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Abstract For the designed nonlinear hybrid piezoelectric
(PE)—electromagnetic (EM) energy harvester, electrome-
chanical coupling state equations are established at stochas-
tic excitation, and vibration response, output mean power,
voltage and current are derived by statistical linearization
method. Then, effects of nonlinear strength, load resist-
ance and excitation spectral density on vibration response
and electric output of nonlinear hybrid energy harvester are
studied by theoretical analysis, simulation and experimen-
tal test. It is obtained that mean power of nonlinear hybrid
energy harvester increases linearly with acceleration spec-
tral density; the bigger nonlinear strength, the bigger out-
put power of energy harvester and the lower resonant fre-
quency are; besides, mean amplitude of nonlinear hybrid
energy harvester reaches the minimum at PE optimal load,
but it increases with EM load increasing. Compared with
linear hybrid energy harvester, the resonant frequency of
nonlinear energy harvester can be decreased by 57%, while
output power can be increased by 72%.

1 Introduction

Vibration energy harvesters, which can transfer the vibra-
tion energy into the electrical energy by piezoelectric,
electromagnetic and electrostatic mechanism, have been
improved largely (Tiwari et al. 2014; Yang et al. 2014).
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However, for linear energy harvesters, the larger bandwidth
and lower resonant frequency are the two main difficulties
when they are used in the practical environment (Camma-
rano et al. 2014). In the literatures, researchers have pro-
posed many methods to solve the above problems, among
which the nonlinear energy harvesting technique is one of
the feasible solutions (Liu et al. 2012; Karami and Inman
2011; Pellegrini et al. 2013; Sebald et al. 2011). Mann
and Foisal designed nonlinear EM energy harvester based
on magnet repulsion, and they obtained that the sizes of
magnet and distance between magnets can improve har-
vesting bandwidth (Mann and Owens 2010; Foisal et al.
2012). Maryam put forward the vibration energy harvester
model based on nonlinear damping, and obtained that out-
put power and bandwidth were better than linear energy
harvester (Maryam and Stephen 2014). Nonlinear PE
energy harvester designed by Al-Ashtari can adjust reso-
nant frequency by changing force between magnets, and
the resonant frequency of energy harvester can increase
70% (Al-Ashtari et al. 2012). Energy harvesting bandwidth
of MEMS PE energy harvester designed by Marzencki
can increase 36% through adjusting the structure stiffness
(Marzencki et al. 2009). Besides, Challa designed nonlinear
PE energy harvester by utilizing attractive force between
magnets, which can regulate the resonant frequency by
changing equivalent stiffness (Challa et al. 2008). In the
design, four magnets were applied, among two of them
were fixed on two sides of mass block, and the others were
placed on the framework opposite the mass block. Through
experimental test, it can be obtained that natural frequency
of linear energy harvester can be increased or decreased
20% by this technique. However, in the paper, the static
method was applied to analyze performances under sinu-
soidal excitation, and output characteristics of energy har-
vester under random excitation were not mentioned.
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Above references on nonlinear energy harvester were all
based on ideal harmonic excitation, while the practical appli-
cation environment of energy harvester is mainly random
vibration (Cottone et al. 2012; Blystad et al. 2010). There-
fore, research on output characteristics of energy harvester
under random excitation has much more practical signifi-
cance. For nonlinear energy harvester at random excitation,
Ferrari analyzed the response output of nonlinear PE energy
harvester, and derived that energy harvester can output much
more mean power at bistability, which can be utilized in
MEMS energy harvesting devices (Ferrari et al. 2010). Jiang
established analysis model of nonlinear PE energy harvester
by methods of statistical linearization method and FPK
(Fokker—Planck—Kolmogorov) equation. under Gaussian
white noise excitation, and obtained that the output voltage
increases with the spectral density of the random excitation
increasing; the output voltage decreases slightly with the
coefficient of cubic nonlinearity for small excitation spectral
density, while increases for large density (Jiang and Chen
2013, 2014). Others, Daqaq established working model of
monostable duffing-type nonlinear EM energy harvester, and
analyzed output characteristics of nonlinear energy harvester
under white noise and colored noise excitation through FPK
equation. It was concluded that that compared with linear
energy harvester, nonlinear damping can improve output
performances (Daqaq 2011, 2012). However, there is a most
dominant function, which makes output power reach maxi-
mum. Besides, by FPK equation. and equivalent lineariza-
tion method, Green deduced output characteristics of non-
linear EM energy harvester based magnetic spring, and got
that natural frequency of energy harvester can be regulated
with no change of structural mass and stiffness by means of
Monte Carlo simulation and experimental test (Green et al.
2012; Green et al. 2013). In addition, Kumar establish state
equation of coupled electromechanical characteristics by
FPK equation, and analyzed output voltage of nonlinear
energy harvester in different acceleration spectral density
(Kumar et al. 2014). Meimukhin analyzed output power of
nonlinear energy harvester based soft spring structure under
white noise excitation, and derived that nonlinear structures
with negative stiffness can be used to enhance the conver-
sion, and bistable oscillators performance considerably bet-
ter than their linear counterpart under band-limited excitation
(Meimukhin et al. 2013).

