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Abstract

In this paper, nonlinear free vibration analysis of pre-actuated clamped-free isotropic piezoelectric Euler-Bernoulli
nanobeams is discussed. The governing equations of motion are derived on the basis of size-dependent piezoelectricity
theory. A more accurate model is developed for the large amplitude vibration analysis of piezoelectric cantliver nanobeams
by the consideration of a higher order curvature-displacement relation. In this case, a nonlinear equation of motion is
derived. Accordingly, the hardening or softening treatment dependency on the flexoelectric constant and the length scale
parameter is examined for the considered nanocantilever. The assumed nano-beam is actuated by a constant voltage. The
nonlinear free vibration analysis of pre-actuated nano-beam about the pre-static deformation is examined by Lindstedt-
Poincare technique which is applied on the discretized equations of motion. A closed form relation is extracted for the
nonlinear natural frequency and the corresponding effective nonlinearity. Some numerical analysis has been performed to
peruse the effects of applied voltage, the length scale parameter and flexoelectric coefficient on the static deflection, the
nonlinear natural frequencies and the associated effective nonlinearities. The outcomes demonstrate occurrence of very
interesting phenomena in the combination of the various magnitudes of the length scale parameter and the flexoelectric

coefficient.

1 Introduction

Micro and nano electromechanical systems (MEMS and
NEMS) have great potential applications in the field of
mechanical, civil, aerospace and other engineering areas
(Ebrahimi and Barati 2018). On the other hand, piezo-
electric beams and plates have been widely used in MEMS
and NEMS such as those in sensors (Asif et al. 2017) and
actuators (Ebrahimi and Barati 2018). Piezoelectric can-
tilever beams as a kind of piezoelectric actuators are used
in MEMS and NEMS because of their simplicity and
reliability (Yang et al. 2015). Piezoelectric cantilever
nanobeams are often implemented in the form of laminated
nanobeams and nanoplates, such as unimorph, bimorph,
multimorph, etc (Lim et al. 2006; Lazarus et al. 2012). The
intrinsic electromechanical coupling, known as direct and
inverse piezoelectric effects, makes piezoelectric materials
useful for a variety of electromechanical systems.
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Therefore, nanodevices with piezoelectric elements are
handy for a variety of electromechanical systems which are
implemented for sensing vibration and for noise control
(Sumali et al. 2001; Casadei et al. 2010), energy harvesting
(Haq 2019) and sensor networks (Hao and Liao 2010).
Because of their novel properties, nanomaterials have a
great chance to be employed in various types of nanode-
vices, such as nanoresonators (Tanner et al. 2007), field
effect transistors (Fei et al. 2009) and light emitting diodes
(He et al. 2007). Hence, study on the piezoelectric nano-
beams has great advantages. In recent decades, researchers
have implemented higher-order continuum theories to
derive the governing equations of nanostructures.

Thanks to the recent developments in nanomechanics,
size-dependent electromechanical theories with coupled
mechanical and electrical effects are also developed such
as size-dependent piezoelectricity (Barati 2017). The
macro scale piezoelectricity theory states the relation
between the electric polarization and uniform strain in non-
centrosymmetric materials (Cady 1964). However, some
researchers have illustrated the size-effect in piezoelectric
properties and linear electromechanical coupling in iso-
tropic dielectrics (Ebnali Samani and Tadi Beni 2018;
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Baskaran 2011). Wang et al. (2014) developed a size-de-
pendent piezoelectricity theory based on the couple stress
theory. In the proposed theory, the dielectric polarization
depends not only on the strain tensor but also on the cur-
vature tensor (Zeng et al. 2017). Hence, it can be deduced
that the flexoelectric effect is universally present in all
dielectrics (Hadjesfandiari 2013). In this respect, other
theories were also developed, although they exhibit limi-
tations due to the consideration of the inconsistent second
order deformation gradients or dropping off the couple
stress effect. Hadjesfandiari and Dargush (2011) recently
proposed the size-dependent piezoelectricity theory. They
expressed the behavior of continuous materials in the small
scales on the basis of the electromechanical formulation. In
this theory, the size-dependent piezoelectricity or flexo-
electric effect is derived depending on the mean curvature
tensor. A number of researchers have examined the
piezoelectric nanobeams by employing the size-dependent
theories. They have studied on the mechanical and elec-
trical equations of the nanobeams (Maranganti 2006). Tadi
Beni (2017) derived the piezoelectric nanobeam formula-
tion in general case by using the size-dependent piezo-
electricity theory.

