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On formal Laurent series
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Abstract. Several kinds of formal Laurent series have been introduced with some
restrictions so far. This paper systematically sets up a natural definition and structure of
formal Laurent series without those restrictions, including introducing a multiplication
between formal Laurent series. This paper also provides some results on the algebraic
structure of the space of formal Laurent series, denoted by L. By means of the results
of the generalized composition of formal power series, we define a composition of a
Laurent series with a formal power series and provide a necessary and sufficient condi-
tion for the existence of such compositions. The calculus about formal Laurent series
is also introduced.
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1 Introduction

Let S be a ring and let l ∈ N, where N denotes the set of all positive integers.
A formal power series on S is defined to be a mapping from Nl to S. A formal
power series f in x from N to S is usually denoted by

f (x) = a0 + a1x + ∙ ∙ ∙ + anxn + ∙ ∙ ∙ , where a j ∈ S for every j ∈ N ∪ {0}.

In this case ak is called the kth coefficient of f , for every k ∈ N ∪ {0}. We
denote the set of all such mappings by X(S). If S = C, where C denotes the
set of all complex numbers, that is the case considered in this paper, we simply
write X(C) = X. X is a commutative C-algebra with 1 and f ∈ X(C) is a
unit if a0 6= 0. If a0 = 0, f is called a nonunit and we denote the set of all
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nonunits in X by m(X). It is known that the algebra X is an integral domain.
The structure of the algebra X has been studied and can be found in many books
or papers on complex analysis (see e.g. [5], [8] or [11]).

Laurent series form a natural extension of power series, and therefore formal
Laurent series are supposed to be a natural extension of formal power series too.
Unfortunately the properties of formal Laurent series are quite different from
those of formal power series if they are defined analogously, especially in view
of the composition and multiplication.

The composition of formal power series or functional composition has at-
tracted many mathematicians. More than forty years ago, Raney ([10]) investi-
gated the functional composition patterns and provided a proof of the Lagrange
inversion formula, that is, if S is a commutative ring with a unit e, then for each
formal power series

g(x) =
∞∑

n=0

bnxn ∈ X(S) = SN

there exists exactly one nonunit f ∈ m(X) such that f (x) = x ∙ g ◦ f (x).
Chaumat and Chollet ([1]) contributed a lot in 2001 when they found that
any formal power series A such that A ◦ F is analytic, where F ∈ m(X), is
analytic itself.

Gan and Knox ([4]) in 2002 provided a couple of necessary and sufficient
conditions for the existence of the composition of formal power series that took
away the restriction of nonunitness for the composed formal power series in
some formal power series rings. Those results are very useful for establishing
the formal Laurent series and the composition of formal Laurent series with
formal power series. For convenience of the reader we recall some of those
results and definitions below. As we indicated at the beginning of this section,
X = X(C) unless we define specifically.

Definition 1.1. Let S be a ring with a metric and let g ∈ X(S), say g(x) =∑∞
k=0 bk xk . We define a subset Xg ⊂ X(S) to be

Xg =
{

f ∈ X(S)| f (x) =
∞∑

k=0

ak xk,

∞∑

n=0

bna(n)k ∈ S, for every k ∈ N ∪ {0}
}
,

where f n(x) =
∑∞

k=0 a(n)k xk , for all n ∈ N (a(0)0 = 1, a(0)k = 0, for every
k ∈ N), is created by the product rule. Obviously Xg 6= ∅, because m(X) ⊂ Xg.
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Then the mapping Tg : Xg −→ X(S) such that

Tg( f )(x) =
∞∑

k=0

ck xk,

where ck =
∑∞

n=0 bna(n)k , for k ∈ N ∪ {0}, is well-defined. We call Tg( f ) the
composition of g and f . Tg( f ) is also denoted by g ◦ f (that is (g ◦ f )(x) =∑∞

n=0 bn( f (x))n).

Definition 1.2. Let S be a ring and let f (x) =
∑∞

n=0 anxn be a formal power
series in X(S). If am 6= 0 and a j = 0 for all j > m, then the degree of f is
defined to be the number m and it is denoted by deg( f ). If there is no such a
number m, then we say that deg( f ) = +∞.

Definition 1.3. Let S be a ring and let g ∈ X(S), say g(x) =
∑∞

n=0 bnxn . The
derivative of g is defined to be the formal power series g′ such that

g′(x) =
∞∑

n=1

nbnxn−1.

Theorem 1.4 ([4]). Let S be a field with a metric and let f, g ∈ X(S) be given
with the forms

f (x) = a0 + a1x + ∙ ∙ ∙ + anxn + ∙ ∙ ∙ , g(x) = b0 + b1x + ∙ ∙ ∙ + bnxn ∙ ∙ ∙ ,

and deg( f ) 6= 0. Then the composition g ◦ f exists if and only if

∞∑

n=k

(
n
k

)
bnan−k

0 ∈ S for every k ∈ N ∪ {0}, (1.1)

where
(

n
k

)
=

n(n − 1) ∙ ∙ ∙ (n − k + 1)

k!
.

Let us notice that the condition (1.1) in the Theorem 1.4 is equivalent to
the kth derivative of g at a0, g(k)(a0) ∈ S for every k ∈ N.

