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Abstract Recently, centrifugal pumping has been dis-
covered to be an excellent alternative method for con-
trolling the fluid flow inside microchannels. In this
paper, we have developed the physical modeling and
carried out the analysis for the centrifugal force driven
transient filling flow into a rectangular microchannel.
Two types of analytic solutions for the transient flow
were obtained: (1) a pseudo-static approximate solution,
and (2) an exact solution. Analytic solutions include
expressions for flow front advancement, detailed veloc-
ity profile and pressure distribution. The obtained ana-
lytical results show that the filling flow driven by
centrifugal force is affected by three dimensionless
parameters which combine fluid properties, rectangular
channel geometry and processing condition of rotational
speed. Effects of inertia, viscous and centrifugal forces
were also discussed based on the parametric study.
Furthermore, we have also successfully provided a
simple and convenient analytical design tool for such
rectangular microchannels, demonstrating two design
application examples.

1 Introduction

Over the past decade, a wide range of applications of
integrated microfluidic systems has been observed in the
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fields of miniaturized analytical systems for chemistry
and biology such as genomic and proteomic analyses,
clinical diagnostics and micro total analysis systems
(Auroux et al. 2002; Reyes et al. 2002). In recent years,
these miniaturized analytical microfluidic systems enable
a point-of-care or ubiquitous diagnosis and treatment of
patients with minimizing sample and reagents volumes.
The integrated microfluidic systems generally contain
several microfluidic functions (Auroux et al. 2002; Reyes
et al. 2002) such as pump, valve, mixing, reaction, sep-
aration and so on. In order to achieve desirable func-
tions with the microfluidic systems in a precise manner,
the control of the fluid flow is inherently required.
Recently, a centrifugal pumping method for a CD
type microfluidic device equipped with a rotational
motor was reported as a new controlling method for the
flow in microchannels (Duffy et al. 1999; Madou et al.
2001; Gyros™ Microlaboratory, http://www.gyros.com).
The centrifugal force generates fluid flow with little
sensitivity to the physicochemical properties of the
working fluid such as ionic strength, pH and so on
(Dufty et al. 1999). It can also provide parallel pumping
flows to several microchannels simultaneously on the
same CD type microfluidic chip. It is important to
understand the spatial and temporal behavior of fluid
flow inside the microchannel for a precise design of a
centrifugal microfluidic channel system. So far, most of
previous studies in the literature simply adopted capil-
lary stop valves making use of a surface tension effect for
the purpose of controlling fluid flow, with lack of
detailed understanding of the centrifugal flow behavior.
Numerical simulation could help us to design the
desirable microchannel system more precisely and to
understand the physical behavior of such microchannel
flows. However, relying on a numerical analysis tool is
very time consuming and costly at the first design step,
especially for the cases of a complex microchannel net-
work system or transient filling flow into microchannels.
In contrast, an analytical solution approach, if available,
provides a physical insight into flow behavior inside the
microchannel. And moreover, it can offer a simple



design guide at the first design step so that the design
time and cost could be remarkably reduced. In this re-
gard, we have already carried out the physical modeling
and analysis for the centrifugal force driven transient
filling flow into a circular microchannel and suggested
the simple design equations for the circular microchan-
nel (Kim and Kwon 2006). However, the cross-sectional
geometry of microchannels which were fabricated by the
conventional photolithography is usually rectangular
rather than circular in most practical cases. It might be
possible to apply the analytical results for the circular
microchannel to the design of arbitrary cross-sectional
microchannels such as a trapezoidal cross-sectional mi-
crochannel, based on the definition of the hydraulic ra-
dius. But, the analytical solutions for the rectangular
microchannel are definitely useful and precise to
understand and design the flow inside the rectangular
microchannel.

