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On scaling limits and Brownian interlacements™
Alain-Sol Sznitman

Abstract. We consider continuous time interlacements on Z¢, d > 3, and investi-
gate the scaling limit of their occupation times. In a suitable regime, referred to as the
constant intensity regime, this brings Brownian interlacements on R? into play, whereas
in the high intensity regime the Gaussian free field shows up instead. We also investigate
the scaling limit of the isomorphism theorem of [40]. As a by-product, when d = 3,
we obtain an isomorphism theorem for Brownian interlacements.
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0 Introduction

Informally, random interlacements provide a model for the local structure left
at appropriately chosen time scales by random walks on large recurrent graphs,
which are locally transient. Their vacant set has non-trivial percolative prop-
erties, see for instance [9], [31], [38], [43], which are useful in the study of
certain disconnection and fragmentation problems, see [6], [7], [37], [44]. Their
connectivity properties have been actively investigated, see [5], [20], [28], [29],
[30]. Random interlacements have further been helpful in some questions of
cover times, see [1], [2]. They have also been linked to Poisson gases of Marko-
vian loops, see [23], [41]. Recently, connections between random interlacements
and Gaussian free fields have emerged, which underline the important role of
occupation times of random interlacements, see [40].

In this article, we investigate the scaling limit of the field of occupation times
of continuous time interlacements on Z¢, d > 3. In the constant intensity regime,
this brings into play the Brownian interlacements on RY, d > 3. In the high
intensity regime, the massless Gaussian free field shows up instead. Further,

Received 21 September 2012.
*This research was supported in part by the grant ERC-2009-AdG 245728-RWPERCRL



556 ALAIN-SOL SZNITMAN

we investigate the scaling limit of the isomorphism theorem derived in [40].
Dimension three plays a special role, and when d = 3, we obtain as a limit an
identity in law relating the occupation-time measure of Brownian interlacements
on IR? to the massless Gaussian free field, somewhat in the spirit of [22], [23], in
the context of Poisson gases of Brownian loops at half-integer levels.

We now discuss our results in more detail. We consider continuous time random
interlacements on Z¢, d > 3. In essence, this is a Poisson point process on a
certain state space consisting of doubly infinite Z“-valued trajectories marked by
their duration at each step, modulo time-shift. A non-negative parameter u plays
the role of a multiplicative factor of the intensity measure of this Poisson point
process, which is defined on a suitable canonical space, see [39], denoted here
by (€2, A, P). The field of occupation times of random interlacements at level u
is denoted by L, , (w), for x € 74, u > 0, w € Q. It records the total duration
spent at x by the trajectories modulo time-shift with label at most u in the cloud
w, see [39].

We investigate the scaling limit for the field of occupation times of random
interlacements on Z¢, d > 3, and introduce the random measure on R?

1
N _
= > Ly dy. N2 1, (0.1)

xeZd

where (uy)n>1 is a suitably chosen sequence of positive levels. In the constant
intensity regime, that is when

uy =daN*?, with « > 0 0.2)

(in this case the intensity measure E[LY] of LV converges vaguely to a dy as
N goes to infinity), we show in Theorem 3.2 that

LN converges in distribution to £, as N — oo, 0.3)

where £, stands for the occupation-time measure of Brownian interlacements at
level «, see (2.37). We construct Brownian interlacements in Section 2 using a
similar strategy as in [38] or [42]. This is technically somewhat more involved
in the present context, and the key identity is encapsulated in Lemma 2.1. The
random measure L, is supported by the random closed set 7, the Brownian
fabric at level a, which is the union of the traces in R? of the doubly infinite
trajectories modulo time-shift with label at most « in the Poisson cloud defining
the Brownian interlacements, see (2.30). This random closed subset of R? is a.s.
connected when d = 3, but a.s. disconnected when d > 4, see Proposition 2.5.
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On the other hand in the high intensity regime, that is when
N2uy — oo, (0.4)

we show in Theorem 3.3 and Corollary 3.5 that

~ d
NV = \/ZNZ_duN (LN — ]E[LN]) converges in distribution to the (0.5)
massless Gaussian free field ® on RY,

which is the canonical generalized random field on S'(R¢), the space of tem-
pered distributions on R?, such that for any V in the Schwartz space S(R?),
the pairing (®, V') is a centered Gaussian variable with variance f Vi)G(y —
Y)YV (y)dydy', with G(-) the Green function of Brownian motion on R¢,
d > 3, see (1.3).

The low intensity regime, when N4 >uy — 0, leads to a null limit for £V in
(0.1), and will not be further discussed in the present work.

From the isomorphism theorem for random interlacements, see [40], one
knows that when (¢,),cz«¢ is a discrete massless Gaussian free field, i.e. a cen-
tered Gaussian field with covariance E[¢, ¢,/] = g(x — x'), with g(-) the Green
function of simple random walk on Z¢, see (1.1), independent from (L, ,,) ez
one has for any u > 0 the distributional identity:

1 2 law 1 2
L., = x 2 0.6
(2¢x+ )Z (, e+ v2ur?) (0.6)

xeZd

We explain in Section 4 how one quickly recovers (0.5) from this identity in the
regime where, in essence, as N — oo, the variance of Z\x\s v @2 is negligible
compared to that of \/u, Z\x\s ~ @x- This corresponds to the full range (0.4)
when d = 3, but only the partial range of (0.4) where uy N*log N — oo, when
d = 4, and uyN? — oo, whend > 5, see Remark 4.2. This fact singles out
the special role of dimension 3, and motivates the investigation when d = 3 of
the scaling limit of (0.6) (with adequate counter terms) in the constant intensity
regime (0.2). Indeed, when d = 3, Theorem 5.1 roughly states that for any
o > 0 (denoting Wick products by ::, see Section 5)

d11\72 Z :(gox + \/2MN)22 8;@ converges in distribution to :(QD + «/205)2: , (0.7)

xeZd

with uy as in (0.2), and the last term defined by regularization of the massless
Gaussian free field ® on R? (crucially using the fact that the Green function is
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locally square integrable when d = 3), see the beginning of Section 5. As a
scaling limit of (0.6) we obtain the identity in law on S’ (R?), fora > 0:

Doryr, = (04 vau), (0.8)
2 2

where £, is independent of ® and denotes, as above, the occupation-time mea-
sure of Brownian interlacements on R at level «, see Corollary 5.3. This identity
in law has a similar spirit to some of the results in [22], [23] in the context of
Poisson gases of Brownian loops at half-integer levels, see Remark 5.4.

Let us describe how the article is organized. In Section 1 we collect some
useful facts concerning Green functions, occupation times of random interlace-
ments on Z?, and discrete as well as continuous free fields. Section 2 is of
independent interest. It constructs the Brownian interlacements on RY, d > 3,
and derives some of their key properties, see Propositions 2.4, 2.5, 2.6. In Sec-
tion 3, we investigate the limit of £V, respectively IV in the constant intensity,
respectively, high intensity regime. The main results appear in Theorems 3.2,
3.3 and Corollary 3.5. In the short Section 4 we use the isomorphism theorem
(0.6) as a mean to recover (0.5). Section 5 focuses on the three-dimensional sit-
uation. The scaling limit of (0.6) (with adequate counter terms) is investigated
in the constant intensity regime (0.2). The main results appear in Theorem 5.1
and Corollary 5.3.

Finally, let us explain our convention concerning constants. We denote by
¢, ¢/, ¢, ¢ positive constants changing from place to place, which simply depend
on d. Numbered constants cy, ci, ... refer to the value corresponding to their
first appearance in the text. Dependence of constants on additional parameters
appears in the notation.

1 Some useful facts

In this section, we introduce additional notation, and collect some useful facts
concerning Green functions, occupation times of random interlacements on Z¢,
d > 3, and massless Gaussian free fields on Z¢ and R?, d > 3.

We write | - |, respectively | - |, for the Euclidean, respectively, the supremum
norm on R¥. Throughout, we tacitly assume d > 3. We let B(y,r), y € R4,
r > 0, stand for the closed Euclidean ball with center y and radius r.

