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Abstract

In this research, nonlinear dynamic behaviors of multiscale composites doubly curved shells have been investigated by
employing multiple scales Perturbation Method. Three-phase composites shells with polymer/Carbon nanotube/fiber (PCF)
according to Halpin—Tsai model have been assumed. The displacement- strain of nonlinear vibration of multiscale lam-
inated doubly curved shells via higher order shear deformation (HSDT) theory and using Green—Lagrange nonlinear shell
theory is obtained. The governing equations of composite doubly curved shell have been derived by implementing
Hamilton’s principle and shell considered to be simply supported. For investigating correctness and accuracy, this paper is
validated by other previous researches. Finally, bifurcation diagram, phase portraits and Poincare maps are investigated.
The results indicate different dimensionless force; curvature ratio and kind of distribution pattern have strong influence on
nonlinear vibration control of the composite multiscale doubly curved shell.

1 Introduction

The composite material individual including stiff rein-
forcement fibers and matrix employ in the aerospace and
other industries, are Carbone nanotube—reinforced, Gra-
phene platelet- reinforced (CNTF and GPLF respectively)
which are strong and stiff (for their density). A composite
material with most or all of the useful (stiffness, low
density, high strength and toughness) is achieved with few
or none of the especially weaknesses of the component
materials. In order to, multiscale models are used for
micromechanics and atomic simulations to investigate the
constitutive properties of diffrent functionalized nanotube
materials (Odegard et al. 2005; Gao and Li 2005). The
mechanical response in a single polymer-CNT using FE
analysis is investigated by Chen et al. (2003). The non-
linear statics and dynamics behavior of composite structure
investigated in significant previous research that are pre-
sented some of them.

