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Abstract. We study the existence of minimal graphs in PS/L\KR) with prescribed
boundary data, possibly infinite. We give necessary and sufficient conditions on the
“lengths” of the sides of the inscribed polygons in an unbounded domain in H?2, that
yield solutions to the minimal surface equation with prescribed boundary data.
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1 Introduction

In 1966 H. Jenkins and J. Serrin published the work “The Dirichlet problem for
the minimal surface equation”, [6], where they show the existence of minimal
graphs in R? over bounded domains in R? with infinite boundary data. J. Spruck
in [16] extended the theorem of Jenkins and Serrin to constant mean curvature
graphs in R3 over bounded domains of R?.

The work of Jenkins and Serrin inspired many extensions to other ambient
spaces. For minimal graphs in S?> x R the existence theorem was proved by
H. Rosenberg [13]. In H? x R, B. Nelli and H. Rosenberg [10] proved the
theorem of Jenkins and Serrin over bounded domains in H?. P. Collin and
H. Rosenberg in [1] treated the case in which the domain in H? is unbounded
and L. Mazet, M. Rodriguez and H. Rosenberg [9] dealt with a more general
setting. In [4], J. Galvez and H. Rosenberg proved this theorem in M? x R
over bounded domains in M? = Hadamard surface. When M? is a Riemannian
surface we have the work of A.L. Pinheiro [11]. For constant mean curvature
graphs in H? x R, the theorem was proved for bounded domains in H? by
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L. Hauswirth, H. Rosenberg and J. Spruck [5] and for unbounded domains by
A. Folha and S. Melo in [3]. In Heisenberg space Nils, A.L. Pinheiro [12]

e~

studied the case of minimal graphs over bounded domains in R?. In PSL,(R),
R. Younes in [17] shows the existence of minimal surfaces which are graphs over
bounded domains in HZ. o

In this paper we study minimal graphs in the space P SL,(R). This space is
a Riemannian fibration over the hyperbolic plane H?. Here we are interested in

obtaining a Jenkins-Serrin type theorem for minimal graphs in PSL,(R) over
unbounded domains in H2.

The PSL,(RR) space is a simply connected 3-dimensional homogeneous Rie-
mannian manifold with four dimensional isometry group. Denote by PSL,(R)
the quotient Lie group S L, (R)/{£1d}, where SL,(R) is the 3-dimensional Lie
group of 2 x 2 real matrices of determinant 1. The universal covering of P.S L,(R)
is PE_L;(/R). Let UH? be the unit tangent bundle of H?, i.e. the submanifold
of TH? consisting of tangent vectors of unit length. We can identify UH? with

e~

P S L,(R) and consequently UM with PS L,(R). Furthermore, P SL,(R) is dif-
feomorphic to H? x R but PE_LZ(/R) is not a product space, see [15] for further
information.

In this article we consider a convex domain D C H? whose boundary 3D
is composed of complete geodesic arcs {A;}, {B;} and convex arcs {C} with
all the vertices in d,,H>. We give necessary and sufficient conditions on the
geometry of the domain D which assure the existence of a function u defined in
D, whose graph is minimal and u takes the value +o00 on each A;, —oo on each
B; and prescribed continuous data on each C. The conditions will be in terms
of the lengths of sides of inscribed polygons. Since these quantities are infinite
in general, the formulation of the conditions is somewhat delicate.

This paper is organized as follows. In Section 2 we state the main theorems,
which will be proved in Section 8. In Sections 3 and 4 we give the necessary

background for the study of minimal graphs in PSL,(R). Sections 5 and 6
contain a general maximum principle and the flux formula, which are useful tools
to prove preliminary results and the necessary conditions of the main theorems.
In Section 7, we state results about divergence lines, which are essential to prove
the sufficient conditions of the main theorems.

2 Main Theorems

In this section, we establish the theorems that give necessary and sufficient con-
ditions for the existence of minimal graphs in PSL,(R) which take, on the
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boundary of a domain, the values +00 on {A;}, —o0 on {B;} and continuous
data on {Cy}. We begin giving some definitions.

Definition 2.1 (Admissible Domain). We say that an unbounded domain D in
H? is admissible if it is simply connected and 3D is a polygon formed by sides
{A;}, {Bj} and {Cy}, such that {A;} and {Bj} are geodesics and {C; } are convex
curves (with respect to the interior of D). We suppose that two arcs A; do not
have a common end-point; the same for two arcs Bj. All the vertices of 9D are
supposed at infinity ds,H> (3D is an ideal polygon).

Remark 2.1. When a convex arc C; in 9D has a vertex point d, € 9o H,
we assume that the other arc n of 9D having d, as vertex is asymptotic to
Cy at d,, that is, for a sequence of points x, € 7, converging to d,, we have
distge (x,, C) — 0asn — oo.

Definition 2.2 (Dirichlet Problem in PSL,(R)). Let D be an admissible
domain. The Dirichlet Problem consists in finding a solution for the minimal
surface equation in D which assumes the value +00 on each A;, —o0 on each
B; and prescribed continuous data on each Cy.

Definition 2.3 (Admissible Inscribed Polygons). Let D be an admissible do-
main. We say that P is an admissible inscribed polygon if P C (D U D) and
its sides are geodesics. Moreover, the vertices of P are also vertices of D.

To solve the Dirichlet problem we will find necessary and sufficient conditions
in terms of lengths of the sides of . When the domain is unbounded these
quantities can be infinite. Using the ideas as in [1], we proceed as follows.

Let P be an inscribed polygonin D C H? and let {d,} € d5,H be the vertices
of P. For each k, we consider a horocycle H, at d,; such that H; N H; = @,
ifi # j. Let F, be the convex horodisk with boundary #,. We suppose that
the polygon P is P = |, n;. Each side n; of P meets exactly two horodisks.
Denote by 7, the part of 1; outside the two horodisks; and by |7 |2 the length
of n;. Note that 5, is a compact arc of n;.

So, we define

aP) =Y |Ailw, B =) [Bjly and €P) =) Il
1

A;eP BjET

where P = |, ;.