The piezoelectric nanobeams with an AC or DC applied
voltage is often implemented in NEMS. The DC applied
voltage enforces the nanobeam to a new equilibrium
position (static deflection) (Younis and Nayfeh 2003). The
static deflection and the vibration of microbeams with DC
electrostatic actuation or combined AC-DC electrostatic
actuation have been studied in Rasekh and Khadem (2011),
Kim et al. (2012). On the other hand, piezoelectric nano-
beams can utilize as sensors, due to their unique properties,
to detect with great accuracy physical quantities such as,
viruses, bacteria, and cells (Park et al. 2010; Yang et al.
2011). Wu et al. (2001) implemented the static deflection
to mass detection of chemical and biological elements. An
alternate and more attractive approach to examine the
sensitivity to mass detection is forcing a piezoelectric
cantilever nanobeam to oscillate around one of its natural
frequencies. The sensitivity analysis of the NEMS was
examined in Lavrik and Datskos (2003), Raiteri et al.
(2001) while an NEMS device operate in the dynamic
mode about one of its natural frequencies.

Cantilever beams are used widely as elements in reso-
nant sensors. Number of studies have evaluated the fre-
quency shifts in cantilever beams. Dohn et al. (2005)
evaluated the sensitivity of a cantilever beam as a mass
detective sensor to the location of the added mass along the
beam span. They concluded that maximum sensitivity
happens at the beam tip point. They also deduced that the
sensitivity has a mutual relation with the mode number.

According to the literature review, most of the previous
researcher have focused on the vibration, buckling and the
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static deflection of piezoelectric nanobeams. On the other
hand, the frequency analysis has been investigated only
during the electrostatic actuation. There are some advan-
tages in employing piezoelectric nanobeams instead of
electrostatically actuated nanobeams. The electrostatically
actuated systems have at least two separated parts: beam
and electrode. These systems may also undergo a
destructive pull-in phenomenon. So, it is useful to replace
the electrostatic actuators with a piezoelectric nanobeam.
Therefore it seems necessary to study on the nonlinear
frequency analysis of piezoelectric nanobeams. The nov-
elty of this paper is the investigation on the nonlinear
frequency of piezoelectric nanobeams with higher order
curvature displacement relation under applied DC voltage.

As it was mentioned earlier, one of the important tech-
nique for the investigation on the sensitivity of the sensors
to mass detection is enforcing a piezoelectric cantilever
nanobeam to vibrate around one of its natural frequencies.
So, the exact computation of the natural frequencies is very
important. On the other hand, the nano cantilevers experi-
ence large deformations. In this case, being familiar with
the nonlinear treatment of the nano cantilever which it will
show a hardening or softening behavior in the large
amplitude vibration with the variation in the structure
parameters will be really essential and constructive. It is
worth to mention that in the available formulations by the
consideration of the von-Karman strain displacement rela-
tion, a linear governing equation of motion is accessible for
a cantilever nanobeam. Thereafter, accordingly, the non-
linear treatment cannot be examined. Hence, in this paper a
higher order nonlinear size-dependent formulation for a
cantilever piezoelectric Euler-Bernoulli nanobeam which is
subjected to an applied voltage is developed by the imple-
mentation of the Hamilton’s principle based on the non-
classical continuum mechanics. The contributions of this
paper are as follows; For achieving a higher order formu-
lation, a third-order relation is considered for describing the
curvature in terms of the axial and transverse deformations.
The linear and nonlinear vibration of a piezoelectric nano-
beam is extracted about the pre-static deflection. The
Galerkin projection technique is implemented to discretize
the governing PDEs to ODEs. The nonlinear pre-static
deflection problem is carried out employing the Galerkin
discretization approach. The achieved nonlinear ODE is
solved employing the Lindstedt-Poincare approach. After
verification of the outcomes, some numerical analysis is
conducted in details to investigate the effects of applied
voltage, length scale and flexoelectric coefficient on the
static deflection, linear natural frequencies, the effective
nonlinearity coefficient and the nonlinear natural frequen-
cies. The outcomes illustrate a very interesting phenomena
by simultaneous changes in the flexoelectric constant and
the material length scale parameter.
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2 Governing equations

A cantilever nanobeam made of isotropic piezoelectric
material which is subjected to a DC voltage, V), is depicted
in Fig. 1. The nano-beam width, length, and thickness are,
respectively, b, L and h.