The nonlinear vibration of composite shells in
hygrothermal environments is investigated by Naidu and
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Sinha (2007). In frame work first-order shear deformation
theory and Green-Lagrange type nonlinear displacement
and strain have been obtained. The results analyzed by
finite element method. The effects of thin cylindrical shell
panel in hygrothermal environment and curvature radios
are investigated in this research. Large amplitude vibration
analysis of doubly curved composite spherical shell via
higher order shear deformation theory is presented by
Panda and Singh (2008). They studied different parameters
such as aspect ratio, hygrothermal loading, curvature ratio,
stacking sequences, boundary conditions and side to
thickness ratio. Yazdi (2013) presented the nonlinear
vibration behavior of doubly curved cross-ply shell. The
displacements-strains have been obtained via by Donnell’s
shell theory and von-Karman type nonlinearity and by
HPM method have been solved. Singh and Panda (2014)
investigated nonlinear vibration behavior of doubly curved
composite shell panel based on higher order shear defor-
mation theory. Finally, the influences of aspect ratio, cur-
vature ratio, stacking sequence have been studied.
Nonlinear vibration of cylindrical shell in frame work
higher order shear deformation theory are presented by
Amabili and Reddy (2010). They have been illustrated
nonlinear term are significant role to predict the nonlinear
response of composite shell. Alijani et al. (2011) studied
primary and subharmonic responses of FGM shallow shell
by multiple scales analytical method. Based on Donnell’s
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type nonlinear strain—displacement relationships have been
obtained. They found that two-to-one internal resonance
may be taken measure in doubly curved FGM shells by
kind of the volume fraction exponent. Continued from
previous work, large amplitude forced vibrations of rect-
angular plates Via higher order shear deformation theory
have been investigated by Alijani and Amabili (2013).
From the experimental and analytical method they are
presented that nonlinear frequency result in important
effect in nonlinear to linear response of plates. In order to,
fundamental frequency of functionally graded material
doubly curved shallow shell is studied by Chorfi and
Houmat (2010). Based on FEM method they established
their results. And they investigated the influence of thick-
ness ratio, volume fraction versus nonlinear to linear
vibration. The fundamental frequency of FGM doubly
curved shell embedded in elastic foundation is presented by
Shen et al. (2015). in frame work shear deformation theory
and von-Karman nonlinear strain—displacement have been
obtained. The inflence of volume fraction index, Pasternak
foundation, curveture ratio and other parameter have been
investigated. Singh and Panda (2015) presented large
amplitude of composite single and doubly curved shell via
the piezoelectric layer according to the higher-order shear
deformation theory and Green-Lagrange nonlinearity.
They studied different parameters such as aspect ratio,
curvature ratio, stacking sequences, boundary conditions,
side to thickness ratio and number of piezoelectric layers.
Heydari et al. (2015) researched the nonlinear bending of
functionally graded/CNT plates via first order shear
deformation plate theory subjected to uniform pressure and
embedded in elastomeric medium based on generalized
differential quadrature method. The nonlinear bending of
hybrid plates including CNTRC layers embedded in elastic
foundations where influence of matrix cracks by Fan and
Wang (2017). Shen et al. (2017) investigated the nonlinear
vibration of composites functionally graded-Graphene
reinforcement plates resting on elastic foundation in ther-
mal environments. According to the FSDT thermally
postbuckled plates is studied by Lee and Lee (1997). Wu
et al. (2017) studied the nonlinear dynamic instability
behavior of FG/polymer/GPL nanocomposite by using
Timoshenko Beam theory. The vibration behavior of
sandwich plates with composite face sheets was presented
by Shiau and Kuo (2006). Recently, based on the nonlocal
strain gradient theory Sahmani and Aghdam (2017)
investigated the buckling and postbuckling of multilayer
GPLRC nanoshell. Recently, large amplitude vibration of
graphene- reinforced composite cylindrical shell subjected
to thermal environment is investigated by Shen et al.
(2017). In frame work Reddy’s third order shear
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deformation theory and von-Karman theory the linear and
nonlinear relationship equations of displacement- strain
have been obtained. The equations of motion are solved by
perturbation method. Two end conditions movable and
unmovable are assumed. They carried out the effect of
several parameters such as temperature rising, different
distribution pattern, end condition situation, stacking
sequence. Mahapatra et al. (2015) investigated based on
higher order shear deformation theory nonlinear vibration
behavior of composite single/doubly curved shell subjected
to hygrothermal environment. Influence of several param-
eters such as geometrical and material properties versus
nonlinear frequency under hygrothermal environment are
studied. The wave propagation behaviors of functionally
graded plate subjected to the thermal environments have
been investigated by Boukhari et al. (2016). Ahouel et al.
(2016) investigated by the bending, buckling and vibration
of functionally graded (FG) nanobeams in frame work
nonlocal differential theories. The free vibration behaviors
of functionally graded nano plates resting on elastic foun-
dation have been presented by Bounouara et al. (2016).
Large deflection of composite spherical shell subjected to
the hygrothermal environment has been investigated by
Mahapatra et al. (2016a, b). They studied different
parameters such ad aspect ratio, hygrothermal loading,
curvature ratio and side to thickness ratio. The vibration of
composite structure subjected to the hygrothermal envi-
ronment has been investigated by Mahapatra et al.
(2016a, b). They studied different parameters such ad
aspect ratio, hygrothermal loading, curvature ratio and side
to thickness ratio. In continues Mahapatra et al. (2016a, b)
analyzed deflection of composite cylindrical shell. This
structure has been considered by Green—Lagrange nonlin-
earity via higher order shear deformation theory. The
effects kind of parameters such as geometrical and material
properties versus nonlinear frequency under hygrothermal
environment is investigated. The nonlinear vibration of the
functionally graded sandwich structure reinforcement by
CNT subjected to the thermal environment based on
higher-order shear deformation theory and Green-La-
grange geometrical nonlinear strains is investigated by
Mehar et al. (2017a, b). Large amplitude of composite plate
under hygrothermal environment has been investigated by
Mahapatra et al. (2016a, b). They studied different
parameters such as aspect ratio, hygrothermal loading,
curvature ratio and side to thickness ratio. The bending and
free vibration behavior of isotropic functionally graded
sandwich composite plates according to the new hyperbolic
shear deformation theory has been studied Mahi and
Tounsi (2015). Bouafia et al. (2017) investigated bending
and free flexural vibration response of functionally graded
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nanobeams in frame works of nonlocal quasi-3D theory.
They presented several parameters such as the influence of
the nonlocal parameter, the beam aspect ratio and material
gradient index on the FG nanobeam. They discussed a lot
of parameters in detailed in their researches. The bending
and vibration behavior of functionally graded beams has
been presented by Bourada et al. (2015). They investigated
numerical results of their studied compared with other
theories to show the effect of the inclusion of transverse
normal strain on the deflections and stresses. Bousahla
et al. (2016) the buckling behavior of functionally graded
plates subjected to linear and non-linear temperature rises
via four-variable refined plate theory. They studied the
effects of influences kind of parameters such as ratio of
thermal expansion, aspect ratio, side-to-thickness ratio and
gradient index will be investigated on buckling response.
The free vibration analysis of functionally graded (FG)
plates by using a new simple higher-order shear deforma-
tion theory has been studied by Houari et al. (2016). They
discussed a lot of parameters in detailed in their researches.
The bending and dynamic response of functionally graded
plates by using new first-order shear deformation theory is
proposed by Bellifa et al. (2016). The hygro-thermo-me-
chanical bending behavior of functionally graded material
plate subjected to variable two-parameter elastic founda-
tions is presented by Beldjelili et al. (2016) by employing a
four-variable refined plate theory. They studied influence
of plate aspect ratio, power-law index, elastic foundation
parameters, temperature rise and side-to-thickness ratio on
the static behavior of FGM plates. Thermal stability of
functionally graded sandwich plates by employing simple
shear deformation theory has been studied by Bouderba
et al. (2016). Bellifa et al. (2017a, b) presented the buckling
behavior of functionally graded plates via a new dis-
placement field which includes undetermined integral
variables. El-Haina et al. (2017) studied thermal buckling
of thick functionally graded sandwich plates based on
stress function and sinusoidal shear deformation theory.
They presented the influence of functionally graded layers
thickness, power law index, loading type on the thermal
buckling of sandwich plate. The thermal buckling behavior
of functionally graded sandwich plates via higher shear
deformation theories has been presented by Menasria
(2017). According to the their researches the effects of
material index, thickness and aspect ratios, loading and
sandwich plate type on the critical buckling. The nonlinear
postbuckling response of nanobeams based on nonlocal
zeroth-order shear deformation has been investigated by
Bellifa (2017a, b). They discussed a lot of parameters in
detailed in their works. The free vibration characteristics of
functionally graded nanobeams resting on elastic founda-
tion subjected moisture and temperature on have been
studied by Mouffoki et al. (2017). They discussed influence

