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1  Introduction

Electrostatically actuated micro-/nanomechanical resonators 
have been actively developed recently for various applica-
tions as sensors and signal processing elements (Eom et al. 
2011). For these micro-/nano-systems, their superior char-
acteristics include high sensitivity and resolution, low power 
consumption and conduciveness to digital output. Such 
characterizes make these systems more attractive and much 
better, preferred substitutes that replace the conventional 
systems without electrostatic actuation. However, by far 
the electro-mechanical coupling behavior of these systems 
are largely only known in the sense of numerical analysis 
without analytical solution, or if do only limited to a grossly 
approximation extent, accurate approximate analysis of 
electro-mechanical properties of these resonators is thus of 
crucial importance for design purposes because the avail-
ability of accurate analytical solutions allows mastering of 
the behavior that meets practical design demands in a global 
sense. It is precisely the main objective of this paper to for-
mulate and derive new and accurate approximate analytical 
solutions for such highly nonlinear system where explicit 
exact analytical solutions are unavailable.

With microelectronics technology now pushing deep 
into the submicron, a concerted exploration of nanoelec-
tromechanical systems (NEMS) (Roukes 2001; Cleland 
and Roukes 1996) was embarked upon. The emergence of 
nanotechnology promotes the development of nanoscale 
functional devices designed for specific aims such as 
nanoscale actuation, sensing and detection (Craighead 2000; 
Roukes 2001; Ekinci 2005). Nanoscale mechanical resona-
tors (Jensen et  al. 2008; Chaste et  al. 2012) are promising 
because of their high quality factors, high resonance frequen-
cies, and ultralow masses (Ekinci and Roukes 2005). Nonlin-
ear oscillation has been found in a double-clamped nanowire 
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that is actuated by external field, where fields such as Lor-
entz force from magnetomotive technique (Feng et al. 2007), 
electrostatic force (Sazonova et al. 2004), and/or piezoelec-
tric effect (He et  al. 2008) have all been utilized to induce 
the nonlinear vibration. It is extremely difficult to detect the 
oscillations of such small sensors. Hence, it is important to 
model the non-linear dynamics of NEMS-based resonant 
sensors at large amplitudes (Kacem et al. 2011).

In the scope of continuum mechanics, these resonators 
are often modeled as an electrically actuated micro-/nano-
beam. Usually, the beam structures used in micro-/nano-
electromechanical systems devices are simply thin micro-/
nanobeams with rectangular cross-sections. A typical res-
onator consists of an electroded beam structure and there 
are commonly two different electrode configurations. The 
first configuration (case I) has a full-length electrode on 
only one side of the beam (Younis and Nayfeh 2003) while 
the second (case II) has full-length electrodes on both sides 
(Kacem et al. 2009; Rhoads et al. 2006).

There are many theoretical and experimental investiga-
tions that focused on nonlinear static responses and dynamic 
behaviors (Ouakad and Younis 2014; Ruzziconi et al. 2013; 
Wu et al. 2013; Yu and Wu 2014; Jia et al. 2010; Krylov and 
Dick 2010) of these resonator systems. Precisely, the statics 
and dynamics of a doubly clamped microbeam are nonlin-
ear in nature because simultaneously large deflections and 
non-linear electrostatic force are present. For this reason, 
accurate command and knowledge of nonlinear vibrations 
near the first natural frequency of a micro-/nanobeam are 
always of primary concern in nonlinear dynamic analysis 
and for resonator application designs. The analytical mode-
ling and accurate approximation of these nonlinear systems 
constitute the main theme of this investigation.

The primary resonance of microbeams was studied by 
Younis and Nayfeh (2003) by applying the perturbation 
technique directly to the nonlinear system with distrib-
uted-parameter. Abdel-Rahman et  al. (2002) reported the 
boundary-value problem for the static deflection of micro-
beam subject to electrostatic force in a numerical study. 
They also solved the natural frequencies and mode shapes 
of the eigenvalue problem for vibration of microbeam at its 
statically deflected position. In another study, Nayfeh et al. 
(2005) reviewed the reduced-order model (ROM) technique 
using the linear undamped mode shapes of the straight 
microbeam as the basis functions in the Galerkin procedure. 
In the reduced-order modeling, a governing partial differen-
tial equation of a continuous beam is reduced to a system of 
ordinary differential equations of finite degree of freedom. 
The ROM technique was used by Younis et  al. (2003) for 
studying the static and dynamic response of microbeams. 
However, closed form solution of the integral electrome-
chanical forcing term has to be solved for a continued 

