, in the “singular” part of the sum (“on the strips’’) we have general
triangles and the first order approximation. We thus get

(Lp(Ipv) — Lpup, zn) = (Wu, z0)r + (WYu, z2n)s + (W, 20k
+ (Wi, zn)s + (Wy, zn)r + (PN, 20)s
and will proceed by estimating the terms on the right-hand side both from above
and from below.
7 The estimates from above
7.1 The estimate of (W, z;,) from above

For the estimate of (Wy, z;;) (approximating the zero-order term) from above
we obtain the following results.

Lemma 7.1. We have on the regular triangles

ST PIT < ch*lvlB k. (7.1)
TjE'TR

(Wn, 2R

IA

€o
i vlzor+ 5 D GIT (7.2)
TjE'TR

2 . 2
Wh’ere ||U||2’2’R T ZTjETR ||v||W2,2(Tj)‘
Lemma 7.2. We have on singular triangles

STIYPIT = ek Pl (7.3)
TjE’TS

(Wn, zn)s

A

IA

_ €o
Pl + g D GIT (74)
TjE’TS
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forany § > 0, where |[v]I3 5 s := 3 g ez 1015227,
Putting the results of Lemmata 7.1, 7.2 together, we obtain
Lemma 7.3. We have (on the whole domain)
_ €o
Wy, ) = ch* i3, +2 D0 GITH (7.5)
Tj E'Th
7.2 The estimates of (Vy, z;,) from above

For the estimate of (Wy, z;) (approximating the diffusion part) from above we
obtain the following result.

Lemma 7.4. Forv € W>%(Q) we have

1/2
Wz = cehfolaa (Y @ —2) (7.6)
FUER
20012 24 2
< el ol + o )G -2’ (7.7)
FUER

If moreover v € W32(Q), we have

&y
(Wy,z) < ceh’ ||v||§’2+?2(zj —z2)*. (7.8)
FUER
7.3 The estimates of (W, z;) from above

For (W, z;) (approximating the convective term) we obtain the following
lemma.

Lemma 7.5. We have
h? ey
Wk.z)r = c—ll3+ = Y (g — 2™ (7.9)
£ 8
FUER

7.4 The final estimate from above

Putting together the estimates (7.5), (7.7), (7.8), (7.9), we get the following
result.
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Theorem 7.1 (Estimate from above). Under the assumptions of Theorem 4.1
there exists a constant ¢ > 0 independent of ¢ such that for v e W>2(Q) we
have

h3
(Lityv = Lty z) < o(eh® +h7 + =)ol

(7.10)
24 €o
+ e Z (zj — )+ ) Z Z§|T/’|-
FUEp TjE'Th
If moreover v e W3%(R2), we have
h3
(Lpdyv — Lyup, z) < C<8h3 +h2 4 ?)”U”;z
(7.11)

ey 2 Co >
+T Z(Zj —2¢) +§ Z Zi| Tl .

FUEp TjE'Th

8 The estimates from below

In this part of the paper we will prove an estimate from below.

Theorem 8.1 (Estimate from below). Under the assumptions of Theorem 4.1
there exists a constant ¢ > 0 independent of € such that for v e W>2(Q) we
have

ey 2 2
(Lplpv — Lyup, z3) = TZ(ZZ_Z/) +28VZZ,-
7 Tp

1 .
+ e GIT+5 ) Gli—bG —w” gy
j EyUEs
4

h 5 h* )
_C_||U||W2,2(Q)_C_ E lele
& & p=
R

where Yy = min Vit and Rj = ﬁ ZZENI- (Ltg — I/tj))/jg.

Lemma 8.1. Let R; = ﬁ ZZEN,— (ug — uj)yje for Tj € Tg. Then there is a
constant ¢ > 0 independent of ¢ and h, such that

C
2RI = S f ) (82)
TR
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Remark 8.2. The terms

Il and Y R3IT)| (8.3)
TR

contained on the right-hand side of the estimate (8.1) depend of course on €. As
we will see in the following Lemma, the sum ) - R2|Tj| is of the same order
. . 5 R J

in ¢ as is the norm ||v||W2,2(Q).

Lemma 8.2. Let v € W>2(Q2) be the solution of (2.1)-(2.2). Then
1012 < — I £112 8.4)
W22(Q) = 3 L2(Q) )

9 The final estimate

Putting together the estimates (7.10), (8.1) and using the definition of ||z, || (see
(4.6)), we obtain the main estimates (4.7) and (4.8) of Theorem 4.1. The result
for the first order scheme (4.10) can be obtained using only the parts of the
estimates (7.10), (8.1) which corresponds to the first order parts of the scheme.
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