of power law index, hygro-thermal environments, nonlo-
cality and elastic foundation on the free vibration analyzed
of FG beams. The thermal buckling analysis of functionally
graded sandwich by using stress function and sinusoidal
shear deformation theory has been investigated by El-
Haina et al. (2017). They investigated the effect of loading
type, functionally graded layers thickness, power law index
on the thermal buckling behavior of thick functionally
graded sandwich. They studied influence of the porosity
volume fraction and volume fraction distributions on wave
propagation of functionally graded plate. Chikh et al.
(2017) thermal buckling analysis laminated composite
plates based on higher order shear deformation theory.
They discussed a lot of parameters in detailed in their
works. The buckling force behavior of FG nanoplates
resting on an elastic Kerr foundation and subjected to
hygrothermal environment is investigated by Shahsavari
et al. (2018). They presented effects on the buckling of FG
nanoplates of porosity amount, power-law index, geome-
try, moisture and elastic foundation. The wave propagation
in FGM plate has been investigated via four variable
refined plate theories and an efficient shear deformation
theory has been proposed by Fourn et al. (2018). The sta-
bility response of plate in frame work a novel nonlocal
refined theory for of orthotropic single-layer graphene
sheet has been proposed by Yazid et al. (2018). Their
research presented buckling response of embedded ortho-
tropic nanoplates such as graphene by using a new refined
plate theory and nonlocal theory. The dynamics analysis of
nanobeam with surface effects has been presented by
Youcef et al. (2018). Menasria et al. (2017) presented
thermal buckling response of functionally graded (FG)
sandwich plates via four variables of higher order shear
order theory. They discussed effects of material index,
aspect and thickness ratios, and loading type on the critical
buckling. The buckling behavior of single layer graphene
sheet by using novel shear deformation theory based on
nonlocal elasticity theory has been proposed by Mokhtar
et al. (2018). Karami et al. (2018a, b, c¢) investigated wave
dispersion in anisotropic doubly-curved nanoshells is pre-
sented. They demonstrated that the nonlocal-strain gradient
parameters, material properties and wave number effects
on wave frequencies and phase velocities. The thermal
buckling response of embedded FG nano plates via new
nonlocal trigonometric shear deformation theory has been
presented by Khetir et al. (2017). Besseghier et al. (2017)
proposed free vibration behavior of functionally graded
(FG) nanoplates resting on two-parameter elastic founda-
tion is investigated based on a novel nonlocal refined
trigonometric shear deformation theory. The mechanical
analysis of anisotropic nanoparticles based on three
dimensional elasticity theory in with nonlocal strain gra-
dient theory has been investigated by Karami et al.
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(2018a, b, c¢). Karami et al. (2018a, b, c) presented the
influence of triaxial magnetic field on the anisotropic
nanoplates. Furthermore they proposed the nonlocal strain
gradient elasticity theory and small scale effects. The wave
dispersion behavior of FG nanoplates by employing a size-
dependent quasi-3D model has been proposed by Karami
et al. (2018a, b, c). Bellifa et al. (2017a, b) studied buckling
response of functionally graded plates by using a new
displacement field which includes undetermined integral
variables. Belabed et al. (2018) presented vibration of
functionally graded sandwich plate with new 3 unknown
hyperbolic shear deformation theories. The thermal buck-
ling response of functionally graded sandwich plates with
various boundary conditions by using simple first-order
shear deformation theory has been investigated by Kaci
et al. (2018). Their numerical results prove that the present
simple first-order shear deformation theory can achieve the
same accuracy of the existing conventional first-order shear
deformation theory which has more number of unknowns.
Belabed et al. (2018) studied of sound transmission through
corrugated core FGM sandwich plates filled with porous
material via 3-unkonw hyperbolic shear deformation the-
ory. Based on their studied the influence of the temperature
and volume fraction distributions on wave propagation of
functionally graded. Thermoelasic deflections of composite
sandwich shell subjected to the thermo-mechanical loading
are investigated by Mehar et al. (2018a). They studied
different parameters such as flexural behavior and struc-
tural stiffness. The vibroacoustic behavior of laminated
composite curved panels subjected to hygrothermal envi-
ronment is studied in frame work a new higher-order finite-
boundary element model is investigated by Sharma et al.
(2018a, b). They studied different parameters such as
geometry, modular ratio, aspect ratio, hygrothermal load-
ing, curvature ratio and side to thickness ratio on the hygro-
thermos- acoustic responses. Furthermore, Sharma et al.
(2018a, b) investigated thermoacoustic responses of a new
higher-order coupled finite-boundary element scheme of
the composite panel. Influence of several parameters such
as geometrical and material properties versus acoustic
frequency are studied. The nonlinear deflection behavior
carbon nanotube-reinforced polymer composite based on a
novel higher order has been studied by Mehar et al.
(2018b). They investigated several parameters and dis-
cussed about these effects. Finally, it can be mentioned that
present article is presented the large amplitude dynamic
behavior of multiscale composite doubly curved shell. The
equations of motion are constructed in frame work HSDT
and Green-Lagrange type geometric nonlinearity. Based
on multiple scales Perturbation theory the equations of
motion are solved. Bifurcation diagram, phase portraits and
Poincare maps are investigated.
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2 Theory and formulation multiscale
composite

Figure 1 illustrated multiscale composite doubly curved
shell with length of /, thickness of h and shell curvatures of
R;,R;. The shell is embedded in a distributed hygrother-
mal load, which is considered in the symmetry plane of the
shell cross section, i.e. in the x—y plane.

2.1 Multiscale model

The effective constituent of the PCF multiscale composite
can be presented via Halpin—Tsai model (Thostenson et al.
2002) and micromechanics approaches of scheme have
been expressed by Shen (2009).

The properties of the PCF shell are concentrated to be
orthotropic can be presented as (Shen 2009):

Ei = ViE}, + Vien, (1)
ViEwen | V2. Enen

R e 2V
- T F + - Vfanc - F ’
E22 Ell Emcn VfE22 + Vmanmcn

(2)

1 \% Vine
L _1]; men 7 (3)
G12 G11 Gmcn
pP= prf + Vmcnpm('n? (4)
1912 - Vf Vf + Vmcnvmcm (5)

where Ef|, EX, are the Young’s modulus of CNT, G, shear
modulus and p is mass density, ¥;, Poisson’s ratio of
fibers, respectively, the corresponding properties of the
isotropic matrixes of CNT composite presented with
Ercns Giens Pnen, a0d Vi, and Volume fractions of the fiber
presented by V.

Via Halpin—Tsai model, composites tensile modulus has
been expressed (Kim et al. 2009):

Fig. 1 Geometry of doubly curved multiscale composite shell
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where EY|, refers to the Young’s modulus, A, dgp , e
presented thickness, outer diameter, length and V,, are the
volumes fraction of Carbon Nanotubes, respectively, and
Ven and E,,., are the volumes fraction of the matrixes and
Young’s modulus, respectively.