analytical description of the system response. To deal with 
this problem, one possible approach is to solve the integral 
actuation term numerically (Krylov 2007) and to set fur-
ther analytical investigations aside. Another approach is to 
expand this term into a Taylor series, but poor accuracy has 
been reported, even with higher-order terms (Nayfeh et al. 
2005; Younis et al. 2003). Younis et al. (2003) introduced a 
different method by multiplying the equation of motion by 
the denominator of the electrostatic force prior to discre-
tization. For large displacements, three to five symmetric 
(linear undamped) modes are able to predict the primary 
pull-in point accurately. This approach provides a model 
that allows further analytical investigations. But this method 
will lead to a high dimensional ROM. On the other hand, 
the single-mode approximation is sufficient enough to also 
predict large displacement equilibrium (including pull-in) 
if the boundary value problem is discretized following the 
Galerkin method without premultiplication of the denomi-
nator of the electrostatic force (Gutschmidt 2010). However, 
determining the coefficient in such a ROM deduced from 
the discretization without premultiplication of the denomi-
nator requires solving the integral equation by a numerical 
method. This method faces challenges when the system 
approaches a singularity, such as the primary and secondary 
pull-in instability (Gutschmidt 2010).

For nonlinear systems, the response of free undamped 
and forced damped vibration are closely related under cer-
tain conditions. The amplitude–frequency curve of free 
undamped vibration is also known as the backbone of 
resonance curve (Nayfeh and Mook 1979). When linear 
damping and harmonic excitation are present in an oscil-
lator, the primary resonance evolves around its backbone 
curve (Nayfeh and Mook 1979). An analytical expression 
for the backbone curve is helpful to determine the nature of 
this resonance (Nayfeh and Mook 1979). Many analytical 
techniques for solving free undamped vibrations have been 
available. Perturbation methods such as Lindstedt–Poin-
caré (LP) method, method of multiple scales, and averag-
ing methods are applicable to free vibration analysis of a 
single degree of freedom system with weak nonlinearity 
(Nayfeh and Mook 1979). For strong nonlinear systems, the 
analytical studies of such system require more specialized 
techniques and the harmonic balance (HB) method is a very 
suitable candidate.

The HB method can be used to derive analytical approx-
imate solutions to nonlinear oscillatory systems for which 
the nonlinear terms are “not small”, i.e., no perturbation 
parameter needs to exist (Nayfeh and Mook 1979; Hage-
dorn 1981; Mickens 1996). However, it is very difficult to 
construct an analytical approximation of sufficiently high 
accuracy using HB because it requires analytical solutions 
to sets of complicated nonlinear algebraic equations. As 
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such, various improved HB methods (Wu et al. 2006; Wu 
and Lim 2004; Sun and Wu 2008) have been developed.

This paper investigates linear and nonlinear free vibra-
tions of an axially stressed clamped–clamped micro-/nano-
beam actuated on one-side by an electrode. In this paper, 
the single-degree of freedom ROM of the micro-/nanobeam 
for free undamped vibration is established by using Galer-
kin method and choosing a proper deflection shape func-
tion. The integral of the electromechanical forcing term 
can be derived in an explicit and closed form without using 
Taylor series expansion and multiplying by the denomi-
nator of the electrostatic force prior to discretization. The 
resulting ROM makes the analysis of dynamic behaviors 
convenient for micro-/nanobeam. The influence of static 
buckling on the system dynamic behavior is addressed. 
Fundamental natural frequency expressions of the lin-
earized ROM are validated by comparing them with pub-
lished experimental results (Tilmans and Legtenberg 1994). 
For the case of nonlinear free vibrations, analytical approx-
imate periods and periodic solutions are systematically 
constructed. These approximate solutions show very good 
agreement with respect to the referenced solutions obtained 
by numerical integration. They are valid for small as well 
as large geometrically permitted amplitude of oscillation.

2 � Reduced order model

A doubly-clamped undamped micro-/nanobeam made of 
an elastic material and actuated electrostatically by an elec-
trode with electric force V is shown in Fig. 1. The gap is 
assumed significantly smaller comparing with the length 
of the beam. In addition, the residual stress is considered 
as uniform while the effect of residual stress gradients is 
neglected.

The dimensionless nonlinear integral–differential gov-
erning equation for the electromechanical system can be 
expressed as (Younis et al. 2003; Gutschmidt 2010)

(1)

∂4w

∂s4
+ ∂2w

∂t2
= N

∂2w

∂s2
+ α1

[

∫ 1

0

(

∂w

∂s

)2

ds

]

∂2w

∂s2
+ α2V

2

(1− w)2

with boundary conditions

where

Here E is Young’s modulus, ν is Poisson’s ratio, ρ is den-
sity of beam, ɛ0 is the permittivity of vacuum, b, h(b > h) 
and L are the width, thickness and length of beam, respec-
tively. The second moment of cross-section is I = bh3/12, 
the tensile or compressive axial load is N̂, the nominal gap 
is g, and the fixed electrode potential is V.