We denote by g(-, -) the Green function of simple random walk on Z¢, that
is, for x, x’ € Z4, g(x, x’) is the expected time spent at x’ for the discrete time,
simple random walk starting at x. The function g(-, -) is symmetric, and due to
translation invariance, one has for x, x’ in Z4

g(x,x") =gx —x") = g(x" —x), where g(-) = g(-,0). (1.1)
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One knows that g(-) < g(0) and that when x tends to infinity, cf. [21], p. 31,

g(x) ~dG(x), where (1.2)

GOy = | F(d—1>| 2~ for y € R (1.3)
y _27Td/2 2 y ’ y ) .

and “~” in (1.2) means that the ratio of the two members tends to 1 as x goes
to infinity. Writing G(y, y') = G(y — y') = G(y’' — y), one knows, see [10],
p. 32, that the (0, oo]-valued function G (-, -) is the Green function of Brownian
motion on R,

For N > 1, we denote by Ly the lattice in R<:

Lv= VA (1.4)
For functions f, & on Ly such that Z),ELN | f(Mh(y)| < 0o, we write
1
(fih)ey = ya 22 TGO (1.5)
yely

We rescale the Green function g(-, -) and define
N o_ 1 d—2 l ’
gn(y,y) =  NT7g(Ny, Ny), for y,y &Ly, (1.6)

as well as gy (-) = gn(-,0), so that gn(y, ) = gn(y — ) = gn(y' — y). By
(1.2), (1.3), we also see that

li}{ln sup |gy(y) — G(y)| =0, foreveryy > 0. (1.7)

lyl=y
We introduce the linear operator
1
GvfM =, D anGn ) O, y €Ly, (1.8)
y'ely

which is well-defined when the function f: Ly — R is such that

> an( WIFGN] < o0

yvely

for some (and hence all) y in Ly, in particular, when f vanishes outside a
finite set.
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Similarly, when f, i are measurable functions on R such that | fh| is inte-
grable, we write

(f.h)= /Rdf(y)h(y) dy. (1.9)

We also introduce the linear operator
GFO) = [ GOy £y, fory B, (1.10)
which is well-defined when the measurable function f on R? satisfies
[ oizanay <o

forall y € R?, in particular when f is bounded measurable and vanishes outside
a bounded set.

We now recall an identity for the Laplace transform of the field of occupation
times (L, , ) ez« of continuous time random interlacements on Z¢ atlevel u > 0.
When V : Ly — R has finite support, the operator G 5V, which is the compo-
sition of the multiplication by V with the operator Gy in (1.8), sends bounded
functions on Ly into bounded functions on LLy. We write |Gy V ||~ 1~ for
the corresponding operator norm (the space of bounded functions on Ly being
endowed with the sup-norm). One knows from Theorem 2.1 of [39] that when
V: Ly — R has finite support and |Gy |V | || po— e < 1, then for u > 0,

e V) gne o]

ez (1.11)
— exp {Z NV (= GyV) '), }

Note that when V vanishes outside a single point one readily finds by differen-
tiation that:
E[L,,] =u, for x € Z® and u > 0. (1.12)

We then turn to the discussion of Gaussian free fields. Recall that we tacitly
assume d > 3. We begin with the discrete case. We endow RZ with the product
o-algebra, and denote by (¢, )7« the canonical coordinates. The canonical law
P¢ of the massless Gaussian free field on Z is characterized by the fact that

under P8, (¢,).cz¢ 1S a centered Gaussian field with covariance (L13)
E [pepu] = g(x,x), forx,x € Z%. '
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In the continuous case, we consider the space S’ (R?) of tempered distributions
onR?. We endow S'(RY) with the cylindrical o -algebra generated by the canon-
ical pairings with functions of S(R?). We write ® for the canonical generalized
random field on S'(RY) (i.e. the identity map). The symmetric bilinear form on
S(RY) x S(RY) defined by

E(V, W)=/V(y)G(y—y/)W(y/)dydy/(z(V,GW>=(GV, W) (1.14)

is positive definite (see for instance [36], p. 75). It satisfies the bound
IE(V. W) < Vi@ (IW [ ey + Wl 11 ray), for V, W e SR,

and hence is continuous (we endow S(R?) with its usual Fréchet topology,
see [17], p. 6-8). By Minlos’ Theorem, see Theorem 2.3, p. 12 of [34], or
Theorem 2.4.1, p. 28 of [17], there exists a unique probability measure P%
on S'(R?) such that

under P, foreach V e S(RY), (@, V>

1.15
is a centered Gaussian variable with variance E(V, V). ( )

The law P describes the massless Gaussian free field on R¢, see Chapter 6 § 2
of [15].

2 Brownian interlacements

In this section we construct the Brownian interlacements on R?, d > 3, intro-
duce their occupation-time measure, and discuss some key properties of these
objects. We follow a similar approach as in [38], [42]. However, the continuous
set-up is technically more challenging. An important step is the construction of
the intensity measure of our basic point process on a space of doubly infinite tra-
jectories modulo time-shift. We mainly rely on a crucial compatibility property
of the measure expressed in “local charts”, see Lemma 2.1 (cf. Theorem 1.1 of
[38] and Theorem 2.1 of [42]), rather than on an approach based on projective
limits, see [45], [32], following the outline of [16].

We first need to introduce notation. We recall that we tacitly assume d > 3.
We denote by W, the subspace of C(R,, RY) of continuous R¢-valued trajec-
tories tending to infinity at infinite times, and by W the subspace of C(R, RY)
consisting of continuous bilateral trajectories from R into R¢, which tend to
infinity at plus and minus infinite times. We write X,, t > 0, and X,, t € R,
for the respective canonical processes, and denote by 6;, t > 0, and 6,, t € R,
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the respective canonical shifts. The spaces W, and W are endowed with the
respective o-algebras W, and W generated by the canonical processes. Given
an open subset U of R?, w € W,, we write Ty (w) = inf{s > 0; X,(w) ¢ U}
for the exit time of U. When F is a closed subset of R?, we write

Hp(w) = inf{s > 0; X,(w) € F)}, Hp(w) = inf{s > 0; X,(w) € F},

for the respective entrance time and hitting time of . When w € W, we define
Hp(w) and Ty (w) by similar formulas, simply replacing the condition s > 0,
by s € R.

We then consider W* the set of equivalence classes of trajectories in W
modulo time-shift, i.e. W* = W/ ~, where w ~ w’, when w(-) = w'(- + t) for
some ¢t € R. We denote by * the canonical map W — W*, and introduce the
o-algebra W* = {A € W*; (7*)"!(A) € W}, which is the largest o-algebra
on W* such that (W, W) AN (W*, 'W*) is measurable. Incidentally, note that
a random variable Z on W invariant under 6 (i.e. Z o 6, = Z, for all ¢ in R)
determines a unique random variable Z* on W* such that Z* o 7* = Z. Given
a compact subset K of RY, we write Wy for the subset of trajectories of W that
enter K, and W§ for its image under 7 *.

Since d > 3, and Brownian motion on R is transient, we view Py, the Wiener
measure starting from y € R?, as defined on (W,, W,), and write E, for the
corresponding expectation. When p is a finite measure on R¢, we write P, for
the Wiener measure with “initial distribution” p and E, for the corresponding
expectation.

When B is a closed Euclidean ball of positive radius (as a shorthand in what
follows, we will simply write that B is a closed ball), and when y ¢ B, we define
Pf [[]= Py[-|Hp = o] to be the law of Brownian motion starting at y condi-
tioned never to enter B, and write E f for the corresponding expectation. When
y € 3B (the boundary of B), as z in R?\ B tends to y, the measures PZB converge
weakly (on C(R,, R?)) to a measure Pf supported on {w € W, ; w(0) = y and
w(t) ¢ B for all + > 0}, which can be represented as the Brownian excursion
measure in R?\ B starting from y conditioned on the event of finite positive mass
that {173 = o0} (see Theorems 4.1 and 2.2 of [4], and also Theorem 3.1 of [8]
for bounds on the exit time from small balls centered at y under P?). Using
rotational invariance and the explicit nature of the conditioning, one can also in
a more direct fashion establish the above mentioned facts using a skew product
representation of the law PZB .

