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1  Introduction

A significant body of literature has been devoted to Nano-
electromechanical systems (NEMS) in the past few years 
because of the potential of such technologies to deliver 
device dimensions in the nanometre range, leading to low 
mass, high mechanical resonance frequency. To be success-
fully deployed in NEMS devices, components must be pre-
pared from materials that meet specific chemical and physi-
cal properties. Since the discovery of carbon nanotubes 
(CNTs) (Iijima 1991), these materials have been under 
extensive investigation for their implementation as NEMS 
(Dao et  al. 2010) and MEMS (Micro electromechanical 
systems) devices (Dau et al. 2010a, b).

CNTs have many of the desirable properties for 
NEMS, such as extremely high in-plane elastic modulus, 
high natural frequency and thermal conductivity. These 
properties, combined with their nanometer-size, ideal 
atomic structure, suggest that CNTs have potential appli-
cations as nanoresonators (Jensen et al. 2007, 2008; Pon-
charal et  al. 1999; Bell et  al. 2008). Nanoresonators are 
a subclass of resonance-based sensors being developed to 
meet the high-performance requirements of many sensing 
applications, including metal deposition monitors, chemi-
cal reaction monitors, biomedical sensors, mass detectors, 
etc., (Li and Chou 2003; Motta 2012; Goh et  al. 2009). 
Reduction in the size of a resonator to the nano-scale 
increases its resonant frequency and reduces its energy 
consumption (De Los Santos 1999). For resonator-based 
sensors, higher resonant frequency leads to higher sensi-
tivity (Jensen et al. 2008; Zhu et al. 2014; Shiraishi et al. 
2013). Several examples of carbon nanotube oscillators 
highlighting these advantages have already been reported 
(Li and Chou 2003; Sazonova 2006; Ouakad and Younis 
2011).
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In order to better understand and optimise CNTs 
nanoresonator design, detailed modelling of their behav-
iour is required. Due to the complexities of the fabrica-
tion process, producing perfectly straight CNTs with 
controlled geometry and orientation is difficult. Indeed, 
it has been indicated that CNTs are fabricated with some 
level of curvature or slack (Sazonova 2006). The curvature 
among nanotubes’ structure can be seen in Fig.  1 (Qian 
et  al. 2000). Gibson et  al. (2007) stressed the importance 
of including the slack of CNTs in models and indicated 
that no consistent model has been presented to address this 
deficiency. Up to this point, most computational vibrational 
studies model CNTs to be perfectly straight; however, there 
are a few studies about the effect of waviness on vibrational 
behaviour of CNTs (Ouakad and Younis 2011; Farsadi 
et al. 2012; Imani Yengejeh et al. 2014).

Meanwhile, defects in nanotubes, including substitutional 
impurities, vacancies, and topologic defects, create heteroge-
neous structures, which can change the electronic, chemical, 
and mechanical properties of the carbon nanotubes (Suenaga 
et al. 2007). In turn, these different properties can influence 
the applications of such CNTs in NEMS and nanocompos-
ites. Furthermore, the significant effect of vacancies on the 
natural frequencies of SWCNTs has been indicated in previ-
ous studies (Karami and Amjadipoor 2011; Ghavamian and 
Öchsner 2013). Karami and Amjadipour investigated the 
effect of vacancy defects on the natural frequency of SWC-
NTs using a model based on structural molecular mechan-
ics. They scattered vacancies on the SWCNTs’ structure 

for more realistic simulation, and their results indicated the 
significant effect of vacancies on vibrational behaviour of 
SWCNTs (Karami and Amjadipoor 2011).

While previous research has considered the effect of cur-
vature or the influence of defects in CNTs, to-date model-
ling the combination of these two effects on the vibrational 
characteristics of CNTs has not been reported. Therefore, 
in this paper, vibrational behaviours of SWCNTs under 
both the effects of waviness and vacancy defects have been 
investigated in order to approach the simulation of a “real-
world” SWCNT. In this research, a model based on molec-
ular dynamics and finite element method is developed. 
The foundation of this model is based on modeling meth-
odology proposed by Li and Chou (2003) and an efficient 
model for vibration analysis of carbon nanotubes proposed 
by Georgantzinos et al. (2009). The simulation in this paper 
has been done using ANSYS.

2 � Modelling and analysis method

In this paper for modelling SWCNTs a technique based 
on finite element method and molecular dynamics is used. 
This technique is based on the concept that CNT can be 
considered as a continuum having continuous distributions 
of mass and stiffness. Odegard et  al. (2002) implemented 
an equivalent continuum model for prediction of property 
of nanostructure materials. Molecular mechanics model has 
been used for calculating extensional, torsional and bend-
ing rigidity of SWNTs using the potential energies (Bod-
ily and Sun 2003). Li and Chou (2003) developed a similar 
method using continuum mechanics and molecular dynam-
ics for determining the properties of CNTs. Thus we can 
simulate a SWCNT as a space frame model consists of 
mass and stiffness.