In this section, the Galerkin procedure (Nayfeh and 
Mook 1979; Nayfeh 2000; Younis 2011) is applied to derive 
a ROM with one degree-of-freedom for investigating the 
dynamic behavior of system in Eqs.  (1) and (2). Such a 
dynamic model is always of primary interest because it is 
the case that is used in resonator applications. In the Galer-
kin procedure, the deflection function w(s, t) is expressed as

where w0(s) is the assumed deflection shape function that 
satisfies the boundary conditions in Eq.  (2) and the coeffi-
cient a(t) is the associated amplitude. Based on geometric 
symmetry considerations, an admissible deflection function 
that satisfies the conditions in Eq. (2) can be expressed as

Combining Eqs.  (4) and (5) shows that the amplitude 
a(t) of the associated shape is simply the normalized beam-
center deflection with a constraint a(t) < 1 according to non-
dimensionalization definition in Eq. (3). The shape function 
in Eq. (5) is used as the basis function in the Galerkin proce-
dure. Substituting Eqs. (4) and (5) into Eq. (1), multiplying 
by w0(s), and integrating from s = 0–1, yield

where

It is worth noting that, choosing the shape function 
in Eq.  (5) is extremely important because closed form 

(2)w(0, t) = ∂w

∂s
(0, t) = w(1, t) = ∂w

∂s
(1, t) = 0

(3)

s = x

L
, w = W

g
, t = t̂

T
, T =

√

(

1− ν2
)

ρbhL4/EI ,

N =
(

1− ν2
)

N̂L2

EI
, α1 = 6

(

1− ν2
)(g

h

)2

,

α2 =
6
(

1− ν2
)

ε0L
4

Eg3h3
,

(4)w(s, t) = a(t)w0(s)

(5)w0(s) =
1

2
[1− cos (2πs)], s ∈ [0, 1],

(6)
d2a

dt2
+ F(a,V) = 0

(7)

F(a,V) = 2

3
π2a

(

8π2 + 2N + π2α1a
2
)

− 4α2V
2

3(1− a)3/2

Fig. 1   An electrically actuated micro-/nanobeam
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solution of the integral of the electromechanical forcing 
can be obtained explicitly. This ROM makes the analysis of 
dynamic behaviors convenient for the beam. If we use the 
first undamped beam’s linear vibration mode of the straight 
microbeam without the electrostatic potential as shape 
function, the integral cannot be solved analytically and has 
to be evaluated by numerical method, which leads to some 
difficulties in the dynamic analyses of the corresponding 
ROM. In this paper, we use the ROM in Eqs.  (6) and (7) 
to investigate the linear and nonlinear free vibrations of the 
beam.

3 � Analytical formula for fundamental natural 
frequencies

Analytical expression of fundamental natural frequencies is 
constructed in this section. Equations (6) and (7) as derived 
in the previous section represent an ordinary-differential 
equation with complex nonlinearity. Setting the time deriv-
atives in Eq. (6) to zero, assuming a constant electric load 
yields the nonlinear algebraic equation governing the static 
deflection as of the beam as follows (Wu et al. 2013):

Based on Eqs. (7) and (8), the potential V can be solved 
and expressed in terms of the normalized static beam-
center deflection as, as

The MEMS beam resonators A210, A310, A410 and 
A510 in Tilmans and Legtenberg (1994) are referred. The 
lengths of these microbeams are 210, 310, 410 and 510 μm, 
respectively; the other parameters are b  =  100  μm, 
h  =  1.5  μm, g  =  1.18  μm, v  =  0.3, E

1−ν2
= 166GPa , 

N̂ = 0.0009N and ɛ0 = 8.854 × 10−12F. Microbeam A510 
is used as an example to show the change of analytical 
approximate potential Vwith respect to the normalized 
static beam-center deflection as, as shown in Fig. 2. Here, 
the stable and unstable solutions are represented by thick 
solid and dashed lines, respectively.

In general, the solution curve in Eq.  (9) is composed of 
the left and right branches. In Fig. 2, the highest point is the 
pull-in one where the corresponding voltage and normal-
ized static beam-center deflection are denoted by Vp and ap, 
respectively. For static deflection, the analytical approximate 
solution was compared with numerical shooting solution and 
very good agreement was observed for the whole range of 
normalized static microbeam-center deflection (Wu et  al. 