Theorem 1.5 ([4]). Let f, g ∈ X(C) be given with the forms as in Theorem 1.4.
If the series

∑∞
n=0 bn Rn converges for some R > |a0|, then g ◦ f exists.
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In his well-known monograph ([5]), Henrici introduced a formal Laurent
series as

L = cmzm + cm+1zm+1 + cm+2zm+2 + ∙ ∙ ∙ , cm 6= 0, (1.2)

over C, where m is a fixed integer. In late 1970’s, Jones and Thron ([7]) inves-
tigated such formal Laurent series. In particular, they examined the relation-
ship between such a formal Laurent series L and a sequence of meromorphic
functions {Rn(z)}.

Let β : Z → (0,+∞), where Z denotes the set of all integers, be a function
such that β(0) = 1. The Banach space L p(β), 1 < p < +∞, of all for-
mal Laurent series f (z) =

∑
n∈Z anzn (cf. Definition 2.1) for which ‖ f ‖p

β =∑
n∈Z |an|pβ(n)p < +∞ has been studied recently and some results about it

can be found in [6], [14] and [15]. The formal Laurent series discussed in those
papers have their terms running through all integers, differentiating it from and
extending (1.2); but they rely on the sequence {β(n)}n∈Z.

In this paper we are going to set up a space of formal Laurent series ana-
logously to the space of formal power series including its basic operations such
as addition, scalar multiplication, product and composition. Moreover, we are
going to investigate the calculus of formal Laurent series and provide some
results for it.

2 Formal Laurent series and its algebraic structure

Let us begin this section with the definition of a formal Laurent series.

Definition 2.1. A formal Laurent series on C is defined to be a mapping from
Z to C. A formal Laurent series g in z from Z to C is usually denoted by

∙ ∙ ∙ + b−nz−n + ∙ ∙ ∙ + b−1z−1 + b0 + b1z + b2z2 + ∙ ∙ ∙ + bnzn + ∙ ∙ ∙ (2.1)

or just
∑

n∈Z bnzn , where bn ∈ C for every n ∈ Z. The zero formal Laurent
series is defined to be the series with bn = 0 for every n ∈ Z and the identity I
is defined to be the series with b0 = 1 and bn = 0 for all other n ∈ Z.

The series
∑∞

n=0 bnzn and
∑∞

n=1 b−nz−n are called the regular and the prin-
cipal part of g, and they are denoted by g+ and g−, respectively.

The complex conjugate of a Laurent series g(z) =
∑

n∈Z bnzn is defined to be
the series g(z) =

∑
n∈Z bnzn where bn is the complex conjugate of bn, n ∈ Z.

We define the reverse of the formal Laurent series g by

ğ(z) = g
(

1

z

)
=

∑

n∈Z

b̆nzn, (2.2)
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where b̆n = b−n for every n ∈ Z. Finally, we denote by L(C), or simply by L
the set of all formal Laurent series over C and define the formal Laurent series
addition and scalar multiplication by

(L-1) (g + f )(z) =
∑

n∈Z(bn + an)zn ,

(L-2) (cg)(z) =
∑

n∈Z cbnzn ,

where g(z) =
∑

n∈Z bnzn, f (z) =
∑

n∈Z anzn are any two formal Laurent series
over C and c ∈ C.

It is clear that L is a linear vector space over C. It is not clear so far whether
L is generally also an algebra. Can we endow a multiplication to formal Laurent
series as is done for formal power series?

For the formal Laurent series introduced in [5] or [7], or in (1.2) of this
paper, the answer is yes. For the formal Laurent series introduced in Defi-
nition 2.1, “yes” is not the answer. For example, if g(z) =

∑∞
n=1 z−n and

f (z) =
∑∞

n=1 zn , we can not define any coefficient of g(z) f (z) by the usual
multiplication induced from the distribution. However, the product of certain
nonformal Laurent series, Henrici called them in his monograph ([5], p. 219),
or the product of Laurent expansions of the analytic functions g and f on an
annulus is well defined. That is, if g(z) =

∑
n∈Z bnzn and f (z) =

∑
n∈Z anzn

are Laurent expansions of two analytic functions on the annulus

Ar,s =
{
z ∈ C : r < |z| < s

}
,

then ( f g)(z) =
∑

n∈Z cnzn and

cn =
∑

m∈Z

bman−m for every n ∈ Z, (2.3)

where each cn , the coefficient of the Laurent expansion of g f is calculated by

cn =
1

2π i

∫

0ρ

f (t)g(t)

tn+1
dt

where r < ρ < s and 0ρ is the circle t = ρeiθ , 0 ≤ θ ≤ 2π .

This result about the product of so-called nonformal Laurent expansions of
analytic functions, such as (2.3), indicates a possible product of formal Laurent
series defined in Definition 2.1, although we clearly can not introduce the prod-
uct of formal Laurent series in that way. We simply may not be able to apply
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the Cauchy integral formula because our formal Laurent series are not necessary
the Laurent expansion of analytic functions on some annulus.

Let us begin our consideration with the following example.

Example 2.2. Let

g(z) =
∑

n∈Z

zn and f (z) =
∑

n∈Z

2−|n|zn.

Then g is not analytic on any nonempty annulus and hence we can not apply the
product formula (2.3) of nonformal Laurent series to this g. However, it appears
that the product g f is a formal Laurent series under the general definition of the
product (it will appear in Example 2.14 later).

Now we introduce the dot product of formal Laurent series.

