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Abstract

The main objective of the present study is to model the peristaltic transport of an incompressible couple stress fluid in an
inclined asymmetric channel under the impact of porous medium, inclined magnetic field, heat and mass transfer. The
effects of viscous dissipation, thermal radiation, Joule heating, chemical reaction, slip and convective boundary conditions
are also taken into account. The entropy generation analysis is also studied. The non-dimensional and non-linear partial
differential equations that govern the fluid flow model are simplified under the long wavelength and low Reynolds number
assumptions. The entropy generation number due to heat transfer, fluid friction and magnetic field is formulated. The exact
solutions for the stream function, pressure gradient, temperature, concentration, heat transfer coefficient and Nusselt
number are derived. The trapping phenomenon is also presented for different wave shapes through streamline patterns. The
comparison has been made with the results obtained in the symmetric and asymmetric channel, and Newtonian and couple
stress fluid model. The results indicate that the entropy generation number achieves higher values in the region close to the
walls of the channel, while it gains low values near the center of the channel. Temperature is a decreasing function of
radiation parameter, Prandtl number and thermal Biot number. The size of the trapped bolus is greater in the Newtonian
fluid model than the couple stress fluid model.

1 Introduction

The study of fluid flow in a uterus is important in repro-
ductive physiology to understand how a fertilized embryo
is carried to the implant site. There are different mecha-
nisms of fluid motion inside the uterus, most important is
the one due to the myometrial contractions. The flow of
intra-uterine fluid in a non-pregnant myometrium is due to
two types of contractions at different phases of menstrual
cycles. The first type produces wave-like contractions
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called uterine peristalsis and the other type is sustained
contractions. These myometrial contractions may occur in
both symmetric and asymmetric directions (Narayan and
Goswamy 1994). The study of peristaltic propulsion has
become popular among the researchers during the last five
decades because of its vital and extensive applications in
physiology and industry. In physiology, the peristaltic
mechanism is considered to be a major source of transport
of various biological fluids from one place to another place
in the human body. Examples of this mechanism in phys-
iology are the transport of chyme in the gastrointestinal
tract, Cilia motion, movement of spermatozoa, vasomotion
of small blood vessels (i.e., venules, arterioles, capillaries),
and urine transport from kidney to the bladder. This
mechanism 1is also involved in plant physiology, in par-
ticular it governs phloem translocation by driving a sucrose
solution along tubules by peristaltic contractions. In
industry, many devices have been introduced that work on
the mechanism of peristalsis. For instance, hose pump,
finger pump, heart-lung machine, blood pump, roller pump
and dialysis machine, these are very useful in transporting
sensitive and corrosive fluids. This mechanism was first
introduced by Latham (1966). He carried out theoretical
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and experimental research to understand the phenomenon
of peristalsis in the ureteral functions. After his pioneering
experiments, many researchers have examined the peri-
staltic flow in various situations. Fung and Yih (1968)
described the most important phenomenon of reflux.
Vesicoureteral reflux (VUR) is the backward flow of urine
from the bladder into the kidneys. The muscles of the
bladder and ureter along with the pressure of urine in the
bladder prevent urine from flowing backward through the
ureter. VUR allows the bacteria, which may be present in
the urine inside the bladder, to reach the kidneys. This can
lead to kidney infection, scarring and damage. Gastroe-
sophageal reflux disease (GERD) is commonly experienced
in the patient who is suffering with heartburn and regur-
gitation. GERD can also frequently occurs in women dur-
ing pregnancy (Turan et al. 2016). This is because the
bigger the baby gets, the more pressure it exerts on the
stomach and lower esophageal sphincter. Due to this rea-
son, the reflux symptoms may be increased. Some of the
relevant studies can be seen in the references (Shapiro
1967; Anggiansah et al. 1994) and the references therein.
Intra-uterine fluid motion induced by peristaltic contrac-
tions of the uterine muscles play an important role in the
initial process of human reproduction. It accelerates the
transport of spermatozoa towards the fallopian tube where
fertilization occurs. After fertilization it is responsible for
embryo transport to a successful site of implantation.
Several models have been proposed to describe the peri-
staltic flow in many physiological vessels (e.g., ureter or
vas deferens), where contraction of concentric muscles
induce symmetric trains of wall displacement waves along
the vessel. Asymmetric contractions may exist along the
walls of a two-dimensional channel, when displacement
waves on the upper and lower walls move independently
with a phase shift between them. Eytan and Elad (1999)
have investigated the wall-induced peristaltic fluid flow in
two-dimensional channel with wave trains having a phase
difference moving independently on the upper and lower
walls to simulate intra-uterine fluid motion in a sagittal
cross-section of the uterus. In view of these applications in
physiology, many authors have reported their research
contribution in the direction of asymmetric peristaltic
mechanism with different fluids by using various analyti-
cal, numerical, and experimental methods under different
conditions with reference to physiological and mechanical
situations. Recent investigations in this direction can be
seen in the references (Reddy et al. 2007; Ali and Hayat
2008; Srinivas and Pushparaj 2008; Nadeem and Akram
2010) and some more references therein.