We write

N o 1 |y - }’/lz
pi(y,y) = Q)i P { -, }
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witht > 0,y,y € R4, for the Brownian transition density, so that with similar
notation as below (1.3)

o0
G(y,y/>=/ (v, Y)dr, for v,y e RY, @1
0

Given a compact subset K of R, we denote by ex the equilibrium measure
of K (see Proposition 3.3, p. 58 of [36], or Theorem 1.10, p. 58 of [27]). This
measure does not have atoms (see [36], p. 58, or [27], p. 197). It is supported
by the boundary of K (actually, the boundary of the unbounded component of
K¢, see [27], p. 58). Its total mass is the capacity cap(K) of K. The equilibrium
measure ek is related to the time of the last visit of K via (see Theorem 3.4, p. 60
of [36]):

Py[Lx >0, Lg €dt, X1, €dz]l = p/(y, 2) ex(dz)dt, 2.2)

where for w € W, we write Lg (w) = sup{t > 0; w(¢) € K} (with the conven-
tion sup ¢ = 0), for the time of last visit of w to K.

For B a closed ball (see above (2.1) for the terminology), we introduce the
following (finite) measure on Wy = {w € W; Hz(w) = 0} (C Wp), the subset
of W of bilateral trajectories that enter B at time O for the first time,

QB[(X—t)tzo e A, Xo€ dy, (X;)i>0 € A] 2.3)
— ep(dy) PP[A'| P,[A], for A, A" € W,. '

The next lemma states an important compatibility property of the above collec-
tion of finite measures. In essence, the measures Qp should be thought of as
the expressions in the (natural) “local charts” of W* with respective domains
W3 (C Wp) of the intensity measure we are trying to construct (see also below
(1.15) of [38]).

Lemma 2.1. Assume that B, B' are closed balls, and B lies in the interior of
B, then

On, o (1{Hp < o0} Q') = Os. (2.4)

We postpone the proof of Lemma 2.1 for the time being, and explain how the

construction of the intensity measure of our basic Poisson point process proceeds.
We first observe that for K compact subset of R? we can unambiguously define

Ok = Ou, o (I{Hg < 00} Qp), for any closed ball B D K, (2.5)
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and this definition coincides with (2.3) when K is a closed ball. Indeed, when
the closed balls By and B, contain K, we can find a closed ball B’ containing
B, U B, in its interior, so that by Lemma 2.1 we have

Oy o (1{Hg < 00} Op,) = On (1{Hk < 00} 6, o (1{Hp, < o0} Qp))
= Oy o (O, (1{Hk < 00} Q) (2.6)
= 0OHy 0 (1{HK < 00} QB’),

and a similar identity holds with B, in place of B;. Hence (2.5) is unambiguous
and agrees with (2.3) when K is a closed ball.

We now come to the theorem constructing what will be in essence up to a non-
negative multiplicative factor the intensity measure of the Poisson point process
defining the Brownian interlacements.

Theorem 2.2. There exists a unique o -finite measure v on (W*, W*) such that
for each compact subset K of R?

IWI*(VZJT*OQK. (27)

Proof. Given a sequence of compact subsets K,, 1 R, we have
W* = U W;n’
n>0

and the uniqueness of v is immediate. For the existence of v, it suffices to check
that for K € K’ compact subsets of R?

"0 Qg =7"o (1w Qk). (2.8)

Indeed, one then defines v so that IW* v =m"o0 Qk, for some K, R4, noting
that the restrictionto Wg of 7% o Q K” . equals t*o (1w, Qk,,,) which equals
m* o Qk, by (2.8). Usmg (2.8) once again, one sees that v does not depend on
the sequence K,,, and (2.7) immediately follows (choosing Ky = K). To prove
(2.8), we note that when the closed ball B contains K’, then by (2.5) we have

Ok = Oy o (1w, Op) and
lwy Ok = 1wy On,, o Aw,, Op) = On,, o (Lw, Op).

Hence, the images under 7 * of Qg and 1W1’< QO k- coincide, that is (2.7) holds. [
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We are now reduced to the

Proof of Lemma 2.1. It suffices to show that for any continuous compactly
supported function f: R — RY,

. rH . oo
/eB/(dy/) Ey[Hp < oo o f0-HD Xudvpy [ Jo" FOXdv] By )]
_ /eB(dy) Ef [eifooo f(_v).XUdv] E, [eifooo Af(U)-dev]’ where (2'9)

F'(y, 1) = Ef [l Jo™ F(v=DXodv] for v/ e 9B, 1 > 0.

Indeed the second line of (2.9) coincides with E25[e! Ja /) Xudv] whereas by
the strong Markov property at time Hp, the first line of (2.9) equals

EQB/[HB < 00, € Jr f(v_HB)'dev]

— EQHBO(I{HB<OO}QB/) [ei -/JR f(v)-dev]

and the claim (2.4) follows. We will thus prove (2.9). We denote by P)’,’y, the
Brownian bridge measure in time ¢ > 0, from y to y"in RY, see [36], p.- 137-140,
and write E ;’y, for the corresponding expectation. We consider y € B’ and use
the last exit decomposition at the last visit of B’, see Theorem 2.12 of [14] and
(3.39) on p. 60 of [36], to assert that under P,, conditionally on Lg = t (with
t > 0),and X, , = y' (with y’ € dB), the law of (X1 ,,4)v=0 and (X,)o<v<
are independent, respectively distributed as Pylf and P)’,’y, and (Lp, X, ) has
distribution p,(y, y') ep/(dy’) 1{t > 0}dr. Writing U = B° we find as a result
that for y in B’

Ey [ei fooo f(—v)-XUdv, HB _ OO]
> ’ e el
=/ df/es/(dy/) EE[el 0" f(zomnXudv]
0

. (2.10)
% E;’y/[el Jo f(—v)-dev, Ty > t] (v, y/)

(e.¢]
- / dt / ep (dy) F'(y, 1) EL, [elo /0705 1y > 4] py (v, y),
0

where, in the last step, we used that the law of (X,_.)o<.<, under P)’,’y, equals
P)’,,’y, cf. (A.12), p. 139 of [36], that p, (-, -) is symmetric, and the notation from
below (2.9).
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We introduce the notation F(z) = ¥ (z) E.[el fo f®Xudv] for 7 € RY, where
¥ is a continuous compactly supported [0, 1]-valued function, which equals
to 1 on a neighborhood of B. We pick ¢ > 0 and introduce the finite measure

1
mdy) = | [ dzF@ Py <6 X, € dy)
. (2.11)
= fdz F(2) P, [Hp < €] pe(z. y)dy.
We integrate (2.10) with respect to m.(dy). The first line of (2.10) yields

i[> definiti B
/dZF(Z) EZ[HB <eé, EXS[HB = 00, e’fo f(—v)'XudU]] e nt=0nP‘

simple Markov

f dzF(z) E.[Hp <e, Px[Hp =00l EY [ b (F0Xodv]

1
£
1
£ property
1
£
1
£

/dz F(2) EZ[HB <¢&, Hgob, =00, E)I?e[eifowf(—v).xvdv]] _

/dZF(Z) EZ[O < Ly < ¢, Ege[ei fooo f(—v)-XUdv]].

By the last exit decomposition of Brownian motion starting at z at the last visit
of B, the above expression equals

[el o S (v Xudvy)

s

1 £
f 4z F@) | fo ds p(z. y) es(dy) EP[EE._

= /eB(dy)i [0 ds(/ps(y,z) F(2) dZ) Ef[E)?H[eifooof(—v).xvdv]]

(by symmetry of p,(-, -)).

Using the fact that for y € 9B, Pf -as.,asu — 0, Pfu converges weakly to Pf
(one could actually also invoke the Markov property under Pf at this point), and
dominated convergence, as ¢ — 0, the above quantity tends to

/ ep(dy) Ey[ei I f(v)-deU] Ef [ei I f(—v)-XUdv]. (2.12)

Using the symmetry of p.(-, ) and the fact that for y € U = B, P [Hp <
el = P;’Z[HB < ¢] (when z € B, note that P,-a.s., ﬁB = 0, and both terms
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equal 1), the last line of (2.10) after integration with respect to m.(dy) yields

©d
f en (dy) f e / dzdy F(2)

x El [ o/ 0m0Xdy 1y ] (', y) PELIHg < €] pe(y. 2)

= /eB/(dy)[ F'(y, 1) Ey,[el'fé Jo=0Xdv o« Hy <t 46, F(Xi1e)]

1 Hg ot
= f ep (dy') E),/[HB < 00, f el Te=Xudv gy N EI(Y 1) dt].
& (H

B—E)+

Applying dominated convergence as ¢ — 0, the above quantity tends to

/eB/(dy/)Ey [HB <00, e o' f = Hp) Xodu 0.13)

X Ex,,le o IOXD]F (' Hp),
Comparing (2.12) and (2.13), we have shown (2.9). This proves Lemma 2.1. [J

Remark 2.3. 1) When B is a closed ball, for w € W we can define

Lp(w) =sup{t e R, Lg(w) € B}.