(8)F(as,V) = 0

(9)

V = V(as) =
[

π2
as(1− as)

3/2
(

8π2 + 2N + π2α1a
2
s

)

2α2

]1/2

2013). In addition, stability analyses of the static deflection 
have also been performed there. It has been pointed that, the 
left branch is stable and the right branch is unstable. At pull-
in voltage Vp, both branches coincide and it leads to a transi-
tion from a stable equilibrium to an unstable one.

For a given potential V(V < Vp), the dynamic behavior of 
the beam at stable static deflection as in the left branch is 
investigated. Let deflection

where u is the normalized incremental beam-center deflec-
tion measured from stable equilibrium position a  =  as. 
Substituting Eqs.  (10) into (6) results in the equation that 
governs the dynamic behavior of beam as

where V = V(as).
We determine the fundamental natural frequency of 

beams at stable equilibrium states. For analysis of lin-
ear free vibrations, using Taylor series expansion of 
F(as + u, V) about u at a = as, eliminating the terms rep-
resenting equilibrium and keeping the linear part of incre-
ment u only yields

Using Eqs. (7), (9) and (12), the fundamental natural fre-
quency of beams can be obtained as

(10)a = as + u

(11)
d2u

dt2
+ F(as + u,V) = 0

(12)
d2u

dt2
+

[

∂F(a,V)

∂a

∣

∣

a=as

]

u = 0

Fig. 2   Variation of the electric potential V with normalized static 
beam-center deflection as for microbeam A510
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where as satisfies 0 ≤ as ≤ ap.
Let ω0 denote the resonance frequency of the system 

without electromechanical coupling (V =  0,  i.e. as =  0). 
The comparison of the normalized fundamental natural fre-
quency obtained using Eqs.  (9) and (13) with experiment 
by Tilmans and Legtenberg (1994) for microbeams A210, 
A310, A410 and A510 is shown in Fig. 3. Here, the experi-
mental data for microbeams A210, A310, A410, A510 are 
marked by symbols ○, △, ◇ and ☆, respectively. It is 
observed that there is good agreement between the analyti-
cal approximate solution derived here and experiment, even 
when the microbeams approach the stability limitations.

4 � Analytical approximations to nonlinear free 
vibrations

In view of the effectiveness of the proposed ROM for static 
and linear free vibration analysis demonstrated above, non-
linear dynamic analysis is further carried out in the follow-
ing sections.

Based Eq. (11), the equation of undamped motion for ROM 
at its stable equilibrium state a = as can be expressed as

(13)

ωnf (as) =
[

∂F(a,V)

∂a

∣

∣

a=as

]1/ 2

=
[

4π4α1a
2
s

3
+

π2(2− 5as)
(

8π2 + 2N + π2α1a
2
s

)

3(1− as)

]1/2

(14)
d2u

dt2
+ f (u,V) = 0, u(0) = A,

du

dt
(0) = 0,

where

and A represents the initial normalized incremental beam-
center deflection. The corresponding potential energy of this 
system is

and it reaches its minimum value at u = 0. The system will 
thus oscillate in an asymmetric interval [−B, A] where both 
−B(B > 0) and A have the same energy level, i.e.,

and they are left and right limitations of normalized incre-
mental beam-center deflection, respectively, for the vibra-
tion. Microbeam A510 is used as an example to illustrate the 
change of the potential energy Π(u, V)(as = 0.1)with respect 
to the normalized incremental beam-center deflection u, see 
Fig. 4.

In this study, an analytical approximate periodic solu-
tion methodology to the nonlinear Eq. (14) is formulated 
and solved. With reference to the analytical approximate 
solutions to general strong nonlinear oscillators (Sun and 
Wu 2008), the present nonlinear system is more com-
plicated because the elelectrostatic force is a complex 

(15)

f (u,V) = F(as + u, V) = 2π2

3
(as + u)

×
[

8π2 + 2N + π2α1(as + u)2
]

− 4α2V
2

3(1− as − u)3/2

(16)

Π(u,V) = 2

3

[

π2
(

4π2 + N

)

(as + u)2

+1

4
π4α1(as + u)4 − 4α2V

2

√
1− as − u

]

(17)Π(−B,V) = Π(A,V)

Fig. 3   Comparisons of the normalized fundamental natural fre-
quency ωnf/ω0 obtained from Eqs. (9) and (13) with experiment (Til-
mans and Legtenberg 1994)

Fig. 4   Variation of the potential energy Π(u, V)(as = 0.1) with nor-
malized incremental microbeam-center deflection u for microbeam 
A510
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function of its incremental displacement. It is hence far 
more difficult to compute the corresponding coefficients 
of the Fourier series. At this point, the original govern-
ing equation should be expressed such that the previously 
proposed method (Wu et al. 2006) can be easily applied. 
The reported methods (Wu et  al. 2006; Wu and Lim 
2004; Sun and Wu 2008) are to be generalized for con-
structing analytical approximation to periodic vibrations 
of the ROM.