We are now ready to state the main theorems.
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Theorem 2.1. Let D C H? be an admissible domain and suppose that the
family {Cy} is empty. Then there exists a solution to the Dirichlet Problem in

PSL,y(R) if, and only if, for some choice of the horocycles at the vertices,
a(0D) = B(0D), forP =D (1)

and
2(P) < £(P) and 2B(P) < L(P), 2)

for all admissible inscribed polygons P, P # 9'D.

When {C;} is non-empty we are able to prove the result below.

Theorem 2.2. Let D C H? be an admissible domain and suppose that the
family {C,} is nonempty. Then there exists a solution to the Dirichlet Problem

in PSLy(R), if and only if for some choice of the horocycles at the vertices,
20(P) < £(P) and 2B(P) < L(P), 3)
for all admissible inscribed polygons P, P # 9'D.

Remark 2.2. Let P be an inscribed polygonin D C H? and let {d,} € 3, be
the vertices of 2. Let H, be a horocycle at d,. Suppose that the conditions (1),
(2) and (3) are satisfied for a family of horocycles H = {#,}. Take the family
H' = {H,}ers U{H]}, where H is contained in the horodisk F; bounded by
H,. Conditions (1), (2) and (3) also hold for the family H". In the following,
the subindices T and T’ are used to clarify the dependence of the terms with
respect to H and H' respectively.

Indeed, if P = 0D
a(0Dr) — B(dDr) = a(dD7) — B(0Dr) =0,

then condition (1) holds for this family H .

Now, consider P # 9D. Suppose that the horocycle H; meets sides A; and
B; of the polygon P, for some i, j. The part that is added in «(P7/) is also
added in B(P7) and £(P7), and this preserves the inequalities. See Figure 1.
When H, meets sides A; and Cy, for some i, k (or A; and E, where E is interior
arc in D) the part that is added in «(P7) is also added in £(P7) and B(Py)
remains the same. The case where H{; meets B ; and Cy, for some j, k (or B;
and E) is similar as above. If H{; meets C; and E, for some k, then the part
added in £(P7/) does not change the inequalities. So conditions (2) and (3) hold
for this family .
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Figure 1: H, and ! in the disk model for H?.

e~

3 The space PSL;,(R)

e~

The space PSL,(R) is a simply connected 3-dimensional homogeneous man-
ifold whose isometry group has dimension 4. This manifold is a Riemannian
fibration over the hyperbolic plane H? and its fibers are geodesics tangent to a
unitary Killing field £. The bundle curvature is the number t such that Vyé =
X x & for any vector field X, where Vy is the Riemannian connection of
PE_L;(/R). The bundle projection 7 : PSL,(R) — H? is a Riemannian submer-
sion, see [17].
We take the half-plane model of the hyperbolic plane H?,

H? = {(x,y) e R?* | y > 0},

with metric
2,52 2 1
dsge = A (dx~+dy”), I=
y

The metric in PE_LZ(/R) is
) ) 2
ds®> = 22 (dx* + dy*) + (2r ; dx — 2t ;dy + dz) ,

where 7 is the bundle curvature. For more information, see [2].

Now we will build an orthonormal frame {E,, E,, E3} on PE_L;(/R). Denote
by Ej the vector field £. Let {e;, e,} be the orthonormal frame of H? given by

e = ;ax and e, = ;ay. We denote E, E, the horizontal lifts to PSL,(R) of
e; and e, respectively. Thus

dm(E;) =e; and (E;, E3)=0, i=1,2.

e~

Here (, ) is the scalar productin P SL,(R).
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Using this information, we can give expression of E; in local coordinates
1 ’y 1 o
E, = 8 —2rk282, E, = 8 +2r)\28 and E3 = 0,.

e~

So {E}, E,, E3} defined as above is an orthonormal frame on P S L,(R).

4 Graphs

e~

In the space PSL,(R) a graph is the image of a section of the Riemannian
submersion. Lets : D — PE_LZ(/R) be a section of the Riemannian submersion
7w : PSLy(R) — H?, i.e., s is a map that satisfies w o s = Idp. We define by
¥, the surface given by {z = 0} and we identify the domain D C H? with its lift
to X, i.e., if (x, y) € D then its lift is the point of PSL,(R) whose coordinates
are (x, y, 0).

Given a function u € C?(D) we define the graph G () of u on D as

G = [,y utx, ) € PSLR; (x,y) € D}

where the value u(x, y) is the distance from the lift of (x, y) € H? to s(x, y) €
7~ !(x, y) along the geodesic fiber through (x, y, 0).
We take the function F(x, y,z) = z —u(x, y) in PSLy(R). Clearly G (1) =

F~'(0)andletN = Hgil\ be the unitary vector normal field to G (1) in PE_LZ(/R)

pointing up. Here the gradient V is calculated in the metric of PSL,(R) and ||.||
is the normin PE_L;(/R). To calculate the mean curvature H of G (1), with respect
to the normal N, choose the vectors vy, v, € PE_LZ(/R) such that {v{, vy, N}
is an orthonormal basis of T <P§_L\£(/R)>. As N is a unitary field we have

(VyN, N) = 0. Then

—2H =Y (V,N,v)

™

i=1

2
= Z (Vi N, vi) + (VyN, N)

= div(N),

e~

where div denotes the divergence in P.S L, (R).
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. VF\ _
Hencedw(HVF”>_ 2H.

Calculating VF and ||V F|| we find
Ay Uy Ax Uy
-2t 3 2 dy + | 27 37 0y

A2 Ay Axlly A2
+ <1+4rzki+2r e _op Mty gt ) g,

VF

A3 A3 A4

Ay X Ay ,
= (—2rA;—L;)E1+<2T)L2—L;j)Ez-i-Es
Ay Uy 2 Ax Uy 2
IVF| = —2r)\2 — + 2TA2 - + 1.

VE PRtk
[ve| —w T w T w

and

So

Here p = (—211% — “;),w: (2r’/\\; — “Ay) and W? = p? + 0 + 1.

Therefore
aiv( VE ) 2 ai <pE+wE+1E)
v HVFH = dalv W 1 W 2 W 3]).