In this paper, we define a specific physical problem
for the radial flow into a rectangular microchannel on a
rotating disk, as a simplified model of the centrifugal
flow. For such a model problem, physical modeling is
carried out based on the fundamental balance equations
of mass and force. A dimensional analysis is then per-
formed to understand the effects of related forces on the
defined system according to the physical modeling. Two
types of analytical solutions are achieved: (1) a pseudo-
static approximate solution when the inertia force is
negligible, and (2) an exact solution with the inertia force
taken into account. The solution provides important
information such as filling flow front advancement,
velocity profile and pressure distribution as functions of
both time and geometry. The obtained analytical results
show that the filling flow driven by centrifugal force is
affected by three dimensionless parameters which com-
bine fluid properties, rectangular channel geometry and
rotating conditions. Finally, we propose a design tool
for a rectangular microchannel in which the flow is
driven by centrifugal force with application examples.

2 Problem statement

This paper aims not only at analyzing the transient fill-
ing flow into a rectangular microchannel which is driven
by centrifugal pumping but also at providing a simple
design tool to determine a rectangular microchannel
geometry and disk rotational speed to meet a specific
flow requirement for the given fluid material properties.

In this regard, we define a model problem to repre-
sent the transient flow into a microchannel driven by a
rotation of a disk in this section. At this stage, we focus
on the rectangular cross-sectional microchannel. The
model problem can be described as follows.

Figure 1 shows a schematic diagram of a rectangular
cross-sectional microchannel on a CD type centrifugal
microfluidic system. The width and height of the mi-
crochannel are denoted by W and H, respectively. A
sample fluid, such as reagents or drugs having physical
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fluid properties of density, p, and viscosity, u, is injected
into a reservoir which is placed at a certain radial
location of the CD plate, so that the microchannel starts
from the radial location of L, away from the center of
the CD as indicated in Fig. 1. Now the fluid flow can be
considered when a rotational motor starts the CD plate
in a constant rotational speed of w. The material will
flow out of the reservoir into the microchannel due to
the centrifugal force and the flow front gradually ad-
vances along the radial direction of the CD. It is in our
interest to be able to determine the flow front advance-
ment as a function of time 7, denoted by /(). Of course,
this flow front advancement will depend on the rota-
tional speed, w, as well as the location of reservoir,
rectangular microchannel geometry and material prop-
erties of the fluid.

As for the design aspects of a microfluidic system
with several microchannels on a CD plate, it is supposed
that a design objective is to deliver sample fluids to
specifically desired locations in the disk at the desired
times through the multiple rectangular microchannels
via centrifugal force induced by the rotational motion of
the CD. A designer has to decide where to put the res-
ervoirs (Lg), the widths and heights of the microchannels
(W and H) for each channel along with the rotational
speed (w) of the disk. With this kind of design objective
in mind, a simple analytic solution is indeed of great use
in designing such a centrifugal microfluidic system. For
instance, if the analytical expression of /(¢) is available in
terms of the design parameters, one can easily design the
centrifugal microchannels.

In this regard, we would like to obtain an analytical
solution for /(7) as a function of time for given sample
fluid (p and p), microchannel geometry (W, H and L)
and processing condition (w) which are regarded as the
important design parameters in the centrifugal micro-
channel system. Of course, in obtaining an analytical
solution for (), we also find expressions of the detailed
velocity profile as well as the pressure distribution for
the transient filling flow inside the rectangular micro-
channel. Finally, we suggest a simple analytical design
tool of a rectangular microchannel on the CD plate for
the given conditions.

3 Physical modeling and governing equations

Figure 2 shows various forces applied to an infinitesimal
control volume of fluid inside the centrifugal micro-
channel of a rectangular cross-section. The centrifugal
force is developed in the downchannel direction, i.e., the
radial direction of the CD plate. Shear force and pres-
sure are also developed according to the developed fluid
flow. To investigate the centrifugal force driven transient
flow analytically, we simplified the complicated problem
by introducing several assumptions described below and
then derived governing equations associated with the
transient flow.
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Fig. 1 Schematic diagram of the transient filling flow into a
rectangular microchannel on the CD type centrifugal microfluidic
system. Dark area represents a region occupied by the sample fluid,
(?) indicating the flow front

3.1 Assumptions

Assumption 1 1In this study, as a simple constitutive
equation, material is assumed to be a Newtonian fluid.
(non-Newtonian case needs a numerical simulation
method since there is no analytic solution available.)