Applying the last exit decomposition formula, as in (2.10), to the forward term
in (2.3), we see that for A, A" € W, we have

Bl(X_i=0 € A, (X Jo<s<Lp € *» (XLg4s)s>0 € Al

(2.14)
/ dr / es(dy') es(dy) PELA') PL [ PPIA] p (', )

(where (X)o<s<1, is viewed as a random element of the space 7 of continu-
ous R?-valued trajectories of positive finite duration, measurably identified with
C([0, 1], RY) x (0, 0o) via the map (w, T) — w(,)eT).
From this identity using the symmetry of p, (-, -) and the already used fact that
P’ , 1s the image of P’ ,» under time reversal, we find (analogously to (1.40) of
38]) that
(XLz—1)rer under Qp haslaw QOp. (2.15)

. . . . \ \ \Y
One can introduce on W* the time inversion w* — w*, where w* = 7*(w),
oV .
with w(t) = w(—t) fort € R, and w € W arbitrary such that 7*(w) = w*. It
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follows from (2.15) that the image (7% o Q)" of (* o Q g) under time inversion

coincides with 7% o Q5. By Theorem 2.2 it follows that the image v of v under
time inversion satisfies

\

V= (2.16)

2) In an easier fashion one sees that when one considers y € R and denotes by
7, the translation by —y on W*, which to w* associates w* — y (defined in an
obvious way), or a linear isometry R of R?, and its natural operation w* — Rw*
on W*, we find that

v is invariant under t,, 2.17)

v is invariant under R, (2.18)

3) When A > 0, one can define the scaling s, (w) = Aw(,) for w € W, and on
W*via s, (w*) = 7% (s, (w)), for w € W arbitrary such that 7*(w) = w*. From
the identity valid for arbitrary A > 0 and closed ball B

510 0p = A1 0y3, (2.19)

one finds by Theorem 2.2 that
sy ov =24, forr > 0. (2.20)
4) One knows that when the compact set K (C R?) lies in the interior of the

closed ball B, then ex (-) = P,,[Hx < 00, Xy, € -], see Theorem 1.10, p. 58
of [27]. By (2.3) and (2.5) we thus see that

Okl(X:)i=0 € 1= P,.. (2.21)

We can now introduce the measurable map from W into W, defined by w* €
Wg — whEt = (w(HK + t))t>0, for any w € Wg with 7*(w) = w*. Then,
by (2.7) and (2.21) we see that

the image of 1W7< v under w* — w*&+ equals P, . (2.22)

]

As a next step we introduce the canonical space for the Brownian interlace-
ment point process, namely the space of point measures on W* x R,

Q= {a) = St With (wf, @) € W* x [0, 00) and
i=0 (2.23)

o (Wi x [0, @]) < oo, for any compact subset K of R and o > 0}.
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We endow 2 with the o-algebra A generated by the evaluation maps w —
o(B),for B € W*®B(R,), and denote by P the law on (€2, A) of the Poisson
point measure with intensity measure v ® do on W* x R,. For K compact
subset of RY and & > 0, we consider the measurable function on 2 with value
in the set of finite point measures on W

ka(@) =Y Hay < aw) € Wi} 8, oxr,

i>0

when o = Z‘S(w?,ai) € Q,

i>0

(2.24)

with the notation from above (2.22). We readily see by (2.22) that
Ik .« 1s a Poisson point process on W, with intensity measure o P, . (2.25)

As a direct consequence of (2.16)-(2.20) we obtain the following invariance
properties.

Proposition 2.4. P is invariant under the following transformations on Q:

w = Za(w?‘,ai) — Za(zfj,*,ai)’ (2.26)
i=0 i>0

= Swray —> ) Swi-vay  (withy € RY), (2.27)
i=0 i>0

W= Z Swr ) — Z&Rw?‘,ai) (with R linear isometry of R?), (2.28)
i=0 i>0

= Swra) = Y 8wy (With & > 0). (2.29)
i=0 i>0

When w € Q, @ > 0, r > 0, the formula (see the beginning of Section 1 for
notation)
= |J JBwi).r),

i>0:j<a  seR

(2.30)
where o € Z‘S(w;‘,ai) and 7*(w;) = w; fori > 0,
i>0
defines the Brownian interlacement at level o with radius r. By construction,
see (2.23), this is a closed subset of RY. When r = 0, we refer to 15 (w) as the
Brownian fabric at level a. The terminology is truly pertinent when d = 3, see
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(2.36) below. The complement of 7%(w) is an open subset of R?, the vacant set
at level a and radius r:

V(@) = R\I*(w), forwe Q, a >0, r > 0. 2.31)

The set £ of closed (possibly empty) subsets of R? can be endowed with the
o-algebra ‘F generated by the sets {F' € ¥; F N K = (J}, where K varies over
the compact subsets of R¢, see [25], p. 27 (incidentally, this is the Borel o-
algebra for a metrizeable topology for which ¥ is compact, see [25], p. 3 and
27). The X-valued map 7* on 2 is measurable, and one can thus consider its

law Q7 on (X, F).

Proposition 2.5. (¢« > 0, r >0, y € R? R linear isometry, A > 0) Q¥ is
determined by the identity
Q°UF € Z; FNK =0} =PI N K = (] = e >,

2.32
for K € R? compact, ( )

where K, = K + B(0, r) the set of points within | - |-distance at most r from K.
Moreover, under P,

1¥ + y has same law as T? (translation invariance), (2.33)
R(7Y) has same law as T (isotropy), (2.34)
ALY has same law as .’Zfrzfd“ (scaling), (2.35)

15 is a.s.-connected, when d = 3,
and disconnected, when d > 4 and a > 0. (2.36)

Proof. Note that {77 N K = 0} = {w € Q; o(Wg_ x [0, a]) = 0}, so that

PI1° N K = @] = ¢ Wip) CDL2D macw®n) - whence (2.32).

The identity (2.32) determines Q} on a m-system generating F, and the first
claim follows. The identities (2.33)-(2.35) are direct consequences of (2.27)-
(2.29) (alternatively, they can be derived from (2.32)). The last claim is a direct
consequence of the fact that for any closed ball B, Qp(dw) ® Qp(dw')-as.,
w(@®) Nw' (R) # @, when d = 3, but w(R) Nw'(R) = @, whend > 4, as a
consequence of the fact that Brownian paths meet each other when d = 3, and,
when starting from different points, miss each other when d > 4, see [11] (when
d > 4 we also use (2.15) to take care of the bilateral nature of the paths). O
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As a last topic of this section, we introduce the occupation-time measure of
Brownian interlacements at level « > 0 and discuss some of its properties.
It is the locally finite (or Radon) measure on R4 defined for w € Q, o > 0,
A € B(RY) by

Lo(w)(A) = Z / {w;(s) € A}ds, where w = Za(w;,ai)
i>0:; <a R i>0
. (2.37)
with 7*(w;) = w}, fori > 0,

= (a), fa® 1[0,a]>a

where f4(w*) = fR lA(w(s))ds, for w € W arbitrary such that 7*(w) = w*,
and (w, h) stands for the integral of 4 with respect to w. Note that by the choice
of 2 and W*, the expression in (2.37) is finite when A is a bounded set. From
the second line of (2.37), the dependence in w is A-measurable, and £, defines
a random measure on R?, see Chapter 1 of [19]. Further when A € B(RY) is
bounded and B a closed ball containing A, then for o > 0

E[Ly(0)(A)] = E[(w, fa ® 1j0.1)]
=a(v, fa) @723 EeB[[oo 14(Xy) ds]
0

(2.38)
—a [ enld) GOy 140 dy
=« |A| (with |A| the Lebesgue measure of A),
since [ eg(dy) G(y,y) =1fory € B, by (2.2), (2.1). In other words:
the intensity measure of £, equals a dy. (2.39)
Observe also that by inspection of (2.37)
the support of £, coincides with 75 . (2.40)

The next result will be very useful and provides an expression for the Laplace
transform of £,.