Since Ej is a Killing field, div(E3) = 0 and div( , E3) = 0. Then

1
E2> +div <WE3)
E2>

Bull Braz Math Soc, Vol. 45, N. 1, 2014
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Thus

2H =divge (7 00+ 0))
—2H =div M ) -
EOw™ T aw ™
The equation above is called the H-graph equation. So u is a solution for the

minimal surface equation if u satisfies

. o ©
Mu = divyg (Wax + Way) =0. 4)

5 Maximum principle

The next result is a General Maximum Principle proved in [12]. We fix some
. 3 : : .
notations. Let 7 : M~ — M? be a Riemannian submersion and N, the upwards

: .3 . .
unit normal vector to the graph G (u) of u in M. We write this vector as N, =

gv + W , Where —gvu is the horizontal part of N, and W2 =1+ ||G“||2
Since G" is horizontal, we can identify G* with its projection dmw (G"). So for

the functions u, v in Xy we have, as proved in [7], that
G"—G'"=Vu— Vo,

here V denotes the gradient on M>.
Now we state a lemma proved in [7].

Lemma 5.1. Let u and v be functions in C*(D), D is a domain in M?. Then

u v W W
G—G> AT A
MZ

<gu -G W, W, 2

with equality at a point if and only if Vu = V.

Theorem 5.1. General Maximum Principle. Consider D C M? a bounded
domain. Let u,v € C*(D) be such that their graphs are minimal surfaces in
M. Let I C dD be a finite set of points such that 9D — I consists of smooth
arcs and suppose that u and v extend continuously to each smooth arc of 0 D — I.
Ifu <vondoD — I, thenu <vonD.

6 Flux formula

Let u be a solution of the minimal surface equation (4) on a domain D C
H?. We consider the half-space model of H? with A = ; We denote by —X,,

Bull Braz Math Soc, Vol. 45, N. 1, 2014
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the horizontal projection of the upwards normal vector to the graph of u in
PSLy(R). So

p » o |y
X, =d ( E E>=< 3, a,),
Aoty w Ty

where p = 27 — yu,, w = —yu, and W2 =1+ p?+ o’

Definition 6.1. Let n be an arc in D and v the unit normal to n. We define the
flux of u across n to be

Fatn) = / (X, v)eds,
n

ds is the arclength of n in H>.

Since u is a solution of the minimal surface equation, we know that X, has
null divergence, see equation (4). Moreover, | X, |y < 1. So we can extend the
definition of flux to an arc  in 3D. In this case, we consider the vector v as the
outer conormal vector of 9 D.

Lemma 6.1. Let u be a solution of the minimal surface equation in D. Then the
following conditions hold:

(1) if n is a piecewise smooth arc in D, then |F,(n)| < [n|ge;
(ii) if D' C D is a compact bounded domain, then F,(0D") = 0;
(iii) if n C D, then |F,(m)| < |nlge.

For the proof of (i) and (i7) of the lemma above is sufficient to observe that
|Xu|%12 < 1 and divge X,, = 0 and to use Stokes Theorem. To prove (iii) we
use the fact that | X, |§H2 < 1 in the interior of D.

Lemma 6.2. Let n be a convex arcin dD. Let u be a solution which is continuous
onn. Then

[F,(m)| < Inlg2 .

For the proof of this lemma, see [17].

Lemma 6.3. Let u be a solution of the minimal surface equation in D. If
u — ~+00 on an arc n in D (respectively, —o0), then 1 is a geodesic of H?
and F,(n) = |nlm (respectively, — |n|m2).

Bull Braz Math Soc, Vol. 45, N. 1, 2014
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Proof. We take p € 7 such that distg2(p, dn) > 0 and a sequence of points
{pn} in D such that {p,,} — p. So, we have u(p,) — —+oo. We denote

vy, = u — u(p,) and G(v,) the graph of v,, in PSL,(R) over D. By Cur-
vature estimates, from [14], we get a § > 0O independent of m, such that a
neighborhood of each P, = (pu, vu(pm)) = (pm,0) in G(v,,) is a graph
Gp, (v, 6), of bounded geometry (C?— bounded), over the disk D(P,,, 8) of
radius & centered at the origin of Tp, G(v,). Here Tp, G(v,,) is the tangent
plane of G (v,,) at P,,.

For m large enough, the tangent planes Tp, G p, (vyn, §) are almost vertical,
otherwise the vertical projection by = of G p, (vy,,, §) would have points outside
D. So a subsequence of Tp, G p, (v, ) converges to a vertical plane IT when
{pnm} — p. This implies that the disks D(P,,, §) converge to a disk D(P, §) in
I1, where P = (p. 0), and the graphs G p, (v, §) converge to a minimal graph
G p over ID)(P/,(E)/C IT. We know that the/p\hgle IT is tangent to 7 ~!(n) in the

point P of PSL,(R), where 7 ~!(n) C PSL,(R) is the vertical cylinder on 7.

We suppose that the curve 7 is not a geodesic. Then there exists a geodesic
I in H? tangent to n at p. We know that Gp and 7~ '(I") are tangent at
P. If Gp is on one side of 7~!(I'), by the maximum principle, we have
Gp C 7~ !(I') and n would be a geodesic. If Gp is on both sides of 7 ~!(I")
we have that Gp N 7~ 1(I") is composed of k > 2 curves passing through P
meeting transversally at P. So in a neighborhood of P these curves separate
Gp in 2k components and the adjacent components lie in alternate sides of
7~1(I"). Moreover the normal vector to G p alternates from pointing down to
pointing up when one goes from one component to the another. This cannot
occur. Therefore 7 is a geodesic in H?.

Now we prove the second part of the lemma. Suppose that u — 4-00 on 7.
We know that the tangent planes TpG (1) are almost vertical at points suffi-
ciently close to n and the normal vector N(P) is almost horizontal. So, using
the definition of X,, we have that close to n, (X, v)y2 approaches one. Thus,
for & > 0 small

(Xu, v)igeg > 1 —&.