The strain energy of a linear isotropic elastic piezo-
electric nano-structure, which occupies volume V),
employing the size-dependent piezoelectricity theory read
as Hadjesfandiari (2013):

1
U=3 / (i€ + iy — DiE;)dV (1)
1%

where aj;, e, w;; and K, respectively, represent the classi-
cal stress tensor, strain tensor, couple-stress tensor, and
curvature tensor. D; and E;, respectively, stand for the
electric displacement vector and the electric field vector.
For an elastic isotropic piezoelectric nano-structure, the
size-dependent constitutive relations are expressed as
Hadjesfandiari (2013):

Oji = /lekk&-j + 2/16,] + 2,ul2V2u)ji,

Mji = €ijk My

K-»:l(w--—w») (2)
) 2 ) Jt)s

Di = SE,‘ + 4fKi

in which p;, w; and x; are defined, respectively, as Had-
jesfandiari (2013):

;= —8ul’; + 2fE;,
1

w; = Eeijkuk.ja
1
Ki = ) Cijk Kij

where 4 and p are Lame’s constants, and /, f, and ¢ are the
size effect parameter, the so-called flexoelectric coefficient,
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Fig. 1 Schema of an isotropic piezoelectric nano-beam

and the dielectric constant (electric permittivity),
respectively.
The electric field vector is the negative gradient of the

total potential function (Asif et al. 2017):
Ei=-d; 3)

The von-Karman strain-displacement relation for elonga-
tion and the third-order relation for curvature in terms of
axial and transverse deformations are employed as Lacar-
bonara (2013):

1
€e=u,+ szx 4)

o) — W — (W), — w"zxwyxx (35)

in which () , = %—9, w(x, f) is the transverse displacement
and u(x, f) is the longitudinal displacement, respectively,
along the z and x axes.

The strain field along the thickness is expressed by
Lacarbonara (2013):

e=e—zp" (6)
According to Eq. 4, the inextensibility condition yields in:

1
e = =W, (7)

Substitution of Eq. 7 into Eq. 5 results in:

1
p(3) = Wix + EW?XW,XX (8)
By substituting Eq. 8 into Eq. 6, the only non-zero com-
ponent of the nonlinear strain field read as:

1
€11 = — Wi — EZW?XWQCX (9)
By assuming the displacement field for the Euler-Bernoulli
beam model as u; (x,z,7) = u(x,t) — 2w (x,1), up(x,z,1) =
0 and u3(x,z,7) = w(x, 1), the kinetic energy of the nano-
beam can be expressed by:

1
T = 5/ p(u%_t + u;t + u%ﬁt)dV (10)
Y

in which p is the mass density of the piezoelectric material.

The Hamilton’s principle is employed to extract the
governing equations of motion and the corresponding
boundary conditions as:

/tl(éTéU)dtO (11)

o

in which ftg (6T)dr is simplified to:
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1 131 L
/ (5T)dl‘ = / {— / (F]]Wﬂ — Hyy w‘,,,xx)éwdx}dt
o to 0

n

L

_/ H11W7ttx5W‘()
fo

(12)

where (Fy1,Hip) fbﬁz fhﬁzp 1,z?)dydz and ft (6U)dt
is expressed in Appendix 1.
Hence, the following mechanical and electrical gov-

erning equations are obtained:

ow (i + 2:”)] (W,,xxxx + [W,x(wxw xx) ] ) +A11W XXX

= 2(En) o + Fuway — Huw e = 0

(13)
2f Woax = P (14)

By neglecting the rotary inertia effect, i.e. H;;, and
assuming no dielectric charge density in the volume, i.e.
p. = 0, equations of motion, i.e. Eqs. 13 and 14, and the
associated mechanical and electrical boundary conditions
for a cantilever piezoelectric nanobeam, respectively,
reshuffle to:

(2421 + AW aeer + (A +20)[w

0D: P+ Dy +

X (W,xW,XX),x] x

—2(En) o +Fuwy =0
(15)
€@+ D) +2f Wy =0 (16)
and
[((/1 + 201 + AW e + (A4 ZM)IW.X(W.XW,M),X*Z(EI1)‘X] 2_
or  dwlf=0
(17)
L
(24201 + AW o+ (24 20)IWow o —2(Enr) | | =0 (18)
or 5(w‘,{)|5 =0
L
/(Qx)dA =0 or &P =0
A 0 , (19)

/ (.4 2f(wy)]dA=0 or &®
A

In this paper, by considering the reverse effect for the
piezoelectric nano-beam, the electric potential filed, i.e. @,
is assumed as Komijani et al. (2014):

D(x,z,1) = cos(fz)P(x, 1) + Voh(t) Z (20)

where f# =7 and V denotes the external electric voltage
applied to the electrodes of the nano-beam.
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By substitution of Eq. 20, into Eq. 3 the electric field
vector components read as:

QD_’X(X, 2 t) = COS(:BZ)¢-,X(X7 t)
21
—psin(fz)P(x,t) + Voh(t) ey

(D’Z(.X,Z7 t) =

According to Appendix 1 by assuming f to be a constant,
Eiy = bfVy and hence (Ell),xx =0. Thereupon the

mechanical equations of motion and the associated
boundary conditions reshuffle to:

(U‘ + 2/“‘)1 +A11)W~xxxx + (/1 + 2#)I[W
+ Fllw,n =0

,X(W,XWJX),X],X

and
owlp=0 and

=0

(o4 20T+ An)W ar + (o 2p0T(WW e + w02

d(wy)|,=0 and

[((z 201+ AW+ (A 200w 4 — 2bfv0(t)} )Lz 0
(23)

