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1  Introduction

Currently, rotating electrical machines generate almost 
all of the world’s electricity. It is estimated that rotating 
machines (motors) consume approximately 70  % of all 
electrical power (Salon 1990). Given the fact that most 
of the moving parts of equipment are driven by different 
types of electrical motors, such motors are prevalent in our 
life. However, electric generators or motors also generate 
heat, vibration, and acoustic noise while converting either 
electrical power to mechanical power (motors) or vice 
versa (generators). Our working environment has become 
difficult to escape from noise as the degree of office auto-
mation increased since more and more automation equip-
ment are utilized in office. Moreover, greater numbers of 
motors are employed in automation to realize multiple 
functions to attract customers. As a result, motors which 
can run more quietly are much more sought after than ever. 
One of the main causes of acoustic noise from motors is 
the resonance between the electromagnetic forces e.g., 
unbalanced magnetic pulls (UMPs) and the stator and the 
frame of the motor. Therefore, the accurate determination 
of the natural frequencies of stator at the design stage to 
reduce resonance noise becomes very important (Watan-
abe et  al. 1983). Researchers have studied motor natural 
frequencies, vibration and acoustic signals in recent years 
(Watanabe et  al. 1983; Silva 2005; Ishibashi et  al. 2003; 
Bouzek 2011). In this paper, the mathematical model for 
the stator structure analysis of a PM Synchronous motor’s 
stator structure is introduced and has been validated using 
a 12 slots and 5 pole-pairs PM surface mounting Synchro-
nous motor named as M1. The dynamic responses of M1 
with excitation force are studied through numerical and 
experimental approaches to further validate the analytical 
model.

Abstract  In order to estimate the vibration and acoustic 
noise in a permanent magnet (PM) synchronous motor, the 
natural frequencies of the stator structure should be deter-
mined during the design stage. In this paper, analytical 
formulas to predict the natural frequencies of the stator are 
derived. The analytical model of the stator includes stator 
teeth, winding, stator core, and stator case. It is observed 
that the natural frequencies calculated with the integrated 
components exceed those based on the stator core alone 
only. In order to verify this analytical model, numerical 
simulation and experimental measurement are carried out 
using a PM synchronous motor which has 5 pole-pairs 
and 12 slots structure configuration. Good agreements are 
observed among the results obtained by analytical formula, 
simulation and experiment.
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2 � Approach

2.1 � Analytical model

2.1.1 � Teeth of stator core

Each tooth of the stator coil can be modeled as a cantilever 
beam as shown in Fig. 1. The dominant vibration of a canti-
lever beam is its bending mode. The natural frequencies of 
a cantilever beam can be calculated (Watanabe et al. 1983) 
as follow.

where λi can be obtained by solving:

where l is the length of the stator tooth.
There are infinite numbers of pertaining to Eq.  (2), the 

first three solutions are: 

The approximate solutions for i > 3 can be expressed as:

2.1.2 � Main body of stator core

The stator core of the motor can be modeled as a ring type 
element. The mode shape can be seen in Fig. 2.
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If the ratio between the length of stator and its diameter, 
l/Dc is less than or equal to unity, the stator can be con-
sidered as a hollow cylinder, and the natural frequencies 
can be calculated by the following equation (Silva 2005; 
Ishibash et al. 2003):

where Ic is the moment of inertia of the stator core, Ec is the 
modulus of elasticity, and hc is the length of the stator core. 
If the ratio of l/Dc is larger than unity, the stator can be con-
sidered as a cylindrical shell, and the natural frequencies 
can be calculated by:

where μc is the Poisson coefficient of the stator coil, and Ωi 
can be calculated:

where k is a non-dimensional coefficient and has:
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Fig. 1   Analytical model of teeth

Fig. 2   First three vibration 
mode (2, 3, 4) shapes of ring 
type element

(a) (b) (c)
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and

where Nt is the number of teeth in the stator core, Lt is the 
tooth length, and Wt is the width of the teeth in Eq. (13).

The stator system consists of the motor case, stator 
core, and winding. The materials of the motor case, stator 
core, winding are aluminum, silicon steel, copper respec-
tively. The geometry of the stator is shown in Fig.  3 and 
the detailed dimensions of each component of the stator are 
shown in Table 1.

The motor case is made of aluminum, which has light 
weight, excellent machinability, and high thermal conductiv-
ity; the stator core is made of silicon steel, it has high mag-
netic permeability and can have high corrosion resistance 
after surface treatment;The motor winding is made of cop-
per; which has very high thermal and electrical conductivity. 
It can have high corrosion resistance after surface treatment. 
The material properties of aluminum, silicon steel and cop-
per are shown in Tables 2, 3 and 4 respectively. Based on the 
motor dimensions in Table 1 and the material properties of 
Silicon steel in Table 3, the natural frequency of the stator 
core teeth in the first three modes can then be obtained as:

In order to obtain the natural frequencies of the stator 
core’s main body, the moment of inertia of the stator has to 
be calculated first, and it is:

Then, the ratio between the length of the stator core and its 
diameter is calculated as following;

Because the ratio between the length of the stator core and 
its diameter is less than unity, the stator should be consid-
ered a hollow cylinder, and its equivalent stiffness can be 
calculated by:
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Using the same approach, the equivalent stiffness of the 
motor case can be obtained by:

Normally, the stator core is tight-fitted to the motor case. The 
equivalent stiffness of the whole stator can be assumed to be 

(17)

Kstator_core_eq_n = [
4

Dc

n(n2 − 1)
√
n2 + 1

]2
Estator_coreIstator_core

ρcLchc
Mstator_core_eq

= [
4

Dc

n(n2 − 1)
√
n2 + 1

]2
Estator_coreIstator_core

ρcLchc
ρcLchcDc

= 79.55
n2(n2 − 1)2

n2 + 1
10

5

(18)

Kcase_eq_n = 32
n2(n2 − 1)2

n2 + 1

EcaseIcase

Dcase + Dcase

= 60.8
n2(n2 − 1)2

n2 + 1
10

5

Fig. 3   Simulation model of M1

Table 1   PM synchronous motor specifications

Case length (Lcase) 37.5 mm

Case effective outer diameter (Dcase_effective_outer) 80.5 mm

Case inner diameter (Dcase_inner) 76.0 mm

Stator core length (Lstator_core) 15.0 mm

Stator core inner diameter (Dstator_core_inner) 66.0 mm

Stator core outer diameter (Dstator_core_outer) 76.0 mm

Stator core teeth width (Lteeth) 13.0 mm

Stator core teeth length (Wteeth) 4.8 mm

Stator core teeth thickness (Tteeth) 15.0 mm

Winding diameter (dwinding) 1.0 mm

Winding turns (Nwinding) 30 turns/slot

Slot number (S) 12

Pole number (P) 10
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the parallel connection between the stator core and motor case. 
The equivalent stiffness of the stator can be calculated by:

After the equivalent mass and stiffness of the whole stator 
are obtained, the natural frequencies of it can be obtained, 
and expressed as:

So, the frequencies for the first four modes can be obtained as:

2.2 � Simulation model

2.2.1 � Model analysis

Vibration numerical model is built in ANSYS® and the first 
mode natural frequency of the teeth is shown in Fig. 4. The 
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first three modes natural frequencies of stator core in M1 
are shown in Figs. 5, 6 and 7 respectively.

From Fig.  4, it can be inspected that the lowest natu-
ral frequency of the stator teeth is the first bending mode, 

Table 2   Material properties of Aluminum (Polmear 1985)

Density 2700 kg/m3

Elastic modulus 70 Gpa

Poisson’s ratio 0.35

Thermal conductivity 237 Wm−1 K−1

Mean coefficient of thermal expansion under 25º 23.1 μm/m/ºC

Electrical resistivity 28.2 nΩm

Magnetic relative permeability 1.000022

Table 3   Material properties of Silicon steel (Selection Election of 
Electrical Steels 2007)

Density 7650 kg/m3

Elastic modulus 50 Gpa

Poisson’s ratio 0.29

Thermal conductivity 237 Wm−1 K−1

Mean coefficient of thermal expansion under 25º 11 μm/m/ºC

Electrical resistivity 1.6 e−5 Ωm

Magnetic relative permeability 4000

Table 4   Material properties of copper (http://en.wikipedia.org/wiki/
Copper)

Density 8940 kg/m3

Elastic modulus 110~128 Gpa

Poisson’s Ratio 0.34

Thermal conductivity 401 Wm−1 K−1

Mean coefficient of thermal expansion under 25º 16.5 μm/m/ºC

Electrical resistivity 16.78 nΩm

Magnetic relative permeability 1.00001

Fig. 4   The first mode of stator teeth of M1

Fig. 5   Modal analyses results of M1 (second mode)
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which is 12,080  Hz. This is in the high-frequency range 
compared to the mechanical excitation frequency of 50 Hz 
if the motor’s rotating speed is 3000 RPM. Due to the large 
difference between the excitation and natural frequency, the 
induced response amplitude will be small and can be con-
sidered negligible. The second and higher modes of the sta-
tor teeth, their frequencies are at least 2 times higher than 
the fundamental frequency of the teeth, and the vibration 
amplitudes are much lower than that of the fundamental 
frequency of the teeth. Hence, vibration of motor caused by 
teeth resonance can be ignored.

Figures  5, 6 and 7 illustrate that the second, third and 
fourth modes natural frequencies of the stator core are 
2642.3, 7343.8, and 11,106 Hz respectively. These frequen-
cies should decrease if there is any crack on the motor case 
or on the motor stator. This is however beyond the scope 
of this paper and may be considered in-depth for future 
studies.