Assumption 2 As the first attempt to obtain analytic
solutions for the transient flow into a rectangular mi-
crochannel, the Coriolis force effect is assumed to be
negligible in a mild rotational speed in comparison with
the centrifugal force effect. (Brenner et al. (2003) showed
that the Coriolis force dominantly affects the flow over
the rotational speed of 350 rad s™', or equivalently
about 3,350 rpm, for a microchannel of which width and
depth are 360 and 125 pum, respectively. The Coriolis
force induces the transversal flow inside the micro-
channel relative to the axial downchannel flow so that
the flow becomes fully three-dimensional. At the rela-
tively low rotational speed, however, the Coriolis force

Fig. 2 An infinitesimal control
volume of fluid with the applied
forces inside a rectangular
microchannel in which flow is
driven by centrifugal force

could be neglected relative to the centrifugal force.)
Under this assumption, the flow can be assumed to be an
axial flow, 1.e., u = v = 0Oand w # 0 where u, v and w
are velocity components in the direction of x, y and z,
respectively.

Assumption 3 Surface tension effect is neglected in this
study, again as the first attempt to obtain analytic
solutions for the transient flow into a rectangular mi-
crochannel. (It might be noted here that surface tension
becomes important in the microscale transient flow
(Dulffy et al. 1999; Kim et al. 2002; Madou et al. 2001;
Gyros™  Microlaboratory,  http://www.gyros.com)
depending upon the surface properties. However, it
may be reasonable to neglect surface tension effect
when a polymer substrate of which the contact angle of
a sample fluid is almost 90°. For example, the contact
angles between water and native surfaces of poly-
dimethylsiloxane (PDMS) and cyclic olefin copolymer
(COC) substrates are about 90° (Duffy et al. 1999) and
92° (Puntambekar et al. 2002), respectively, with no
surface modification. With this kind of case in mind,
we ignored the surface tension effect for the present
simplified model problem.)

3.2 Governing equations

The local continuity equation for an axial downchannel
flow assumption (v = v = 0) is simply,

ow

7 1

0z 0 (1)
which implies that w is independent of z, i.e., w = w(x,
Y, 0.

As for the momentum conservation equation, from
the free body diagram depicted in Fig. 2, one can obtain
the following relationship:
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where 7., 7,. and p are shear stresses in xz- and yz-
planes and pressure, respectively. It should be noted that
the material derivative, Dw/D¢ becomes just the time
derivative, dw/dt in this case since w is a function of x, y
and 7 only.




For a Newtonian fluid case, 7. and ,., with a sign
convention defined in Fig. 2, can be expressed as

ow
TXZ(xvyat) _:uga (33)
ow
T)’Z<x7y7t)::u'8—y' (3b)
Then Eq. 2 becomes
8_W _ 82_W az_w — _a_p_;’_ >
Par "Ma2 T92) " "8 T PY 7
for Ly <z < I(¢) and ¢ > 0. (4)

Equation 4 is a partial differential equation for velocity
field, w(x, y, t), and pressure field, p(z, ). The domains
of interest for z and ¢ are also expressed in Eq. 4. It
should be noted that the region occupied by fluid is
increasing as flow proceeds since /(¢) increases with the
time, which is a peculiar nature of this transient flow
(Kim and Kwon 2006). One might recognize that the
domain of z at r+ = 0 is null so that the velocity field is
not defined at ¢+ = 0. In this regard, the conventional
initial velocity of w is not to be considered in this study.
Therefore, one has to solve Eq. 4 to obtain w(x, y, f) and
p(z, t) just with appropriate boundary conditions as
follows:

wx=0,y9,6) =0, wkx=W,yt) =0, (5a)
wx,y=0,¢) =0, w(x,y=H,t)=0, (5b)
and

p(L(), t) =0, (63')
p(l(8),t) =0. (6b)

Equation 5a, b means no-slip condition of the velocity
on the wall. Equation 6a indicates that the pressure
head of the inlet reservoir is zero. The pressure head at
the inlet is induced by the gravity force in the reservoir
and it is generally much less than the viscous and
centrifugal forces inside the microchannel. In this re-
gard, we neglected the inlet pressure to simplify the
problem in this study. The pressure at the flow front,
re., at z = [(t), is set to be zero in Eq. 6b by the
assumption of neglecting the surface tension effect
(Assumption 3).