Besides, to improve the energy conversion efficiency and
application ranges, researchers proposed a kind of hybrid
energy harvesting technology by coupling PE and EM
mechanism together, which can benefit from the advantages
of two techniques simultaneously (Torsten and Armaghan
2010; Wu et al. 2008). For linear hybrid PE and EM energy
harvester, the authors have researched electromechani-
cal coupling model and performances under random and
harmonic excitation respectively (Li et al. 2015; Li et al.
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2014). For nonlinear hybrid PE and EM energy harvester,
the authors have established the working model under har-
monic excitation and output performances were studied by
simulation and experimental test (Li et al. 2016). In addi-
tion, Shan and Yang analyzed output characteristics of non-
linear energy harvester under harmonic excitation by theo-
retical modeling, numerical simulation and experimental
test respectively, and obtained energy harvesting bandwidth
of nonlinear hybrid energy harvester is three times as big as
energy harvester with single energy harvesting mechanism,
and its output power is much bigger (Yang et al. 2014; Shan
et al. 2013). However, Shan and Yang did not consider the
feedback effect of PE and EM electrical outputs to the
vibration response of harvesting system in their analysis,
and they did not involve performances of nonlinear hybrid
energy harvester under random excitation.

Therefore, in this paper, the authors designed a nonlin-
ear hybrid PE and EM energy harvester with adjustable
stiffness, and then its governing equations considering the
electromechanical coupling effect were established. By
means of statistical linearization method, expressions of
mean amplitude, output voltage, current and power of har-
vester under the random excitation were derived. Then, by
numerical calculation, simulation and experimental test, the
effects of nonlinear strength, power density of the excita-
tion, load resistance on amplitude, power output and the
natural frequency of nonlinear hybrid energy harvester
were studied and the results were compared with output
performances of linear hybrid energy harvester.

2 Nonlinear hybrid energy harvester model
2.1 Structural design
The designed nonlinear hybrid PE and EM energy har-

vester is shown in Fig. 1. The movable magnet as mass
is supported by double-clamped compound beam, and

N
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Fig. 1 Nonlinear energy harvester structure model
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two coils are placed above and below the movable mag-
net respectively. Besides, two magnets are fixed inside
the coils respectively, and their magnetic pole are oppo-
site to the mass magnet, which means the force between
the movable magnet and fixed magnet is attractive, so
the force can decrease the natural frequency of harvester.
Therefore, the stiffness of hybrid energy harvester can
be changed to adjust the vibration response because the
attractive force varies with the distance between the mag-
nets. In addition, piezoelectric layers polarized in the
beam thickness direction are died on the top surface of
beams, and based on piezoelectric effect and law of elec-
tromagnetic induction, PZT layers and coils will output
voltage signal under the external excitation.

In the structure design, cylindrical magnets are used to
apply the desired magnetic force, and the magnetic force
between any two cylinder magnets is given as (Mann and
Owens 2010; Owens and Mann 2012)

3uoM Vi - Mo Vo

2md* M

m

where p, = 47 X 1077 H/m is magnetic permeability,
V, and V,, are volumes of two magnets, M, and M, are
magnetization of two magnets respectively, and d is static
distance between the magnets. For the designed nonlin-
ear hybrid energy harvester, under the external excitation,
when the displacement of mass magnet is z (suppose
the direction near the below fixed magnet), the forces
between the mass magnet and above, below fixed mag-
nets are F , and F,, respectively. By Eq. (1), the nonlin-
ear magnetic force is
MV, MypVy

Fn(z) = Fp1 — Fp = 3uM,,V, —
m(2) ml m2 MMm Vim 2n(d+z)4 27‘[(d—z)4 (2)

where M, and V_ are magnetization and volume of
mass magnet respectively; M, and V, are magnetization
and volume of above magnet respectively; M, and V, are
magnetization and volume of the below magnet respec-
tively. To avoid plastic deformation of the beam, the non-
linear force should be less than the elastic restoring force
of the beam, which means

|Fim(2) < [kpz| 3

where k; is the stiffness of the beam.