For the sake of simplicity and generality, the following
nondimensional parameters are introduced:

__w
w=— X=

X (A+2u)I
L <o AL @4)

pAL*

Following the nondimensionalization procedure and after

elimination of U sign for the sake of brevity, the dimen-
sionless form of the transverse equation of motion and the
related boundary conditions can be expressed, respectively,
as:

W + LW yor = — (wiwm + wxwzx)x (25)
and
1

owlp=0 and LW + Wiw,xxx + w_,xw’zxx =0

o(wy) ’0: 0 and (26)

2BLAf :
Lv XX 2 x 79 A N Vo(t =0
st (2 ) o)

where L, = (1 + (/1112]/1)1)



Microsystem Technologies (2019) 25:4097-4110

4101

3 Solution methodology

3.1 Nonlinear static and dynamic equations
of motion

The proposed nonlinear solutions for the static deflection
and the free vibration analysis are presented in this sec-
tion. At first, the total transverse deflection, i,e, w(x, 1), is
considered as a combination of a static deflection induced
by the applied voltage, i,e, w*(x), and a dynamic defor-
mation, i.e. w?(x, ), about the assumed static deflection as
Arvin (2017):

w(x, 1) = w(x,1) + w'(x) (27)

After substitution of Eq. 27 into equation of motion, i.e.
Eq. 25, and the corresponding boundary conditions, i.e.
Eq. 26, and by elimination of time-varying terms the fol-
lowing equation and the boundary condition for static
deflection is achieved:

stfxxxx + (ijzwjxxx + stw,fx) = 0 (28)
1
ow'lp,=0 and L‘wam( + wsiwfxxx + wfstix =0
ow’) - 0 and
, S 2bLAf !
Ls S s2..8 =0
|: W,xx +w ,xw,xx ((}v + 2/1)”’1) 0:|
(29)

The numerical solution such as bvp4c which is a MATLAB
subroutine (for more details see Arvin (2018) and Arvin
(2017)) as well as semi-analytical solution such as Galerkin
method can be implemented to achieve the static deflec-
tion. In this paper, the Galerkin technique is employed.

Accordingly after elimination of d superscript, due to
brevity, one can obtain the nonlinear dynamic equations
about the pre-static deformation as:

52 S 2 2
W + st,xxxx + W W xxxx +w W + WW xxxx

Xxxx

20 W W+ 2WEW W AW W W

X XXXX

S S 5 S S 5
FW W o Woaxr T W W aeWie = W W Wy + W W oW x

S s2 s2 .2 3
+ WA’XXXW,x,xW‘x + W‘xxxw,xxw_x) + 3W,xxw‘/\‘~‘~‘ + 3w we + Wix

XX XX

(30)

3.1.1 Galerkin projection procedure

The Galerkin projection approach is employed to discretize
the nonlinear dynamic equations of motion. One can
approximate the nonlinear vibration of the piezoelectric
nanobeam as Younis and Nayfeh (2003):

w=3"0Wa () (1)

where the ¢;(¢) is the ith generalized displacement coor-
dinate and ¥,;(x) denotes the ith linear normal mode of a
clamped-free isotropic beam given by Nayfeh and Nayfeh
(1993):

¥;(x) = cosh(rix) — cos(rx)

cos(r;) + cosh(r;) , . . )
sin(r;) + sinh(r;) (sin(rix) — sinh(rx))

where r; is the ith root of the characteristic equation for
clamped-free beams given by cos(#) cosh(r) = —1 (Nayfeh
and Nayfeh 1993).

Substitution of Eq. 31 into the nonlinear transverse
equation of motion, i.e. Eq. 30 and applying the Galerkin
projection approach leads to the reduced order model of the
equation of motion for the motion of the kth mode as:

G, (1) + Ofa.qu(l)3 + 062,/&1%(1) + o1 4qi (1) = 0
g (0) =ao  ¢(0)=0

where o3, o and oy are given, respectively, by:

(33)

k= Cix+ Sop + 4S3k,
dok = 284x + 45 + 4o + A&7 + 385 + So,
or g =2& 04 + Lely1 g + 4124 + 4134

+4&1ap + Sisg + 316k,

in which &, ; to &, relations are represented in Appendix
2.