For the different distribution multiscale composite shell,
the weight fraction of CNT changes layerwise in accor-
dance with the according distribution pattern such as U, X,
A and O are studied. CNT volume fraction of n-th layer
corresponding to each distribution pattern can be presented
as (Feng et al. 2017):

Baa = (3)

U:V' = Ve, (9a)
2n—n,—1
XV =2V, (7| A |>, (9b)
n;
20 —n, — 1
0:V" = 2Vm<1 - L") (9¢)
ny
2n—1
A V(nn = Vcn <| " |)7 (9(1)
n

where the total number of layers can be expressed by n, and
the total volumes fraction of CNT can be presented by
(Rafiee et al. 2013):

Wen : (1 0)
Wen + (7,_;”) - </;,m> Wen

where p,,, /., are the mass densities of the CNT L and p,, is
epoxy resin matrix, w,, are the mass fraction of the CNT,
respectively.

The mass densities of CNT can be presented as:

Ven =

Pone = VenPen + VP (11)
Epne

Gmnc = 577 . > 12

2(1 + Vinen) (12)

Vmcn = va (13)

where v,, , Ve, Poisson’s ratio of the matrix, CNT and o,
refer to the thermal expansion coefficients of longitudinal

and oy, presented in transverse directions (Shen 2009). So

oc{l is the thermal expansion coefficient of longitudinal

fiber and oy, presented in transverse directions of the fiber.
%nen can be expressed as (Hu et al. 2013):
Vf Ej;l“’; 1 + Vmanmcnocmcn

o1 = y 14
VfEJ;1 + Vmanmcn ( )

Oy = (l + Vf)vfazz (1 + anc) men%men — V1211,

(15)
1 { (VmELnO{cn + Vi mOfm> }
Omen = = Vmcn (1
2 VenEen + VinEp

+ Vi )0 Vi + (1 + Ven) 0en Vens

(16)

where %, Bens are the thermal expansion and moisture
coefficients of the epoxy resin CNT and GPL matrix and
o, are the thermal expansion coefficients of the CNT.

Vi E + Vmanmcnﬁ
Pu =10 7 (17)
VfE11 + Vmanmcn

Baz = (1 + Vinen) Vinen B — vi2Pi1- (18)

2.2 Kinematic relations

In frame work, higher-order shear deformable theory, the
displacement fields at an arbitrary point in the composite
shell can be expressed as:

u=uy+ 2z, + 72y, +2°0;, (19a)
v =vo+ 20, + 2P, +2°0,, (19b)
w = Wwy. (19C)

In these equations, uy, vy, and wy are the original dis-
placements of the shell in the x, y directions; the rotations
of transverse normal at the mid-plane in the x and y axes
represented by ¢, and ¢, , ¥, 0, and 0,a re higher order
terms of Taylor series expansion defined at the mid-plane.

The vanishing of the shear strains at the top and the

bottom surfaces of the shell requires
sz|Zih/2 =0, yyz'Zih/Z =0,

these equations give:

o 4 3 aWO o 4 3 6w0
Vi =37 ("’“L ax)’ Vy==327\ 2t
W W,
0, = - y 0, = Py
2R, Y 2R,

4 ow
U =uyg+ 20, — WZB <€Dx + 6x0> ) (20a)
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4 ow
v=vo+ 20, =357 ((Py + @y0> (20b)
w = wy, (20c)

where the geometric imperfection wy in the normal direc-
tion has been introduced. Equation (20) represent the
parabolic distribution of shear effects through the thickness
and satisfy the zero shear boundary condition at both the
top and bottom surfaces of the shell. This is the justification
for the use of a third-order shear deformation theory.

Green—Lagrange type geometric nonlinearity, the strain
components &y, &y and 7,, can be shown as:

ug  wo 2 Ovg 2 owy  up ?
{(aﬂ?}) +(a> & r
Qug 2 vy wo 2 dwy Vo 2
{6ﬂ*(m+7‘*a”a
39 2| (2w e Ouo | Ovo (Bvo \ wo) | (Dwo o) (OWo _ vo
ﬁx % 5 5y R2 ox Ry dy R
@ug auo avof‘VO %71170 %
6x

ih az x R/ 0z

auoauo Gvo wo f‘vo %72 %
a) az dy Ry) 0z

(20a)

The constitutive relation of the composite doubly curved
shell can be expressed as:

Oxx Tl n 0 0 0
Oyy B 0n 0 0 0
Tz p=]1 0 0 Q 0 O
Txy 0 0 0 Qi O
Txz 0 0 0 0 Q26 (21)
e — a1 (T(z) — Tp)
&y — 022 (T (2) — To)
Vxz
Vxy
Yxz

@ Springer

If the fiber angle with the geometric x axis is expressed
by 6, the relation (31) can be transferred to the geometric
coordinates as:

Oxx 7’111 Q’fz 0 0 0
Uyy ’112 _32 _O 0 0
e s =10 0 Q, 0 0
Txy 0 0 0 Q% O
T ) 0 0 0 0 O], (22)
exe — 011 (T(2) — To)
&y — 022(T(z) — To)
Vxz
Vxy
Vxz T

The reduce stiffness modulus of composite doubly
curved can be expressed by:

Qll = La Q12 = ﬂa
1-— V%vzl 1 —viovy
On=——1—, Qu=0Gy, Os=0Cp, (23)
I —vivy

Qo6 = G12.

Transformed shell principal coordinates are in expressed
Appendix A.