In addition to the continuity and momentum equa-
tions, as a peculiar feature of this particular problem,
one has to take into account the global mass conserva-
tion with regard to the flow front advancement. From
the expression of the total flow rate, Q(¢), one can obtain
the equation for the flow front advancement, namely
I(r), as below

o =T = [ [ wtxyasay. )
0 0

the second equation in Eq. 7 being the governing
equation for /() with the associated initial condition
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(8)

Once the velocity field is obtained, the flow advancement
can be determined via Eq. 7.

In summary, one has to obtain analytic solutions for
w(x, y, t), p(z, t) and [¢) from Eqgs. 4 and 7 with
boundary conditions, Egs. 5a, b and 6a, b and initial
condition, Eq. 8.

I(t)y=Ly att=0.

4 Analytic solutions

In this section, we first manipulate the basic governing
equations further to obtain more convenient forms of
equations to deal with. Then we will introduce dimen-
sionless forms of the governing equations for the sake of
understanding the nature of the flow more efficiently.
From the dimensionless equations, we will derive two
types of analytic solutions: (1) for a pseudo-static flow as
an approximation of low Reynolds number (Re) limiting
case, and (2) for the general transient flow case as an
exact solution.

Equation 4 can be recast to the following form:
Op 5 ow Pw  Pw
oz~ PUE {p ot “(axz * ayz)]'
One can easily integrate the above equation with respect
to z from Ly to z at instant time ¢, recognizing that three
terms in the bracket are independent of z, to result in

2
Pz 0) = plLo, 1) = 22~ (2~ 13)

9)

Substituting /() for z in Eq. 9, along with boundary
conditions of Egs.6a,b at z = Ly, and z = /1),
respectively, gives rise to an interesting equation as be-
low:

ow Pw  Pw\  pw?
pE_ﬂ<W 8—y2> —T(l(t) + Lo).

(10)
Making use of Eq. 10 and boundary condition of
Eq. 6a, one can rewrite Eq. 9 as

2

plzt) =5 (= Lo) (= 1(0). (1)
Now, in summary, the governing equations for w(x, y, f)
and [(r) are Eqgs. 10 and 7, respectively, along with
boundary conditions, Eq. 5a, b, and an initial condition,
Eq. 8. Note that they are coupled with each other. Once
w(x, y, t) and /() are known by solving them, one can
calculate the pressure distribution from Eq. 11. It may
be noted that Eq. 11 shows that pressure distribution is
parabolic in the axial direction at any instant time ¢ (it
will be discussed later).
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4.1 Dimensionless governing equations

Dimensionless form of equations would be more con-
venient to identify a group of dimensionless parameters
which affect the flow rather than the dimensional form
of equations, thus enabling one to gain the physical in-
sight into the problem more clearly. In this regard,
Eqgs. 7 and 10 are nondimensionalized. For this purpose,
we introduced characteristic quantities as listed below:

e Characteristic lengths: (1) W (width of the rectangular
microchannel), (2) H (height of the rectangular mi-
crochannel), and (3) L (characteristic downchannel
length, e.g., distance from the center of a CD plate to
inlet reservoir.)

e Characteristic velocities: (1) U (mean downchannel
velocity of fluid flow), and (2) V (rotational velocity
defined by V' = L ., where w, is the characteristic
angular velocity).

e Characteristic times: (1) 7. (characteristic time for
downchannel flow defined by 7, = L/U), and (2) 1/w,
(characteristic time for rotational motion defined by
l/w. = L/V).

e Characteristic pressure: P, = (1/2)p U*.