The effects of magnetohydrodynamics in the peristalsis
play an important role in areas of medical sciences.
Examples of such areas include magneto therapy, hyper-
thermia, arterial flow, compressor, optimization of blood
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pump machine, magnetic endoscopy, constipation treat-
ment, gastrogenic pathology, cancer tumor treatment
causing hyperthermia, bleeding reduction during surgeries
and targeted transport of drug using magnetic particles as
drug carries. The concept of magnetohydrodynamics is also
useful in magnetic resonance imaging (MRI), when a
patient undergoes in a static magnetic field. Magnetohy-
drodynamics is also applicable in various engineering
problems such as, electromagnetic casting, liquid metal
cooling of nuclear reactors, continuous casting process of
metals and plasma confinement (Bhatti and Abbas 2016).
Magnetohydrodynamics is based on the fact that the
interaction of magnetic field and electric current generates
a repulsive force. If this happens in a fluid it can propel the
fluid in a direction perpendicular to both the field and the
current. Due to this reason, magnetohydrodynamics is also
used in the study of electrically conducting fluids such as
electrolytes, saltwater, liquid metals and plasmas. The
controlled application of low intensity and frequency pul-
sating fields modify the cell and tissue. Magnetic suscep-
tibility of chyme is satisfied by the ions contained in the
chyme. The magnetic field could cause heat inflammations,
ulceration, and many diseases of uterus and bowel. Due to
these substantial facts, a peristaltic flow of non-Newtonian
fluids under the influence of a magnetic field has become
very important and gained the attention of researchers.
Nadeem and Akram (2010) have investigated the influence
of inclined magnetic field on the peristaltic flow of a
Williamson fluid in an inclined asymmetric channel under
lubrication approach. They have used perturbation and
numerical methods to solve the simplified problem. Akbar
(2015) presented the exact solutions of the influence of
magnetic field on peristaltic flow of a Casson fluid model
under the long wavelength and low Reynolds number
approximations. Abd-Alla and Abo-Dahab (2015) have
studied the peristaltic flow of a Jeffrey fluid in an asym-
metric rotating channel utilizing long wavelength and low
Reynolds number assumptions. Bhatti et al. (2016) have
discussed the effects of variable magnetic field on the
peristaltic flow of Jeffrey fluid in a non-uniform rectan-
gular duct having compliant walls using long wavelength
and low Reynolds number assumptions. They have
obtained the exact solutions of non homogeneous govern-
ing equations through eigenfunction expansion method.
The flow of non-Newtonian fluids through porous medium
is a topic of great interest due to its applications in engi-
neering, geo-fluid dynamics and biomechanics. In biolog-
ical systems such flows can be observed in kidneys, lungs,
small blood vessels, cartilage and bones. The tissues of the
human body can be regarded as deformable porous media.
Some other applications included are polymer technology,
the mechanics of cochlea in the human ear, physiology,
orthopedics, blood flow and cardiology. The study of
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porous medium can help in examining the flow in a vessel
when the luminal surface of endothelial layer is attached
with glycocalyx, which contains a series of micro-mole-
cules and adsorbed plasma proteins (Maiti and Misra
2012). In the realm of physiological fluid dynamics, it is
often required to have an estimate of a variety of fluid
mechanical variables when some physiological fluid has to
pass through porous structures. Due to this and its wide
range of applications, many researchers have modelled the
flow of different fluids through porous media [see the
references (Elshehawey et al. 2006; Maiti and Misra 2011;
elmaboud and Mekheimer 2011; Tripathi et al. 2015) and
some more references there in].

Heat transfer phenomenon has wide range of applica-
tions in industrial and engineering processes including
nuclear reactor cooling, space cooling, energy production,
biomedical sciences. For example, in hemodialysis and
oxygenation, it is used to obtain information about the
properties of tissues, hypothermia treatment, sanitary fluid
transport, blood pump in heart-lung machines, transport of
corrosive fluids, laser therapy and coldness cryosurgery, as
a mean to destroy undesirable tissues, including cancer.
Heat transfer involves many complicated processes in tis-
sues such as heat conduction, heat convection due to blood
flow through tissue pores, metabolic heat generation and
external interactions such as, electromagnetic radiation
emitted from electronic devices (Khaled and Vafai 2003).
Many conventional fluids such as water, ethylene glycol
and engine oil may impose restrictions in several thermal
processes due limited capabilities in terms of thermal
properties. Moreover, most solids in particular metals, have
one to three times higher thermal conductivities than
conventional fluids. The fluids consisting of solid particles
have enhanced thermal conductivities. The blood flow rate
can be approximated by a technique in which heat is pro-
duced locally or injected and the thermal clearance is
monitored (Hayat et al. 2015). Blood carries a large
quantity of heat to different parts of the body. In view of
these applications, researchers have studied the heat
transfer effects in the peristalsis. For instance, Akbar and
Nadeem (2011) have presented a perturbation solutions for
the peristaltic flow of a Jeffrey-six constant fluid in a non-
uniform tube under the assumptions of long wavelength
and low Reynolds number. Akram and Nadeem (2013)
have discussed the peristaltic motion of a two dimensional
Jeffrey fluid in an asymmetric channel under the effects of
induced magnetic field and heat transfer. They have
obtained the exact and closed form Adomian solutions
under the long wavelength and low Reynolds number
approximation. Akbar (2015) has given the exact analytical
solution for the peristaltic flow in a tube with entropy
generation and energy conversion rate. Hayat et al. (2016)
have analyzed the magnetohydrodynamic peristaltic

transport of Prandtl fluid in a channel with flexible walls
using large wavelength and small Reynolds number
assumptions. Recently, the study of entropy generation has
become a topic of interest for numerous researchers due to
its extensive use in heat exchangers, electronic cooling,
turbo machinery, solar collectors, chemical vapor deposi-
tion instruments and combustions. In view of this, the
improvement of thermal systems has gained a
notable consideration. Thermal systems have been ana-
lyzed by employing the second law of thermodynamics.
According to the second law of thermodynamics the
accessible energy is always demolished mostly or abso-
lutely and terminated quantity of energy is proportional to
the entropy production. The execution of thermal gadgets is
continuously transformed by irreversible dissipation that
leads to an expansion of entropy and decline of thermal
proficiency. Along these facts, the entropy generation
decays or minimizes the decimation of energy identifica-
tion with the best productive energy framework plan. In
engineering and industrial systems there are several refer-
ences for entropy generation (Hayat et al. 2017). Heat
transfer, viscous dissipation, radiation and electrical con-
duction are the basic sources of entropy generation in
thermal systems. Bejan (1980, 2001) explained the differ-
ent constructive factors beyond the entropy generation in
applied engineering, where spoliation of available work of
a system exists throughout the entropy creation, and
reviewed the entropy generation minimization of flow
configurations in engineering flow systems. In view of this,
several researchers (Srinivasacharya and Hima 2016;
Basak et al. 2012) have studied the irreversibility shapes
and entropy generation for different geometries. Mass
transfer refers to the movement of mass from one loca-
tion/component to another. In a variety of engineering
processes, mass transfer is of common occurrence. Partic-
ularly, in the field of chemical engineering, the study of
mass transfer is of vital importance, more specifically in
the branches of heat transfer engineering, separation pro-
cess engineering and reaction engineering. The rate at
which mass transfer takes place depends on flow pattern
and diffusivity (Misra et al. 2018).