Definition 2.3. Let g(z) =
∑

n∈Z bnzn and f (z) =
∑

n∈Z anzn be two formal
Laurent series over C. We define the dot product of g and f as

g ∙ f =
∑

n∈Z

bnan,

if
∑

n∈Z bnan ∈ C; otherwise we say that the dot product g ∙ f does not exist.
For our convenience, we also define the p-dot product of g and f as

(g ∙ f )p =
∑

n∈Z

bp
n a p

n , 0 < p < +∞,

if the series on the right side is convergent.

It is obvious that the dot product is commutative, if it exists. Let g(z) =∑
n∈Z bnzn ∈ L be given. We denote by D P(g) the set of all f ∈ L such

that f ∙ g ∈ C. Obviously D P(g) 6= ∅ for every g ∈ L because the zero
and the identity formal Laurent series are in the D P(g). Every polynomial
is in D P(g), too. We provide a nontrivial example below.

Example 2.4. Let g(z) =
∑

n∈Z bnzn be given. We define

an = 2−|n| 1

|bn| + |b−n| + 1
for every n ∈ Z.

Then f (z) =
∑

n∈Z anzn ∈ D P(g) because
∑

n∈Z

|anbn| ≤
∑

n∈Z

2−|n|.
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Now, we are going to introduce the so-called shifting mapping.

Definition 2.5. Let k ∈ Z be given. The kth-shifting mapping Sk : L −→ L is
defined by

Sk( f )(z) =
∑

n∈Z

an−k zn for every f (z) =
∑

n∈Z

anzn ∈ L.

Let g(z) =
∑

n∈Z bnzn ∈ L be given. We define the reverse-shifting set of g as

L(g) =
{

f ∈ L|Sk( f̆ ) ∈ D P(g) for every k ∈ Z
}
.

Let us mention that the multiplication operator Mz considered in ([6] and
[14]) on some particular formal Laurent series can be understood as some par-
ticular kth-shifting mapping Sk : L −→ L because

S1( f )(z) =
∑

n∈Z

an−1zn =
∑

n∈Z

anzn+1 = z f (z) = (Mz f )(z)

for every f (z) =
∑

n∈Z anzn ∈ L. Similarly, Sk( f )(z) = zk f (z) for every
k ∈ Z.

By Definition 2.5, f ∈ L(g) if
∑

m∈Z bmak−m ∈ C for every k ∈ Z,
because it is equivalent to g ∙ Sk( f̆ ) ∈ C, for every k ∈ Z. One checks that
g ∙ Sk( f̆ ) is just the ck in (2.3), the kth coefficient of the product of so-called
nonformal Laurent series which require that both f and g are analytic on an
annulus. We introduce the following proposition.

Proposition 2.6. Let g(z) =
∑

n∈Z bnzn and f (z) =
∑

n∈Z anzn be two formal
Laurent series on C. Then f ∈ L(g) if and only if g ∈ L( f ).

Proof. In fact,

g ∙ Sk( f̆ ) =
∑

m∈Z

bmak−m =
∑

n∈Z

bk−nan = f ∙ Sk(ğ),

for every k ∈ Z, what completes the proof. �

Now we are going to define the multiplication of two formal Laurent series.

Definition 2.7. Let

g(z) =
∑

n∈Z

bnzn and f (z) =
∑

n∈Z

anzn

Bull Braz Math Soc, Vol. 42, N. 3, 2011
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be two formal Laurent series on C. We have

bmzm f (z) =
∑

n∈Z

bmanzn+m =
∑

k∈Z

bmak−mzk for every m ∈ Z.

We define the product of f and g, denoted by f g, to be

(L-3) f g(z) =
∑

k∈Z dk zk , if dk =
∑

m∈Z bmak−m ∈ C for every k ∈ Z.

One can notice that dk ∈ C for every k ∈ Z if f ∈ L(g). Actually dk is the
series formed by all coefficients of k-th term determined by g(z) f (z) through
the distributive law and L(g) is the set of all f ∈ L such that f g ∈ L. By
Proposition 2.6, f g = g f for every f ∈ L(g), and therefore the product of
formal Laurent series is commutative if it exists.

Remark 1. Let f and g be as those in Definition 2.1. If b−n = 0 = a−n

for every n ∈ N, then the formal Laurent series g and f become the formal
power series and each dk is reduced to be the coefficient of the Cauchy product
of these two formal power series. One can also check that g(z) f (z) = f (z)
if g = I .

Remark 2. If g and f are analytic on an annulus, then the coefficients of the
Laurent expansion of f g have the same forms as in (L-3) (see [5], p. 219).

The following two examples show that the existence of the dot product of
two formal Laurent series does not have relationship with the existence of the
product defined in (L-3). It is an open question whether these two conditions
are related.

Example 2.8. Let f (z) =
∑

n∈Z anzn and g(z) =
∑

n∈Z bnzn such that

a−n = n, b−n = n−3 and an = 1, bn = n−2 for every n ∈ N, a0 = b0 = 1.

Then f ∙ g = 1 +
∑∞

n=1
n
n3 +

∑∞
n=1

1
n2 ∈ R, so f ∈ D P(g). However,

d0 =
∑

m∈Z

bma0−m = 1 +
∞∑

n=1

1

n
+

∞∑

n=1

n−3

does not exists, so f /∈ L(g).

Example 2.9. Let f (z) =
∑

n∈Z anzn and g(z) =
∑

n∈Z bnzn such that

a−n = n, b−n = n−2 and an = 1, bn = n−3, for every n ∈ N, a0 = b0 = 1.