The dimensionless variables using such characteristic
quantities are listed below:

(rotational) force effect. It is found from Eq. 13 that
three different dimensionless groups dominantly affect
the fluid flow behavior: Re Ga,Vw* and Cus. Re Ga
represents the ratio of inertia force to viscous force,
which enables us to estimate the inertia force effect on
the flow system. Vw* is equal to w L/U, which is in fact
the ratio of the rotational velocity of a disk to the
downchannel flow velocity, associated with the centrif-
ugal force as shown in Eq. 13. And, C, shows the effect
of the cross-sectional shape of the rectangular micro-
channel on flow behaviors.
Dimensionless form of Eq. 7 can be written as

11

C =ynu T ar whdxtdy,
0 0

with an initial condition

I(0) = L,

(16)

Finally, a dimensionless equation for pressure distribu-
tion was also derived from Eq. 11 as:

P 1) =T (z* — Lz‘))(z* —I'(t")). (17)
In summary, one has to solve w* (x*, y*, r*) and [* (¢*)
from the coupled Egs. 13 and 15. Once they are solved,
one can determine the pressure distribution from Eq. 17.

X'=x/W,y =y/H,z" =z/L,t" =t/T, =tU/L,0" = o/, = oL/ V,

W,y 1) = wlx,p, ) /UL p (1) = ple, 1) /P = 2p/ (pU?), I'(1°) = (1) /L,

where superscript asterisk stands for corresponding
dimensionless parameters.
Then, dimensionless form of Eq. 10 could be stated

as
. 2,5 A2
Re GA aa% - Ii(zx_vl; Zy—‘:;
= SR GAT (1) + 13), (13)
with the corresponding boundary conditions
w*(0,y", ") =0, w'(l,y",t")=0, (14a)
w (x*,0,£) =0, w'(x*,1,£) =0, (14b)

where Re, G, Ca and V7 denote the Reynolds number,
Re = p UH/u, geometrical (global) aspect ratio of
height of the rectangular microchannel to downchannel
length, Go = H/L, microchannel aspect ratio of height
to width of the rectangular microchannel, Co = H/W,
and ratio of rotational velocity to downchannel flow
velocity, ¥V = V /U, respectively. It should be noted that
the first term on the left-hand side of Eq. 13 represents
the inertia force effect; the second two terms on the left-
hand side express the effect of viscous force; and the
term on the right-hand side comes from the centrifugal

(12)

For most of microfluidic applications, the fluid flow
usually has a small Re due to the small characteristic length
of a microchannel. In this regard, we present two types of
analytic solutions below for: (1) a pseudo-static approxi-
mate solution, which is corresponding to the relatively
simple case when Re Go < 1, and (2) an exact solution. It
might be mentioned that the pseudo-static solution enables
us to check the validity of the exact solution since the
pseudo-static solution is corresponding to the asymptotic
behavior of exact solution as Re G, — 0.

4.2 Pseudo-static approximate solution

The microchannel flow usually has a small Re (i.c.,
Re <« 1.) The very small G, also justifies Re Ga < 1,
even when Re is relatively large. For the case of
Re Gp < 1 while maintaining Re Ga V2w ~ O(1), the
effect of inertia force in Eq. 13 becomes negligible
compared with the effects of viscous and centrifugal
forces so that Eq. 13 can be reduced to
2. % 2.k
- /i(;—vfz O e GA TP (1) + L),



with the boundary conditions of Eq. 14a, b, at instant
time ¢*. The solution of Eq. 18 is called the pseudo-static
approximate solution since the inertia term does not
play a role as if the viscous force were just balanced with
the centrifugal force. It should be noted that the
dimensionless velocity, w* is still a function of geometry
(x* and y*) and time (#*) although we neglect the inertia
force term.

From Eq. 18 with boundary conditions, Eq. 14a, b,
one can obtain a dimensionless velocity profile inside the
rectangular microchannel based on the eigenfunction
expansion method

=2
w*(x*, ¥, 1) = 8Re GAV ™
i
m=1,35,.. 3,
where the eigenvalues of the pseudo-static approximate
ﬂOW, ;“mn,static are

(19)

- 1
E —————— sinmnx” sin nmy”*
=135, j~mn staticMAT

2 2,2
/lmn,static = CAm n + n’n

form=1,3,5... andn=1,3,5,.... (20)
Applying Eq. 19 to Eq. 15 yields the following equation
for I*(r%),

dr _
@ = 32Re GA VZCU*Z
i o (1) 1),
35 ;”rnn.static"nzn2 mt
(21)
One can integrate Eq. 21 and apply the initial condition,

Eq. 16 to obtain the final solution of a dimensionless
pseudo-static flow front advancement, /*(¢*):

() =L (2 exp

=135,...n=135,...