The denominator of elelectrostatic force is expended 
into a Taylor series at u = 0 up to the third order. Further, 
Eq. (14) is approximated by

Where Ci(i = 1, 2, ···, 6) and Bj(j = 0, 1, 2, 3) are listed in 
the Sect. 6. Introducing a new independent variable τ = ωt, 
Eq. (18) can be expressed as

where Ω = ω2 and (′) denotes differentiation with respect 
to τ. The new independent variable is chosen such that the 
solution of Eq. (19) is a periodic function of τ of period 2π. 
The corresponding period of nonlinear vibration is given by 
T = 2π/

√
Ω . Here, both periodic solution u(τ) and period 

T depend on A.
Following Sun et al. (2009) and using Eq. (19), two new 

nonlinear systems which oscillate between the symmetric 
bounds [−H, H] is introduced here as

And λ = ±1 where H = A for λ = +1, and H = B for 
λ = −1, respectively.

With reference to the method of single term harmonic 
balance approximation

and it satisfies the initial conditions in Eq. (20a). The func-
tions K(uλ1, λ) and Φ(uλ1, λ) can be expanded into the fol-
lowing Fourier series

(18)

d
2
u

dt2
≈ C1u+ C2u

2 + C3u
3 + C4u

4 + C5u
5 + C6u

6

B0 + B1u+ B2u
2 + B3u

3
,

u(0) = A,
du

dt
(0) = 0

(19)

Ω(B0 + B1u+ B2u
2 + B3u

3)u′′

+ C1u+ C2u
2 + C3u

3 + C4u
4 + C5u

5 + C6u
6 = 0,

u(0) = A, u
′(0) = 0

(20a)

ΩK(u, �)u′′ +Φ(u, �) = 0, u(0) = H, u′(0) = 0

(20b)

K(u, �) =







B0 + �B1u+ B2u
2 + �B3u

3
if u ≥ 0,

B0 − �B1u+ B2u
2 − �B3u

3
if u < 0

Φ(u, �) =







C1u+ �C2u
2 + C3u

3 + �C4u
4 + C5u

5 + �C6u
6
if u ≥ 0,

C1u− �C2u
2 + C3u

3 − �C4u
4 + C5u

5 − �C6u
6
if u < 0

(21)u�1 = H cos τ

where D1i(i = 0, 2, 4, 6) and D2j(j = 1, 3) are listed in the 
Sect. 6. Substituting Eqs. (21) and (22a, 22b) into Eq. (20a) 
and setting the coefficient of cos τ to zero yield

Therefore, the first approximate solutions to period and 
periodic solution of Eqs. (20a, 20b) are

Using uλ1 and Ωλ
1(H) as the initial approximations to the 

solution of Eq.  (20a), Newton’s method can be combined 
with the harmonic balance method to further recursively 
solve Eq. (20a). The first step is the Newton procedure. The 
periodic solution and the square of frequency of Eq. (20a) 
can be expressed as

Substituting Eq. (25) into Eq. (20a) and linearizing with 
respect to the correction terms Δuλ1 and ΔΩλ

1 lead to

where subscript u denotes differentiation with respect to u. 
The resulting linear equation in Δuλ1 and ΔΩλ

1 in Eq. (26) 
will be solved by the harmonic balance method.

Functions Ku(u
λ
1, λ) and Φu(u

λ
1, λ) can be expanded into 

the following Fourier series

where D3i(i = 1, 3, 5, 7) and D4j(j = 0, 2, 4, 6) are listed 
in the Sect. 6. The approximate solution to Eq. (26) can be 
developed by setting Δuλ1 as

(22a)
K(u�1, �) = D10 + D12 cos 2τ + D14 cos 4τ

+ D16 cos 6τ + · · · ,

(22b)Φ(u�1, �) = D21 cos τ + D23 cos 3τ + · · ·

(23)

Ω�
1 =

105π(8C1 + 6C3H
2
+ 5C5H

4)+ 64H�(35C2 + 28C4H
2
+ 24C6H

4)

840B0π + 14H[45B2Hπ + 32�(5B1 + 4B3H
2)]

(24)

T
�
1 = 2π

/

√

Ω�
1 (H), u

�
1(τ ) = Hcosτ , τ =

√

Ω�
1 (H)t.