The combined effect of heat and mass transfer is very
useful in chemical industry and in reservoir engineering
due to thermal recovery process and may be found in salty
springs in the sea. Heat and mass transfer effects are quite
prevalent in hemodialysis, oxygenation and nutrients dif-
fuse out of the blood vessels to the neighboring tissues,
design of chemical processing equipment, formation and
dispersion of fog, damage of crops due to freezing, food
processing, cooling towers, distribution of temperature and
moisture over grove fields (Raissi et al. 2016). Due to
aforesaid applications, many researchers have focused their
attention in the field of peristalsis with the effects of heat
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and mass transfer. Hina et al. (2012) have worked on the
fundamental problem of peristalsis with heat and mass
transfer in the presence of a chemical reaction under the
long wavelength, low Reynolds number and small Grashof
number approximations. Tripathi (2013) presented an
analytical and computational studies on the transient peri-
staltic heat flow through a finite length porous channel
under the assumptions of low Reynolds number and long
wavelength. Hayat et al. (2016) have addressed the mixed
convective peristaltic flow of Carreau-Yasuda fluid boun-
ded in a compliant wall channel. Hayat et al. (2016) have
dealt with the influence of inclined magnetic field on
peristaltic flow of an incompressible Williamson fluid in an
inclined channel with heat and mass transfer. Bhatti et al.
(2017) have analyzed heat and mass transfer with the
transverse magnetic field on the peristaltic motion of two-
phase flow (particle fluid suspension) through a planar
channel.

The theory of couple stress fluids by Stokes (1966),
considers the couple stresses in addition to the classical
Cauchy stress. This simplest generalization of the classical
fluid theory also allows polar effects such as the presence of
couple stresses and body couples. When additives are mixed
in the fluids (such as lubricants, oils and greases), the forces
present in the fluids oppose the forces of additives. This
opposition makes a couple force. This force induces a
couple stress in the fluid/lubricant. The couple stress fluid
model is capable of describing various complex fluids
including liquid crystals, polymeric suspensions that have
long chain molecules, animal and human blood, infected
urine and many lubricants (Ramesh 2016). Due to these
exciting applications, many researchers have made their
contributions in different flow problems of couple stress
fluid in various situations [see the references (Adesanya
et al. 2015; Ramesh 2016) and some more references
therein]. The aforementioned works have been presented
for mathematical models consisting of non-linear differen-
tial equations and linear boundary conditions as a result of
no-slip conditions. It is widely accepted that no-slip con-
dition in polymeric liquids with high molecular weight is
not appropriate and fails in many problems like thin film
problems, rarefied fluid problems, fluid motion inside the
human body and flow on multiple interfaces. It is also
known that slip effects may appear for two types of fluids
such as rarefied gases and fluids with elastic characteristics.
In such fluids, slippage appears as a result of large tan-
gential traction. It is clear from few experiments that the
occurrence of slippage is possible in the non-Newtonian
fluids (i.e. polymer solution and molten polymer). In gen-
eral, in the study of fluid—solid surface interactions, the
concept of slip of a fluid at a solid wall serves to describe
macroscopic effects of certain molecular phenomena. In
many applications, the flow pattern corresponds to a slip
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flow, the fluid presents a loss of adhesion at the wetted wall,
making the fluid slide along the wall (Tripathi and Beg
2015). The fluids that exhibit slip effect have many appli-
cations for instance, the polishing of artificial heart valves
and internal cavities (Ellahi et al. 2012). A little research
has been done by the researchers in the direction of peri-
staltic problems with the slip conditions. In view of this,
recently many researchers are focused their attention on the
peristaltic fluid flow problems using slip boundary condi-
tions. For instance, Akbar and Nadeem (2012) have dis-
cussed the peristaltic flow of an incompressible six constant
Jeffrey’s fluid model under the long wavelength and low
Reynolds number approximations. Shit et al. (2016) have
developed a mathematical model for the peristaltic transport
of magnetohydrodynamic flow of bio-fluids through a
micro-channel with rhythmically contracting and expand-
ing walls under the influence of an applied electric field.
Javed et al. (2016) have attempted the problem to address
the peristaltic transport of Walters-B fluid in a compliant
wall channel. Some more recent relevant studies can be
found in the references (Shit and Ranjit 2016; Hayat et al.
2016; Ellahi et al. 2015, 2016; Bhatti et al. 2016; Akbar-
zadeh et al. 2016; Tripathi and Beg 2014; Shirvan et al.
2017; Bhatti et al. 2017) and the references therein.

It is well known fact that, many ducts in physiological
systems are neither horizontal nor vertical but have some
inclination with the axis. Entropy generation for the peri-
staltic flows has not gained much attention by researchers.
With this and aforesaid motivations in mind, the aim of the
present analysis is to discuss the entropy generation on the
peristaltic flow in an inclined asymmetric channel under
the various effects such as, inclined magnetic field, porous
medium, Joule heating, chemical reactions, slip and con-
vective boundary conditions. The entropy generation
number due to heat transfer, radiation, magnetic field, heat
generation and fluid friction is formulated. Using long
wavelength and low Reynolds number approximations we
have simplified the governing equations. The exact solu-
tions for the velocity, pressure gradient, temperature and
concentration profiles are obtained. The effects of pertinent
parameters in the present model have been shown through
the graphs.