Proposition 2.6. When V is a bounded, measurable, compactly supported func-
tion on R4, and

G |Vl owey < 1 (see (1.10) for notation), 241
then I — GV is a bounded invertible operator on L (R?) and for any o > 0,
E[exp {(La, V)}] = exp{a(V. I — GV)'1)}, (242)
with the notation (1.9) and (L, V) the integral of V with respect to L,,.
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Proof. Up to routine modifications, this follows by similar arguments as
Theorem 2.1 of [39]. U

Remark 2.7. As a direct application of the invariance property (2.29) and the
definition (2.9) we see that for « > 0, the occupation-time measure £, has the
following scaling invariance

Lo )20y 0 Lyaa,, fork >0, (2.43)
where /1, (y) = Ay denotes the homothety of ratio A on R¢. One can also recover
the identity (2.43) from (2.42). U

3 Scaling limits of occupation times

In this section we study the scaling limit of the random field of occupation times
of random interlacements on Z¢, d > 3. In the constant intensity regime (0.2),
we show that £V (see (0.1)) converges in distribution to the occupation-time
measure of Brownian interlacements, see Theorem 3.2. In the high intensity
regime (0.4), we show that v (see (0.5)) converges in distribution to the massless
Gaussian free field, see Theorem 3.3 and Corollary 3.5.

We tacitly endow the set of Radon measures on R with the topology of the
vague convergence (see A.7 of [19]). Given a positive sequence (uy)y>1, it
follows from (1.12) that

E[£LY ([0, D] = Cll N 2uy. (3.1)

This quantity equals oe(> 0) in the constant intensity regime (0.2), and tends to
oo in the high intensity regime (0.4). The low intensity regime (when N9~2uy —
0) leads to a convergence in distribution of LV to the null measure on R?, and
we will only focus on the constant and high intensity regimes.

We begin with some preparation. We consider an integer M > 1, and

a continuous function V on R? with supportin Cyy = [—-M, M 14. 3.2)

We recall the notation (1.8), (1.10) from Section 1. With a slight abuse of
notation, we still denote by V the restriction of V to Ly (see (1.4)).

Proposition 3.1. (under (3.2))

sup Gy [V lzeeqwy) < coM) VL= cpniy) < coM) |V poway.  (3.3)
N>1

li]{In(V, (GyV)" M), =(V.(GV)" 1), foralln > 1. (3.4)

N
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Proof. We begin with the proof of (3.3), and assume, withoutloss of generality,
that || V|| e(c,ynLy)y = 1. By a classical harmonicity (or martingale) argument
one sees that

sup |[Gn|VI(y)| = sup [Gn|VIY)I,
yely yeCuNLy

since V is supported in Cy,. It then follows from (1.2), (1.8) that

c 1
sup |Gn|VI(Y)] = N2 <1+ Z |x|d—2)

yeCuNLy 0<|x|oo<2MN

(3.5)

< ¢/M? (x belongs to Z¢ in the sum),

and the claim (3.3) follows. Note that the continuity of V was not needed for the
proof of (3.3). We then turn to the proof of (3.4). As we now explain, it suffices
to show that for all bounded continuous functions W on R?,

lim sup  [(GyVW)(y) — (GVW)(»)|=0. (3.6)

yECMﬂ]LN

Indeed, once (3.6) is established, we note that GV W is bounded continuous on
R? as a convolution of the locally integrable function G (-) (see (1.3)) with the
compactly supported continuous function V W. Then, we observe thatforn > 1,

sup  [(GyV)'1(y) — (GV)"1(y)]

yECMﬂ]LN

< sup [(GyW((GyV)"'T = (GV)"'1)(y)|

yECMﬂ]LN

+ sup  [(GyV(GY)" D) = (GV(GV)" DI

yECMﬂ]LN

Using induction over n > 1, we see that the last term tends to zero with N, by
(3.6) and the observation below (3.6), and the first term after the inequality sign
tends to zero with N by the induction hypothesis and the first inequality in (3.3).
Thus, once (3.6) is proved, it follows that

sup [(GyV)" M) = (GV)"'1(:)| — 0, foreachn > 1. 3.7)
CynLy N

The claim (3.4) now follows by a straightforward Riemann sum approximation.
We now prove (3.6) and introduce the shorthand F = V W. The function F
is continuous on R with support in Cy,. Then, for y € (0,1), N > 1, and
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y € Cy N1y, we have

1
|GNF(Y)—GF(Y)|:‘Nd > gN(y/)F(y—y/)—/Rd Gy F(y—yhdy'

v'ely
1
< <Nd Z gN(y/)+// G(y/)dy/> IF 1l o0 e (3.8)
1V oo <¥ Y loo =y
1
e X aOHFo-Y) —/ GOF(y—y)dy'|.
N 7 =1y leo=2M 7=V loe=2M

The functions G(-) F(y — ) are uniformly continuous on {y’ € R?; y < |y/|oo <
2M} uniformly in y € Cy. By (1.7) and a Riemann sum approximation argu-
ment we see that the last term of (3.8) tends to zero uniformlyin y € Cy; N Ly.
On the other hand, the second line of (3.8) is bounded by

C
( N N D+ c/yz) 1 F 1 oo ey -

Taking a limsup in N, and then letting y tend to zero, we obtain (3.6). The claim
(3.4) now follows, and this completes the proof of Proposition 3.1. U

We are now ready to state the convergence result for the law of £V in the
constant intensity regime (i.e. N9 2uy = da, see (0.2)). The definition of £,
appears in (2.37).

Theorem 3.2. (under (0.2))
LN converges in distributionto L, as N — oo. 3.9

Proof. By Theorem 4.2, p. 22 of [19], it suffices to show that for any continu-
ous compactly supported function V on R?

(LN, V) converges in distributionto (£, V), as N — 0. (3.10)

Without loss of generality we assume that V' satisfies (3.2) and ||V || Loo(re) < 1.
By (1.11) and (3.3) we see that for |z] < ' (with ¢y from (3.3)) and N > 1,

€0

Eexplz( £, V]}] = exp {alzv, (1 =26y V) 711), ]

3.11)
— exp {a Y (V.G 1>LN}.

n>1
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In particular this shows (with (3.3)) that

sup E[cosh (r(ﬁN, V>)] < 00, whenr < ch. (3.12)
N>1

Thus, the laws of (LY, V), N > 1, are tight, and the random variables eZ“N’V),
N > 1, [Rez| < r(< ¢y 1), are uniformly integrable. Hence, if along some
subsequence Ny, k > 1, the random variables (LN, vy converge in distribution
to a random variable U, it follows from Theorem 5.4, p. 32 of [3], that for
lz] < cal in C one has

E[¢V] = lim E[e" V)]

3. . n n—
GLb 111£n exp {a Zz (V, (GNnY) 11>]LN}

n>1

(3.13)

S exp L 372, Gy O etV

n>1

where in the last step we have used the fact that |G | V| || pooray < ¢o as a result
of (3.3) and (3.6). By analyticity, the first and the last expression in (3.13) are
equal in the strip |Rez| < ¢, ! of the complex plane. Hence U and (£,, V) have
the same characteristic function, and we have shown (3.10). This completes the
proof of Theorem 3.2. U

We now turn to the discussion of the high intensity regime (0.4) (i.e.
N9%upy — o0), and recall the definition of the random signed measure £
from (0.5):

-~ _ d N mp N
I —\/2Nd_2MN<£ ELLY))

N N e L ST )
2N4=2yy dN?

vely

(3.14)

For a bounded measurable function V on R? with compact support, the notation
(ZW , V) will refer to the integral of V with respect to IV In essence, the next
result states that £V tends in distribution to the massless Gaussian free field, see
(1.15). This fact will be made precise in Corollary 3.5.
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Theorem 3.3. (under (0.4)) When V is continuous compactly supported func-
tion on R?, then, as N — oo,

(ZW , V) converges in distribution to a centered Gaussian variable

(1.14) (3.15)

with variance E(V,V) = / V) Gy —y)V()dydy'

Proof. Withoutloss of generality, we assume, for convenience, that (3.2) holds
and that || V|| yo(gey < 1. Further, we use the shorthand ay = (ﬁNd_zuN) 2 , and
assume that ay > 1, for all N > 1 (this possibly involves the replacement of
finitely many u ). We then see that for |z| < ¢, Pand N > 1,

]E[edi’V)] _ E[exp {az ((‘EN, V) . M;v Nd—Z(V, 1>LN)”
N

(3.16)

(1.11),(3.3) { UN 49 7 n—1 }
expy ,,E>2 “7\7( (GNV) >1LN

By Proposition 3.1 and the fact that " N=%/al equals é when n = 2 and is
bounded by é and converges to zero for N tending to infinity, when n > 3, we
find that

—~ 2
E[esE" V) — e WGV for |z < ¢j. (3.17)

— 00
The claim (3.15) then follows by similar arguments as below (3.13). U

Remark 3.4. By (1.12) one sees that for any N > 1

B[ 32 (1D Ly | < o0

yvely

Thus on a set of full P-measure, (1 + |y|)~“*, and hence all functions V €
S(R?), are v -integrable. Redefining ¥ ona negligible set as (for instance)
being equal to zero, we see that v (w) is a tempered distribution for each w €
2, and (ZW, V) a random variable on (2, A, P) for each V e S(R). Hence,
we can also view LV as an S’ (R%)-valued random variable on (2, A4, P). U

In the next result about convergence in distribution of IV the space S'(R9) is
tacitly endowed with the strong topology (see p. 60 of [13], or p. 5, 6 of [17]).
We recall the notation P for the law on S'(R?) of the massless Gaussian free
field (see (1.15)). The next result states the convergence of 7, y 1n distribution to
the massless Gaussian free field in the high intensity regime.