(25)u� = u�1 +∆u�1,Ω
� = Ω�

1 +∆Ω�
1

(26)

[

K

(

u
�
1, �

)

+ Ku

(

u
�
1, �

)

∆u
�
1

]

Ω�
1

(

u
�
1

)′′

+Ω�
1K

(

u
�
1, �

)(

∆u
�
1

)′′
+∆Ω�

1K

(

u
�
1, �

)(

u
�
1

)′′

+Φ

(

u
�
1, �

)

+Φu

(

u
�
1, �

)

∆u
�
1 = 0,

∆u
�
1(0) = 0,

(

∆u
�
1

)′
(0) = 0

(27a)

Ku

(

u
�
1, �

)

= D31 cos τ + D33 cos 3τ + D35 cos 5τ

+ D37 cos 7τ + · · · ,

(27b)

Φu

(

u
�
1, �

)

= D40 + D42 cos 2τ + D44 cos 4τ + D46 cos 6τ + · · ·
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which satisfies the initial condition in Eq.  (26) at the out-
set. Substituting Eqs. (21, 22a and 23), (27a, 27b) and (28) 
into Eq. (26), expanding the resulting expression in a trig-
onometric series and setting the coefficients of cos  τ and 
cos 3τ to zero, respectively, yield a set of linear equations 
for ΔΩλ

1and xλ1 as

where Fm
λ(m = 1, 2, 3, 4) and En

λ(n = 1, 2) are listed in the 
Sect. 6. Solving system of Eq. (29a, 29b) leads to

Therefore, the second approximate solutions to the 
period and periodic solution of Eq. (20a, 20b) are

For brevity, further higher order analytical approxima-
tion is omitted. Nevertheless, the procedure can be carried 
out recursively to any desired order.

By setting λ = +1, H = A, and λ =−1, H = B, respec-
tively, in Eqs.  (24) and (30), the corresponding first and 
second analytical approximate periods and the periodic 
solutions Tn

+1(A), un
+1(t) and Tn

−1(B) , un
−1(t)(n = 1, 2) to the 

two newly introduced odd oscillating systems in Eqs. (20a) 
and (20b), respectively, can be obtained. Using these 
analytical approximate solutions, the corresponding nth 
(n = 1, 2) analytical approximate period and periodic solu-
tion for Eq. (19) can be constructed (Wu and Lim 2004)

and

(28)∆u�1(τ ) = x�1(cos τ − cos 3τ)

(29a)F�
1∆Ω�

1 − F�
2x

�
1 = E�

1

(29b)F�
3∆Ω�

1 + F�
4x

�
1 = E�

2

(29c)∆Ω�
1 (H) = E

�
2
F
�
2
+ E

�
1
F
�
4

F
�
2
F
�
3
+ F

�
1
F
�
4

, x
�
1(H) = E

�
2
F
�
1
− E

�
1
F
�
3

F
�
2
F
�
3
+ F

�
1
F
�
4

(30)

T
�
2 = 2π/

√

Ω�
2 (H) ≡ 2π/

√

Ω�
1 (H)+∆Ω�

1 (H),

u
�
2(t) = u

�
1(τ )+∆u

�
1(τ ) =

[

H + x
�
1(H)

]

cosτ − x
�
1(H)cos3τ ,

τ =
√

Ω�
2 (H)t

(31a)Tn(A) =
T+1
n (A)

2
+ T−1

n (B)

2

Note that Eqs. (31a, 31b) can easily be used by MEMS/
NEMS designers as a quick tool of resonant sensor perfor-
mance optimization.

On the other hand, direct integration of Eq.  (14) yields 
the exact period Te(A) as

Where B is determined by Eqs. (16) and (17)
Microbeam A510 is again taken as an example and the 

corresponding parameters can be found in Sect.  2. The 
“exact” period Te(A) obtained by Eq. (32) and the approxi-
mate periods T1(A) and T2(A) computed by Eqs. (31a) are 
listed in Table 1. Note that the maximum amplitude Am of 
vibration is determined by the difference between unstable 
deflection in the right branch and stable static deflection 
as in the left branch at an equal potential V(as), see Figs. 2 
and 4. Table  1 presents the second approximate period 
T2 derived by Eq.  (31a) and it is obvious that very good 
approximate solutions for different vibration amplitudes 
have been obtained. In general, the first approximate period 
T1 computed using Eq. (31a) is acceptable.

For V2 =  19.3786, as =  0.1; V2 =  32.6616, as =  0.2; 
V2 =  40.47, as =  0.3, and different vibration amplitudes, 
comparisons study of the “exact” periodic solution ue(t) 
obtained by directly integrating Eq.  (14) and the approxi-
mate analytical periodic solutions u1(t) and u2(t) computed 
by Eqs.  (31b) are presented in Figs.  5, 6, 7, 8, 9 and 10. 
These figures show that the second analytical approxi-
mate periodic solutions in Eq. (31b) provide the very good 
approximations to the “exact” periodic solutions for the 
whole range of small and large amplitude of vibration.