Equation 22 shows that the filled region of micro-
channel exponentially increases with the time, ¢*, and
Re G4 times V2w*? and also with the inverse summa-
tion of C% (in Amn.static) appearing in an exponent. The
flow front is thus strongly affected by Re G, V’w*?
and C%. The flow front is also found to be just pro-
portional to Ly*, the entrance location of the micro-
channel.

Substitution of Eq. 22 to Eq. 19 gives the final solu-
tion of the dimensionless pseudo-static velocity profile
inside the rectangular microchannel:

) o0
2 42 1 *
32Re GAV E E —— 1| —1].
m ;tmn.,staticn’lznz7"54 ‘| )
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(L T2 a27x
w ( Vot ):16R6GAV 15} LO
58] 00

x Z ZSIHWITE)C*Sinnny*
m=135,..n=135,.. Lo staticMNTC

2 O o0 1

Xexp 32ReGpV w2 E Z I S
/1 7l . m/2n/2n4
m=135..n=135,.~mnstatc

IEg]

(23)

It is interesting to mention that the maximum velocity of
the pseudo-static flow increases exponentially with the
time.

Finally, by substituting Eq. 22 to Eq. 17, one can ob-
tain a final form of the dimensionless pseudo-static pres-
sure distribution inside the rectangular microchannel:

P ) =T 0 (2 — L) <Z* T
> 1

— 1.
,1:%’:5““ /ﬁtmn,staticn’lznz7754 ‘| )
(24)

o0
32ReGAT @™ 3
m=13}5,...

X exp

In summary, for given fluid properties, geometry of
rectangular microchannel and processing conditions
(i.e., rotational speed), one can determine the pseudo-
static filling flow characteristics: filling flow front
advancement, velocity profile and pressure distribution
as the filling flow proceeds from Egs. 22, 23 and 24,
respectively.

4.3 Exact solution

In this section, we just present the exact solution to the
coupled differential Eqgs. 13 and 15. One may refer to
Appendix 1 for the detailed derivation of /*(+*) and
wE(x*, y*, r*).

(22)

The exact solution of the dimensionless filling flow
front advancement into the rectangular microchannel is
found to be

()

indicating that the filled region of microchannel expo-
nentially increases with the time as in the case of the
pseudo-static approximation. The exponential growth
rate is denoted by the exponent D which can be deter-
mined from the following nonlinear equation

= Lj[2e"" — 1], (25)
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o0 o0
T2 %2 1
m:;j,m n=13,5,... AmnI T
where the eigenvalues of the exact flow, 4, are
Amn = Re GAD + C/im n+ 7127r2
form=1,3,5,...andn=1,3,5,.... (27)

It should be noted that the exponent D, in this
study, is the most important parameter to govern the
centrifugal force driven transient filling flow into the
rectangular microchannel as discussed like in Kim and
Kwon (2006). D represents an inverse of a character-
istic time indicating how fast the filling flow front into
the rectangular microchannel advances: the higher
D is, the faster flow front advances. Comparison
between Egs. 22 and 25 leads to the definition of
Dy, €xponential growth rate for the pseudo-static
case as

o0
— 1
Dgatic = 32Re GV w™? E R I Y
3, ‘___/Lmn,staticm n°m

(28)

where A, static are expressed in Eq. 20.
The exact dimensionless velocity profile inside the
rectangular microchannel was also obtained as

=2
w*(x*, )", ") = 16Re GAV w*zL(*)
(o @] o0 )
E E ————— sinmnx” sin nmy” el
m=135,. n=135,. AmnmnT

(29)

It is noted that the velocity profile of the exact case
deviates from the pseudo-static approximation case due
to the difference of eigenvalues, 4,,,. But the maximum
velocity of the exact solution also increases exponen-
tially with the time like the pseudo-static one. Further-
more, the dimensionless average velocity, Way,*(¢*) can
be obtained from Egs. 15 and 25:

oy 2 400
I/Vavg( >_ dl*

Finally, the exact dimensionless pressure distribution
inside the rectangular microchannel can be expressed as

p*(z*,t*) — 17260*2(2* (31)

In summary, for the given fluid properties, geometry of
microchannel and processing conditions, one can cal-
culate the exponent D via Eqs. 26 and 27 and then
determine the exact filling flow front advancement,
velocity profile and pressure distribution as a function of
time from Eqgs. 25, 29 and 31, respectively.