Bull Braz Math Soc, Vol. 42, N. 3, 2011
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Then

−∞∑

m=−|k|−1

bmak−m =
−∞∑

m=−|k|−1

m−2 and
∞∑

m=|k|+1

bmak−m =
∞∑

m=|k|+1

m−3(m − k),

and hence dk =
∑

m∈Z bmak−m ∈ R for every k ∈ Z or f ∈ L(g). However

f ∙ g = 1 +
∞∑

n=1

a−nb−n +
∞∑

n=1

anbn = 1 +
∞∑

n=1

1

n
+

∞∑

n=1

1

n3

does not exist, so f /∈ D P(g).

Proposition 2.10. Let f, g ∈ L. Then

(i) L(g) 6= ∅;

(ii) f ∈ L(g) =⇒ α f ∈ L(g) for every α ∈ C;

(iii) f, h ∈ L(g) =⇒ f + h ∈ L(g).

Proof. If we denote by E(P) the set of all polynomials over C, then E(P) ⊂
L(g), what proves (i). Items (ii) and (iii) are also obvious. �

Now, let us provide a nontrivial example of the product of formal Laurent
series.

Example 2.11. Let g(z) =
∑

n∈Z bnzn be given. Let us define

an = 2−|n| 1

1 +
∑2|n|

i=−2|n| |bi |
for every n ∈ Z,

and let f (z) =
∑

n∈Z anzn . We show that Sk( f̆ ) ∈ D P(g) for every k ∈ Z.

Let k ∈ Z be given. We have

g ∙ Sk( f̆ ) =
∑

m∈Z

bmak−m =
∑

m∈Z

bm2−|k−m| 1

1 +
∑2|k−m|

i=−2|k−m| |bi |
.

If m > |2k|, we have 0 < m < 2(m − k) = 2|k − m|. Then

|bm |2−|k−m| 1

1 +
∑2|k−m|

i=−2|k−m| |bi |
< 2−|k−m|,
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so
∞∑

m=|2k|

|bmak−m | <
∞∑

m=|2k|

2−|k−m| < +∞.

If m < −|2k|, we have m < 0 and m + |2k| < 0, so

−2|k − m| = −2(k − m) = m + m − 2k < m + m + 2|k| < m.

Hence

|bm |2−|k−m| 1

1 +
∑2|k−m|

i=−2|k−m| |bi |
< 2−|k−m|,

and then
−∞∑

m=−|2k|

|bmak−m | <
−∞∑

m=−|2k|

2−|k−m| < +∞.

Therefore ∑

m∈Z

|bmak−m | < +∞.

Hence g ∙ Sk( f̆ ) ∈ C, so Sk( f̆ ) ∈ D P(g) for every k ∈ Z. Thus f ∈ L(g).
Banach spaces l p for p ≥ 1 play a very important role in functional ana-

lysis. In this paper, by l p for p ≥ 1 we will understand the set of all sequences
(bn)n∈Z in C such that

∑
n∈Z |bn|p < +∞ (

∑
n∈Z |bn|p is said to be conver-

gent if and only if both
∑∞

n=0 |bn|p and
∑∞

n=1 |b−n|p are convergent). Obvi-
ously the Hölder Inequality is true after this extension. By l∞ we will denote
the collection of all bounded sequences (bn)n∈Z in C.

Let 1 ≤ p ≤ +∞ and let us define the mapping A : l p −→ L by A((bn)) =∑
n∈Z bnzn = g(z) for every (bn)n∈Z ∈ l p. It is clear that A is an isomorphism

onto its image with the operations (L-1) and (L-2), and therefore we may
consider l p as embedded into L by A. Let us define Lp as

Lp =

{

f (z) =
∑

n∈Z

anzn ∈ L : (an)n∈Z ∈ l p

}

.

As usual, we define ‖ ∙ ‖p as

‖ f ‖p =

(
∑

n∈Z

|an|
p

)1/p

,

if f ∈ Lp for 1 ≤ p < +∞, and ‖ f ‖∞ = sup{|an| : n ∈ Z}, if f ∈ L∞.

Bull Braz Math Soc, Vol. 42, N. 3, 2011
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Basing on the above considerations, we prove the following theorem.

Theorem 2.12. Let g(z) =
∑

n∈Z bnzn ∈ Lp, where 1 ≤ p < +∞. Then

(i) Lq ⊂ L(g) if p > 1 and 1/p + 1/q = 1;

(ii) L∞ ⊂ L(g) if p = 1;

(iii) L1 ⊂ L(g) if p = +∞;

(iv) if φ ∈ Lp and ψ ∈ Lq where 1/p + 1/q = 1, then φψ ∈ L(g) for
every g ∈ L1.

Proof. Suppose that 1 < p < +∞. Let (an)n∈Z be a sequence in lq and let us
write f (z) =

∑
n∈Z anzn. Then

(
∑

m∈Z

|am |q
)1/q

< +∞ and

(
∑

m∈Z

|bm |p

)1/p

< +∞.

Applying Hölder’s Inequality we have

∑

m∈Z

|bmak−m | ≤

(
∑

m∈Z

|bm |p

)1/p (
∑

m∈Z

|ak−m |q
)1/q

=

(
∑

m∈Z

|bm |p

)1/p (
∑

n∈Z

|an|
q

)1/q

which proves (i).
Now suppose that p = 1. Let (an) ∈ l∞ be given and let f (z) =

∑
n∈Z anzn .