Now via Hamilton’s principle can be written:
/ 5(V 4+ U —T)dt =0, (24)

where, V is the work done by external energy, U is strain
energy, and T is kinetic energy.
The strain energy is expressed as:

JXXSXX + O-Y)C)) + T)Z/\ + Taz /u + TV)yx))]

X ( R (l )dcldczdz
(25)
The first variation can be obtained as:
N 4 b
U= / / [(Nwded, + Mo Sk°, + Pk,
=% 0
+Nyy 6, + Myy0ksy, + Pyyoks, + Ny Ogy, 26)

+M.y 0Ky, + Proydky, + Kyy0)), + Ryyky,
+Kxx(3y22 + Rxxk)lcz)]

Z Z
14+—){1+— |dcid
X ( +R1> < +R2> cidcy,
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where, for convenience a shell by rectangular base in
dimension a and b in ¢; and ¢, directions, has been
considered.

q1, q» are the Lame coefficients of the shell can be

expressed as q; = ¢ (1 +R£1),qz = c.2(1 +%).

Ry and R, are the principal radii of curvature in ¢; and
q1 directions, respectively

The Kinetic energy can be presented as:

—lp /// (it + V5 + W)

n=1 0 n,

Z
14+— )1+ —|dcidcardz.
><<+R1>< +R2>clczz

For simplified the kinetic energy relationship of com-
posite shell can be obtained:

1
—-P"Z// i + Vo + Wi

e 17( n )+ 41 A 2
315 \Px 5 )+ Patio| T50R-+ T3R,

(27)

+¢V’o<—+ 2 > 41 <M%+ﬁ> L%

VUNI20R,  15R)  4\Ri Ry)  12R\R;

Oy ( Oy o B o _q (px )

q10c1 \252¢q10c;  120R; 30R, 315

O O Vo Vo ?y

q20c> <252qZ6c1 + 120R, 30R, Sﬁﬂ )dcldcz,
(28)

The first variation of work can be expressed in the fol-
lowing form:

2n L

% Géwo
Oox Ox

=] floma

where ¢¢, g expressed by:
q = qo — q1cosQ,
qhyg = NTv 4 Nfin

aWQ

Ci =, :|dcld62>

(29)

NT» and N"» are applied forces due to variation of
temperature and moisture where are written as:

hy

N = / [O11011 4 Q12012)(T — Ty )dz, (30)
hn—
hy

Nfin = / (011511 + Q2P (H — Hy)dz. (31)

Rt

And T — T,H — H| are variation of temperature and
moisture, T can be defined by sinusoidal temperature fol-
lowing as:

1 z
T_T1+AT<1—C0 <2+h)>

By setting the coefficients of du, dv,0w, d¢, and 540}, to
zero and substituting Egs. (25), (27), and (29) into Eq. (24)
may be stated as:

ONy Ny _ ug 7 To. L 7 O (A
ax | oy 2 o2 ) TohaE o )

(32)

(33a)
ONy ON, - (v - (O _ % [Owg
ax oy O(W R W e e
(33b)
akx 6I?y 0 aWO up 6w0 Vo
o w5 w) ()
0 Owo  up owy Vo
(R (R
o°Py Py P\ N. N,
R _ -+ _ Vg
+S1<6x2+26x6y 6y2) R, R2+q
0*wo , 0% (O'wy  Q%ug
=l —) - Plg= (=5 +—=—
°< o ) % 66t2<6x2 * 6y2>
0% (dug * (v
I L— (=2
+S1[zaz(a >+ 36t2<6y
o? 610 o @,
7 X Y
e <©x T )
(33¢)
oM, oM, . . (u o,
= oy X_Jl(atz th{ G
o [owg
S5 ( ox > (33d)
My My o () o,
o oy e 2\ o
0% [dwg
S1J4 ) ( 5 >, (336)
where:
_ ) 4
M,‘ZM,‘-S]P,‘(ZZI,2,6), S :W’ S2—3S1
(34a)
K=K —sR; (j=1,2). (34b)

Here, Ny, N,, N, and M, M,, M,, expressed the total
in-plane forced and moment resultants and P,, P,, Py, and
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Ry, R, are the third order stresses resultants can be written
as:

h/2
N, M,,P, = / oc(1,z,2°)dz, (35a)
—h/2
h/2
N,, M,, P, = / O'y(l,z,z3)dz, (35b)
—h/2
h/2
PR, = / tx2(1,2,2))dz, (35¢)
—h/2
/2
P,,R, = /‘QALZJSWH (35d)
—i/2

The mass inertias of composite shell can be express in
the following form:

N n+1
Ii = Z / pnzidZ7 (l = Oa .- '76)3 (36&)
n=1
J,‘ = I,' — S1L'+2, (l = 1,4), (36b)
Ky =1L — 25114 + 571, (36¢)
2
= S1 S1
Ip=1IH+2—1I — | I 36d
0 o+ R13+(R1) 6 (36d)
h=u+21g, (36¢)
R,
=1+ s (36f)
R,

3 Solution procedure

The boundary conditions of the multiscale composite have
been considered simply-supported (S-S):

uo(x,0,1) = up(x,b,1) =0, (37a)
vo(x,0,1) = vo(x,b,t) =0, (37b)
wo(x,0,1) = wo(x,b,t) =0, (37¢)
@x(x,0,1) = @ (x,b,1) = 0, (37d)
?,(0,,1) = ¢,(a,y,1) =0, (37¢)

b b
/Nx|x:0,ady = /q0 - %COSQI, (37f)
0 a
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N)’(O7yat) :Nv(aayvt) :()7 (37g)
Mx(xaoa t) = Mx<x7b7t) = 07 (37h)
My(o,yat) :My(a7yat) =0. (371)

Furthermore for obtain the boundary conditions, the
displacement of the composite shell are driven as:

o, 1) = fj i Unn()cos (" )sin(my), (38a)
o) = 33 Vanteos (5 )sintom), (350
wol,3,1) = ii Won(tcos (" )sin(my).  (38¢)
00030 = 323 ) cos () sini), (380
) = 300 p(tcos (") sin(my),  (38¢)

where Upn(t), Viun(t); Winn(2); @ () and @, (t) refer to
the unknown functions of the time; n and m are the number
mode of frequency in the x and y directions, respectively.