2 Mathematical formulation and solution

We consider the peristaltic flow of incompressible non-
Newtonian fluid (couple stress fluid model) in an infinite
two-dimensional inclined asymmetric channel of width
H; + H,. The channel asymmetry is produced due to the
channel having different phase difference and amplitudes.
The channel is considered with the inclination angle ¢ to
the horizontal axis. We choose Cartesian coordinate system
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in such a way that X-axis is taken along the axial direction
and Y-axis is transverse direction of the flow. The flow is
governed by the sinusoidal waves with different amplitudes
and phases moving at a constant speed ¢ along with the
walls of the channel. The fluid is electrically conducting in
the presence of an applied uniform magnetic field By
making an angle f/* with the vertical axis. The effects of
induced magnetic field is negligible due to small magnetic
Reynolds number. The fluid flow is considered through
homogeneous porous medium. The wall configuration is
such that H; and H, represent the positions of upper and
lower walls of the channel respectively. The geometry of
the wall surfaces is defined as

Hi(X,t) =d +a cos(z)—ir(X—ct)>, (1)
2n
Hy(X,t) = —d, — ap cos (7 (X —ct)+ (}5), (2)

where a; and a, are the wave amplitudes, A is the wave-
length, ¢ is the velocity of propagation, 7 is the time and
X is the direction of wave propagation. The phase differ-
ence ¢ varies in the range 0 <¢ <m, in which ¢ =0
corresponds to symmetric channel with waves out of phase
and ¢ = m corresponds to that with waves in phase, and
further a,, ay, dy, d and ¢ meet the following relation
a2+ d} + 2a1ay cos ¢ < (dy + dy)*.

In the fixed frame, the continuity, momentum, energy
and concentration equations for an incompressible mag-
netohydrodynamic couple stress fluid through porous
medium in an inclined peristaltic channel in the presence of
inclined magnetic field, in the absence of body couples are

V.V =0, 3)

DV
— = —VP+ uV*V —yV*Vv B+R
P +u nA +J xB+ @)

+ pg(singi — cos ¢jf),

DT ) o, 1

=k -], 5
Py =K VT +® — =54 —J.J + 0, (5)
DC , . DKr_,
=~ _D il v _
i = PVCH+ VT —k(C = C), (6)

in which, R is the Darcy’s resistance in the porous medium,
is given by

u
R=-

k (

T Ui + Vj), (7)

an inclined magnetic field of strength By has the following
form

B = (Bysin B*, By cos §*,0), (8)

the current density J expression is given by
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J=0a(V xB). 9)
The above equation and the Eq. (8) yield
J = 06Bo(Ucos * — Vsin ), (10)

J x B = —cB?cos f*(Ucos f* — Vsin f*)i ()
+ 6B sin f*(U cos f* — Vsin f*);.

The expression for the Joule heating can be written in the
form

1
—J.J = oB}(U? cos® B* + V*sin®> B* — 2UV sin f* cos ),
o

(12)

the viscous dissipation @ satisfy the following equation
D =pul|2 a—U2+alz + 6£+612
—HA \ax) Ty o T ox
RN 2+ v oV ?
0Xx2 = oy? 0Xx2  oy?
and the radiative heat flux ¢, satisfies

40" OT*
-T2 14
4 3o 0Y (14)

+n

)

Assuming the temperature difference within the flow to be
small and expanding T* about T, by Taylor series, we have

T* ~ 4T3T — 3Ty, (15)

combining the Egs. (14) and (15), radiative heat flux ¢, can
be written as

166*T; 0T
30t Y’
where V is the velocity field, p is the fluid density, D / Dt
represents the material time derivative, ¢ is the time, P is

the pressure, u is the dynamic viscosity, # is material
constant associated with couple stresses, g is the acceler-

(16)

qr =

ation due to the gravity, i and f are the unit vectors, ¢, is the
specific heat at constant pressure, 7 is the temperature, k* is
the thermal conductivity, ¢ is the electrical conductivity of
the fluid, Qy is the constant heat generation parameter, C is
the concentration, D is the coefficient of mass diffusivity,
K7 is the thermal diffusion ratio, 7, is the mean temper-
ature, k is the chemical reaction parameter, kq is the per-
meability of porous medium, U and V are the components
of velocity along X and Y —directions respectively, 5~ is the
inclination angle of magnetic field, ¢* denotes the Stefan—
Boltzmann constant and o* the mean absorption coefficient.

Using the Egs. (7), (11), (13) and (16), in the Egs. (3)-
(6), the equations of the present problem become
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The appearance of static and wave structures is connected
by the subsequent associations

x=X—cty= Y,u(x,y) = U(Xa Y7t) - c,v(x,y)

— VX, Y.1).p(x.y) = P(X. Y.1) 22)

where u, v and p are velocity components and pressure in
the wave frame respectively.

The Egs. (17)—(21), under the relations (22) convert to
the wave frame and these are given by
Ou 0Ov

T 2
oy 0, (23)
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The appropriate convective boundary conditions are given
as follows:

oT _ oC
Kha—yzfnh(Tle), K,,,a—y:fnm(CfCl) aty = hy,
(28)
T _ oC _
Kha—y: —n,(To — T), K’"a_y: —,,(Co—C) aty=hy,
(29)

where k;, and k,, are the heat and mass transfer coefficients
respectively, #, and 5, are respective the thermal con-
ductivity and the mass diffusivity coefficients.

The variables are rendered non-dimensional by using the
following quantities
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where 6 is the dimer.lsionless wave number, Re i's the 0 1 80 2629 020
Reynolds number, M is the Hartmann number, D, is the Red ”a + 5"5 ~ S 0 ) + == 0y?
Darcy number, v is the couple stress fluid parameter, Pr is 20 20 (34)

the Prandtl number, 0 is the dimensionless temperature and
@ is the heat generation parameter, Br is the Brinkman
number, Fr is the Froude number, Ec is the Eckert number,
Q is the dimensionless concentration, Sc is the Schmidt
number, Sr is the Soret number, Rn is the thermal radiation
parameter, v is the chemical reaction parameter, f§ is the
slip parameter, Bh is the heat transfer Biot number and Bm
is the mass transfer Biot number.