3.1.2 Lindstedt-Poincare technique

The Lindstedt-Poincare method is employed to develop the
nonlinear free vibration solution for the discretized equa-
tion of motion, i.e. Eq. 30. Therefore, the generalized
coordinate is considered as gi(t,€) = ex; (1) + €2xy(1) +
€3x3(t) where ¢ is a bookkeeping parameter which is used
in the perturbation techniques for ordering process of
variables and t = Wit (e)t. Wi is the kth nonlinear fre-
quency which is given by wl-(€) = oy + ew; x + € way +
e3w3,k (see Barari et al. 2011) in which wjy is the kth linear
natural frequency and w;;’s are defined during the solution.
By substituting the assumed generalized coordinate in
Eq. 33, one can obtain:

d2

(o + ewrx + ezwzvk)2 I (ex; + €x; + €x3)

+ OClvk(E)Cl + 62)(?2 + 63)(?3)1 + Oszk(le + 62)(2 + 63)63)2

+ o3k (ex) + xy + e3x3)3 =0

(34)

Following some simplifications, by equating the coeffi-
cients of the same power of € and recalling from Eq. 33 that
o? = oy the ordered equations are achieved as: O (') :
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d*x, a . 903 g > — 1003, )a?
wkzﬁ—i- Wy, X] = 0 X1 (0) =qay = ?0 )C](O) =0 Wy = ( 3.k k24w 3 2’k) k (42)
k
(35) L ,
After the elimination of the secular term from the third-
O (€%): order equation, i.e. Eq. 41, the corresponding solution read
, d*xy d*x; as
O gz H o0 = = 20001+ oo (36) 1 (22, oy
2,k
X3 = —— + =2 )ad cos 3 43
0 () : The substitution of the first, second and third order solu-
s tions, respectively, from Eqs. 38, 40 and 43 into the
a)k2 5 T W xq expanded from of x, i.e. x = ex; + €2x, + €x3, the non-
dr . . . .
( dx &, linear solution of Eq. 33 is achieved:
— | 2001 kg ——- 5 + 200 kX1X2 + wl Sy 2
2 dr dr ax = ag cos(a" 1 + fro) — (/120;2‘,k
. ' 1,k
+260k(1)2k e —|— 03 kx?) X3 (0) =0 x3 (0) =0 ( 1 [ v ]
1 —=cos|2(w; t+ Pro) >
(37) 3 |

The general solution of the first order equation, i.e. Eq. 35,
takes the following form:

X| = ay cos ¢y (38)

where ¢, = © + f o in which a; and f;  are constants and
are evaluated from the initial conditions.

Substitution of first order solution, i.e. Eq. 38, into
Eq. 36 reshuffles the second order equation as:

dx
2
Wi d2

1
— Edzﬁkai(l -+ cos 2¢)k>

+ Wy, X2 = 2(L)ka)] kA COS ¢k
(39)

Following the common procedure of perturbation methods,
the elimination of the secular term, requires w;; =0 ,
thereupon:

[0%)] ka 1
P2 k (1 - 300s2¢>k>
By substituting the firs order and second order solution for

x; and x, in Eq. 37 and recalling that (w;x = 0) one can
obtain:

(40)

Xy = —

2dx 2

Wk d2+wkx3

8 (41)

1 (202
——( 2k +a3k>akcos3q’>k

5 05,4
+— 12 o2 cos ¢y,

3 3
=2 W kA — 5 %3, kak

4\ 3w;2

Accordingly the elimination of the secular term from
Eq. 41, releases wy as:
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+ 0 <3wk4 er—k'2 ag cos [3(601](\’% + .Bk,o)] +0(

(44)
where
1
ot =y + - Tal + 0(€) (45)

4

in which I'y is the kth effective nonlinearity coefficient
which is denoted by:

Fk _ (90(3,/((,01{2 — lOOC%"k)

660k3

4 Numerical results and discussion

As it is known, flexoelectricity effect plays a significant
role just at nano-scales. Hence, for more illustration, in this
paper, a cantilever piezoelectric nanobeam (CPNB) is

Table 1 The geometrical and material data of the assumed piezo-
electric nanobeam (Tadi Beni 2017)

Parameter Description Value (unit)
L Beam length 500 (nm)

b Beam width 10 (nm)

h Beam thickness 15 (nm)

1 Scale factor 0.2 h

f Flexoelectric coefficient Se~12 (C/m)
u Lame constant 42.9 (GPa)
2 Lame constant 45.2 (GPa)
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Fig. 2 The current non-linear static deflection achieved by 1-mode
Galerkin technique (dotted-dashed-lines), 3-mode Galerkin technique
(solid-lines), and the bvp4c-subroutine (dashed-lines) versus the
corresponding linear analytical results of Tadi Beni (2016) (dotted-
lines): (Vo = 4000v)

considered for analysis which is made of BaTiOs. The
corresponding geometrical and material data is listed in
Table 1. Henceforth, all the employed parameters are same
as Table 1 unless new data are prescribed.