Here, 7* = [ are assumed.

By substituting Eqgs. (37a-371) into Eqgs. (33a-33e) and
driving the Navier procedure, the following expressions
can be expressed:
ar Umn(t)+ a]2an(t) + alSWmn(t) + a14q)xmn(t)

= MllUmn(t) +M13V.an +M14¢xmn(t)7 (393)

a2 U (1) + a2 Vi (t) + a3z Wi (1) + @240, (2)
+ ass (pymn(t)

= M22Vm11 (t) + M23 Wmn + MZS ¢ymn(t); (39b)

asy Umn(t) +as an (t) + as; Wmn (t) + azq W,?qn (t)
+ a35Pnn (t) + aze Pymn (t)

= Mz Wmﬂ + M34¢xmn (t) + M3s (pymn (t)7 (390)

(23] Umn (t) + a42an(t) + aqs Wmn (t) + 6144(men(t)
+ aus DPymn <t>
= M44¢xmn (t)v

astUnn (1) + as2Viun (1) + assWinn (1) + @540, (1)
+ ass (pymn (t)
= Mss ¢ymn (t)7

(39d)

(39)

where the coefficients a; and M, experssion stiffness
matrix and mass matrix of sandwich composite shell that
are defined in Appendix.

The nonlinear differential equation of nanocomposite
can be driven as:
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Table 1 The properties of multiscale composite shell (Shen et al. 2015; Sahmani and Aghdam 2017)

Carbon (fiber) Epoxy (matrix)

Carbon nanotube Graphene platelet

E| | (GPa) = 233.05 vt =03

E| | (GPa) = 23.1 p" (kgm) = 1200

G\, (GPa) = 8.96 E"(Gpa) = (3.51 — 0.0034T + 0.142H)
=06 o (K1) = 45(1 4 0.0017)

o (%) =02 B=2.68x103wt%"!

a1 (K™Y = —0.54 x 107°

(K1) =10.8 x 106

E™(Gpa) = 640(1 — 0.0005AT)  E®(Gpa) = (3.52 — 0.0034T)
d"(m) = 1.4 x 10~° d='(m) = 14.76 x 10~°
"(m) = 0.34 x 10~° 57 (m) = 14.77 x 107°

I (m) = 25 x 10 hePl(m) = 0.188 x 10~°

[ (m) = 0.25 x 10~° 01, = 0.177

¥ =033 p¥! (kg /m?) = 4118

o (kg/m3) = 1350
o (K~1) = 4.5361 x 1070
up(K™') = 4.6677 x 1076

Otll(Kil) =—-09x10°°
0622(](71) =—-0.95%x107°

Table 2 Comparison of dimensionless frequencies for 4-layer cylin-
drical shell (a/b = 1, R/a =5)

s

A a/h (Singh and Panda 2014) Present
0.2
10 1.1371 1.1376
50 1.0118 1.0124
100 1.0046 1.0053
0.4
10 1.4168 1.4199
50 1.0340 1.0370
100 1.0118 1.01201
0.8
10 1.8669 1.9342
50 1.1058 1.1162
100 1.0342 1.0409

deWH’l t .
7() + mw + PIWmn(t) + PZW,E,,,(I) + P'%ij(t)
= gcosQt,
(40)
where:
M M M
py— st Maa+ Mss (41)

aszq

And the linear frequency of the nanocomposite nano-
shell is expressed by:

w; = \/p1 (42)
where initial conditions are illustrated by:

W dW,,,(t)
W (0) = — [ ry— = 07 43

primary resonance:

For primary resonance case, it is considered that the
frequency of excitation and linear frequency of the system
g are near together as Q = . So a detuning parameter ¢
is employing to illustrate the nearness 2 of to wg as:

o = Q + ¢o, (44)
-(I;iarlr)lfn:iogl?a Isnsp?rr;f:lr;n(lfies for vep! Distribution pattern Dimensionless frequency (@;)
laminated cylindrical shell [a/ Ansari and Torabi (2016) Shen et al. (2017) Present
h =100 (m, n =1, 2)]
0.12
U 3.3656 3.3704 3.3689
A 3.2019 3.1568 3.2011
X 3.5674 3.6150 3.5779
0.17
U 4.2870 4.2866 4.2867
A 4.1155 4.0412 4.1079
X 4.5410 4.6106 4.5401
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Fig. 2 Numerical integration
phase plots for different
excitation forcea g =5, b
g=10,cg=15.d g =20 of
doubly curved shell with

= O.I,Ri2 =0.05,¢c, = 0.3,
h=2mm,H=1and (m,n=1,
D

where ¢ are the detuning parameters.

The uniformly approximate solutions of (50) are
obtained as:
w = W()(T()7 T1, T2, .. ) + vSWl(T()7 Tl, Tz, .. )

+ &wy(To, Ty, T, . . ), (45)

where Ty = tand T| = .&t

The terms of T and T, are expressed as:
F(t) = egcos(woTy + oTy), (46)
the derivatives to yield:

d
= D() + 8D1, (47)

dt
d 2 212
E = DO =+ 28DOD1 + ¢ (Dl =+ 2DQD1 ) (48)

@ Springer

Substituting (43), (44) and (45) into (40) and putting the
coefficients of to zero yield the following differential
equations:

&’ : Diwy + Q*wp = 0, (49)
gl Dgwl + Q%w,
= —2D0D1W0 — [lD()W() — P3W(3) — kCOS((OoTO + O’T]).
(50)
With this approach it generates to be simply to write the
solution of Eq. (55) as:
wo(To, T1, Ta, . . .) = exp(iTy) + A exp(—iTp), (51)
where A is an unknown complex function and A is the

complex conjugate of A. A governing equation are defined
by requiring w; to be periodic in Ty and extracting secular
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Fig. 3 Numerical integration A
Poincare sections for different L
excitation forcea g =5, b 5 .
g=10,cg=15.d g =20 of
doubly curved shell with