For the designed nonlinear hybrid energy harvester,
the above and below magnets are the same, and the static
distances between them are equal to each other. By the
method of Taylor expansion (Tongji 2007), when neglect-
ing high-order terms and z < d, Eq. (2) can be expressed
as

Fu(2) = k1z + k32 4)
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MV,
ki = 1200My Vi —=3 ©)
wd
5
ks = —5ki (6)

By the results in the former study for hybrid energy
harvester (Li et al. 2016), the governing equations of non-
linear hybrid PE and EM energy harvester can be illus-
trated as

meZ(t) + cmz(t) + kpz(t) + Fr (2(1))

+ gelom(®) + OV, (1) = —meH (1) @

Lelom(t) + (Re + Ry) Lo (1) — ge2(t) = 0 ®)

V;(t) + C,V,(t) — 02(1) =0 ©)
P

where Z(¢) is the excitation acceleration; Rp, R,, are load
resistance of PE and EM element respectively; C, is
equivalent capacitance of PE layer; V is output voltage of
PE energy harvesting element; I, is output current of EM
energy harvesting element; R and L, refers to resistance
and inductance of coils; 6 and g, are PE and EM transfer
factors respectively. These parameters are dependent on
the material constants and the design of the energy har-
vester, which can be derived by standard model analysis
(Spreemann and Manoli 2012; Erturk and Inman 2011).

2.2 White noise excitation

According to reference (Halvorsen 2008), random vibra-
tion can be assumed as white noise signal when the excita-
tion frequency bandwidth is much bigger than 3 dB band-
width of energy harvesting system and the excitation has a
flat power spectral density in frequency domain,

In the analysis, supposing the stochastic acceleration
excitation is Gaussian white noise, and it can be obtained
that Eq. (7) is Duffing equation. After substituting Eq. (4)
into Eq. (7). By the statistical linearization method, vibra-
tion response and output performances of nonlinear hybrid
PE and EM energy harvester under the random excitation
can be derived (Zhuang and Chen 1986).

Then, Eq. (7) is expressed as

; . k 6
P+ 20 wnz + wlz + miz3 + mep + %Iem = —a(®) (10)
e e

e

In Eq. (10), 0} = £ (K = ky + k) and 2t w, = 2. As
l% Z? is only nonlinear term in Eq. (10), device equivalence
in the statistical linearization method is used in the analysis

(Zhuang and Chen 1986). Supposed
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k3 . 1 =0 2
BB =+ sz an " (20)
e
k
Among them, A, and \, are constant. Let A = 3—3022 21
me ©

_ks 5
F(z) = o (12)
Fi(z) = A1 + A2z (13)

In Egs. (12) and (13), F(z) and F,(z) are random func-
tion. So

AF(z) = F(z) — F«(2) (14)

In the paper, the designed nonlinear hybrid energy har-
vesting system is nonlinear time-invariant system. There-
fore, under Gaussian white noise excitation, the response
of energy harvesting system is also time-invariant, and
AF(z) is stationary random function. Then, when the
mean square value E[(AF)’] in Eq. (15) reaches the mini-
mum, the parameters h; and \, can be derived.

+00

E[AF? ()] = / [F(2) — Fu(2)°p(2)dz (15)

—00

In Eq. (15), p(z) is probability density function. For
the weak nonlinear harvesting system, when it is excited
by a stationary Gaussian process, the response is the
approximate normal distribution; furthermore, for zero
mean excitation, the output of nonlinear system is also
the zero mean. Supposing o, is variance of response, then

1 72
p) = N exp (—2%2) (16)

Substituting Eq. (16) into Eq. (15), it can be derived
that

+00 1 2
EIAF ()] = / F@ ~ FF exp<—2i—3>dz a7

—00 TTO;

Through
2
3E[A1:" @1 _ 0 (18)
3A1
2
EIAF DI _ (19)
3A2

X, and ), can be obtained that

(@)

Substituting Egs. (20) and (21) into Eq. (13), then
k
Fo(2) =302z 22)
me

Thus, according to Eq. (9), Eq. (10) after equivalence
linearization can be transformed as

.. . ( 2 k3 2) L2 e, _
I4+20wpz+ (0, +3—07 |24+ —Vp + Iy = —a(?) (23)
me me e
which means that Eq. (23) is the linear random response
equation and can be analyzed using correlation function
and frequency response function.