Therefore, for all small ¢ > 0
/(Xu, Ve ds > /(1 —¢&)ds.
" "

/<Xu, Ve = Il -
n

As ¢ tends to zero
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However, by Lemma 6.1, fn (Xu, iz < Inlgz. Then

/<Xu, Ve = [l

n

The case u — —oo is similar, just observe that (X,, v)pe approaches —1 at
points sufficiently near to 1, so X,, = —v along 7. U

Remark 6.1. By the second part of the lemma above we conclude that if a
solution u tends to 400 on geodesic arcs 1y, n, of d D, then, using the triangle
inequality, these arcs cannot meet at a strictly convex corner in 9 D.

We can write a generalization of the second part of Lemma 6.3.

Lemma 6.4. Let {u,} be a sequence of continuous solutions on D. If {u,}
diverges uniformly to +o00o (respectively, —o0) on compact sets of n C dD
while remains uniformly bounded on compact sets of 2, then F, (1) — |nlm
(respectively, F,, (1) = — |nlg).

The next lemma is almost a converse of Lemma 6.3. We follow the ideas
in [9].

Lemma 6.5. Let u be a solution in D and 7 C 3D a geodesic arc such that
F.(m) = Inlge (F,(n) = —Inlme), for every compact arc n C 1. Then u
assumes the boundary value +00 (—00) on1].

Proof. Let 1 be a compact arc as in the statement of the lemma, small enough,
such that there exists a geodesic triangle 7 contained in D whose sides are 7,
S1 and S, satisfying length(S;)=length(S,). We denote by A the region of D
bounded by 7. We consider the solution v which takes values +00 on 1 and
v =u on Sy, S,. This solution thank to Lemma 5.3 in [17].

We need to show that # = v in A U T . If this is not the case, the set
O = {u — v < €} is different from empty, for € > 0 a regular value of
u — v. Let D’ be the connected component of the complement of O in A
which has T — 7 in its boundary and let O" be the complement of D in A.
In particular we see that O C O’ and 90’ C 90. Let g be a pointin 40’ — .
Foru > 0,let O’ (1) = {p € O'; disty(p, n) > u}.Letq,, g2 be the end-points
of the connected component of 80" N d O’(w) which contains ¢g. Let p; be the
projection of ¢; on n, i = 1,2. Let 5(@) be the domain bounded by the
segments [p1, q11, [p2, q2], the arc [p;, po] C n and the boundary component
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of O'(n) between ¢i, g, which is denoted by T'(n). As F,(00") = 0 =
F,(00") we obtain

0 = F,00")—F,(30"

= [ (Xu - Xy, v)lHIZ +/ (Xu - X,, V)]HIZ
C(w)

[p1,911U[p2.92]

+ / (Xu — Xy, v)lHIZ-
[p1,p2]

On I'(n) the vector X, — X, points outside 5(,u), because X, — X, =
Vu — Vu. Then, we can write

0 <f (X — Xo, )i
I'(w)

= _/ (Xu - Xva v)lHIZ _/ (Xu - Xva V)]HIZ
[P1.q11U[p2.q21] [p1,p2]

< 4pu,

because the last term in the second line vanishes using the hypothesis F,(n) =
[nlg2 and Lemma 6.3 applied to v. Note that the integral on I'(u) increases

when u — 0. That contradicts previous inequality. Therefore, # = v and
u — —+oo onn.

The proof for # — —oo in the geodesic arc n when F,(n) = — 5|, is
analogous as above taking v = —oo onn and v = u on §; and ;. U

Lemma 6.6. Let D be a domain whose boundary d D contains an arc n and let
{u,} be a sequence of solutions in D with each u, continuous on n. Then if the
sequence diverges to +00 uniformly on compact subsets of D while remaining
uniformly bounded on compact subsets of n, we have

lim F,, (1) = —|nl.
n—oo

7 Divergence lines

In this section we will use a technique developed in [8] which allows to describe
the properties of the sets where a sequence (not necessarily monotone) of solu-
tions of the minimal surface equation converges or diverges without the aid of a
maximum principle. Many ideas found here were inspired by [9].
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We denote by D a domain in H? with piecewise smooth boundary and solu-
tions are always solutions of the minimal surface equation (4).

Definition 7.1. Let D be a domain with piecewise smooth boundary, and {u,} a
sequence of solutions in D. We define the convergence set as

= {p € D; |Vu,(p)| is bounded independently of n}

and the divergence set as

V=D-"U.

Lemma 7.1. Let p € D and {u,} be a sequence of solutions in D. If p € U,
there is a subsequence of {v,, = u, —u,(p)} converging uniformly to a solution
in a neighborhood of p in D. In particular U is open. If p € "V, then there
is a compact geodesic arc L,(8) € D of length 26 centered at p such that,
after passing to a subsequence, {N,, (q, v,(q))} converges to a horizontal vector
N,. The vector Ny is such that dw(N,) is orthogonal to L ,(8) at every point
q € L,(8). The constant § > 0 only depends on distyp(p, 0 D).

Remark 7.1. For any ¢ € D and {v, = u,, — u,(q)}, we note that

Nu,, (Qa Mn(q)) = Nv,, (Qa vn(Q))

after vertical translation, and the convergence and divergence sets are the same
for {u,} and {v,}.

Proof of Lemma 7.1. We denote by G(v,) the graph of v, in PSL,(R) over
D. We fix p in D such that the distance from P = (p, v,(p)) = (p, 0) to the
boundary of G(v,) is bigger than or equal to distg2(p, dD). So the curvature
estimates, see [14], give us a §; > 0 (independent of n) such that a neighborhood
of P in G(v,) is a graph, in geodesic coordinates, with bounded geometry, over
the disk of radius §;, D, (P, §;), centered at the origin of TpG (v,). We call this

graph G p(v,, §1).