2.2.2 � Transient analysis

In order to simulate the vibration response of the PM motor 
M1 due to dominant excitation frequencies of dynamic 
unbalanced magnetic pull (DUMP) in radial direction, 
a transient analysis is employed. The different grades of 
DUMP of M1 are calculated by using ANSOFT® and the 
results in space and frequency domain are shown in Figs. 8 
and 9 respectively. The results of transient response of M1 
in time and frequency domain are shown in Figs. 10 and 11 
when M1 has different grades of DUMP faults.

3 � Experimental validation

Figure  12 demonstrates an experimental platform for 
measuring the vibration induced by DUMP faults on the 

Fig. 6   Modal analyses results of M1 (third mode)

Fig. 7   Modal analyses results of M1 (fourth mode)

Fig. 8   DUMP of M1 in space 
domain with different radial 
eccentricity
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Fig. 9   DUMP of M1 in fre-
quency domain with different 
radial eccentricity

Fig. 10   Dynamic responses of 
DUMP in the time domain with 
different radial eccentricity

Fig. 11   Dynamic responses of 
DUMP in the frequency domain 
with different radial eccentricity
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anti-vibration table. A modified permanent magnet syn-
chronous motor (PMSM) is mounted on a testing bench 
with four EBGONG40250 vibration isolator pad. The 
PMSM is controlled using a BLHD50K motor driver. Two 
Polytec OFV-5000 Laser Doppler vibrometers (LDVs) are 
employed to measure the velocity power spectrum of the 
points on the out surface of the PM Synchronous Motor.

The experimental results with different grades of 
dynamic eccentricity faults are shown in Table  5. It can 
be observed that the two columns of field data (at 50  Hz 
and 550 Hz in y and z) increase obviously with increasing 
dynamic eccentricity grades in the y and z directions.

4 � Results and discussion

The modal analysis results of the stator obtained through 
the analytical model and the numerical model are com-
pared in Table 6.

The differences of these four modes frequencies of sta-
tor are less than 5 %, implying that the analytical model is 
correct and it can be used as a first prediction of the natural 
frequency of the stator.

Table 7 compares the experiment and simulation results at 
3000 Hz in the x direction. It can be observed that the experi-
mental results with different eccentricity grades are well 
matched with the simulation results of the same grades faults.

The differences of vibration level with four faulty grades 
motor between simulation and experimental results are also 
less than 5  %, implying that the numerical model is cor-
rectly modeled and it can be utilized to verify the results 
obtained through analytical approach.

Fig. 12   An experimental platform for measuring the vibration 
induced by DUMP faults

Table 5   Experimental results induced by DUMP with different grades of DE faults

Bold frequencies are main faulty frequencies of DUMP induced by dynamic eccentricity

Faulty 
grades

x (m/s) y (m/s) z (m/s)

50 Hz 500 Hz 550 Hz 3000 Hz 50 Hz 500 Hz 550 Hz 3000 Hz 50 Hz 500 Hz 550 Hz 3000 Hz

e0 0.016600 0.205200 0.024460 0.018980 0.028980 0.161200 0.022170 0.018480 0.034770 0.193500 0.026480 0.022180

e1 0.016639 0.205237 0.024496 0.019026 0.030511 0.161242 0.023701 0.018507 0.034790 0.038013 0.029723 0.022201

e2 0.016643 0.205217 0.024480 0.018995 0.031675 0.161222 0.024865 0.018528 0.034797 0.041140 0.032850 0.022212

e3 0.016605 0.205220 0.024474 0.018997 0.033013 0.161217 0.026203 0.018519 0.034814 0.044440 0.036150 0.022226

e4 0.016628 0.205238 0.024498 0.018995 0.034479 0.161229 0.027669 0.018509 0.034815 0.048080 0.039790 0.022211

Table 6   Modal analysis results 
in two models

Frequency First mode 
(teeth)

Second mode  
(stator and case)

Third mode  
(stator and case)

Fourth mode 
(stator and case)

Analytical results 11,727 Hz 2,666 Hz 7543 Hz 14,463 Hz

Simulation results 12,080 Hz 2642 Hz 7343 Hz 15,170 Hz

Difference 2.92 % 0.90 % 2.65 % 4.66 %

Table 7   Comparison between the experimental and simulation results with 4 faulty grades of DE faults at 3000 Hz

Amplitude
(m/s)

Eccentricity distance  
0.1 mm (e1)

Eccentricity distance  
0.2 mm (e2)

Eccentricity distance  
0.3 mm (e3)

Eccentricity distance 
0.4 mm (e4)

Simulation results 0.009648 0.01985 0.03856 0.07717

Experimental results 0.009945 0.02079 0.03948 0.07806

Difference 2.98 % 4.52 % 2.33 % 1.14 %
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5 � Conclusions

The stator teeth and stator core are modeled, respec-
tively, as a cantilever beam and a hollow cylinder. Par-
ametric studies on the dynamic structure of the whole 
stator system have been conducted to predict the natu-
ral frequencies and the numerical calculations have been 
carried out to validate the correctness and effectiveness 
of the proposed mathematical models. All these analyti-
cal models are validated with experimental results, and 
the correctness and effectiveness of the models are thus 
confirmed.
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