The proposed analytical approximate solutions are also 
applicable to NEMS beam resonators. Consider a NEMS 
beam (Kacem et  al. 2011), its length, width and thickness 
are 50, 1 and 1 μm, respectively, and the gap is 400  nm. 
The other parameters are same as those of microbeam 
A510. Figure 11 displays amplitude-frequency curves of the 
NEMS beam resonator at three different stable static equilib-
rium states aS = 0.1, 0.2 and 0.3 where Ω2(A) = 2π/T2(A). 
It can be found that for each static equilibrium state, the 

(32)Te(A) = 2

∫ A

−B

du√
2[Π(A,V)−Π(u,V)]

(31b)un(t) =


















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










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u
+1
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n (A)

4
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n
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t − T
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n (A)

4
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n (B)

4

�
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2
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n

�

t + T
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Table 1   Comparison of 
approximate and “exact” 
periods

A B Te T1/Te T2/Te
V2 = 19.3786 as = 0.1 Am = 0.688556

0.15 0.146816 0.200128 0.999865 1

0.3 0.286262 0.201465 0.999214 1.00007

0.45 0.413921 0.205413 0.996367 1.00076

0.5 0.451985 0.208165 0.993667 1.00160

0.6 0.515309 0.220332 0.975970 1.00823

0.65 0.535686 0.238012 0.938184 1.02184

0.66 0.538265 0.245079 0.920585 1.02641

0.67 0.540192 0.255611 0.892998 1.03001

0.68 0.541375 0.275211 0.840444 1.02181

A B Te T1/Te T2/Te
V2 = 32.6616 as = 0.2 Am = 0.452712

0.1 0.095158 0.229315 0.999743 1

0.2 0.180085 0.234160 0.998509 1.00009

0.3 0.251466 0.245598 0.993409 1.00079

0.35 0.279637 0.257149 0.985139 1.00213

0.4 0.300156 0.280317 0.959932 1.00539

0.41 0.303044 0.288281 0.948887 1.00612

0.42 0.305435 0.298704 0.932940 1.00624

0.43 0.307281 0.313407 0.908172 1.00401

0.44 0.308522 0.337501 0.864103 0.992118

0.45 0.309090 0.403493 0.743537 0.909511

A B Te T1/Te T2/Te
V2 = 40.4700 as = 0.3 Am = 0.23517

0.05 0.046047 0.293536 0.999704 1.00001

0.1 0.084541 0.303182 0.998360 1.00007

0.15 0.114858 0.323700 0.993326 1.00047

0.18 0.128264 0.347304 0.983497 1.00121

0.2 0.134697 0.374642 0.966417 1.00183

0.22 0.138662 0.430246 0.914759 0.996641

0.23 0.139539 0.505348 0.824887 0.959312

Fig. 5   Comparison of approximate periodic solutions with “exact” 
solution for as = 0.1, V2 = 19.3786, A = 0.45

Fig. 6   Comparison of approximate periodic solutions with “exact” 
solution for as = 0.1, V2 = 19.3786, A = 0.68
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vibration frequency decreases with the increase of oscilla-
tion amplitude. For saving space, the approximate analytical 
periodic solutions to the resonator are omitted.

5 � Conclusions

In this study, a new nonlinear dynamic model for an axi-
ally stressed clamped–clamped micro-/nanobeam actuated 
by one-sided electrode configuration is presented by using 
ROM and accurate approximate analytical solutions are 
constructed. The ROM is based on the Galerkin procedure 
and the choice of a proper shape function from which inte-
gral of the electromechanical forcing term is obtained in an 
explicit and closed form, and its analyses are thus conveni-
ent. Fundamental natural frequency of linear free vibration 

Fig. 7   Comparison of approximate periodic solutions with “exact” 
solution for as = 0.2, V2 = 32.6616, A = 0.3

Fig. 8   Comparison of approximate periodic solutions with “exact” 
solution for as = 0.2, V2 = 32.6616, A = 0.44

Fig. 9   Comparison of approximate periodic solutions with “exact” 
solution for as = 0.3, V2 = 40.47, A = 0.15

Fig. 10   Comparison of approximate periodic solutions with “exact” 
solution for as = 0.3, V2 = 40.47, A = 0.22