Using the above dimensionless parameters in the
Egs. (23)—(27), the governing equations of the fluid flow,
after dropping the bars become

ou Qv
0—+—=0 30
oy O (30)
ou 1 Ou op ,%u  d%u
Reo(utp -y M) = P (plU, U
¢ <”ax+5vay) 6x+( o Top
1 (.40u , 0'u o*u
‘«7(5 o P e T (31)

— M?cos f[(u+ 1) cos f* — vsin 7]

1 ( +1)+Re .
——\u —SIing¢
D, Fro 7

+S}"<52ﬁ+—> —199—6‘1.

The non-dimensional velocity components (#, v) in terms
of stream function r are related by the relations u = % and
v=—-90 % Notice that the equation of continuity (30) is

identically satisfied and the governing equations (31)—(34)
become

Reé[(a‘/’a—wa> a‘q _ <52 oy +a3l//>
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The long wavelength (6 ~ 0) and low Reynolds number
(Re = 0) approximations are used throughout our analysis
for peristaltic type flows. Such validations remain appli-
cable for the case of chyme transport in small the intestine
(Wang et al. 2011). In this case half width is @ = 1.25 cm
and A = 8.01 cm. Here half width of the intestine is small
compared to the wavelength of peristaltic wave i.e. a/1 =
0.156. Mustafa et al. (2014) concluded that the Reynolds
number for fluid in small intestine is small. Such assump-
tions also hold good for the human ureter.

Under these assumptions the dimensionless forms of the
Egs. (35)-(38) can be reduced to

a—pZGB—‘/j—ias—f— <M2cos2ﬁ*+i> <%+1)

ox 0y’ 20y D,/ \dy
+ Re sin
Frome
(39)
op
&P_ 4
oo, (40)
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bl 42
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The dimensionless boundary conditions can be written in
the form

F ooy _ o xp

¢:§7 i *Jrﬁ

o0 oQ

a—y+Bh(9—l) 0, a—y—i—Bm(Q—l):O aty = hy,

(43)
F 3 2

00 ’ Q ’ ’ (44)
——Bh0 =0, ——BmQ=0 aty=h,,

Oy Oy

in which F is the dimensionless time mean flow rate in the
wave frame and it is related to the dimensionless time
mean flow rate ® in the fixed frame by the following
expression

hn al//

®O=F+1+d, F= —
h Qy

dy, (45)
where h; = 1 + acos(2nx) and hy = —d — bcos(2nx + ¢)
represent the dimensionless forms of the surfaces of the
peristaltic walls, and a, b, d and ¢ satisfy the relation
a® + b* + 2ab cos ¢ < (1 +d)*.

Using Egs. (39)—(42), with boundary conditions (43)—
(44), the exact solutions for the stream function, pressure
gradient, temperature and concentration are given as
follows:

l// = ( 1y +A2) +A3 Cosh(mly) +A4 smh(mly)

(40)
+ A5 cosh(may) + A sinh(myy),
op A S| Re .
axyz(M cos” f§ +D—a +ﬁsmg, (47)
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0 = C; cosh((m; + my)y) + C; cosh((m; — m,)y)
+ Cssinh((m + my)y) + Cy sinh((m; — my)y)
+ Cs cosh(2m,y) + Ce cosh(2myy) + C7 sinh(2m;y)
+ Cg sinh(2my,y) 4+ Cy cosh(m;y)
+ Cyo cosh(myy) + Cy sinh(m;y) + Cy; sinh(m,y)
+ Ci3y* + Cay + Cis,
(48)

Q = D, cosh(mszy) + D; sinh(msy) + D3 cosh((m; 4+ my)y)
+ Dy cosh((m; —my)y)
+ Ds sinh((m; + my)y) + Dg sinh((m;
+ D7 cosh(2m;y) + Dg cosh(2m,y)
+ Dg sinh(2m;y) + Do sinh(2myy) + Dy cosh(m,y)
+ Dy, cosh(mypy) + D3 sinh(myy)
+ Dy4 sinh(myy) + D;s,

—m)y)

(49)
where n;, m’s (i=1-3), A’s (G=1-6), C/’s
(!l=1-15), and Dy’s (f =1—15), can be obtained
through simple algebraic computations.
The expression for heat transfer coefficients at the walls
hy and hy are given by

_ 0h; 00

n = 6 and Zjy, = A B (50)

The expressions for the coefficients of heat transfer from
the Egs. (48) and (50) are
Zp, = —2ansin(2nx)[Cy (my + my) sinh((m; + my)y)
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(52)

The dimensionless Nusselt number Nu and Sherwood
number Sh at the peristaltic wall y = h; are obtained by the
relations

o0 0Q
—(=) . sh=—(—) . 53
<ay> y=h <6y ) y=h ( )

3 Entropy generation analysis

Nu =

The inherent irreversibility in the channel flow of a couple
stress fluid arises due to the exchange of energy and
momentum, within the fluid and at solid boundaries.
Accordingly, the entropy production may occur as a result
of fluid friction, radiation, heat generation and heat transfer
in the direction of finite temperature gradients. The entropy
generation can be defined in the wave frame as follows

Akbar (2015)

o ((ATV (1Y 160 T3 (T

G_Tg ox dy 3a*k* \ Qy

2 a_u 2+ @ ’ + a_qu@ :
ox Oy dy Ox

6x2 0y2 0xz  0y?