If p € ‘U the sequence {|Vu,|} is bounded, then there is a subsequence of
{N,, (P)}, still called {N,, (P)}, which converges to a non horizontal vector and
consequently the tangent planes associated to this subsequence converges to a
non vertical plane IT. The disks D, (P, §;) converge to a disk D, of radius §,
centered at the origin of IT and the graphs G p(v,, §;) converge to a minimal
graph G p(81) over Dy, Since this plane IT is a non vertical, there is 5,0 <
f] < 81, such that Gp(8;) is a graph over a disk in D centered at p of radius 3.
We conclude that there is a neighborhood of p € D such that a subsequence of
{v,} converges to a solution in this neighborhood.
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Now suppose that p € V. Since {|Vu,|} is unbounded there is a subse-
quence of {N,, (P)} that converges to a horizontal vector Np. So (for this sub-
sequence) the tangent planes 7pG (v,) converge to a vertical plane IT and the
graphs G p(v,, 8;) converge to a minimal graph G p(8’) over a disk of radius
8" < 8, centered at the origin of IT.

We take the geodesic L, C D passing through p orthogonal to dm(Np) and
let Z be its horizontal lift. We know that G p(§’') C n_l(L,,) ie., Gp(d8)is
contamed in the minimal surface b4 1(L p») (see the proof of Lemma 6.3).

Now, let § < §'. We take L »(8) C L the geodesic arc contained in G p(8") N
L which contains P and has length 26 Since Gp(8') C n~ (L ») we have
that for all ¢ € L,(8), {N,,(q,v,(q))} converges to a horizontal vector N,
at (¢, v,(q)) orthogonal to L p(8). Therefore, dm(N,) is orthogonal to L ,,(8)
atg,Vq € L,(6). U

Remark 7.2. The lemma above shows that the convergence set is a domain.

Lemma 7.2. Given p € 'V, there is a geodesic L C D, which passes by p such
that, after passing to a subsequence, {N,, (q, v,(q))} converges to a horizontal
vector Ny, Yq € L, with the property that dmw(N,) is orthogonal to L. This
geodesic L contains L,(8) and L C V.

Proof. Let L be the geodesic in D which contains L ,(§) joining points of d D
(L,(8) is given in Lemma 7.1). We denote by pgq, g € L, the compact arc in L
between p, ¢, and by N, |, the normal vector to G (v, ) at the points (g1, v,(q1))
where g; € pg. We define

there is a subsequence of {v, } such that N,, |,, (associated
A = { q € L| with this subsequence) becomes horizontal with its vertical
projection orthogonal to pq.

We want to prove that A = L. Since p € A, A # ). We will prove that A
is open and closed. First, we will prove that A is open. Let g be a pointin A.
We denote {va(,) } the subsequence associated to A. Since A C 'V, Lemma 7.1
ensures the existence a geodesic arc L, (§) with center ¢ such that, after passing
to a subsequence, {N,, () |L, (s} converges to horizontal vector N with d(N)
orthogonal to L, (8). We note that dm(N) is orthogonal to L,(8) and to pg
simultaneously. From which we deduce that L,(§) C L and thus A is open.

Now we will prove that A is closed. We take a sequence of points {g,,} in
A such that ¢,, — g € L. We will show that ¢ € A. For each m, there is
a subsequence of {v,} such that {N,,|,, } becomes horizontal with its vertical
projection orthogonal to pq,,. By the diagonal process we obtain a subsequence
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of {v,} such that (for this subsequence) { Ny, | 4, } converges to a horizontal vector
with its vertical projection orthogonal to L in pg,,, Vm. Then by Lemma 7.1
we can find a geodesic L, (8) through g,,, (for m large, 6 depends only on the
distance from g to 9 D) such that {N,,|,, } converges to a horizontal vector N
such that dr (N) is orthogonal to L, (§). Thus L, () C L. Since g,, — q, we
have that, for all m large enough, g € L, (5). Consequently g € A. U

An important conclusion of the lemma above is that the divergence set V is
the union of geodesics L;, which are called divergence lines, V ={; e Li-

Lemma 7.3. Let {u,} be a sequence of solutions in D. Suppose that the diver-
gence set 'V of {u,} consists of a countable number of divergence lines. Then
there is a subsequence of {u,}, again denoted by {u,}, such that:

1. The divergence set of {u,} consists of a countable number of pairwise
disjoint divergence lines.

2. For any connected component ‘U’ of U= D — "V and for any p € U,
the sequence {u, — u,(p)} converges uniformly on compact subsets of U
to a solution in ‘U'.

Proof. Let L, be a divergence line of {u,}. We take p; € L; and {v,ll =
u, — u,(p1)}. Lemma 7.2 guarantees that, after passing to a subsequence,
{Nvlll (g1, v}l (1))} converges to a horizontal vector N,, such that dm(N,,) is
orthogonal to L; at gy, for all ¢; in L;. The divergence set of this subsequence
is contained in the divergence set of the original sequence, so the divergence
set associated to this subsequence has only a countable number of lines. This
subsequence is still denoted by {u,} and its divergence set by V.

Suppose that there exists a divergence line L, # L; in V. We take p, €
L, and {vfl = u, — uy(p2)}. Then, we can find a subsequence such that
{Nv,% (92, v,zl)} converges to a horizontal vector N,, such that dmw(N,,) is orthog-
onal to L, at g;, foreach g, € L,. If L1 N L, # () we take a pointg € L N L,.
Then a subsequence of {Nv,% (g, va(q))} converges to a horizontal vector N,
where dm (N, ) is orthogonal to L; and L, simultaneously atg. So L and L, are
tangent at ¢g. Since L, L, are geodesics, we obtain L; = L,. We continue this
process to get a subsequence of {u,}, still denoted by {u,}, whose divergence
set is composed of a countable number of pairwise disjoint divergence lines.
This proves 1.

Now we prove part 2 of Lemma 7.3. Lemma 7.1 shows that there is a subse-
quence of {u,} and a neighborhood of each point p € ‘U such that {u, — u,(p)}
(associated with this subsequence) converges to a minimal graph, and this con-
vergence is uniform on compact subsets of this neighborhood. Then taking a
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countable dense sequence {p;} in U’, by the diagonal process we obtain a subse-
quence of {u,} such that {u, — u, (p)} converges uniformly on compact subsets
of U,Vp e U. U

Lemma 7.4. Let {u,} be a sequence of solutions in D, such that its diver-
gence set is composed of a countable number of pairwise disjoint divergence
lines. Suppose that {u,} converges to a solution u in a connected set ‘U’ C D.
Let n be a compact arc in U’ included in a divergence line of {u,} such that
Xy, — v along n, where v is the outer conormal to n with respect to ‘U’. Then
if p e U andg € n, we have

1im (1,(q) — un(p)) = +00.