According to Wiener—Khinchin theorem (Liu 2008), for
stationary random process, its spectral density S(w) and
autocorrelation function R(t) is Fourier transform pair, as
shown in Eq. (24). Moreover, when 7 = 0, R(0) is mean
square value of the random signal.

+00
1 .
R(D) = - / S(@)e " dew (24)

—00

In addition, when nonlinear energy harvesting system is
excited by random acceleration of S4(w), spectral density
of amplitude response of energy harvesting system is

Sz(0) = |H(@)*Sa (@) (25)
According to reference (Serre et al. 2007), the induct-
ance of coil can be neglected in the low vibrating frequency
(lower than 1 kHz) because the impedance is mainly deter-
mined by the resistance of coil. Therefore, Fourier trans-
form is carried on Egs. (8)—(9), and it can obtained that

I (w) = gez(w)iw (26)

1
R.+ Ry,

Vp(w) = Z(w)iw 27

P
1 +iwCyR,
After Fourier transform is carried on Eq. (7), substitut-
ing Egs. (26), (27) into it, the frequency response function
of amplitude of energy harvester can be illustrated as

—m, — iwCyRpm,

H(w) =
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In Eq. (28), K, is defined as equivalent stiffness, and
K. =k+k + 3k3crz2. When spectral density S,(w) of sta-
tionary random acceleration is a constant S,, mean square
value of amplitude is

+00
1
> / Sz(m)dw—z—sow) / H@)’do  (29)

—00

o2 =R(0) =

5285
2.3 Output power
From Eq. (28),
7(w) = H(w)a(w) 3D

So transfer functions of PE and EM energy harvesting
element are

le(@) g

Substitute Eq. (28) into Eq. (29), and by James formula  Hj (0) = = 2 1R iwH (w) (32)
(Gradshtenyn and Ryzhik 1994), it can be obtained that () ¢+ K
: (CoRpme) Ko+ 2+ [me+ (e + 555 ) GoRy|
o; = 550 (30)
Ke{ (en + 5 + KGRy + 02Ry) - e + (m + 75 ) Coy| — Keme Gy, |
Then, mean square value of amplitude can be obtained
through solving the Eq. (30). Furthermore, it can be con- Hy, (@) = Vp(w) _ iwOR, H(w) 33)

cluded that when the system parameters are determined,
frequency domain response of nonlinear PE-EM energy
harvesting system will not be assured, while it is related

a(w) 1 +iwCyR,

Substitute Eq. (28) into Egs. (32), (33), and it can be
obtained that respectively

—Rg‘fﬁ; iw— Rgfllg R Cp(ta))
Hi (@) = ) ; (34)
m.CpRy(iw)” + {me—i— (cm—l— 7 +Rm)C R }(la)) + (cm—i— iR, +R + K.CpR, + 0°R )la)—i-K
[—meeR,,(ia)) - emeRf,c,,(iw)z]
H =
(@) 2. \4 g? 2|03 283 2 .12
me(CpRy)~(iw)™ + |2m,CyR, + cm+R R (CpRp)* | (iw)” + |me + | 2¢p + R 4R + K.CypR, +0°R, |CyR, | (iw)
2
8e .
+<cm t R a R, T 2Ky +92Rp>tw +K,

(35)

to spectral density S, of excitation, which is one of the
biggest differences from linear energy harvester. Besides,
vibration response and output characteristics of nonlin-
ear hybrid PE and EM energy harvester under Gaussian
white noise excitation is mainly related to the stiffness of
harvesting structure, the equivalent mass, parameters of
PE element and EM element, nonlinear parameters, load
resistance and excitation spectral density.