u
+T0

_|__

2
+£((u+c) cos® f* + v*sin’ 8
Ty
—2(u+ c)vsin f cos f* )—l—%. (54)
0

The non-dimensional form of entropy generation, using the
relations of stream functions and long wavelength
assumption, can be reduced to
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Fig. 1 Effect of different fluid parameters on the velocity profiles

o0\ Br [ [*y\® 1 [Py
o= () ((52) 5 (59)
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o EE P (P hid
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(55)

where A = (T} —Tp)/T,y is the temperature difference
parameter, Ns = S¢/Sg,, in which, S¢ is the dimensionless
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form of entropy generation number, Sg, = k*(T) —
To)*/T3d? is the volumetric entropy generation and N is
the ratio of actual entropy generation rate to the reference
volumetric entropy generation. The total entropy genera-
tion in the equation (55) can be written as the sum

NSZNH+(Nv+NM+NG) = Ny + Np, (56)



Microsystem Technologies (2019) 25:151-173

161

80,
—Newtonian fluid
6ok —Couple stress fluid
X
Sy
ks)
20F
M=0123
00 0f2 0?4 076 08 1
X
(a)

—Newtonian fuid
—Couple stress fluid

(e)

60 . .
& —Newtonian fluid
—Couple stress fluid
40F y
X
g 30
]
20F
10F
. ¢=0, 7r/(3‘, w3, 7z/2| :
00 02 04 06 08 1
X
(b)
—Newtonian fluid
—Couple stress fluid
Da=02 03,05, x4
02 04 06 08 1
X
(d)
35 r . . .
0 —Newtonian fluid
2} —Couple stress fluid
X o0t
820
) 15p
10F
5

¢=0, 76, w3, 72

Fig. 2 Effect of different fluid parameters on the pressure gradient profiles

where Ny denotes the entropy generation due to heat
transfer, Ny is the entropy generation due to fluid friction,
Ny is the entropy generation due to magnetic field, and Ng
entropy generation due to heat generation. Further, Ng can
be treated as the entropy generation due to combined
effects of fluid friction, magnetic field and heat generation.
The Bejan number Be is a parameter that measures the
irreversibility ratio in the heat flow defined as

CO 0T2 04 06 08 1
X
®
Ny 1 N
Be="H_ o 0B 57
=N 13E TN, (57)

where parameter ¢ is the irreversibility ratio that measures
the rate of destruction of available work in the flow system.
The Bejan number is bounded in the interval 0 < Be <1.
The irreversibility due to heat transfer is dominant when
Be = 1, while the irreversibility due to fluid friction, heat
generation and magnetic field is dominant when Be = 0
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Fig. 3 Effect of different fluid parameters on the temperature profiles

and Be = 0.5 is the case where the contributions of both
heat and fluid friction to entropy generation are equal.

4 Results and discussion
This segment is devoted to study the physical impact of

important quantities velocity u, pressure gradient dp / dx,
temperature 0, heat transfer coefficient Z,,, concentration
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Q, entropy generation Ns and Bejan number Be graphi-
cally. The behavior of different wave forms is also dis-
cussed in the form of streamlines. The results of Nusselt
number Nu are presented in terms of tabular forms. A
comparison for the Newtonian fluid model and couple
stress fluid model is also presented. In all the situations the
same behavior is observed for Newtonian fluid and couple
stress fluid models.
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Fig. 4 Effect of different fluid parameters on the heat transfer coefficients

4.1 Velocity characteristics

Figure 1 is prepared to analyze the impacts of Hartmann
number M, slip parameter 5, Darcy number Da, inclination
angle of magnetic field §*, volume flow rate ® and phase
difference ¢ on the axial velocity. It is observed from
Fig. 1 that, the velocity profile traces a parabolic trajectory
with maximum value occurring near the center of the
channel. It is also observed that, the higher velocity profiles
can be seen in couple stress fluid model as compared to the

Newtonian fluid model near the center of the channel.
Figure 1a shows that, the velocity profile decreases near the
center of the channel and increases near the boundaries
with increase of Hartmann number. This is for the reason
that, the application of the transverse magnetic field plays
the role of a resistive type force (Lorentz force) similar to
drag force (that acts in the opposite direction of the fluid
motion), which tends to resist the flow thereby reducing its
velocity. This result is in good agreement with the refer-
ences (Akbar 2015; Ramesh 2016). It is noted from Fig. 1b
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Table 1 Variation of Nusselt number for various values of heat
generation parameter

X @

1 2 3 4
0.0 0.5991 1.4134 22276 3.0419
0.1 0.4284 1.0945 1.7606 2.4267
0.2 0.2088 0.6906 1.1723 1.6540
0.3 0.0053 0.3369 0.6686 1.0002

Table 2 Variation of Nusselt number for various values of Hartmann
number

X M

0 1 2 3
0.0 1.6605 1.8043 2.1862 2.7507
0.1 1.2826 1.4171 1.7588 2.2421
0.2 0.7837 0.9172 1.2258 1.6172
0.3 0.3080 0.4687 0.7927 1.1322

Table 3 Variation of Nusselt number for various values of thermal
radiation parameter

X Rn

0.0 0.1 0.2 0.3
0.0 3.9280 3.5350 3.2076 2.9305
0.1 3.2325 2.8988 2.6206 2.3852
0.2 2.2610 2.0089 1.7989 1.6211
0.3 1.1872 1.0255 0.8908 0.7768

Table 4 Variation of Nusselt number for various values of velocity
slip parameter

x B

0.0 0.2 0.4 0.6
0.0 2.0839 1.8977 1.8252 1.7889
0.1 1.7413 1.5182 1.4390 1.4011
0.2 1.2690 1.0137 0.9372 0.9030
0.3 0.4991 0.4888 0.4740 0.4643

that, the velocity increases near the boundary of the peri-
staltic walls and decreases near the center of the channel
with increase of slip parameter. It is physically justified
because, when the slip occurs at the boundary, the velocity
of the fluid near the boundary is no longer equal to that of

@ Springer

the boundary, and the more the fluid slips at the boundary,
the less its velocity is affected by the motion of the
boundary. The velocity increases near the center of the
channel and decreases near the peristaltic walls with
increase of Darcy number (see Fig. 1c). This result gives
that, the velocity increases from porous medium to clear
medium near the center of the channel. This observation is
physically realistic by the fact that, a more permeable
porous medium will provide less resistance to the fluid flow
and consequently there is an increase in the velocity of
fluid. The similar behavior can be seen with increase of
inclination angle of magnetic field (see Fig. 1d). It is
depicted from Fig. le that, the velocity is an increasing
function of volume flow rate. It is observed from Fig. If
that, the velocity decreases near the lower wall and the
trend is reversed near the upper wall with increase of phase
difference.