Fig. 11   Amplitude-frequency curves of a NEMS beam resonator at 
three different static equilibrium states aS = 0.1, 0.2 and 0.3
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of the beam is established in analytical form. Numerical 
examples show that the analytical expression is in good 
agreement with published experimental data. The nonlin-
ear free vibration of the beam is further analytically inves-
tigated by combing the Newton method and the harmonic 
balance method. Two analytical approximations to the 
period and periodic solution of the beam are constructed. 
The second analytical approximate period and periodic 
solutions show very good approximations to the numerical 
“exact” periodic solutions and they are valid for small as 
well as large amplitude of vibration. With these analytical 
expressions, it is possible to perform analytical paramet-
ric investigations with respect to various physical quanti-
ties that influence the dynamic behavior and to help MEMS 
and NEMS designers for improving the performances of 
resonant sensors. Furthermore, the method proposed in this 
paper may be applied to deal with dynamic electromechan-
ical responses of other nanoscale mechanical resonators. 
Future work will focus on dynamic behaviors of NEMS 
actuated by a DC electrostatic load along with an AC har-
monic load. The effects of fringing field, interatomic forces 
including the Casimir and van der Waals forces as well as 
surface stress need also be considered.

Appendix

The coefficients Ci(i = 1, 2, ···, 6) and Bj(j = 0, 1, 2, 3) in 
Eq. (18) are given by

C1 = 32{π2(1− as)
9/ 2[2N + π2(8+ 3a

2
s
α1)]

− 3V
2
s
α2(1− as)

2},

C2 = 24{−2π2(1− as)
7/ 2[2N + π2(8− 2α1as + 5α1a

2
s
)]

+ V
2
s
α2(1− as)},

C3 = 4π2(1− as)
5/ 2{6N + π2[24+ α1(8− 52as + 53a

2
s
)]}

+ 4V
2
s
α2,

C4 = −2π2(1− as)
3/ 2{−2N + π2[−8+ 3α1(8− 22as + 13a

2
s
)]},

C5 = 6π4α1(1− as)
3/ 2(2− as),

C6 = 2π4α1(1− as)
3/ 2,

B0 = 48(1− as)
9/ 2,

B1 = −72(1− as)
7/ 2,

B2 = 18(1− as)
5/ 2,

B3 = 3(1− as)
3/ 2.

The coefficients D1i(i = 0, 2, 4, 6) and D2j(j = 1, 3) in 
Eqs. (22a, 22b) are givens by

The coefficients D3i(i = 1, 3, 5, 7) and D4j(j = 0, 2, 4, 6) 
in Eqs. (27a, 27b) are givens by

The terms Fm
λ(m  =  1,  2,  3,  4) and En

λ(n  =  1,  2) in 
Eqs. (29a, b) are given by

D10 = B0 + 2B1H�/π + B2H
2/2+ B3H

3
�/(3π),

D12 = 4B1H�/(3π)+ B2H
2/2+ 8B3H

3
�/(5π),

D14 = 2B3H
3
�/(35π)− 4B1H�/(15π),

D16 = 4B1H�/(35π)− 8B3H
3
�/(315π),

D21 = C1H + 8C2H
2
�/(3π)+ 3C3H

3/4+ 32C4H
4
�/(15π)

+ 5C5H
5/8+ 64C6H

6
�/(35π),

D23 = C3H
3/4+ 5C5H

5/16+ 8C2H
2
�/(15π)

+ 32C4H
4
�/(35π)+ 64C6H

6
�/(63π).

D31 = 2B2H + 4B1�/π + 2B3H
2
�/π ,

D33 = 8B3H
2
�/(5π)− 4B1�/(3π),

D35 = 4B1�/(5π)− 8B3H
2
�/(35π),

D37 = 8B3H
2
�/(105π)− 4B1�/(7π),

D40 = C1 + 3C3H
2/2+ 15C5H

4/8+ 4C2H�/π

+ 16C4H
3
�/(3π)+ 32C6H

5
�/(5π),

D42 = 3C3H
2/2+ 5C5H

4/2+ 8C2H�/(3π)

+ 32C4H
3
�/(5π)+ 64C6H

5
�/(7π),

D44 = 5C5H
4/8+ 32C4H

3
�/(35π)− 8C2H�/(15π)

+ 64C6H
5
�/(21π),

D46 = 8C2H�/(35π)+ 32C4H
3
�/(315π)+ 64C6H

5
�/(231π).

F
�
1 = B0H + 3B2H

3/4+ 8B1H
2
�/(3π)+ 32B3H

4
�/(15π),

F
�
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+ 512C4H
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�/(105π)+ 512C6H

5
�/(105π)− B0Ω
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1
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1/2+ 256B3H
3
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1/(105π),

E
�
1 = C1H + 3C3H

3/4+ 5C5H
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+ 32C4H
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�/(15π)+ 64C6H
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