Then |an| < M for every n ∈ Z for some M > 0 so we have

∑

m∈Z

|bmak−m | ≤
∑

m∈Z

M |bm | = M

(
∑

m∈Z

|bm |

)

< +∞

for every k ∈ Z, and then f ∈ L(g). This proves (ii).

The proof of (iii) is similar to (ii).

Now, let φ(z) =
∑

n∈Z anzn ∈ Lp and ψ(z) =
∑

n∈Z cnzn ∈ Lq . We show
that φψ ∈ L(g), where g ∈ L1.
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By (i) and (ii), it is clear that φψ ∈ L. Put φψ(z) =
∑

k∈Z dk zk , where
dk =

∑
m∈Z amck−m for every k ∈ Z. Applying Hölder’s Inequality we get

∑

k∈Z

|dkbn−k | =
∑

k∈Z

|
∑

m∈Z

amck−m | ∙ |bn−k |

≤
∑

k∈Z

(
∑

m∈Z

|amck−m |

)

∙ |bn−k |

≤
∑

k∈Z





(
∑

m∈Z

|am |p

)1/p (
∑

m∈Z

|ck−m |q
)1/q



 ∙ |bn−k |

=
∑

k∈Z

(
‖φ‖p‖ψ‖q

)
∙ |bn−k |

= ‖φ‖p‖ψ‖q‖g‖1 < +∞.

It means that φψ ∈ L(g). �

Theorem 2.13. L1 is a linear algebra. In particular, f k ∈ L1 for every
f ∈ L1 and k ∈ N.

Proof. It is obvious that L1 is a linear space over C. We show that L1 is
closed in view of the multiplication of formal Laurent series. Let f (z) =∑

n∈Z anzn and g(z) =
∑

n∈Z bnzn be any two formal Laurent series in L1.
By Theorem 2.12 (ii), f g ∈ L. We show that f g ∈ L1.

Let f g(z) =
∑

n∈Z dk zk , where dk =
∑

m∈Z ambk−m for every k ∈ Z.
Then

∑

k∈Z

|dk | =
∑

k∈Z

|
∑

m∈Z

ambk−m |

≤
∑

k∈Z

∑

m∈Z

|ambk−m |

=
∑

m∈Z

|am |
∑

k∈Z

|bk−m |

= ‖ f ‖1‖g‖1 < +∞.

Thus, f g ∈ L1 and hence L1 is a linear algebra. Taking f = g and repeating
the above process k-times, we get

f k ∈ L1 for every f ∈ L1 and k ∈ N. �
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Remark 3. Obviously every sequence (bn)n∈Z with limn→±∞ bn ∈ C must be
bounded and thus g =

∑
n∈Z bnzn ∈ L∞. We conclude by Theorem 2.12 (iii)

that L1 ⊂ L(g), which provides a wide range of formal Laurent series that
have well defined products. If we notice that many sequences converge in some
spaces but their corresponding formal Laurent series converge nowhere such as
g(z) =

∑
n∈Z zn or f (z) =

∑
n∈Z

1
n zn , we may realize how far away we have

been from the analyticity.

We met a difficulty in Example 2.2, where the formal Laurent series g is
nowhere analytic and therefore the product of g and any Laurent series, formal
or nonformal, did not yet exist. However, with the definition (L-3), we have the
following particular example.

Example 2.14. Let

f (z) =
∑

n∈Z

anzn =
∑

n∈Z

2−|n|zn and g(z) =
∑

n∈Z

bnzn =
∑

n∈Z

zn

(that is, an = 2−|n| and bn = 1 for every n ∈ Z). The formal Laurent series
g is not analytic on any nonempty annulus. However, g f ∈ L by Theorem 2.12
(iii), because g ∈ L∞ and f ∈ L1. If we write g f (z) =

∑
k∈Z dk zk , we have

dk =
∑

m∈Z

ambk−m =
m=−1∑

−∞

ambk−m +
∞∑

m=0

ambk−m

=
∞∑

m=1

2−m +
∞∑

m=0

2−m = 1 + 2 = 3.

Then we have

g(z) f (z) =
∑

k∈Z

dk zk =
∑

n∈Z

3zn = 3g(z).

Proposition 2.15. For any f, g ∈ L,

(i) f ∈ L(g) if and only if f̆ ∈ L(ğ);

(ii) f ∈ L(ğ) if and only if f̆ ∈ L(g);

(iii) f ∈ L(g) if and only if f ∈ L(g).
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Proof. Let g(z) =
∑

n∈Z bnzn and f (z) =
∑

n∈Z anzn . By (L-3), f̆ ∈ L(ğ)
if and only if

∑

m∈Z

b̆măk−m =
∑

m∈Z

b−ma−(k−m) =
∑

m∈Z

bma−k−m ∈ C for every k ∈ Z.

This is equivalent to
∑

m∈Z amb j−m ∈ C for every j ∈ Z, or f ∈ L(g).
This proves (i).

Since ˘̆f = f for all f ∈ L, (ii) is a consequence of (i).
Similarly we can prove (iii). �

It is well known that the space of the formal power series over C is an integral
domain. We have already seen in the Example 2.14 that ( f (z) − 3)g(z) = 0
but neither ( f − 3) nor g is the zero formal Laurent series. The next proposition
will provide more details about L(g), if we pursue an integral domain.