To verify the current results, the obtained Galerkin
outcomes for the static deflection due to a constant applied
voltage are compared with the available linear analytical
results which is accessible in Tadi Beni (2016) and the
current bvp4c results. The comparison is depicted in Fig. 2
for Vy =4000 v by the consideration of 1 and 3 linear
normal modes in Galerkin projection. A very good agree-
ment is clear between the current 3-mode Galerkin pro-
jection, the bvp4dc method and the analytical results.
Because the Galerkin approach is very handy in the
implementation hence, hereafter 3-mode Galerkin tech-
nique is employed for the static deflection computations.

Another verification is confirmed in calculation of linear
natural frequency in comparison with Arvin (2018). The
considered beam is a rotating micro cantilever beam which
is made of epoxy with the mass density, Young modulus,
Poisson coefficient and the material length scale parameter,

respectively, equal to p = 1220 kg/m3, E=1.4GPa,v=

0.3 and / = 17.6 um. The slenderness ratio, i.e. S =L ’%,

and height to material scale parameter, i.e. b = %, are given,

respectively, as S = 30 and v = 1. In slenderness ratio, L,
A and [ are, respectively, the beam length, the beam cross-
section area and the beam are moment of inertia about y-

Fig. 3 The nonlinear static deflection of the CPNB for different
applied voltages: Vo = 1500 v, solid-lines, Vy = 2500 v, dashed-lines,
and Vy = 3500 v, dotted-lines

140 T T T T

Fig. 4 The effect of the flexoelectric coefficient (f = 5pC/m, solid-
lines, f = 10 pC/m, dashed-lines and f = 20 pC/m, dotted-lines) on
the nonlinear static deflection of the CPNB: (Vy = 500v)

axis (see Fig. 1). As the considered microbeam is a rotating
beam the dimensionless rotation speed is considered as
Ag = 0 in Fig. 9 of Arvin (2018). The compared results for
the first two linear natural frequencies are prepared in
Table 2. The results show a very good agreement. It should
be noted that in Arvin (2018) the rotary inertia influences
are taken into account and hence, the neglecting of rotary
inertia here seems reasonable.

After confirming the current results some case studies
are addressed here.

Table 2 The current first two

Results of Arvin (2018)

Current results Difference percent

linear natural frequencies in Frequency
comparison with those of Arvin o 03108
(2018) (MHz)

o 1.9326

0.3107 0.03
1.9468 0.73
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4.1 Case studies: static deflection

The nonlinear static deflection of the given CPNB which
undergoes different applied voltages is depicted in Fig. 3. It
can be seen that the static deflection is increased by
increment in the applied voltage magnitude.

Figure 4 demonstrates the nonlinear static deflection of
the CPNB for different flexoelectric coefficients. As it is
expected, according to the last boundary condition in
Eq. 23, increment in the flexoelectric magnitude increases
the resulting applied moment at the tip point of the beam
and subsequently CPNB experiences higher static
deflection.

The scale factor influences on the nonlinear static
response of the CPNB is investigated in Fig. 5 for an
assumed voltage. As it is shown, due to hardening effect of
the scale factor on the beam stiffness, the static deflection
of the CPNB is decreased by increasing the scale factor.

4.2 Case studies: linear natural frequencies

After the static deflection analysis some case studies for
linear natural frequencies are presented here. The length
scale parameter and flexoelectric coefficient influences on
the first three linear natural frequencies for an assumed
constant applied voltage, respectively, are examined in
Figs. 6, 7, and 8. The hardening effects of flexoelectric
coefficient and the material length scale parameter is
obvious. A very interesting phenomenon is evident in the
figures. At the beginning, when the flexoelctric constant is
small enough, the length scale has a dominant role in
stiffness of the considered CPNB while by growing the
flexoelectric constant the induced stiffness due to flexo-
electricity overcomes the length scale parameter one. The
augmented induced stiffness by the increment of the

18 T T T T

16

Fig. 5 The effect of the material length scale factor with respect to the
beam thickness ratio (I/h = 0, dotted-lines, //h = 0.2, dashed-lines
and //h = 0.5, solid-lines) on the nonlinear static deflection of the
CPNB (Vy = 500v)
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Fig. 6 The effect of the length scale parameter to the beam thickness
ratio, i.e. I/h, on the first natural frequency in terms of the flexoelectric
coefficient (dotted-lines, //h = 0, dashed-lines, //h = 0.2 and solid-
lines, I[/h = 0.5) Vo = 500v
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Fig. 7 The effect of the length scale parameter to the beam thickness
ratio, i.e. I/h, on the second natural frequency in terms of the
flexoelectric coefficient (dotted-lines, I/h = 0, dashed-lines, //h =
0.2 and solid-lines, //h = 0.5) V; = 500v

flexoelectric coefficient, is because of the increasing of the
static deflection by the increment in the flexoelectric con-
stant which was demonstrated in Fig. 4.