Then, mean square values of output current of EM
energy harvesting element and output voltage of PE
energy harvesting element are respectively

2= —So / |H, ()|’ da (36)
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+00
__ 1 2
V3= ESO / |Hy, ()| do (37)
—0o0

According to James formula (Gradshtenyn and Ryzhik
1994), Eqgs. (36) and (37) can be solved as

In Eq. (39), By=—0mR};Cp, By =-moOR,

2
Ao = Ko, A1 = em + i + 2K.CpR), + 07R,,

2
Ay = me+ (20n + g5 + KeCpRy + 0°R, ) CoR,

8ellle 2 g2 2 8ellle 2
77_ S (RC+R,,, R,,C,,) : (Cm + g1k, T KCpRp +6 Rp) + <R0+Rm) -meCpRy 38)
e~ 5 2 2
2 meCpRy - { (em + 5l + KeCpRy + 2Ry ) « e+ (em + 55 ) CoRy | — KemeCoR, |
2
_ 2 2 _ 8 2
o L B A A = 2m CoRy + (em+ 555 ) (CoRy) ,
2707 A AgAs — AgAZ — A2A, (39) Ay =me(C,Ry)™.
— Vo | _ EVO]
Based on E[P(t)]=FE { RIM} = Ry, > Mean power
apply on EM load and PE load are respectively
Table 1 Structural parameters and material properties P, = Rmé (40)
Material Parameters Values
2
PZT layer Length 8 mm P, = ﬁ 1)
Thickness 8 mm Rp
Widih 2 mm Theref 1 f hybrid PE and EM
Piezoelectric coefficient  —100e—12C/N erlel ore, tota (;lutput pofwer ol hybr fpém
Dielectric constant 3.7899e—8 F/m Energyt. arve]Ster lstt e(;u]gnl\/? output Eower: lenergty
Mass magnet (NdFeB) Diameter 15 mm arve.s mg element an energy harvesting €lement.
] That is
Thickness 18 mm
Beam of one side (stain- Length 20 mm W
1 teel : T2
ess steel) Width 8 mm P=P,+P,= R—p + RmIe2 “42)
Thickness 3.8 mm 4
Coil (copper) Wire diameter 015 mm Furthermore, by Eq. (42), optimal load of PE and EM
Turns 360 . 5
element is respectively
Diameter 15 mm
Fixed magnet (NdFeB) Difflmeter 15 mm opP —0— Rp = Ry-optimal 43)
Thickness 3 mm aRp
Distance between 13 mm
magnets

Fig. 2 Effect of load on ampli- (a) " (L
tude: a PE load, b EM load 20x10° - |7 oy : —o—Theory
5 imulation ‘ ® Simulati
e — 2.0x10™ F imulation|
1.8X10-4 L M |
£ . ¢ g 1.9x10™F \
D) ° )
T 1.6x10" S 1.8x107F \
é‘ 14x10™ ?EL Lo’ .wﬁ”’
: °
< < 1.6x10*F . . °
12x10" 1.5x10° toeee *°
[ ]
1.0x10™ = T T ‘ T 1.4x10™ = — — : s
0 50 100 150 200 0.0 4.0x10°  8.0x10°  12x10°  1.6x10°
EM load/ohm PE load/ohm
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Nonlinear —=— hybrid EM —e—PE ‘
1.8 || linear == hybrid ==o=—EM ==>==PE (a) 1
H._H_H—H—I—I—I—.—H_H_.
1.5
0.8 a
% 121 W
?‘33 09t S £ 06 ]
o T — 2
06} E o = Hybrid
ety = A
03} A My, o EM
ot 0273 e ]
0 30 60 9 120 150 180 210 ok ; : )
EM load/ohm 0 5 10 15
PE load/Q x10
Fig. 3 Effect of EM load on output power
x10
(b)
15
—8}) 0— R R 44
frd —_— = . 7 [z
3R, m m-optimal (44) % 1
3 Numerical calculation and simulation analysis 2
, , 05" 7 [—Hybrid '
From above analysis results, it can be concluded that EM
main factors determined output performances of non- ' PE
linear hybrid PE and EM energy harvester are structural 5 5 10 15
parameters, nonlinear stiffness, characteristic parameters PE load/Q x10°

of PE and EM element, load resistance and spectral den-
sity of excitation. Therefore, in this part, effects of above
factors on performances of nonlinear hybrid energy har-
vester by numerical calculation and simulation analysis.