Proposition 2.16. Let g(z) =
∑

n∈Z bnzn be a formal Laurent series. Then

(i) zg(z) = g(z) if and only if bn = b for every n ∈ Z for some b ∈ C;

(ii) if Pn(z) =
∑n

k=0 pkzk is a polynomial of degree n and g =
∑

n∈Z bzn ,
b ∈ C, then (

Pn(z)−
n∑

k=0

pk

)

g(z) = 0;

(iii) if g(z) =
∑

n∈Z bzn and the series f (z) =
∑

n∈Z anzn is such that∑
n∈Z an = A ∈ C converges absolutely, then

( f (z)− A)g(z) = 0.

Proof. Suppose that zg(z) = g(z), it follows that bn = bn−1 for every n ∈ Z.
Let us write b = b0, we have b = bn for every n ∈ Z.

Conversely, suppose that g(z) =
∑

n∈Z bzn . Then

zg(z) =
∑

n∈Z

bzn+1 =
∑

n∈Z

bzn = g(z).

This proves (i).
Now by (i), we can easily obtain that zk g(z) = g(z) for every k ∈ N and

for g defined in (ii). Then (pk zk − pk)g(z) = 0 for 0 ≤ k ≤ n, and we get
(

Pn(z)−
n∑

k=0

pk

)

g(z) = 0.
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Finally, f g ∈ L by Theorem 2.12 (iii). Writing f g(z) =
∑

k∈Z dk zk , we have

dk =
∑

n∈Z

bnak−n =
∑

n∈Z

bak−n = bA.

Hence f (z)g(z) =
∑

k∈Z dk zk =
∑

k∈Z bAzk = A
∑

n∈Z bzn = Ag(z). �

Proposition 2.17. Let g =
∑

n∈Z bzn , b ∈ C \ {0} and let f (z) =
∑

n∈Z anzn ∈
L(g). Then

f (z)g(z) = 0 if and only if
∑

n∈Z

an = 0.

Proof. It is clear that f (z)g(z) = 0 if and only if
∑

m∈Z bman−m = 0 for
every n ∈ Z. Then

∑
m∈Z bman−m = 0 is equivalent to

∑
m∈Z ban−m = 0

or
∑

n∈Z an = 0. �

Remark 4. If f ∈ L1, then f ∈ L( f ) by Theorem 2.13. Since L∞ ⊂ L( f )
by Theorem 2.12 (ii), the above two propositions show that L( f ) is not an
integral domain for every f ∈ L1. What kind ofL(g) can be an integral domain?
Is there any L(g) that is an integral domain? Those problems are still open.

3 Composition of a formal Laurent series with a formal power series

Composition of formal power series is a very interesting issue which also dis-
tinguishes formal power series from the regular sequences. Some applications
of the composition have been developed rapidly in many fields including the
differential equations recently (see [2], [3], [9], [12]). Some kinds of compo-
sition of formal Laurent series with formal power series were discussed in [5],
where the formal Laurent series has a finite principal part and the composed
formal power series must be nonunit.

Except for the analytic functions on an annulus, the composition of formal
Laurent series has not been established so far.

We have seen that the multiplication for formal Laurent series is not a sim-
ple issue, Henrich had similar comments in his book ([5], p. 219), too. How-
ever, the possible composition involving formal Laurent series could be more
complicated. For example, composition of formal Laurent series must face the
existence of the inverse or reciprocal of the formal Laurent series and the unique-
ness of such existence. Such an existence and uniqueness are guaranteed in the
space of formal power series, as we discussed in Section 1. Do we have similar
results in L? First let us consider the following examples.
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Example 3.1. Let f (z) =
∑∞

n=1 zn and g(z) =
∑

n∈Z zn . We know that
g+( f (z)) is a formal power series but we do not know what g−( f (z)) is.

Example 3.2. Let f (z) = 1 − z and g(z) =
∑

n∈Z zn . Obviously (1 − z)k is
a polynomial for all k ∈ N and (1 − z)−1 =

∑∞
n=0 zn is a well-defined formal

power series. We can easily find out that

g+( f (z)) =
∞∑

n=0

( f (z))n

is not defined.

Example 3.1 shows that we must have the inverse of some kind of formal
Laurent series before we establish a composition of Laurent series. On the other
hand, Example 3.2 shows that we may not have the composition even if the
composed formal power series is a unit or a polynomial. These two examples
tell us that generally it is impossible to have a composition of a formal Laurent
series with a nonunit and also may not be possible to have a composition of a
formal Laurent series with a unit. This is a significant difference contrasting
with the composition of formal power series.

By means of the generalized composition established in [4], however, we are
able to establish the composition of a formal Laurent series with a formal power
series. The existence of the composition of formal Laurent series with formal
Laurent series is open.

In next definition, we keep the notations Xg and Tg defined in Definition 1.1
and extend the composition to formal Laurent series g.

Definition 3.3. Let f (z) =
∑∞

n=0 anzn be a unit formal power series on C.
If n ∈ N ∪ {0}, we define f n(z) =

∑∞
k=0 a(n)k zk as we did in Definition 1.1.

Write f −1(z) =
∑∞

k=0 a(−1)
k zk and then write

f −n(z) =
[

f −1(z)
]n

=
∞∑

k=0

a(−n)
k zk for every n ∈ N,

where f −1 is the inverse formal power series of f such that the Cauchy product
f −1(z) f (z) = 1. Since f is a unit, f −n is well-defined for all n ∈ N.