Corollary 3.5. (under (0.4))

v converges in law to P% as N — co. (3.18)
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Proof. By the Lévy continuity theorem on S'(R¢) (see Théoréme 2, p. 516 of
[26], and also Théoreme 3.6.5, p. 69 of [12]), it suffices to show that for each
V e S(R?), the variables (ZW , V) converge in distributionto (®, V) (under P%),
namely a centered Gaussian variable with variance E(V, V), (see (1.15)).

We thus consider V € S(R?) and a continuous [0, 1]-valued compactly sup-
ported function y; on R4 equal to 1 on C; (see (3.2) for notation). We write
x.(-) = x(;) for L > 1 and define V, = x,. V.

By dominated convergence E(V., V) — E(V,V),as L — oco. By Theo-
rem 3.3 our claim (3.18) will thus follow once we show that

. -~V 2
Lh_)rrolo jsvug E[(LY,V —V.)] =0. (3.19)
By differentiating (3.16) twice in z at the origin and approximating V by V-,
with L’ — oo, we see from Fatou’s Lemma that

E[(LY, V = V)] < (V = VL, Gy(V — V), for N>1,L>1. (320)

Applying (3.3) to x () |V|(- + a) for a € Z? and using that sup{gn(y); y € Ly,
|V]|oo > 1} is uniformly bounded in N (see (1.7)), we see that

p=supl|Gy|V| ||L°°(ILN) < 00,
N>1

and that

(V =V, Gy(V = VL)>]LN

<cp Z sup  |(1 = x.(») V()’)|L_> 0.
aezd YEa+0,D4 o

The claim (3.19) follows, and this completes the proof of Corollary 3.5. U

4 Scaling limits via the isomorphism theorem

In this short section we revisit Theorem 3.3 under the perspective of the iso-
morphism theorem stated in (0.6). This offers a different route to Theorem 3.3
for sequences (uyn)y>;1 in a “sufficiently high intensity regime”. The special
role of dimension 3 where we recover the full range (0.4) will be highlighted.
Notation for the Gaussian free field on Z¢ have been introduced at the end of
Section 1. In particular, (¢, ),cz« stands for the canonical field on RZ and P¢
for the canonical law of the Gaussian free field.
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We introduce the random signed measure on R?

1
oV = xS . 4.1)
vt L0

Given a continuous compactly supported function V on R¢ and a positive se-
quence (uy)y>; the identity (0.6) implies that under P @ P

; > V(;)(fﬂf —g(0) + Zd V(IJ\C])(LX’MN )

2€Z xeZ

L V()6 - 20) +vaun Yv(h) e

zeZ4 xeZd

4.2)

With the notation (0.5) and (4.1), this identity can be rewritten under the form

1 X d aw
2 ZZdV<N>(‘Pf—g(O))+\/2dMN EARTRN =
“ (4.3)

1 d
zeZ4

Importantly, note that ZV involves u w inits definition, but ®" does not (cf. (4.1)).
In the next lemma we look at the size of the terms in (4.3) which involve the
Gaussian free field. To this end, we introduce the sequence

N4 when d = 3,
by =1{ N*logN whend =4, “4.4)
N4 when d > 5.
Lemma 4.1.
(QDN, V> is a centered Gaussian variable with variance (V, GN V)]LN' 4.5)

(d)N , V> converges in distribution to a centered Gaussian variable

with variance /V(y) Gy —y)V(©)dydy, as N — oo. 4.6)

2
1 EPg|:< Z V(x )((Pf — g(()))) :| has a positive limit when N — oo. (4.7)

b N
N xeZd
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Proof. We begin with (4.5) and note that (®", V) is a centered Gaussian vari-
able with variance

1 X , X'\ (1.5).(1.6)
dNd+2 Z V<N>g(x,x)V<N> (1.8) (V. GyViLy,

x,x'eZd

whence the claim.

Next, (4.6) is an immediate consequence of (4.5) and (3.4) (withn = 2). We
then turn to (4.7). We note that from Lemma 5.2.6, p. 201 of [24], one has the
identity

E"[(¢2 — 2(0)) (9% — g(0))] = 2¢%(x, x), for x,x" € Z¢. (4.8)
As aresult we find that

S v() e - s0)]

xeZd

=, X V()ga-0v(y)

x,x'eZd

4.9)

When d = 3, G(y) = c|y|~! (see (1.3)) is locally square integrable on R3, and
the above quantity equals (see (1.6))

18
v X VOGO -)ve) — s / VOGP ) VO vy (4.10)

y.y'ely

as can be seen by separately considering the terms |y — y’| > y and |y —y'| < y,
with y, y’ € Ly, in the spirit of what was done below (3.8), letting first N go to
infinity, and then y go to zero. Note that the integral in (4.10) is equal to (with
p: (-, -) the Brownian transition density, see above (2.1)):

2
/ dsdtdzdi(f dyV(y)p;(y,z)p;(y,z/))
R, xR, xR4 xR4 R4

by a similar calculation as in Proposition 4.8, p. 75 of [36]. This quantity is
positive when V' is not identically equal to zero, see the bottom of p. 75 of [36]
for a similar argument.

Whend = 4, by = N* log N, and given L > 1 and y > 0, the contribution
in the right-hand side of (4.9) of the terms with |x — x| < L or [x — x'| >
YN is O(,, gl v)» as N tends to infinity, by (1.3). Combined with the fact that
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o gl N 20<\x\ <N ‘X1‘4 tends to a positive limit, when N tends to infinity (as can be

d
1),

seen by looking at the difference of the sum and the integral [ BONNBO,1) [x[*

we find that when d = 4,

2 X o
N*log N 2 V<N>g2(x_x)V<N>7C/H{4V2(y)dy. (4.11)

x,x'eZ*

Finally, when d > 5, the sum erzd gz(x) converges by (1.3), and hence

z\fd 2 V(z)\cz>g2(x —) V(;) ~ C/Rd Viydy.  (412)

x,x' €Z
We have thus shown (4.7), and this concludes the proof of Lemma 4.1. U

We will now conclude this short section with some remarks, in particular
linking together (4.3), Lemma 4.1, and Theorem 3.3.

Remark 4.2. 1) By similar arguments as in Remark 3.4 we can view ®" as an

S'(R4)-valued random variable. The same proof as in Corollary 3.5 yields that

N converges in law to PSG as N — oo. 4.13)

2) When
Nd+2
uy — 0Q,

by
we can divide both members of (4.3) by +/2d uy N2+, By Lemma 4.1 we
then see that for each continuous compactly supported function V on R?, both
(ZW , V) and (®", V) converge in distribution to a centered Gaussian variable
with variance (V, GV) (once again, note that uy enters the definition of IV but
not that of ®"). One thus recovers the convergence asserted in Theorem 3.3
under the assumption

uy N — oo, whend = 3,

NZ
Uy log N — 00, whend =4, (4.14)
uy N2 — o0, when d > 5.

This recovers the full range of validity of Theorem 3.3 (i.e. uy N972 — 00),
when d = 3, but only part of the range when d > 4. Observe that whend > 4, in
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the high intensity regime uy N~2 — oo, (ZW, V) and (®V, V) have the same
distributional limit, regardless of whether (4.14) breaks down or not.