Based on state equations of nonlinear hybrid energy
harvester shown in Egs. (7)—-(9), output characteristics of
harvester under the random vibration excitation is simu-
lated by matlab software, and compared with the theory
results. In the simulation, the fourth order Runge—Kutta
method is used, and the electric output signal of harvester
under random excitation is obtained from the simulation.
Then, adopting matlab digital signal processing technol-
ogy to process the signals obtained in the simulation, and
mean square value and SD of output signals are obtained.
Finally, we can have the root mean square (RMS) value of
output voltage, current, and power, spectral density of har-
vester. The structural parameters and materials properties
are shown in Table 1.

3.1 Effect of load resistance on output performances

From results in Sect. 2, load resistance is one of main fac-
tors that influence the amplitude and output power of non-
linear energy harvester. When the acceleration spectral den-
sity S is 0.1(m/s?)*/rad/s, effects of load resistance of PE
and EM harvesting element on mean amplitude and power
of nonlinear hybrid energy harvester are analyzed, and
optimal PE and EM loads corresponding to the maximal
power can be obtained.

Fig. 4 Effect of PE load on output power: a Linear energy harvester;
b nonlinear energy harvester

3.1.1 Amplitude

For the nonlinear energy harvester, the bigger amplitude,
the larger bending deformation of beam and the bigger
stress in PE layer are; moreover, amplitude can also change
the distance between magnet and coil. When spectral den-
sity S, of random excitation is 0.1 (m/s?)?/rad/s, the ampli-
tude of nonlinear hybrid energy harvester varied with PE
and EM loads is studied, and results compared with simula-
tion result are shown in Fig. 2. In the analysis, EM load is
40 @ and PE load is 390 k€.

Based on results shown in Fig. 2b, amplitude of non-
linear hybrid energy harvester decreased firstly and then
increased with PE load increasing, and it reached the
minimum at optimal PE load. It is because that the load is
related to coupling effect of electric element on vibration
system, and coupling effect of PE element reaches the max-
imum at PE optimal load. When PE load fixed and EM load
increased only, coupling effect of EM element on energy
harvester falls as EM load increasing, which indicates
effect of equivalent electrical damping reduced. So ampli-
tude of energy harvester increased with EM load increas-
ing, and it reached the maximum at open circuit, as shown
in Fig. 2a.
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Fig. 5 Output power of energy
harvester under different
random acceleration excita-
tion: a total output power at
different EM load; b EM power
at different EM load; ¢ total
output power at different PE
load; d PE power at different
PE load. [S1 = 0.1(m/s?)%
rad/s, S2 = 0.05(m/s?)*/rad/s,
S3 = 0.01(m/s?)*/rad/s]

3.1.2 Mean power

Under the random excitation S, = 0.1(m/s%)*/rad/s, effect
of PE and EM loads on output power of nonlinear hybrid
energy harvester were analyzed, and the results were

(a) 0.0021 [ m§ theory o SI_simulation
v S? theory = S2_simulation
0.0018 | e 53 theory < S3_simulation
- 0.0015 '
TE 0.0012 -
< 0.0009 +
2%
0.0006 |-
0.0003 | H
((v«'ltvr;-!w""--«---u---
0.0000 —— T ——T T T T |
0 30 60 90 120 150 180 210
EM load/ohm
(C) 0.0021 =S |_theory ~® S1_simulation
| |ew=S2 theory = S2 simulation
0.0018 ===S3 theory < S3 simulation
0.0015 -
B ee0ce o 4 N )
= 0.0012F
o .
% 0.0009 -
A~ s NEEEE ®m § g .
0.0006 - ¢f=
0.0003 -
A LA O G R g e >
0.0000 -
0.0 40x10°  8.0x10°  12x10°  1.6x10°
PE load/ohm

0.0010
(b) eS| _theory e SI1_simulation
='w=S) theory = S2 simulation
0.0008 | | e====S3 theory <« S3_simulation
2 00006 |
=
(5] H
g 0.0004 :
(=W % .
Mx:!“
0.0002 Ll SN
e e LS
0.0000 | h e
0 30 60 90 120 150 180 210
EM load/ohm
(d) 0.0012 - @ S]_theory © S1_simulation
' S) theory = S2_simulation
0.0010 [ | =53 theory < S3_simulation
= 0.0008 |
E 0.0006
s 0
o
A~ 0.0004 |
0.0002 |
A R o o o o e s
0.0000 | &
0.0 4.0x10°  8.0x10°  12x10°  1.6x10°
PE load/ohm

compared with output power of linear hybrid energy har-
vester. When PE element of energy harvester is connected