4.2 Pumping characteristics

Figure 2 is sketched to analyze the impacts of Hartmann
number M, inclination angle of the channel ¢, slip param-
eter 5, Darcy number Da, inclination angle of magnetic
field f* and phase difference ¢ on the pressure gradient. It
is observed from the figure that, more pressure gradient is
required for couple stress fluid as compared to the New-
tonian fluid to maintain the given volume flow rate. It is
also noticed from this figure that, in the wider part of the
channel x € [0,0.2] and x € [0.7, 1], the pressure gradient is
small, so the flow can be easily passed without the impo-
sition of large pressure gradient. However, in the narrow
part of the channel x € [0.2,0.7], the pressure gradient is
large, that is, a much larger pressure gradient is needed to
maintain the same given volume flow rate. This is in good
agreement with the physical situation. It is noted from
Fig. 2a that, the pressure gradient increases with increasing
values of Hartmann number. It clearly shows that, when the
strong magnetic field is applied to the flow field then higher
pressure gradient is needed to pass the flow in the channel.
This outcome suggests that, fluid pressure can be controlled
by the application of suitable magnetic field strength. This
phenomenon is useful during surgery and critical operation
to control excessive bleeding. The similar behavior is
observed in Akbar (2015). The similar trend is seen with
increase of inclination angle of the channel (see Fig. 2b). It
is also noticed that, the pressure gradient increases from
horizontal channel to vertical channel. It is depicted from
Fig. 2c that, the pressure gradient is a decreasing function
of Darcy number, this implies that, the larger pressure
gradient is required to push the fluid in the presence porous
medium as compared to the clear medium. It is well
agreement to the physical situation. In the absence of slip
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Fig. 5 Effect of different fluid parameters on the concentration profiles

velocity a larger pressure gradient is required in the wider
and narrow part of the channel to maintain the given vol-
ume flow, the trend is reversed in the presence of slip
effects (see Fig. 2d). It is clear from Fig. 2e that, the
pressure gradient is an increasing function of inclination
angle of the magnetic field. It is observed from Fig. 2f that,
with an increase of phase difference, the pressure gradient
decreases in the narrow part of the channel and increases in
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the wider part of the channel. Moreover, the narrow region
is shifted to the left side with an increase in phase differ-
ence and a lesser amount of pressure gradient is required to
pass the flow in the wider part of an asymmetric channel
compared to the symmetric channel. However, it is quite
opposite in the wider part of the channel.
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Fig. 6 Effect of different fluid parameters on the entropy generation profiles

4.3 Heat and mass characteristics

Variations in the temperature distribution have been
designed in Fig. 3 for different values of Darcy number Da,
heat generation parameter @, Brinkman number Br, ther-
mal radiation parameter Rn, Prandtl number Pr and heat
transfer Biot number Bh. It is observed from this fig-
ure that, the temperature profiles are almost parabolic in
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nature and the higher temperature is seen near the center of
the channel. It is also noticed that, in all the situations, the
temperature is high for the couple stress fluid model and
low for the Newtonian fluid model. It is depicted from
Fig. 3a that, the temperature of the fluid is an increasing
function of Darcy number. This result due to the porous
medium of the channel which disturbs the fluid velocity. As
a result the temperature of fluid is raised. This shows that,
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Fig. 7 Effect of different fluid parameters on the Bejan numbers

the higher temperature can be seen in clear medium and
lower temperature is seen in porous medium. The tem-
perature increases with increase of heat generation
parameter (see Fig. 3b). It is noted from Fig. 3c that, the
temperature increases with increase of Brinkman number.
It is due to the fact that, an increase in the values of
Brinkman number rises the resistance offered by shear in
flow which in turn increases the heat generation due to the
viscous dissipation effects and hence the temperature of the
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fluid increases. It is noticed from Fig. 3d that, for larger
values of radiation parameter the temperature decreases. It
is in fact due to the loss of heat. The temperature profile is
shown in Fig. 3e for different Prandtl numbers of mercury,
saturated ammonia, saturated water and isobutane. It is
observed from this figure that, the temperature increases
with an increase in Prandtl number. Moreover, the higher
temperature is seen in isobutane, whereas the lower tem-
perature occurs in mercury. It can be seen from Fig. 3f that,
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05 0 05

Fig. 8 Streamlines for Newtonian fluid (left panel) and couple stress fluid (right panel) models for various values of Hartmann number

the temperature is a decreasing function of Biot number. It
is due to increasing of Biot number reduces the thermal
conductivity which causes reduction of the temperature
profile. The impression of heat transfer coefficient at the
upper wall under the effect of peristalsis is illustrated in
Fig. 5. It is depicted from this figure that, heat transfer
coefficient is oscillatory. This is due to propagation of
sinusoidal waves along the channel walls. It is observed
from Fig. 4a—c that, the heat transfer coefficient increases
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in magnitude with an increase of Darcy number, heat
generation parameter and Brinkman number. The opposite
behavior is observed with increase of thermal radiation,
Prandtl number and inclination angle of magnetic field (see
Fig. 4d—f). The variations of Nusselt number with different
parameters can be observed through the Tables 1, 2, 3 and
4. Tt is depicted from these tables that, Nusselt number ia an
increasing function of heat generation parameter and
Hartmann number. The trend is reversed with increase of
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Fig. 9 Streamline patterns for different values of phase difference

thermal radiation and slip parameter. The effect of the
dimensionless parameters such as, Hartmann number M,
Brinkman number Br, Soret number Sr, chemical reaction
parameter ¢, velocity slip parameter § and mass transfer
Biot number Bm on concentration is depicted in Fig. 5. It is
observed from this figure that, higher concentration is
observed in magnitude for the couple stress fluid model as
compared to the Newtonian fluid model. It is depicted from
Fig. Sa—c that, the concentration decreases with increase of

N

05 0.5

Hartmann number, Brinkman number and Soret number.
The trend is reversed with increase of chemical reaction
parameter, velocity slip parameter and mass transfer Biot
number (see Fig. 5d—f).