Proof. We choose p, g as in the hypothesis of the lemma. Since X,, — v
along n, we have that F, (n) — |n|, where F,, (1) is the flux of u, across 7.
So Lemma 6.5 ensures that u — 400 on 7.

Claim 7.1. For n large there is an € > 0 such that 3“” > 0 on {T(t) —€ <
t < 0}, where T(t) is the horizontal lift of the geodes1c arc {Y(t); —e < t
<0} c Uwith—0 <t <0, 0 >¢, Y(0)=gqgandY'(0) = v. The inequality
is stricton {Y'(t); —e <t < 0}.

Indeed, using Lemma 7.1 and the fact that u |,7 = 400, we obtainan € > 0
such that, %’; > 1lin {T(t) —e < t < 0}. The convergence u,, — u implies
that 3";’ > 0in {T(t) —€ <t < —6y}, forevery 0 < 6y < € and n > ny(6p).

Let Q be a point in 7], where 7 is the horizontal lift of n and 7(Q) =
If the claim is not true, considering a subsequence if necessary, there is a
sequence {g,,} in {Y(t); —6y < t < 0}, such that, ¢,, — ¢ and 3“” (Q,) =0
for the points in the sequence {Q,,}.

If the sequence {|Vu,(g,)|} is bounded we have, from the curvature esti-
mates, that {|Vu,|} is uniformly bounded over a disk D(qg,,) of radius indepen-
dent of n, centered at ¢,,. Since g,, — ¢ the sequence {|Vu,(¢)|} is bounded,
because for m large enough, ¢ € D(g,). This contradicts the fact that g is
contained in the divergence set.

If the sequence {|Vu, (g,»)|} is unbounded, we consider the sequence {u, —
u,(qn)} and ID)}l the disk of radius § in the graph of {u, — u,(q,)} centered
at (gm,0) given by the curvature estimates, with § independent of n. Since
3“” (Q,) = 0, the disks ID)1 converge to a vertical disk centered at (g, 0) of
radlus 8 in 7~1(Y), here Y is a geodesic through ¢ orthogonal to 7. Let D2

be a disk of radius & centered at (g, 0) in the graph of {u, — u,(g)}. Since n
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is contained in a divergence line, {D?} converges to a vertical disk centered at
(g, 0) in w~!(n). Then, for n large enough, these disks ID)}, and ID)ﬁ intersect
transversally. But this is impossible because the normal vectors to D! and D?
only depend on the gradient of u,,, so they are the same vector (on domains where
both sequences are defined) for the two sequences. This proves Claim 7.1.

Let g, € U’ be the point ¢, = Y(¢), t < 0, for t small enough. Claim 7.1
assures, for n large, that

u,(q) —u,(p) > u,(q;) —u,(p) > u(g) —u(p) — 1.

The second inequality came from the convergence of {u,,} to u. The third term
is as large as we want, because u |,7 = +-00. U

For completeness we state an important Remark made in [9].

Remark 7.3. Let L be a divergence line and suppose there exists two com-
ponents €2; and €2, of U such that L C 9;, i = 1,2. Consider the points
p1 € 1, p» € . Passing to a subsequence, {1, — u,(p;)} converges uni-
formly on compact sets of €2; to a minimal graph u; : €; — R. Assume
F, (T) = |T |2 for each bounded arc T C L, when L is oriented as 9€2;. Then
F,,(T) = —|T |y, when L is oriented as d€2,. We deduce from Lemma 7.4
that {(u, — u,(p1)) |} diverges to +o0o and {(u,, — u,(p2)) |} diverges to —oo.
In particular, we can deduce that {u,, — u,(p;)} diverges to +oco uniformly on
compacts sets of €2, and {u,, — u, (p,)} diverges to —oo uniformly on compacts
sets of 2;. See Figure 2.

P2

2 Q

Figure 2: Domains €2, and €2;.
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Lemma 7.5. Let n C dD be a smooth arc. We consider a sequence of solutions
{u,} in D, such that, lim,_, o u,l, = f, f a continuous function. Then an
end-point of the divergence line cannot be an interior point of n.

Proof. We consider p a point of  and 5’ a neighborhood of p in 5 such that
n"cn.

First we suppose that 1 is a strictly convex arc. Let I be the geodesic arc
in H? joining the end-points of 1. We consider 1’ small enough such that the
domain A, bounded by n" and I, is contained in D.

We define M = max, |f|. So we can take |u,| < M + 1 on 7/, for n
large enough. Using Theorem 1 of [17], we have that there are minimal graphs
vt,v” : A — R given by

1 _ _ 1
ot — M+1 onnpg and v — M—1 onp
+o00 onI —00 onl.

By the general maximum principle we have

v <u, §v+,

for all n.

Thus, by the compactness principle, see [17], we have A C ‘U. Therefore, p
is not an end-point for any divergence line.

Now consider n a geodesic curve and L a divergence line with an end-point
in p € n. Then there is a subset V' C D which contains a subarc (containing
p) of n in its boundary, and the sequence diverges to 00 on V. Assume that
the sequence diverges to +o0c. Taking a pointg € n N dV, denote by pg the arc
contained in 7 joining the points p and g. Let s be a point in L and ps the arc in
L joining p and s. Denote by sg the geodesic arc joining s and g. Suppose that
q is as close to s as necessary, in order to guarantee sqg C V. We choose this
“triangle” T so that the sequence {u,} diverges to 4+-co in the domain Ay C V
bounded by 7. By the flux formula,

0=F,,(ps)+ F,,(pq) + F,,(sq).
By Lemma 6.6 we have,
lim F, (pq) = —|pql.
n——+00
Since ps C L, using Remark 7.3, either
lim F, (ps)=|ps| or lim F, (ps)=—|ps|.
n——+00 n——+00
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First, suppose that
lim F, (ps) = —|ps|.
n—+0o00

Then,

0 = lim F,(ps)+ lim F,(pg)+ lim F, (sq)
n——+o0o n——+o0o n——+o0o

< —lpsl—1Ipql+lsql.