White noise excitation

with optimal load, output power varied with EM load is
shown in Fig. 3. In this case, the natural frequency of linear
energy harvester was 77 Hz, while the resonant frequency

x10* Displacement
5 T T T T T
N - J
5 1 1 1 1 i 1 | ! ]
0 01 0.2 03 04 05 06 0.7 o8 09 1
PE volage
20 T T T T 7T
[ \ J 1 A
§ O p J ‘x,' \ ‘ IR / !‘ ! Vg it ] ; 48 " 1 —
.20 | | 1 | | ) 1 | ' U ‘. 1
0 01 0.2 03 04 05 06 0.7 o8 09 1
%10 3 EM current
5 T I T T T R N ‘11
< M oA A N, ‘/‘, A wm AL AR o A A A A A
E Or"“""\g) VY VAN \PIWE ‘z.',J Y j w/ \u A LRRVAYLYY ‘-V.’ L ]‘ A e/ ‘,v’ VATV
K v |
R 1 | 1 | | v
50 01 0.2 03 04 05 06 0.7 08 09 1
Time/s

Fig. 6 Simulation results
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Fig. 7 Effect of acceleration (a) 00035 1 o aiinear theory (b) 2.5x10% ¢ e
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of nonlinear energy harvester decreased to 34 Hz because
of effect of nonlinear magnetic force. At this case, their
corresponding internal resistance of PE element is 170 and
390 k€2 respectively.

In addition, because of the influence of magnetic force,
the stiffness of nonlinear harvester is much smaller than
that of linear harvester, and natural frequency decreases.
Moreover, total output power is much bigger than that of
linear hybrid energy harvester. However, compared with
EM element, increasing degree of PE element output power
is more obvious. When PE element connects with optimal
load, total output power of nonlinear and linear hybrid
energy harvester all increases firstly and then decreases
with load of EM element increasing, but EM optimal load
of nonlinear energy harvester is much bigger. From Fig. 3,

the optimal EM loads of nonlinear and linear energy har-
vester are 30 and 47 2 respectively.

On the other hand, effect of PE load on output power is
analyzed when EM load is 40 and 30 €2 respectively, and
results are shown in Fig. 4.

According to analysis results shown in Fig. 4, output
power of hybrid energy harvester and PE element reached
the maximal power at the same PE load. However, as the
natural frequency is different, optimal PE load of linear
energy harvester is smaller than that of nonlinear energy
harvester, which are 177 and 398 k2 respectively. On
the other hand, output power of EM element reduced
firstly and then increased with PE load increasing, and
it reached the minimum at optimal PE load. Otherwise,
output power of EM element of linear energy harvester

Fig. 8 Output power of differ- (a) 0.0018 - ) 00017~
ent magnet distance: a different SEEEEEEE SRS EEERE 0.0016 ++ g=:§n$1m
. ! r =15.omm
EM load; b different PE load 0.0015 - —A— d=14mm
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2 o002} M 2 0.0014]
5 =
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is bigger than the power of its PE element, while for the
nonlinear energy harvester, PE output power is bigger
than EM power only for some PE loads.

Therefore, after adopting nonlinear method, the natu-
ral frequency of energy harvester decreases while output
power enhances. Compared with EM element, increasing
degree of PE element output power is much more obvi-
ous. Thus, nonlinear energy harvester is more benefit in
the application of low frequency environment, and the
natural frequency of energy harvester analyzed in this
paper decreased by 56%, while output power increased
by 72%.

3.2 Effect of acceleration spectral density on output
performances

In this section, output power of nonlinear hybrid energy
harvester was analyzed under different acceleration spec-
tral density. When acceleration spectral density is 0.01,
0.05, 0.1 (m/s*?*rad/s, and PE and EM load resistance
is 390 k€2, 40 2 respectively, output power of harvester
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Fig. 9 Relationship between magnet distance and output power
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Fig. 11 Effect of acceleration SD on output power

are shown in Fig. 5. It can be concluded that the bigger
acceleration spectral density, the bigger output power, but
EM and PE optimal loads do not change with excitation
spectral density increasing.

Then, the simulation results of displacement, PE
output voltage and EM output current are shown in
Fig. 6 when S, = 0.1(m/s*)*/rad/s, R, = 390 kQ and
R, =40 Q.