3) One may wonder from the above discussion, whether some cancellations may
be extracted from (4.3). In the high intensity regime uy N“~? — oo, given
M > 1, can one for each N couple two Gaussian free fields (¢,) czd, (Vx) ezds
with (Ly ;) xezd, so that

(@x)xeza 1s independent of (Ly ;) yezd,

1

5 O+ Loy = ;(‘ﬁx + \/2uN)2, a.s., forx € NCy

(see (3.2) for notation),

and for any continuous function V supported in Cy;,

1

) 2 V(;)“”f — D/ (Juy N*H) —> 0 in probability?

xeZd

Such a coupling would yield a simple way to recover the identity of the distri-
butional limits of (ZW , V) and (®", V) in the high intensity regime. Of course,
when (4.14) holds such a coupling can be achieved (by (4.7) the last condition
is automatically satisfied). U

5 The special case of dimension 3

We have seen in the last section that when d = 3 the isomorphism theorem
(0.6) offers a quick route to the study of the asymptotic behaviour of IV in the
full range of the high intensity regime (0.4). In this section we investigate what
happens “at the edge”, in the constant intensity regime (0.2). The scaling limit
of the distributional identity (0.6) (with proper counter terms) will bring as a by-
product an isomorphism theorem for 3-dimensional Brownian interlacements,
see Theorem 5.1 and Corollary 5.3. This last corollary has a similar flavor to
the distributional identity derived by Le Jan in the context of a Poisson gas
of Brownian loops at half-integer intensity, see Chapter 10 §2, p. 104 of [23].
We recall the notation of the end of Section 1 concerning Gaussian free fields.
Throughout this section d = 3.
We denote by H the Gaussian space, which is the L?(P )-closure of

{{®, f); feS®H}.
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For Y, Z in H the Wick product, see [18], p. 23,24, :Y Z: equals Y Z — EP° [YZ],
and one has the identity, see [18], p. 11, 12 or [24], p. 201:

EP°[:Y?: :2%) = 2EP[YZP, forY,Z e H
= 2(f, Gh)z’ whenY = (@, f), Z=(®,h), .1
with f, h € S(RY)

When d = 3, the Green function G (y, y’) is locally square integrable, and for
bounded measurable functions V on R? vanishing outside a compact set, one
can define

fV(y):cbizdy:lii% fV(y):cbjgzdy in L2(PY), (5.2)

where @, , = (dD, pM), with py . (-) = 813 p(,”), and p(-) a non-negative,
smooth, compactly supported function on R3 such that [ p(z)dz = 1. This fact
uses (5.1), the crucial local square integrability of G (-), and similar arguments
as in the proof of Proposition 8.5.1, p. 153 of [15], see also [23], p. 101. In
addition, the limit object in the left-hand side of (5.1) does not depend on the
specific choice of p(-). For convenience, we will assume that p(-) is radially
symmetric and supported in B(0, 1).
For V as above, one also defines (in a simpler fashion) the element of H:

fV(y) ®,dy = 1in(1)fV(y)<1>y,g dy in L*(P%). (5.3)

We now assume that we are in the constant intensity regime (0.2), and for V a
continuous compactly supported function on R?, we rewrite (4.2) as the following
identity in distribution under P8 Q P:

1 W1
5 Z V(;) (% +dN2(£N’ V) law ) Z V(;) (s +\/2MN)22, (5.4)
xeZ? xeZ?
where
Hex + V2un)t =107t 2y 2un ¢, + 2uy
and

:<pf: = (pf — g(0).

We already know that (£V, V) converges in distribution to (£,, V) (see The-
orem 3.2). The limit behavior of the other terms in (5.4) is described by
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Theorem 5.1. (d = 3, V continuous with compact support)
Fora > 0anduy = 3a/N (= da/Nd_z), as N — oo,

e 2 V() o Vo)
xeZ3

converges in law to [ V(y)u(®, + V2a)?: dy

(5.5)

(the last term can be defined as

/V(y):¢§:dy+2¢a/V(y) d>ydy+2a/V(y)dy,

but see also (5.10) below).
Under P° ® IP one has the distributional identity

;fV(y):<I>§:dy+(£a,V> lg”;fv(y):(cby+\/2oz)2:dy. (5.6)

Proof. We first observe that (5.5), (5.4) (choosing @« = 0 to handle the first
term of (5.4)) and Theorem 3.2 readily imply (5.6). Thus, we only need to prove
(5.5). This is a case of lattice field approximation (see chapter 9 §5 and §6 of
[15], also Chapter 8 of [33]). However, the fact that we consider the d = 3
situation and massless free fields, makes the set-up a bit different. Since some
care is needed, see for instance [15], p. 185-187, we sketch the proof for the
reader’s convenience. We define

N
Yy N = \/d Ny (withd = 3),for y € Ly, 5.7)
and note that the first term of (5.5) equals
1 2
s V) yn +V2a) (5.8)
yvely

We now choose ¢(N) > 0 tending to 0 not too fast so that
g(N) — 0 and N83(N) — 00, as N — oo. 5.9)

As we explain below, the claim (5.5) will follow once we establish the following
three facts:

lim “/V(y):(d)y +v2a): dy
(5.10)

L2(PC)

’

_/ V() (@ye + v20) " dy
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lim H / V() (@6 + V2a) 1 dy

1 ¥ ) (5.11)
N3 Z V) i@y + V20) 'dy“U(PG) =0
yely
and for small real z, i.e. |z| < ry,
. G Z 2
lim (EP [CXP{N3 Z V() (@, + V20a) H
yely
(5.12)
g Z . 2,
— E* [exp{N3 EZL V() -((py,N + \/2(1) ”) =0
yeLy

We first explain how these three facts yield a proof of (5.5). By Theorem 3.50,
p. 39 of [18], we can replace L' (P%) by L*(P%)in(5.11). Together with (5.10)
we find that

1
lim “ v 2 V(@ V2e):
el (5.13)
_/ V() (@, +v2a) 1 dy =0.

L2(PG)
By Theorem 6.7, p. 82 of [18], we thus see that for some r; > 0,

sup EF° [cosh (;3 > V) (@ + Jza)Z;)] < c0. (5.14)

N>1 yeLw

By (5.12), we then find that for some 0 < r, < r; A 1y,

sup Epg[cosh ( 2 Z V(y) I(§0y N+ \/2(1)2:)] < 00. (5.15)
N>1 N3 ’

- yvely

Thus, by a similar argument as below (3.12), we see that the laws under P¢ of the
random variables ];3 Zy Ly V(y) oy n+ V2a)?: are tight, and, when along a
subsequence N; they converge in distribution to a random variable U, then, for
|z| < 1y, e is integrable and one has

E[eV] = fim Epg[eXp {153 2 Vlenn +*/2“)2:”

yely

(5.12) .. pG Z . 2,

= l}vrlfl E [exp{N3 ZL V(y).(d>y’8 +\/2a) H (5.16)
yely

= EPG[exp {z/V(y):(CDy +\/2a)2:dyH,
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using in the last step both the uniform integrability of the variables under the
expectation in the second line when |z| < r, by (5.14), and (5.13) (see Theo-
rem 5.4, p. 32 of [3]). By analyticity, the equality between the first and the last
term of (5.16) extends to the strip {z € C; |Rez| < rp}. Hence, the random
variable U has same distribution as f V(y) (P, + V2a)%: dy, regardless of the
extracted subsequence Ny, and (5.5) follows.

There remains to establish (5.10)-(5.12). The claim (5.10) is an immediate
consequence of (5.2), (5.3) and the identity :(®, . + \/2(1)2: = :@i’s: +
2/2a @, + 2a.

We then turn to (5.11) and simply explain why

=0. (5.17)

lim ”/V(y):d);g:dy— ;3 Y Vi)l

’Ll PG
yeLy (P™)

The case of the linear term (where 2+/2a ®, . replaces :@i’g:) is simpler to
handle, and the constant terms (after developing the square in (5.11)) cancel
each other. The quantity under the limit in (5.17) is bounded above by I} + I,
where

2 1
I = EPGK/hN(y):cD;S:dy) ]2, with

| (5.18)
_ _ 3
=Y (v -ve)ifyez+ 0.1},
ZE]LN
_ Pe .2 L2 .
L= IVQIE [ / D2 — .@Z’g.dyu. (5.19)
Byl S
By (5.1) we see that
I < 2/ lhy )| 1y (D) G2y — ¥ dydy', where (5.20)
G.(y) = EM[®,, ®q,]
(5.21)

= f pe(z —¥)G(z —7) po(2)dzdZ, fory e R3.