Meanwhile, one can be easily aware that asymptotic
Jmn Of Eq. 27 as Re G5 — 0 is reduced to A, static Of
Eq. 20 and therefore, asymptotic behaviors of the exact

= 2DLje™" . (30)

—Ly) [z + L — 2L5e" .

solutions (Egs. 26, 25,29, 31)as Re G, — 0 are reduced
to those of the pseudo-static case (Eqgs. 28, 22, 23, 24,
respectively) while maintaining Re GoV?w*> ~ O(1), as
they should.

Finally, for the sake of readers’ convenience, we also
summarized important results of analytic solutions in a
dimensional form in Appendix 2 since it is sometimes
easier to understand the flow behavior if equations are
expressed in a dimensional form rather than in a
dimensionless form.

5 Analysis results and discussion
5.1 Parametric study for exponent D

As discussed above, the exponential growth rate, expo-
nent D is the most important governing parameter in
this transient flow, representing how fast the front of
filling flow advances into the rectangular microchannel.
In this regard, we will discuss the parametric study of D
in this section.

As shown in Egs. 20 and 26, 27, 28, D is determined
by three sets of dimensionless parameters, Re Ga, Vo'
and Cju, which are associated with fluid properties,
geometric data and processing conditions. Therefore,
once ReGa,Vw* and C, are determined from the
information on a sample fluid, rectangular microchannel
geometry and processing conditions, it is rather
straightforward to determine D by solving the nonlinear
Egs. 20 and 26, 27, 28. For the parametric study, we
extensively carried out computations of D for various
combinations of Re Ga, Vw* and Ca.

Figure 3 shows the calculated D for both pseudo-
static (curves) and exact (symbols) cases as a function of
Re G (Fig. 3a, b), Vo* (Fig. 3¢, d) and C, (Fig. 3e, f).
Since Dy, for the pseudo-static case is proportional to
Re G4 and square of Vw* as expressed in Eq. 28, Dgatic
varies linearly for Re G, and Vw* in logarithmic scale,
which are represented as linear lines in all Fig. 3a—d. It
might be mentioned that the gap between adjacent linear
curves of Fig. 3a (one order change of Vw*) is wider
than that of Fig. 3c (one order change of Re G,) due to
the square proportionality of D to Vw*. Since D for the
exact case asymptotically behaves like the pseudo-static
Dygaiic under the condition of Re Gy < 1, the calculated
D lies on the lines of Dy as shown in Fig. 3a-—c, e
while Re Gy < 1 even at high Vw*, as expected. But, as
Re G increases, D becomes smaller than Dy, Which
implies that the flow advancement in the exact solution
is not as fast as the pseudo-static approximation case.
This deviation is due to the inertia force effect (the first
term in Eq. 13) which tends to restrain fluid mass from
accelerating rapidly. As Re G increases further, D
deviates more and more from the curves of Dgic.

From Fig. 3e, f, one can observe the effect of C on
the D: (1) D decreases as Cx increases, and (2) the exact
D deviates more from the curves of the pseudo-static
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Dgaic as Cp decreases when Re G4 is large enough.
These trends can be explained as follows. (1) Mathe-
matically, D is proportional to inverse summation of 4,,,
and 2, is proportional to C% as explicitly expressed in
Egs. 20 and 26, 27, 28. In physical sense, a large Cx
means a large characteristic length (the height of the
channel in this case). For a given Re G,, the large
characteristic length results in the small characteristic
velocity so as to maintain the same Re G4. Therefore, D
decreases as Cx increases. And it might be mentioned
that for the region of the small Cy, the flow inside the
microchannel acts as a two-dimensional plane flow so
that the variation of D in response to the change of Cx
becomes small. But, for the region of Co > 0.1, one can
expect the three-dimensional flow inside the micro-
channel and therefore, D drastically decreases in the
response to the small change of Cx compared with the
behavior at the region of small Ca. (2) When C, de-
creases, the characteristic velocity increases and also the
inertia force effect increases. As discussed above, the
larger inertia force is, the larger deviation of D from

Dyiatic becomes. Therefore, D deviates more from Dgiagic
as Cp decreases.