Similarly as we did in Definition 1.1, let g(z) =
∑

n∈Z bnzn be a formal
Laurent series and extend Xg to be

Xg =

{

f (z) =
∞∑

n=0

anzn ∈ X(C) :
∑

n∈Z

bna(n)k ∈ C for every k ∈ N ∪ {0}

}

.
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If Xg 6= ∅, for example if g is a formal power series or g is a Laurent expan-
sion of an analytic functions, we define Tg : Xg −→ X by

Tg( f )(z) =
∞∑

k=0

ck zk

where ck =
∑

n∈Z bna(n)k ∈ C for every k ∈ N ∪ {0}. Tg( f ) is called the
composition of the formal Laurent series g with the unit formal power series f
on C, or the composition of g with f . Tg( f ) is also denoted by g ◦ f (that is
(g ◦ f )(z) =

∑
k∈Z bk[ f (z)]k).

Now, we prove the following theorem.

Theorem 3.4. Let g(z) =
∑

k∈Z bk zk be a Laurent series over C, and let
f (z) =

∑∞
k=0 ak zk be a formal power series on C such that a0 6= 0. Then

g( f (z)) is a formal power series, that is, g( f (z)) =
∑∞

n=0 cnzn with cn ∈ C
for every n ∈ N ∪ {0}, if and only if both

∞∑

n=k

(
n
k

)
b−nak−n

0 ∈ C and
∞∑

n=k

(
n
k

)
bnan−k

0 ∈ C

are true for every k ∈ N ∪ {0}.

Proof. Write g = g− + g+, where g− is the principal part of g and g+ is the
regular part of g. By Theorem 1.4, g+ ◦ f exists if and only if

∞∑

n=k

(
n
k

)
bnan−k

0 ∈ C

for every k ∈ N ∪ {0}.
Since a0 6= 0, it follows that f −1(z) = 1

f (z) is a well-defined formal power
series. If we write

f −1(z) =
∞∑

n=0

a(−1)
n zn,

then

a(−1)
0 =

1

a0
, a(−1)

1 = −
a1

a2
0

, a(−1)
2 =

a2
1 − a0a2

a3
0

, ∙ ∙ ∙ .

Then g−( f (z)) =
∑∞

n=1 b−n( f (z))−n =
∑∞

n=1 b−n
(

f −1(z)
)n

.
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By Theorem 1.4, g−( f (z)) exists if and only if
∞∑

n=k

(
n
k

)
b−n

(
a(−1)

0

)n−k
∈ C for every k ∈ N ∪ {0}

which is equivalent to
∞∑

n=k

(
n
k

)
b−nak−n

0 ∈ C for every k ∈ N ∪ {0}. �

Example 3.5. Let g(z) =
∑∞

n=1 (2z)−n +
∑∞

n=0 zn and f (z) = 3
4 +

∑∞
n=1 n!zn .

Then

g−(z) =
∞∑

n=1

(2z)−n and g+(z) =
∞∑

n=0

zn.

It is clear that f diverges everywhere except z = 0 and then g ◦ f does not make
any sense in the classical complex analysis. However

(g− ◦ f )(z) ∈ L and (g+ ◦ f )(z) ∈ L

by Theorem 1.5 because g− converges for |z| > 1/2 and g+ converges for
|z| < 1. Then (g ◦ f ) ∈ L.

The above example is a particular case of the following proposition.

Proposition 3.6. Let r, s ∈ R ∪ {+∞} with 0 ≤ r < s and let g(z) =∑
k∈Z bk zk be a Laurent series which converges on the annulus

Ar,s = {z ∈ C : r < |z| < s}.

If f ∈ X(C) with f (0) = a0 ∈ Ar,s , then g ◦ f ∈ L.

Proof. Let us write g = g− + g+. Then g−(z) =
∑∞

n=1 b−nz−n converges
for all z such that |z| > r , or |1/z| < 1/r , and g+(z) =

∑∞
n=0 bnzn converges

for all z such that |z| < s.
Since a0 ∈ Ar,s , it follows that |1/a0| < 1/r . Applying Theorem 1.5 to g−

and f −1 we have that (g− ◦ f ) ∈ L. Similarly, because |a0| < s, applying
Theorem 1.5 to g+ and f we obtain that (g+ ◦ f ) ∈ L.

Thus, (g ◦ f )(z) ∈ L. �

Proposition 3.7. Let g(z) =
∑

k∈Z bk zk be a Laurent series over C, and let
f (z) =

∑∞
k=0 ak zk be a formal power series on C such that a0 6= 0. If there

exists some m ∈ N such that bk = 0 for every k ≤ −m, then g ◦ f ∈ X if and
only if g+ ◦ f ∈ X.
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Proof. Since bk = 0 for every k ≤ −m, it follows that g−(z) =
∑m−1

i=1 b−i z−i .
Then

(g− ◦ f )(z) =
m−1∑

i=1

b−i f −i (z) ∈ X

is always true because f (0) = a0 6= 0.
Thus, g ◦ f ∈ X if and only if g+ ◦ f ∈ X because g ◦ f = g− ◦ f +

g+ ◦ f . �

Definition 3.8. Let g(z) =
∑

n∈Z bnzn be a formal Laurent series over C.
Then the derivative of g is a formal Laurent series defined by

g′(z) =
∑

n∈Z

(bnzn)′ =
∑

n∈Z

nbnzn−1.

The higher order derivatives of g are defined recursively.

It is obvious that g′ = (g−)′ + (g+)′.