Note that p, (-) is spherically symmetric with supportin B(0, €) and G harmonic
on R\ {0}, so that

G:(y) =Gy, when |y| > 2¢
(5.22)

c
= _ lIplleo,  when |y[ < 2,
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where in the last step we used that f‘ Gz —2)dz = cr?, forr > 0,
7 e R3.

We introduce a box A = [—M, M)3, with M > 1 integer, such that

=7 |=r

A contains all points within | - |,-distance 1 from the support of V. (5.23)

Note that & vanishes outside A (cf. (5.18)), and converges uniformly to O as
N — oo. Moreover, by (5.22) and the local square integrability of G2, we see
that [, , G2y —y)dydy — [, , G*(y —y)dydy',as N — oo. Hence,
see (5.20),

Iy - 0, asN — oo. (5.24)

We then control I,. We first note that N3|A| bounds the number of boxes z +
]{,[O, )3 intersecting the support of V (with |A| the volume of A, and z € Ly).
Hence,
G
L<|VlelAl sup EP'[:@7 0 — 10,1 (5.25)
110,13
ve v [0.1)

Moreover, for y € R we have

G
EPT[(@] 0 — 105,07

G G G
= E? [:®§’8:]+EP [:®F,:1—2E" [:cbjgz 10,1

L4620 - c2m) 2 (6.0 - 6) 20
cp) Iyl (. c(p)
= e g2 (SIHCC [VGelllpoms) < o2 )
We thus see that
b = ¢(p) VIl Al (Ne) ™ — 0 (by (5.9)). (527)

This complete the proof of (5.11). We now turn to (5.12).
By (5.22) and (1.2), (1.3), (1.6) we have for y, y' € Ly, N > 1,

/ / 1 ! / 1 -1
G.o=y) =@ (y=y1v ) andgnr ) =e(ly=y1v ) - (5:28)

‘We can thus make sure that for small real z,

|z 1
sup oy D Gely =) VOl < . and (5.29)
N,yE]LN ye]LN
2] , o1
sup 0 > v =) VO < (5.30)
N,yE]LN ye]LN
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(incidentally, by (3.6) and the continuity of G | V|, we also have [z| [|G |V ||| Lo w3
<))

If Ay = A NLy, the matrix (GS (y — ¥)y.yeny is positive definite. Indeed,
by (5.21) it suffices to note that p.(- — y), y € Ay, are linearly independent
(one easily sees by taking Fourier transforms and using an analytic continuation

argument that any linear relation between these functions is trivial).
By Lemma 5.2.1 on p. 198 of [24], or Proposition 2.14 on p. 47 of [41], for ¢

as above,
EPG[exP {2;3 D V) Py + */2“)2:”

vely

(5.31)

oAV (I=2Ge V)T )

(deta((1 — 2Ge V) ayuan))?
where detz((l — zés V)ianxa N) denotes the regularized determinant of the
finite matrix K, which is the restriction to
V /
Ay x Ay of (5},),/ —2G,(y —y)) If,ﬁ )) ,
y,y'eLy
that is (det K)e~ 77— (where Tr stands for the trace), see [34], p- 75. In addi-
tion, with some abuse of notation, in the term in the exponential in the right-hand
side of (5.31), G, stands for the linear operator on functions on L defined by
a similar formulas as (1.8), with gy (y, ¥) replaced by G.(y — y’), so that G,V
operates on bounded functions on Ly and I — zG,V is invertible by (5.29).

Also, compared to the above references, we used the identity following from the
Neumann expansion of (I — zG, V)™ !:

(V. =26 ") =(v.1) +4V. I —2G.V)'GV 1) .

In a similar manner, with analogous notation, for z as above, we have

Z
EPg[exp {2N3 S V) (@ + \/2a)2:”
yvely
32
oAV I=2Gy V)T )Ly (5-32)
(deta (I = 2G N V)jayxan))®
By Proposition 3.1 and (5.30) we have for z as above

lim (V.(I —zGy V)_11>LN =(V,(I —zGV)'1). (5.33)
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By an analogous argument as for the proof of Proposition 3.1 and (5.29) we have
111511 (v.ua - zégV)_11>LN =(V.I —zGV)'1). (5.34)

As we now explain, the claim (5.12) will now follow once we prove that

Il Il 1
sup Y (Ge(y, ¥+ gn (v, ¥)?) vo <% (5.35)
N Y.y €AN
i , RV
lim } 0 (Ge(r, ) = an(3))" g =0. (5.36)
Y.y €AN

Indeed from Theorem 9.2, on p. 75 of [35], one knows that for any n x n matrices
A, B (and || - ||, denotes the Hilbert-Schmidt norm)

|dety (1 4+ A) —dety(I + B)| < |A = Blaexp{c(|Alla+ Bl + 1)?} (5.37)

(the constant ¢ does not depend on n).
Assuming (5.35), (5.36) one thus finds that for small z

hj{ln detz((l — Zésv)\ANXAN) — detz((l — ZGNV)\ANXAN) = O, and (538)
the regularized determinants in (5.38) each belong to [é, g] forN > 1 (5.39)

(we use (5.37) with B = 0 and det, (/) = 1 for this last fact).

Combined with (5.33), (5.34) the claim (5.12) then follows.

There remains to prove (5.35) and (5.36). The bound (5.35) follows from (5.28)
in a straightforward fashion, and we concentrate on (5.36). We pick y > 0. The
sum in (5.36) equals J; + J,, where J; collect the terms where |y — y’| > y and
I, the terms where |y — y'| < y. When N is large, G.(y — y') = G(y — y') for
all |y — y'| > y (see (5.22)), G(y — y') — gn(y — ¥') converges uniformly to
zero on this set by (1.7). We thus find that limy J; = 0. As for the second term
J2, by (5.28) we have

. . C(Aap) 2 l /
lim /3 < lim * <N+ Y ) =<y 540

zelly,0<|z|<y

Letting y tend to 0, we obtain (5.36). This completes the proof of (5.12) and
hence of Theorem 5.1. U
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Remark 5.2. 1) Note that for V continuous with compact support on R* one has

B[ [voreta)] = 2 [ v G-y vondsay

IA

c ||V||L1(1Rd)(”V”L°°(1Rd) + ||V||L1(R3))v

and a similar bound holds for
2
5l ([vmea)] = [ver6o-y)voravay.

We can thus extend the linear map sending V to f V(y)u(®, + \/2(1)2: dy €
L%(PY) by continuity to S(R?) for any @ > 0. By the regularization theorem,
see Theorem 2.3.2, p. 24 of [17], one can find a version denoted by :(®+ \/2a)2:,
which is an §'(R?)-valued random variable defined on the canonical space where
PG is defined such that for any V e S(R?),

POas., (:(® +v2a)*, V) = / V(y) (@, + v2a): dy.

2) The intensity measure of £, equals o dy (see (2.39)), and by similar consid-
erations as in Remark 3.4 we can also view L, (after a possible redefinition on a
set of measure 0) as an S'(R*)-valued random variable defined on (2, A, P). O

As a consequence of Theorem 5.1 we obtain an isomorphism theorem for
the occupation measure of Brownian interlacements on R?, which arises as the
scaling limit (with suitable counter terms) of (0.6):

Corollary 5.3. (d =3, > 0)
Under PC ® IP one has the identity in law on S'(R?):

1

vl
S L (@ V20)” (5.41)

Proof. By Remark 5.2 we can obtain the identity (5.6) for any V € S(R?).
Hence under P° ® P, the random variables

1 1
(2 % 4 L, V> and (2 (D + V2a), V>
have the same distribution for each V € S(R?), and (5.41) easily follows. [
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Remark 5.4. In the context of Brownian loops on R, 1 <d <3 (suitably
killed when d = 1, 2), Le Jan, see p.104 of [23], showed that é :d2: (or its
corresponding object when d = 1, 2) has the same law as the renormalized
occupation field of a Poisson cloud of Brownian loops with intensity parameter

o=

5

Observe that here, in (5.41), no renormalization on £, is needed (and « varies
over R, ). Only terms involving the free field need renormalization. U
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