The variation of the first natural frequency with respect
to the applied voltage for different flexoelectric coefficient
is demonstrated in Fig. 9. It can be inferred that by
increasing the applied voltage, the flexoelectric constant
plays more significant role in the structural stiffness and
makes the CPNB stiffer.

4.3 Case studies: nonlinear free vibration
analysis

Here some case studies are examined on the nonlinear free
vibration features of the CPNB. The effective nonlinearity
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Fig. 8 The effect of the length scale parameter to the beam thickness
ratio, i.e. I/h, on the third natural frequency in terms of the
flexoelectric coefficient (dotted-lines, I/h = 0, dashed-lines, //h =
0.2 and solid-lines, I/h = 0.5) V; = 500v
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Fig. 9 The effect of the flexoelectric coefficient (f = 5 pC/m, dotted-
lines, f = 10 pC/m, dashed-lines and f = 20 pC/m solid-lines) on the
first natural frequency

coefficient with respect to the flexoelectric constant for the
first three modes is depicted, respectively, in Figs. 10, 11,
and 12. From Fig. 10 it can be inferred although a hard-
ening behaviour is evident when the flexoelectric constant
is f = 0 but the CPNB shows a softening treatment, too.
For verification of the predicted treatment when f = 0 one
can see McHugh and Dowell (2018). In McHugh and
Dowell (2018) it is denoted that when just the geometric
nonlinearities are considered, for any cantilever beam
which is imposed by the inextensibility condition, the
hardening behavior is expected for the first mode. When
f =0, it can bee seen that the bigger material length scale
parameter has the smaller effective nonlinearity due to
hardening effects of the material length scale parameter.
The analysis of the figure for f # 0 shows that the hard-
ening or softening behaviour depends on the mutual

Fig. 10 The effect of the length scale parameter to the beam thickness
ratio, i.e. I/h, on the first mode effective nonlinearity coefficient in
terms of the flexoelectric coefficient (dotted-lines, //h = 0, dashed-
lines, I/h = 0.2 and solid-lines, {/h = 0.5)
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~

2.5

Fig. 11 The effect of the length scale parameter to the beam thickness
ratio, i.e. I/h, on the second mode effective nonlinearity coefficient in
terms of the flexoelectric coefficient (dotted-lines, //h = 0, dashed-
lines, //h = 0.2 and solid-lines, I/h = 0.5)

relation of the material length scale ratio and the flexo-
electric constant values and necessarily the CPNB doesn’t
show the same behaviour for different material length scale
parameter at a specified flexoelectric constant or viceversa.
Another implication is that by increasing the material
length scale parameter the range of the flexoelectric con-
stant which enforces a softening behaviour to the first mode
reduces. Also, for all of //h ratios, after the CPNB treats as
a soften beam in the first mode it will not show again a
hardening treatment.

Figure 11 illustrates the second effective nonlinearity
coefficient. The hardening behaviour when f = 0 is clear
which can be proved by McHugh and Dowell (2018). In
addition, again when f =0 the material length scale
parameter with bigger value takes the smaller effective
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Fig. 12 The effect of the length scale parameter to the beam thickness
ratio, i.e. I/h, on the third mode effective nonlinearity coefficient in
terms of the flexoelectric coefficient (dotted-lines, I/h = 0, dashed-
lines, I/h = 0.2 and solid-lines, //h = 0.5)
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Fig. 13 The effect of the length scale parameter to the beam thickness
ratio, i.e. I/h, on the first frequency ratio in terms of the deflection of
the tip point of the CPNB (dotted-lines, I/h = 0, dashed-lines, I/h =
0.2 and solid-lines, [/h = 0.5) for f = 0pC/m

nonlinearity. The figure illustrates for f # 0 when the
hardening treatment shifts to a softening behaviour and the
latter behaviour remains for the CPNP. On the other hand,
although the starting hardening behaviour for //h = 0 and
{/h = 0.2 shifts rapidly by increasing the flexoelectric
constant to a softening treatment but this sharp negative
slope will change into a slow positive slope but never turns
into a hardening behaviour.

The effective nonlinearity of third mode is displayed in
Fig. 12. A hardening behaviour is predicted for the third
mode when the flexoelectric constant is f = 0 which can be
verified by McHugh and Dowell (2018). In agreement with
the first and second modes when f = 0 a greater value of
the material length scale parameter illustrates a smaller
effective nonlinearity. The assessment of the achieved