= O.I,Ri2 =0.05,¢c, = 0.3,

h=2mm,H=1and (m,n=1, 0
1) B .
-5 ;
5 0 5
X
Cc
w []
; .
5 +
= 0 : 5
5 o
=10 u
] "", ,,tn
-5 0 5 5 0 5
X X
terms that are coefficients of e*70 the finding equation - 1q . 9 57
will be determined as: a=—pat EQTOSIH ’ (57)
_ 1 3P 1gqg
Qi (A" + puA) 4 3P3A’A — —kexp(—ioT;) = 0. (52) ay =224 — ~ 9 cos0. (58)
2 8 wo 2 wo

Assumed A be in polar form:
1
A= 74 exp(iy), (53)

where a and y are real parameters. Separating this terms
parts of the derived equation, it cause

! 1 q .
a = —ua+ Ewio sin(aTy — ), (54)
, 3P 1¢qg
ay = gw—2a3 — EinCOS(GTl -7), (55)
where:
0= ol — Y (56)

and substituting Egs. (59, 60) in Eq. (61) yield:

Singular point of this system at ¢ =0 and 0 =0
illustrates the steady-state motion of the system. So, in
steady-state condition can be expressed as:

| g
a=—pa—+ Ewiosin 0, (59)
3P; 4 q
28 =2 cos0. 60
oa 8 g 26oocos (60)

The fixed points of Eq. (57, 58) correspond to solutions
with constant amplitude and phase. These solutions satisfy

lg

,uazzw—osing, (61)
3P; , 1gq

—28 2=~ s 62

80)0 ZCUOCOS ( )

The equation of frequency response presented by:
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Fig. 4 Numerical integration phase plots for different distributions pattern a X, b U, ¢ A, d O of doubly curved shell with

i—O.l,R%zo.OS,cd:O.?y,q: 10, h=2mm,H=1and (m,n =1, 1)

R —

3P L)\’
[(a — ——3a2) 12
8(1)()

Substituting Eq. (66) into Egs. (59-60) and substituting
that result into Eqgs. (61-61), can be obtained as:

w = acos(wot + eat — 0) + O(e). (64)

)
2 q
= . 63
a 40} (63)

With this, the amplitude response (magnification factor)
can be obtained as:

a 1

[Oh)

(65)

Similar to the case of the linear oscillator, the maximum
value of the magnification factor can be found from

@ Springer

am d’M

Equation (65) with respect to € yields:

1 d
—a(3P3a2 —8Q — 8) (3P3d_g _ 4) + ('uz

32
da
—|—(Q | - 3P3a?) )dQ
=0, (67)
which can be solved for j—g as:
da 8a(3P3a*> — 8Q — 8)
A2 27p2at — 96(Q — 1)Psa? + 64(x2 + (Q - 1)2)

(68)
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A

-5

Fig. 5 Numerical integration Poincare sections for different distributions pattern a X, b U, ¢ A, d O of doubly curved shell with

& =0.1,£=005c,=03,g=10, h=2mm H=1and (m,n=1,1)

This derivative vanishes (and so does %) when:

8(2—-1
(3P3a> —8Q2—-8) =0=>aq, = s@-1 (69)
3P;
To find the values of the critical points Q; and €2,, these
points correspond to vertical tangencies of the response

curve; that is, where 37% =0:
27P2a* — 96(Q — 1)Psa® + 64(;% + (Q - 1)2). (70)

This condition can be found by equating the denomi-
nator of Eq. (70) to zero, which translates to This condition
can be found by equating the whose roots provide:

1
Q=g (8+ 6P3a® — /9P}a* — 6442, (71)

8u
> [ 72
“=\3p, (72)

The condition for the existence of real solutions is:

4 Results and discussion

Numerical results of the nonlinear vibration of doubly
curved shell are presented in this section. The properties of
multiscale composite shell are established in in Table 1,
further more weassumed Elliptic paraboloid shell
(Ry # R,). Carbon nanotube with effective thickness
ton= 0.0348 nm are selected as reinforcements and Gjs.
= Gy3 = 0.5G|, considered. The validity of thepresent
study is proved by the means of comparing the dimen-
sionless frequencies of this modelby several previous
researches. The correctness of the nonlinear to linear fre-
quency of the doublycurved shell composite based on first
shear deformable theory compared with Singh and Panda
(2014) is presented in Table 2. As well as, it is brightly that
the results of this comparison are similar. The geometric
and material properties % =40, G =G, =G5 =
0.6E2, G23 = 0.5E2, Uip = D13 = U3 = 0.25 are consid-
ered for compare results with Singh and Panda (2014).

Table 3 illustrated the dimensionless frequency @ =
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Fig. 6 Numerical integration phase plots for different temperature and moisture rise of doubly curved shell with T = 300, T = 400, T = 500 and

T=6002& =01, £2=005 c;=025 F=10,h=2mmand (m n=1,1)

R, —
w%z % for U, A, X, O distribution pattern with R = R,
(cylindrical shell) and % =10,Ah=5nm @ T = 300K are
assumed via first order shear deformation theory and ver-

ified by Ansari and Torabi (2016) and Shen (2017) results.
The dimensionless parameters are adopted as:

_ Up  _ Vo oo wo o _
MOZTC;; VOZTC37 WO:Fa Py = Py,
_ _ y _ X _ Z
(py:(pyv y:ngy x:nav Z:za
_ R - R R* [po _ (RW?
Ri==2 Rh="2 Q=w— /% g= .
1 Ra 2 Ra lh E7 q ENW q