But this contradicts the triangular inequality.
Now we consider the case where
nEI—Poo Fy, (ps) = |ps|.

By Lemma 7.4 we have that {u, } diverges to 400 on a subset of D — V which
has L and a subarc of 7 in its boundary. Then applying the same argument as
above, we get a contradiction.

Now, suppose that there are two, or more, divergence lines with end-points in
p. We fix two divergence lines, L, L,. The point p € 5 divides 1 in two curves
N1, 2. We orient Ly, Ly, 11, 12, such that, W is the domain bounded in part by
L, U n; and not containing L,; W, is the domain bounded in part by n, U L,
and not containing L;; and W3 is the domain bounded in part by L; U L, and
not containing n; U n,. Letg € Ly, s € Ly, p1 € n, p» € n be points. Denote
by pgq the arc in L, joining p and ¢, by ps the arc in L, joining p and s, by
gs C Wj the geodesic arc joining g to s, by gp; C W, the geodesic arc joining
q and p;, and by sp, C W, the geodesic arc joining s and p,. In some of these
subsets W;, i = 1, 2, 3 the sequence {u,} diverges to +-0o. Suppose that in W3
the sequence diverges to +oo0.

If,

nLir+noo Fy,(ps) = —|ps| and nLir+noo Fu,(pq) = —|pql,

when the arcs are oriented as d W3, then applying the flux formula to the triangle

formed by ps, pq and ¢gs, we obtain a contradiction as before.
If, when the arcs are oriented as 0 W5, either

lim F, (ps)=|ps| or lim F, (pq)=|pql,
— 400 n——+00

n

then doing as we have done before to the triangle formed by gp;, pg and p;p,
if lim,_, 4o Fy,, (pq) = |pql, or to the triangle formed by ps, pp, and sp», if
lim,_, y» F,, (ps) = |ps|, we obtain a contradiction. U
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8 Proof of the Theorems

We fix some notations. Let {#, (m)} be a sequence of nested horocycles at
d, such that H,(m) converges to d, as m — +oo. We choose H, (m), such
that H,(m + 1) C F.(m), F.(m) is the convex horodisk bounded by H, (m).
Here y.(m) = H,.(m) N (3D U D).

Let D(m) be the domain bounded by

0D(m) = (9D — {U Fe(m)}) [ (Ve vetm)),

where y, (m) is the geodesic arc in D having the same end-points as y, (m). Let
P be the boundary of a domain €2. Similarly, we define €2 (/) the domain whose
boundary is

P(m) = (P — (U Fe(m)}) | (Ue v (m)),

where y,(m) are the geodesic arcs contained in N {U, F,(m)} joining the
points P N {U,H,(m)}.

Proof of Theorem 2.1. 'We suppose that the conditions (1) and (2) are true for
polygons P in D.

Claim 8.1. There is a solution in D with boundary values

n on U; Al'
U, = (5)
—n on Uj Bj.

Proof of Claim 8.1. For each m, the existence Theorem (Proposition 5.4 in
[17]) says, there is a solution of the minimal surface equation u,, in D(m) with
boundary values
n on U; Al' (m)
Uy, =14 —n on U; Bj(m)
0 on U, y,(m).

We fix mg. For all m > mg, we have {u,,} is a sequence of solutions of the
minimal surface equation in D(m() bounded above by n and below by —n.
By the Compactness Principle, see [17], there is a subsequence of {u,,} that
converges in D(my) to a solution. By the boundary values of the {u,,}, we have
Um|A;(mg) = 1 and umlgj(mo) = —n. By the diagonal process, we have in D a
solution u,,, given by

n on U; Al'

—n on Uj Bj. O

u, =
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So using Claim 8.1 we have that there exists a solution of the minimal sur-
face equation given by (5).

We consider the sequence {u, } formed by the solutions above. We will prove
that the sequence {u,} does not have divergence lines. For this we assume that
there exists some divergence line and we obtain a contradiction.

We know, by Lemma 7.5, that the end-points of these lines are in the ver-
tices of D. Since 9D has only a finite number of vertices, we can suppose
that the divergence set consists of a finite number of disjoint divergence lines.
These lines separate the domain D in at least two connected components, and
the interior of these components belong to the convergence domain U. By
Lemma 7.4, in some connected component of the convergence set, the sequence
{u,} diverges to +00 or —oo. We suppose that in some connected component
of the convergent set U’ the sequence diverges to +oo (the case —oo is similar).

Since ‘U’ C ‘U, we have that the sequence {1, — u,(p)}, p € U’, converges
uniformly on compact subsets of U’ to a solution of the minimal surface equation
uin‘U'. On the other hand, by the choice of ‘U’ we have u,(p) — +oo, p € U'.
Moreover, we note that U’ = P is an admissible polygon. Taking the family
of horocycles {#,(m)} at d,, we can choose P satisfying the next result.

Claim 8.2. We can choose P so that
F, (P(m) — [{U; A; (m)} U (U (v, (m)}])
= —|Pm) — [{UiA;(m)} U{Uc (vl m)} ]|

where 0'U’ = P. See [9] for a proof.

We are supposing that there is some divergence line, so 7 # 0. Then the
hypothesis are the inequalities (2). Using the flux formula and Claim 8.2 we
have

0 = F,(P(m))

= F,(P(m) — [{U; A;(m)} U{U (¥, (m))}])
+ Fu ({Ui A; (m)} U {U, (v, (m))})

IA

—[PGm) = [{Ui Ai (m)} U {U (v, (m)} ][ 2
+ Ui A m)} U {U (v (m))} |

= 2a(P) — UP) + U (rm)) | o -
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Asm — oo, | U, (y,(m))|g2 tends to zero, because we have only sides A;
and B;. So
0 <2a(P) —L(P),

which contradicts the hypothesis. Then, the sequence {u,} does not have any
divergence lines.