4.4 Entropy generation

Figure 6 is prepared to analyze the entropy generation Ns
with respect to change in different physical constraints
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Fig. 10 Streamline profiles for various wave forms with no-slip condition

such as Hartmann number M, heat generation parameter @,
Brinkman number Br, thermal radiation parameter Rn,
Prandtl number Pr and thermal Biot number Bh. It is
observed from this figure that, the higher entropy genera-
tion can be seen in the couple stress fluid model and the
lower entropy generation is observed in Newtonian fluid
model. It is also notes that, It has larger values near the
walls of the channel as compared to the center of the
channel. It is seen from Fig. 6a—c that, the entropy gener-
ation enhances with increase of Hartmann number, heat
generation parameter and Brinkman number. Entropy
generation reduces when thermal radiation and Prandtl
number are enhanced (see Fig. 6d, e). It is depicted from
Fig. 6f that, entropy generation increases near the lower
wall and decreases near the upper wall with increase of
thermal Biot number. Figure 7 is sketched to analyze the
Bejan number with respect to change in different physical
constraints involved. Figures 7a—c depict that, with
increase of Hartmann number, heat generation parameter
and Brinkman number, heat transfer irreversibility is high
as compared to the total irreversibility due to heat transfer,
fluid friction, heat generation and magnetic field near the
channel walls. The opposite trend is observed at near the
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center of the channel. The opposite behavior is observed
with increase of thermal radiation and Prandtl number (see
Fig. 7d, e). It is observed from Fig. 7f that, the Bejan
number increases near the lower wall and decreases near
the upper wall with increase of thermal Biot number.

4.5 Trapping phenomenon

The trapping phenomenon may be looked upon as the
formation of an internally circulating bolus in the moving
fluid. This trapped bolus is completely enclosed by peri-
staltic wave and hence moves ahead along with wave at
same velocity. The concept of trapping phenomenon on the
peristaltic pumping of a fluid was introduced by Shapiro
et al. (1969). The trapping phenomenon is prepared in
Fig. 8 for various values of Hartmann number for Newto-
nian fluid and couple stress fluid models. In this figure, the
left panels (a), (c) and (e) belong to the Newtonian fluid
model and the right panels (b), (d) and (f) correspond to
couple stress fluid model. It is observed from this fig-
ure that, when Hartmann number increases, the size of the
trapped bolus decreases in both fluid models. It is also
found that, the number of closed streamlines are greater in



Microsystem Technologies (2019) 25:151-173

171

Fig. 11 Streamline profiles for various wave forms with slip condition

the Newtonian fluid model as compared with couple stress
fluid model. Figure 9 is sketched to see the behavior of
trapping phenomenon for various values of phase differ-
ence. It is evident that, as phase difference increases, the
trapping bolus decreases and when it reaches to 7, the
trapping disappears. Moreover, with increase of phase
difference, the bolus moves forward with decreasing effect.
It is also observed that, the size of trapping bolus is high in
the symmetric channel and low for asymmetric channel.
Latham (1966) in his experiments, he has given a detailed
information about the different wave shapes because of
various applications in physiology and industry. In view of
this, we have considered six different wave forms namely
sinusoidal wave, multi sinusoidal wave, trapezoidal wave
and square wave. Figures 10 and 11 provide the variations
of slip parameter on the trapping phenomenon for different
wave shapes. It is observed from these figures that, the size
of the trapped bolus increases with increase of slip
parameter in all the wave forms.

03 04 05 06 07

X
(b)
-1ﬁ
05 0 05
X
(d)

5 Conclusions

In the present paper, we have examined the effects of
entropy generation and thermal radiation on the peristaltic
transport of incompressible couple stress fluid in an
inclined asymmetric channel through homogeneous porous
medium. The effects of inclined magnetic field, Joule
heating, chemical reactions, slip and convective conditions
are also taken into account. The governing differential
equations for momentum, energy, entropy generation and
concentration are modeled and simplified under the long
wavelength and low Reynolds number approximations.
The exact solutions are presented for stream function,
pressure gradient, temperature and concentration. The
pertinent parameters appear in the problem have discussed
through graphs and tabular forms. Comparison study is
made for both Newtonian and couple stress fluid models.
The main findings are observed in the present study as
follows:

e Velocity of the fluid increases with increase of Hart-
mann number and slip parameter near the channel walls
while velocity decreases near the center of the channel.
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e Pressure gradient is an increasing function of Hartmann
number and inclination angle of the channel, and the
trend is reversed with increase of slip parameter, Darcy
number and inclination angle of magnetic field.

e Temperature is a decreasing function of radiation
parameter, Prandtl number and thermal Biot number.

e Heat transfer coefficient increases in magnitude with an
increase of Darcy number, heat generation parameter
and Brinkman number.

e Concentration is an increasing function of chemical
reaction parameter, velocity slip parameter and mass
transfer Biot number.

e Concentration profiles show the opposite behavior as
compared with temperature profiles.

e Entropy generation reduces when thermal radiation and
Prandt]l number are increased.

e The size of trapping bolus decreases with increase of
Hartmann number.

e The size of trapped bolus increases with an increase of
slip parameter in all the mentioned wave forms.
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