(73)
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Numerical integration phase plots of doubly curved shell
with different excitation force with U distribution pattern
&= O.l,R%: 0.05,¢4 =03, h=2mm, T=300, H=1
and (m, n=1, 1) on the (X, X) plane are presented in
Fig. 2. Stacking sequence is considered cross ply [0/90]s.
The systems have been shown regular chaotic motion or
quasi-periodic motion. To reveal the dynamic behaviors for
a given magnitude of different excitation force such as A,
B, C and D which dimensionless force in theses Figs have
been assumed 5, 10, 15, 20. It can be found Fig. A has two
fixed points in the phase space, according to the periodic
motion of the doubly curved shell. By increasing dimen-
sionless force to 10, fixed points number has been taken
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A

Fig. 7 Numerical integration Poincare sections for temperature and moisture rise of doubly curved shell with T = 300, T = 400, T = 500 and
T =600z =0.1, £ =0.05 ¢;=025 F=10,h=2mmand (m, n=1,1)

R

q

Fig. 8 Bifurcation diagrams of doubly curved shell with
#=0.1, R%:O.OS, ¢g=025h=2mm H=1and (m,n=1,1)
for uniform distribution

leapt, but Fig. 2c has four fixed point in phase portrait and
Fig. 2d similar to b mode have lots of fixed points.

Figure 3 Investigated numerical integration Poincare
sections for different excitation force (A) g = 5,B)
g =10, (C) g =15. (D) g =20) of doubly curved shell
with U distribution pattern, Rl, =0.1, R% =0.05,¢c; =0.3,

h=2mm, H=1 and (m, n=1, 1) on the (X, X) plane.
Also, stacking sequence is assumed cross ply [0/90]s. It is
known that the Poincare sections reveal the similar evo-
lution of the dynamic analysis. It is significant express that
the chaos retains until the other bifurcation yield to its
invisibility.

Numerical integration phase plots and Poincare sections
of doubly curved shell with g =01, R% =
0.05, ¢4=03, =10, h=2mm, T =300, H=1 and
the cross ply [0/90]s composite shell mode is considered
(m, n =1, 1) are investigated in Figs. 4 and 5. Different
distribution pattern such as X, A, U, O are considered.
Unlike linear frequency, it is observed that frequency of the
O distribution is highest and X is the lowest value. Via the
chaotic motion of the system, Fig. 4. presented different
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distribution pattern to describe the nonlinear frequency of
the system. It can be shown that the Poincare sections in
Fig. 5. reveal the similar evolution of the dynamic analysis.
It is clear that increasing the value m,; makes the chaotic
motion region are increased. It is because the stiffness of
the dynamic system decreases.

Figures 6, 7. Investigated numerical integration phase
plane and Poincare map under influence of hygrothermal
environment with 8] distribution pattern,
&= O.l,R%:O.OS, h=2mm, $=10,4=1, AH=1,
T =300 and (m, n = 1, 1) is shown in Stacking sequence is
considered cross ply [07CF /90SMA]g. It is brightly shown
that the nonlinear frequency parameters increase by tem-
perature and moisture rising. Based on the results of this
numerical research, it is found that the rise of temperature
and moisture coefficient could adjust the nonlinear vibra-
tion responses of the composite doubly curved shell. By
increasing magnitude of rise temperature and moisture
volume fraction inherent frequency of the system changes
and dynamic behavior of chaotic motion is different in
various modes of rise temperature and moisture. By the
numerical results it is found that the Poincare sections
reveal the similar evolution of the dynamic analysis and the
chaos retains until the other bifurcation yield to its
invisibility.

Figure 8 investigated bifurcation diagram of doubly
curved shell with Ri] = O.I,RA2 =0.05, h =2 mm and (m,
1),cqg =025 V,=5% and the cross ply
[0PCF /905MA ] composite shell mode is considered (m,
n =1, 1). This diagram was constructed by splicing toge-
ther intersections on the Poincare section corresponding to
a chaotic motion with increasing values of g in the range
[0.5-1.1].

n=1,

5 Conclusion
In this research, nonlinear dynamics of smart multiscale

composite doubly curved shell via Halpin—Tsai model is
studied. The nonlinear model is obtained by Green—

@ Springer

Lagrange-type geometric nonlinearity in frame work
higher order shear deformation theory. Via Hamilton’s
principle the governing equation are derived and solved
numerically by using the multiple scales Perturbation
method. For investigated the accuracy and correctness of
present work, the numerical results has been verified by
important pervious researches. Base on numerical study
can be expressed significant resales as:

e The highest value of the nonlinear frequency for O
distribution pattern and the lowest value for the X
distribution pattern of nanoshell.

e The nonlinear frequency of composite doubly curved
shell increases with decrease of decrease by increasing
curvature ratio.

e By increasing rise of temperature and moisture rise
nonlinear frequency increase.

e Increasing the value w,; yields the chaotic motion
region are increased.

e The Poincare sections reveal the similar evolution of
the dynamic analysis.

Appendix

Transformed shell principle coordinate can be expressed
by:
0}, = Q’l’lcos40 + Z(Q’fz + ZQZG)SiHZGCOSZQ + ngsin49
0, = (0, + Q%) — 40l )sin*0cos®0 + Q1 (sin*0 + cos*0)
05 = 'l'lxin40 +2(01, + 2Qg6)xin2()cos20 + ngcos40
Ops = () + Q3 — 207, — 208 )sin*0cos*0 + Ql(sin*0 + cos*0)
0l = Q4,cos*0 + Qssin0
(74)

where Qi(i, Jj=12,3,4,5,6) presented the transformed
reduce stiffness modulus.

Motions equations of multiscale composite shell can be
expressed in terms of u, v, w, (bx,qﬁy displacements are
obtained by substituting Eqs. (19a-19c¢) into (33a-33d)
yields:
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