As the most part of atom mass is concentrated in 
nucleus, nucleus mass (mc = 1.9943× 10−26kg) is con-
sidered as atom mass and electron masses are neglected. In 
order to simulate atom mass, mass elements are located on 
carbon atoms positions in SWCNT structure. Bonding of 
carbon atoms is modelled by stiffness element.

Total steric potential energy, which is a summation of 
energies due to bonded interactions and nonbonded interac-
tions, can be expressed as Eq. (1) (Rappé et al. 1992):

where Ur, Uθ, Uϕ, Uω and UVDW are the energy terms due 
to bond stretching, bond angle bending, dihedral angle tor-
sion, out-of-plane torsion and van der Waals interaction, 
respectively (Li and Chou 2003). In this research the van 
der Waals interaction is ignored, so the term related to it is 
omitted.

(1)U =
∑

Ur +
∑

Uθ +
∑

(Uϕ + Uω)+
∑

UVDW

Fig. 1   Transmission electron microscope image showing waviness of 
nanotubes (Qian et al. 2000)
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In this study, for bond simulation, a configuration of 
nano springs has been employed. This technique has been 
introduced by Georgantzinos et  al. (2009). These springs 
are connected to two nodes, which have six degrees of 
freedom per node. The required spring stiffness coeffi-
cients can be produced according to Castigliano’s theorem 
from the potential energies. The types of springs used are 
demonstrated in Fig. 2. One axial spring and one torsional 
spring have been used for simulation of the stretching (kr) 
and torsion kτ bond interaction. The angle bending interac-
tion has been simulated using a set of axial springs kb, and 
their stiffness can be calculated from bond-angle bending 
force constant (kθ) (Georgantzinos et al. 2009).

The capability and efficiency of this molecular structural 
mechanics method have been verified in the vibrational 
analysis of single walled carbon nanotubes (Li and Chou 
2003; Georgantzinos et al. 2009).

It has been reported in the literature that sinusoidal func-
tion shows more compatibility with the real curvature of 
SWCNT (Gibson et al. 2007), so in this study the waviness 
has been simulated using Eq. (2):

where x is the spatial coordinate, L is the length of the car-
bon nanotube and e is the amplitude of its waviness. For 
the investigation of the effect of waviness, a parameter 
waviness ratio (e/L) has been introduced. The SWCNT 
simulation models with different waviness ratios have been 
developed as shown in Fig. 3.

Vacancy ratio Vr =
n1
n
× 100 has been introduced to 

present the vacancies, where n1 denotes the number of 

(2)Z = e× sin
(πx

L

)

nodes that have been vanished due to vacancy modelling, 
and n is the number of total nodes in the CNT’s structure. 
Creation of vacancies has a limitation; two neighbour 
nodes cannot be eliminated together. For vacancy simula-
tion, related elements were omitted in the frame like model.

Furthermore, in order to investigate the changes in the 
vibrational behaviour of SWCNTs, a parameter called 
natural frequency shift Δf =  fd −  fp is defined, where fd 
represents the natural frequency of the defected one, and 
fp denotes the natural frequency of the perfect and straight 
SWCNT.

The equation of motion for the free vibration of 
undamped structure is:

where [M] and [K] are, respectively, the global mass 
and stiffness matrices; {y} and {ÿ} represent the nodal 

(3)[M]{ÿ} + [K]{y} = 0

Fig. 2   Graphical demonstration of the hexagonal lattice (Georgantzi-
nos et al. 2009)

Fig. 3   Graphical demonstration of wavy SWCNT (5, 0) with aspect 
ratio of 15.9: a waviness ratio equal to 0, b waviness ratio equal to 
0.03, c waviness ratio equal to 0.06, and d waviness ratio equal to 
0.09
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displacement vector and acceleration vector, respectively. 
The global matrices of the structure can be assembled from 
the elemental matrices. For assembling nodes, finite ele-
ment method is used. The natural frequencies f and mode 
shapes are determined from the solution of the eigenprob-
lem (Li and Chou 2003; Georgantzinos et al. 2009).

For the verification of the modelling technique, our 
results are compared with the result obtained by Georgantz-
inos et al. (2009) as shown in Fig. 2. Perfect SWCNT with 
chirality index (5, 0) and clamped-free boundary condition 
is considered. As shown in Fig. 4, our results are close to 
those reported by Georgantzinos et al. (2009).

3 � Results

Figure  5 shows natural vibration frequency shift of 
SWCNT with chirality index (5, 0). Clamped-free bound-
ary condition with aspect ratio (L/D) equal to 15.9 and 
different waviness ratios and vacancy ratios have been 
considered.