Thus, D is the convergence domain and this implies that there is a subse-
quence of {u#, — u,(p)}, p € D, which converges to a solution # on D. Here
we use the hypothesis (1) in P2 = 9D.

If the sequence {u,} is bounded at the point p € D, u has the desired bound-

ary values, that is, u|s, = 400 and u|p, = —oo. We will show that even
if the sequence {u,} is unbounded the solution u has the boundary values as
prescribed.

We suppose the sequence {u,(p)} tends to —oo. So, on each A;, we have that
{u, — u,(p)} - +oo0 whenn — 4o00. By the flux formula we can show that on
B; the sequence {u,, — u,(p)} tends to —oo. Indeed, applying the flux formula
in P(m),

0 = lim F, (P(m))

= D lim £, (Am)) + ) lim F,, (Bi(m)) + ) lim F,, (y.(m))

A%

a(P) = B(P) = D Iy (m)lgpe.

Asm — +oo, |y! (m)| — 0, then 0 > a(?) — B(P). But by the hypothesis,
a(P) = B(P) and this implies that lim,_, », F,,, (B;(m)) = —|B;(m)|. So, by
Lemma 6.5, {u,, — u,(p)} - —oo on B;, Vi.

We suppose the sequence {u,(p)} tends to +oc0. So {u, —u,(p)} - —oo
on each B;. Using the flux formula we can show that on A; the sequence
{u, — u,(p)} tends to +o00. By the flux formula,

0 = lim F, (P(m))

= ) lim F, (Aim) + ) lim F,, (Bi(m)+ ) lim F,, (y/(m))

IA

a(P) = B(P) + D Iy (m)lgpe.

Asm — oo we have 8(P) < a(P). Since we cannot have «(?) > B(P), by
the hypothesis, we have lim,,_, o F},, (A;(m)) = |A;(m)|ge. Then {u, — u,(p)}
tends to 400 on A;, Vi.
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To show the conditions (1) and (2) we suppose that there is a solution u in
D to the Dirichlet problem. First, we prove the equation (1) Applying the flux
formula to P(m) = 0D (m), we have

0=F, (Pm) = 3 Fu(Aim) + 3 Fu(Bi(m) + Y Fu(y/(m).

Therefore, by the flux formula, we have the inequalities

D 1Al = Y 1Bl — Y [y m)|p =

@(@D) — BOD) = Y lyimlyp < 0

D 1Al = Y 1Bl + Y [y )]y =

a(@D) — BOD) + Y _ Iy, (m)lm

%
=]

So, as m — oo, we have |y, (m)|g — 0. Thus
a(D) = B(D).

Now, we prove the inequalities (2). Let 2 be a polygon in D whose sides are
A;, Bj and E;. By the flux formula, we know that F,,(P(m)) = 0. So, we can
write

F,(UiAi(m)) = —F,(P(m)—U;A;(m))
= —F, ({U;B;(m)} U{U E(m)} U {Ucy, (m)})
Then, using the equality above and the flux formula
a(P) = ) |Ai(m)lg

Fy (Ui Ai(m)) = —F, ({U;B;(m)} U {U; E;(m)} U (U, y, (m))})

< |F (1U; Bj(m)} U{U Er(m)} U Uy, (m)})|
< |F, (Y;B;(m)) | + | F, (U E(m)| + | F(Ucy, (m))|
=

B(P) + |Fy (U Em)| + ) [y (m)]

UP) — a(P) = Y 1E (M)l + |Fy (WE m)| 4+ |y (m)|
1 K
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Since |F, (UE/(m))| < Y |E/(m)ly and |y/(m)|yp — 0, Vi when
m — oo, then 2a(P) < I(P).
Similarly, by the equation F,(?(m)) = 0 we have

F,(U;B;(m)) = —F, (P(m) — U;B;(m)).
Using this equation, the inequality 28 < £(?P) follows analogously as above.

Therefore Theorem 2.1 is proved. U

Proof of Theorem 2.2. Let us assume that there exists a solution u to the
Dirichlet problem. The proof is similar to Theorem 2.1 applied in the polygons
P in D formed by arcs A;, Bj, C; C 0D and arcs E; C (D U 0D).

To show that there exists a solution u to the Dirichlet Problem we suppose
that the inequalities (3) are true for all polygons 7 in D.

Claim 8.3. There exists a solution u,, in D such that

n, on A;
u, =4y —n, onB;
fns on Gy,
where f, = oo f, ¢ . R — R,
X, —n<x<n
p(x)=4 —n, x<-—-n
n, X > n.

We assume that the claim is true. We take the sequence of solutions {u,}
in D defined by

n, on A;
U, = —n, onB;
fn,  on Cy.

The convergence set of {u,} is D, as in the proof of Theorem 2.1. So there is
a subsequence which converges to a solution u# on . Using barrier functions
given by [17], we have that the limit of this subsequence on the boundary is the
limit of the boundary values and also the limit solution extends continuously to
the boundary, so we deduce that u takes the desired boundary values.

Now we prove Claim 8.3. We will proceed as in the proof of Claim 8.1.
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Let {d;} be the vertices of domain 7D. We can assume that each vertex d; is
in{(x,y) € RZ; y = 0}. For each [ let o;[m] be the geodesics which are semi-
circles centered at d; of radius nll. So, for m big enough, each o;[m] divides the
domain D in exactly two components (Al1 e Alz), one of them, say A}, having
d; in its asymptotic boundary. Now, let o;[m] be the geodesic arc contained in
o;[m] joining the boundary points of D.

We can find a solution with prescribed boundary values using the Existence
Theoremin [17]. Let A;[m] be the compact arcs of A; that lie outside All, B;[m]
the compact arcs of B; outside All and Cy[m] the compact arcs in Cj outside
All. So, there exists

n on A;[m]

—n on B;[m]

Juon Cy[m]
0 ongfm],
where f, = po f, ¢ : R - R,
X, —n<x<n
px) =143 —n, x <-—n
n, X >n.

From now on, the proof is analogous to the one of Claim 8.1. Hence,
Claim 8.3 is proved. U
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