@ Springer

60 T T T T T T T

S0

40 F

tip(nm)
5

w

10

1.0002

Fig. 14 The effect of the length scale parameter to the beam thickness
ratio, i.e. //h, on the first frequency ratio in terms of the deflection of
the tip point of the CPNB (dotted-lines, I/ = 0, dashed-lines, I/h =
0.2 and solid-lines, //h = 0.5) for f = 500 pC/m
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Fig. 15 The effect of the length scale parameter to the beam thickness
ratio, i.e. I/h, on the first frequency ratio in terms of the deflection of
the tip point of the CPNB (dotted-lines, //h = 0, dashed-lines, {/h =
0.2 and solid-lines, I/h = 0.5) for f = 1000 pC/m

results when f # 0 demonstrates a monotonous decrement
of the effective nonlinearity for all cases by the continuous
increment in the flexoelectric constant. The rate of decre-
ment decreases by the increase of the material length scale
parameter due to the hardening effects of the material
length scale parameter. On the other hand, the figure illus-
trates that the third mode always represents a hardening
mode, in the current range of the flexoelectric constant,
independent of the material length scale ratio and the
flexoelectric constant.

For more illustrations the nonlinear natural frequency to
the corresponding linear natural frequency ratio in terms of
the beam tip deflection for the first mode for four different
flexoelectric constants are presented in Figs. 13, 14, and 15.
These figures in agreement with Fig. 10 demonstrate the
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Fig. 16 The effect of the length scale parameter to the beam thickness
ratio, i.e. //h, on the second frequency ratio in terms of the deflection
of the tip point of the CPNB (dotted-lines, //h = 0, dashed-lines,
1/h = 0.2 and solid-lines, I//h = 0.5) for f = 0pC/m
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Fig. 17 The effect of the length scale parameter to the beam thickness
ratio, i.e. //h, on the second frequency ratio in terms of the deflection
of the tip point of the CPNB (dotted-lines, //h = 0, dashed-lines,
I/h = 0.2 and solid-lines, I/h = 0.5) for f = 1000 pC/m

different type of hardening or softening behaviour for the
first mode which is tightly related to the material length
scale parameter and the flexoelectric coefficient values at
the same time.

The second mode nonlinear natural frequency to the
associated linear natural frequency ration in terms of the tip
deflection of the beam for f = 0 pC/m and f = 1000 pC/m
are depicted, respectively, in Figs. 16 and 17. In accom-
panied by Fig. 11 the hardening or softening behaviour is
predicted for different values of the material length scale
parameter and the flexoelectric coefficient.

The similar study as the second mode is performed for
the third mode for f =0 pC/m and f = 1000 pC/m,
respectively, in Figs. 18 and 19. The achieved outcomes
are in accordance with Fig. 12.

Fig. 18 The effect of the length scale parameter to the beam thickness
ratio, i.e. I/h, on the third frequency ratio in terms of the deflection of
the tip point of the CPNB (dotted-lines, //h = 0, dashed-lines, //h =
0.2 and solid-lines, I/h = 0.5) for f = 0pC/m
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Fig. 19 The effect of the length scale parameter to the beam thickness
ratio, i.e. I/h, on the third frequency ratio in terms of the deflection of
the tip point of the CPNB (dotted-lines, {/h = 0, dashed-lines, I/h =
0.2 and solid-lines, I/h = 0.5) for f = 1000 pC/m

5 Conclusions

The nonlinear free vibration analysis of a pre-actuated
nano-cantilever isotropic beam was examined. The for-
mulation was developed for an Euler-Bernoulli inextensi-
ble flexoelectric cantilever nanobeam on the basis of the
size-dependent flexoelectricity theory. A higher order
curvature displacement relation was employed to derive the
nonlinear equations of motion by the implementation of the
Hamilton’s principle. The Galerkin projection approach
was applied on the governing partial differential equations
of motion to achieve the reduced order equation of motion.
The Galerkin approach was implemented to extract the
nonlinear static solution due to the pre-applied voltage and
the linear natural frequency. The Lindstedt-Poincare
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technique was employed to find the nonlinear effective
coefficient and the corresponding nonlinear natural fre-
quency. The effects of the applied voltage, the material
length scale parameter, and the flexoelectric coefficient on
the nonlinear static defection, the linear natural frequency
and the nonlinear effective coefficient and the associated
nonlinear natural frequency were investigated. The main
findings are as follows:

(1) The material length scale parameter and the flexo-
electric constant have the hardening effect on the
structural stiffness;

(2) Although in the small flexoelectric region, the
material length scale parameter effect dominates
the flexoelectric influence but with growing the
flexoelectric constant it will overcome the material
length scale parameter role in the stiffening of the
structural stiffness;

(3) When the flexoelectric effect is ignored the inexten-
sible nano-cantilever beam shows a hardening
behaviour;

(4) The third mode of nano-cantilever beam always
displays a hardening behvaiour;

(5) The mutual relation between the flexoelectric coef-
ficient and the material length scale parameter
magnitudes enforces the hardening or softening
treatment to the first and second modes of the
considered nano-cantilever beam.

Appendix 1: Variation of the stored energy
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Appendix 2: The employed parameters
for discretization of the equation of motion
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