As shown in Fig. 5, a SWCNT (5, 0) with waviness ratio 
equals to 0.09 and vacancy ratio equals to 0.01 has a natural 
frequency of 2.67 GHz lower than that of the perfect one. 
This shows the important effect of such defects on the vibra-
tional behaviour of SWCNTs. It is clear from Fig. 5 that as 
the waviness ratio increases, natural frequency decreases. 
By comparing natural frequency shift of wavy one with 
wavy-vacancy defected one, it can be seen that vacancies 
have the dominant effect on the natural frequency until the 
waviness ratio equals to 0.082, and from this point onward, 
the effect of waviness surpasses the effect of vacancies. 
Therefore, for a specific vacancy ratio, the waviness ratio at 
which the effect of waviness equals to the effect of vacan-
cies is defined as the critical waviness ratio (e/L)cr.

Figure  6 indicates that for SWCNT (5, 0) with the 
aspect ratio equals to 10.3, when waviness ratio is 0.09 

and vacancy ratio is 0.01, the natural frequency shift is 
−10.2  GHz. By comparing Figs.  5 and 6, the significant 
effect of aspect ratio on the impact of the vacancy defect 
and waviness on the principle frequency of SWCNTs can 
be observed. It can be noted that by decreasing the length 
of SWCNT, the critical waviness ratio (e/L)cr decreases, as 
at vacancy ratio of 0.01, this is equal to 0.028 for the aspect 
ratio of 10.3, whereas it is equal to 0.082 for the aspect 
ratio of 15.9. By considering this, it can be concluded that 
in short SWCNTs the waviness represents the dominant 
effect on the natural frequency.

For analysing the effect of vacancy location on the 
vibrational behaviour of SWCNTs, vacancies are simulated 
in two different positions within the structure of SWCNT 
(5, 0) with the aspect ratio of 13.2. For this purpose, a 
parameter of vacancy location x/L has been defined, where 
x denotes the distance of the vacancies from the closest end 
of SWCNT and L is the length of SWCNT. According to 
Fig. 7, the natural frequency of SWCNT with aspect ratio 
equal to 13.2 and waviness ratio equal to 0.09 is 2.2 GHz 
lower than that of the straight one with no defects, and 

-3

-2.5

-2

-1.5

-1

-0.5

0
0 0.02 0.04 0.06 0.08 0.1

N
at

ur
al

 F
re

qu
en

cy
 S

hi
ft 

(G
H

z)

Waviness Ratio e/L

Vr = 0
Vr = 0.01
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the frequency shift is −3.7  GHz for the wavy vacancy 
defected one with vacancy ratio equals to 0.008 and the 
vacancy location is 0.1. By comparing the natural fre-
quency shift of the one with vacancy location of 0.1 and 
the one with vacancy location of 0.4, it can be noted that 
as the vacancies approach the peak of the waviness, the 
natural frequency shift decreases and the critical waviness 
ratio decreases, too. Furthermore, by comparing Figs. 5 and 
7, the significant effect of aspect ratio on the influence of 
the vacancy defect and waviness on the principle frequency 
of SWCNTs can also be seen. The critical waviness ratio 
(e/L)cr for this SWCNT with vacancy ratio equal to 0.008 
is found to be 0.062 at vacancy location of 0.1 and 0.032 at 
vacancy location of 0.4.

4 � Conclusions

By using an efficient modelling technique based on the 
molecular mechanics method, we investigated the com-
bination effect of vacancy defect and waviness on the 
natural vibration of SWCNTs with chiral indices (5, 0). 
Results indicate that vacancies and waviness significantly 
affect the fundamental frequency of SWCNTs. By increas-
ing the waviness ratio and vacancy ratio, the natural fre-
quency decreases. The aspect ratio also affects the effect 
of waviness and vacancy defects on the vibrational behav-
iour of SWCNTs. Furthermore, the critical waviness ratio 
decreases by decreasing the length of SWCNT, which indi-
cates that by increasing the length of SWCNTs, the effect 
of vacancies is getting more noteworthy compared to the 
effect of waviness on the natural frequency of SWCNTs. In 
other words, in shorter SWCNTs, waviness has more domi-
nant effect on the natural frequency compared to vacancies. 
In addition, the effect of vacancy location on the vibra-
tional behaviour of wavy-vacancy defected SWCNTs have 
been studied, and the results showed that when vacancies 
are further from the peak of the waviness, the critical wavi-
ness ratio decreases. These findings can help researchers to 
understand the combination effect of waviness and vacancy 
defects on the natural frequency of SWCNTs, and there-
fore, to develop more accurate CNT-based nanoresonators.
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