In addition, output power of nonlinear energy har-
vester varied with acceleration spectral density is shown
in Fig. 7, while load resistance of PE and EM element
is 390 k2 and 40 2 respectively. In can be concluded
that mean power of energy harvester linearly increases
with acceleration spectral density increasing. Compared
with linear harvester, increasing degree of output power
of nonlinear energy harvester is much more obvious.
In addition, variation law of amplitude, output voltage
of PE element and output current of EM element is the
same as acceleration spectral density increasing.

Fig. 10 Experimental setup
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3.3 Effect of nonlinear strength on output
performances

For the nonlinear energy harvester, nonlinear force
between magnets represents the nonlinear strength, and
the less dynamic magnet distance, the bigger nonlinear
strength. Furthermore, only when magnets are closed to
each other, energy harvester can have obvious nonlinear
response. Otherwise, its output is similar to linear energy
harvester.

When acceleration spectral density is 0.1(m/s?)*/rad/s
and static distance between magnets are 13, 13.5 and
14 mm respectively, output power of energy harvester at
different EM and PE loads are shown in Fig. 8. The less
magnet distance, the stronger nonlinear magnetic force
and the smaller equivalent stiffness of energy harvester
are, which causes the smaller resonant frequency. When
the static distance is 13, 13.5 and 14 mm, the resonant fre-
quency is 33.5, 44.2 and 51.2 Hz respectively, and opti-
mal load of PE energy harvesting element is 390, 297 and
256 k<2 respectively.

Meanwhile, when EM and PE element connected with
optimal load, the output power of nonlinear hybrid energy
harvester varied with static magnetic distance is shown in
Fig. 9. It can be concluded that the bigger magnet distance,
the smaller nonlinear magnetic force and output power of
nonlinear energy harvester are. Therefore, effect of mag-
netic force can be neglected when the distance is increased
to some given extent. At this time, output power is equal to
output power of linear energy harvester.

4 Experimental validation

In order to test the output performances of hybrid PE—
EM energy harvester at different acceleration spectral
density, a meso hybrid energy harvester is designed and
its experimental installation is shown in Fig. 10. In the
test, the signal generator is used to provide the random
excitation to the harvester, and dynamic signal analyzer
records the acceleration, output voltage of PE and EM
element.

The mean power of nonlinear hybrid energy harvester
at the different spectral density of acceleration is shown in
Fig. 11. It illustrates that output power is linearly propor-
tional to the acceleration spectral density, which is consist-
ent with theoretical analysis results. However, because of
uncertainly of random excitation, there are errors between
experimental test results and theoretical analysis results.

For random signals process, the appearances of errors are
in the expected range (Jackson et al. 2013)

5 Conclusion

Aim at designed nonlinear hybrid energy harvester, the
state equations considered electromechanical coupling are
established, and expressions of amplitude, output power,
voltage and current of harvester at stochastic excitation are
derived through statistical linearization method. By theo-
retical analysis, simulation and experimental test, effects
of load resistance, excitation spectral density and nonlinear
strength on vibration response and electric output of non-
linear hybrid energy harvester are studied. We can conclude
the following results.

1. For nonlinear hybrid energy harvester, when the sys-
tem parameters are determined, its frequency domain
response will not be assured, while it is related to
spectral density of excitation. In addition, vibration
response and performances of nonlinear hybrid PE
and EM energy harvester under random excitation
is mainly related to structural parameters, nonlinear
stiffness, characteristic parameters of PE and EM
element, load resistance and spectral density of exci-
tation.

2. The nonlinear force between magnets can be used
to lower the resonant frequency and improve the
power output. Moreover, the bigger magnet dis-
tance, the smaller nonlinear magnetic force and
output power of nonlinear energy harvester are.
However, the effect of nonlinear force can be
neglected when the distance is increased to some
given extent.

3. Amplitude of nonlinear harvester that influenced by
the loads increases firstly and then decreases with PE
load increasing, and it reaches minimum at optimal
PE load; moreover, the amplitude of energy harvester
increased with EM load increasing, and it reached the
maximum at open circuit.

4. Output mean power of nonlinear energy harvester
linearly increases with acceleration spectral density
increasing. Furthermore, output power of EM ele-
ment is influenced by PE load, and it reaches the
minimum at optimal PE load.

5. Compared to linear energy harvester, the designed
nonlinear energy harvester is more benefit in the low
frequency environment, and natural frequency of
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energy harvester analyzed in this paper decreased by
56%, while output power increased by 72%.
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