Corollary 3.9. Let g(z) =
∑

k∈Z bk zk be a Laurent series over C, and let
f (z) =

∑∞
k=0 ak zk be a formal power series on C such that a0 6= 0. Then

(g ◦ f )(z) is a formal power series, that is, (g ◦ f )(z) =
∑∞

n=0 cnzn with cn ∈ C
for every n ∈ N ∪ {0}, if and only if

(g+)(k)(a0) ∈ C and (ğ+)(k)(a−1
0 ) ∈ C for every k ∈ N ∪ {0}.

Proof. By [4], (g+)(k)(a0) ∈ C for every k ∈ N ∪ {0} is equivalent to
∞∑

n=k

(
n
k

)
bnan−k

0 ∈ C for every k ∈ N ∪ {0}.

Further, let us note that ğ+ =
∑∞

n=1 b−nzn . Thus

(
ğ+

)(k)(
a−1

0

)
=

∞∑

n=k

n(n − 1) . . . (n − k + 1)b−n
(
a−1

0

)n−k
∈ C

for every k ∈ N ∪ {0}

is equivalent to
∞∑

n=k

(
n
k

)
b−nak−n

0 ∈ C for every k ∈ N ∪ {0}.

It is enough to apply Theorem 3.4 to complete the proof. �
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4 Calculus on formal Laurent series

Let us begin this section with commonly known lemma which will be very
useful for our purposes.

Lemma 4.1. Suppose
∑∞

n=1 nan , where an ∈ C for n ∈ N is convergent.
Then

∑∞
n=1 an is also convergent.

Proof. Let us consider the power series
∑∞

n=1 nanxn−1, x ∈ R. Obviously
the radius of convergence of this series is not less than 1. However, by the
Abel Limit Theorem [13] (more precisely, by the proof of this theorem) we
know that

∑∞
n=1 nanxn−1 is uniformly convergent on the interval [0,1] and

thus we may integrate termwise, getting
1∫

0

(
∞∑

n=1

nanxn−1

)

dx =
∞∑

n=1

nan

1∫

0

xn−1dx =
∞∑

n=1

an.

Thus
∑∞

n=1 an is convergent which ends the proof. �

Remark 5. Lemma 4.1 also holds for
∑

n∈Z nan if we write

∑

n∈Z

nan =
∞∑

m=1

(−m)a−m +
∞∑

n=0

nan

and apply the above proof to
∑∞

m=1 m(−a−m) and
∑∞

n=0 nan respectively.

It is clear that if g(z) =
∑

n∈Z bnzn and f (z) =
∑

n∈Z anzn are two formal
Laurent series over C, then we have

(i) ( f + g)′ ∈ L and ( f + g)′ = f ′ + g′, and

(ii) (c f )′ ∈ L and (c f )′ = c f ′.

These two properties are obvious consequences of Definition 3.8.
The following theorem provides further interesting properties of the deriv-

ative of a formal Laurent series.

Theorem 4.2. Let g(z) =
∑

n∈Z bnzn, f (z) =
∑

n∈Z anzn be two formal Lau-
rent series. Then

(iii) f ′ ∈ L(g) implies that f ∈ L(g);

(iv) f ′ ∈ L(g) if and only if g′ ∈ L( f );

(v) ( f g)′ ∈ L and ( f g)′(z) = f ′(z)g(z) + f (z)g′(z), provided that f ′ ∈
L(g);
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Proof.

(iii) Let f ′ ∈ L(g), that is f ′g(z) =
∑

n∈Zwnzn ∈ L where

wn =
∑

m∈Z

(m + 1)am+1bn−m−1 ∈ C for every n ∈ Z.

By Lemma 4.1 (and Remark 5),
∑

m∈Z am+1bn−m−1 ∈ C for n ∈ Z,
so

∑
m∈Z ambn−m ∈ C for n ∈ Z, and therefore f ∈ L(g).

(iv) Suppose f ′ ∈ L(g) and write g f ′(z) =
∑

n∈Z rnzn ∈ L, where rn =∑
m∈Z bm(n + 1 − m)an+1−m ∈ C for n ∈ Z. Since

rn = (n + 1)
∑

m∈Z

bman+1−m −
∑

m∈Z

mbman+1−m

and, by Lemma 4.1,
∑

m∈Z bman+1−m ∈ C, we deduce that
∑

m∈Z

mbman+1−m ∈ C

for n ∈ Z which means that f g′(z) ∈ L or g′ ∈ L( f ).

Conversely we suppose that g′ ∈ L( f ), we can use similar approach to
prove that f ′ ∈ L(g). This is (iv).

(v) Finally, applying (iii) and (iv) we have that f ′g, g′ f ∈ L. If we write
( f g)(z) =

∑
n∈Z dnzn , then

( f g)′(z) =
∑

n∈Z

d ′
nzn =

∑

n∈Z

(n + 1)dn+1zn,

or d ′
n = (n + 1)dn+1 for every n ∈ Z. We also write

g f ′(z) =
∑

n∈Z

rnzn where rn =
∑

m∈Z

bm(n + 1 − m)an+1−m,

g′ f (z) =
∑

n∈Z

snzn where sn =
∑

m∈Z

(m + 1)bm+1an−m =
∑

m∈Z

mbman−m+1.

Then rn + sn =
∑

m∈Z

(
bm(n + 1 − m)an+1−m + mbman−m+1

)

=
∑

m∈Z(n + 1)bman−m+1

= (n + 1)dn+1 = d ′
n .

We complete the proof. �
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