5.2 Parametric study for flow behavior

In order to provide a physical insight into the centrifugal
microfluidic system in this study, we extensively per-
formed parametric studies on the flow behavior in terms
of the flow front advancement, the velocity profile and
the pressure distribution as functions of the time and
various combinations of Re Ga, Vw* and Ca.

5.2.1 Filling flow front advancement

Figure 4 shows the effects of Re G5 (Fig. 4a), Vo*
(Fig. 4b) and C, (Fig. 4c) on the behavior of the
dimensionless filling flow front advancement, /*(¢*), with
respect to the dimensionless time, ¢*, for both the
pseudo-static (dotted curves) and exact (solid curves)
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Fig. 4 Filling flow front
advancements into the
rectangular microchannel for '
both cases of the pseudo-static
(dotted curves) and exact (solid -
curves) solutions with respect to  *~ 10
the variation of the time: a
effect of Re G4 when

Vw* =1,Cp =0.2 and

— Exact
- Pseudo-static

Lo* = 1, b effect of Vow* when 2 ReG=0.1 _ReGyO01 7
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— Exact
- Pseudo-static |

Cy=0.01
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cases. For the case of Fig. 4a, various values of Re Ga
are chosen: 0.01, 0.1, 0.4, 0.8, 1, 2, 4 and 10 when
Ly =1,Vo* =1 and Cx = 0.2. Dgyie corresponding to
those values of Re Ga are found to be 0.000364146,
0.00364146, 0.0145658,  0.0291317, 0.0364146,
0.0728292, 0.145658 and 0.364146, respectively, from
Egs. 28 and 20, and D corresponding to them are
0.000364146,  0.00364134,  0.014558,  0.0290691,
0.0362926, 0.0718729, 0.138558 and 0.28792, respec-
tively (Egs. 26, 27). For the case of Fig. 4b, we vary the
values of Vw* as 0.1, 0.4, 0.8, 1, 2, 4 and 10 while
maintaining Lo* = 1, Re G5, = 1 and C, = 0.2. The
values of Dgic corresponding to these Vw*/s become
0.000364146, 0.00582634, 0.0233053, 0.0364146,
0.145658, 0.582634 and 3.64146, respectively, and D are
0.000364134,  0.0058232,  0.0232553,  0.0362926,
0.143746, 0.554232 and 2.8792, respectively. In Fig. 4c,
Ca varies as 0.01, 0.1, 0.6, 1, 2, 6 and 10 when Ly* = 1,
Re Go = 1 and Vo* = 1. The corresponding calculated
Dygiaric are 0.0414041, 0.0390406, 0.0260765, 0.0175721,
0.0071463, 0.00103583 and 0.000390406, respectively,
and D are 0.0412345, 0.0388946, 0.0260284, 0.0175572,
0.00714532, 0.00103583 and 0.000390406, respectively.

It is noted that /*(¢*) shows, in the logarithmic scale
of the ordinate, a nonlinear behavior near t* = 0 due to
the term —1 inside the bracket of Egs. 22 and 25, as
plotted in all Fig. 4a—c. However, as t* is sufficiently
large, the term, —1 becomes negligible in comparison
with the exponential term of 2e”", and therefore /*(¢*)
shows a linear behavior in the logarithmic scale of the
ordinate. It might also be noted that the curves of
pseudo-static and exact /*(¢*) almost coincide with each
other at small Re G5 and Vw* (Fig. 4a, b) and at large
C (Fig. 4c) since the values of Dy, and D are almost
the same at those values.

40 50

As clearly shown in Fig. 4a, b, the behavior of [*(¢*)
is more sensitively affected by the change of Vw* than
Re G due to the fact that the exponent D is propor-
tional to the square of Vw* while it is linearly propor-
tional to Re G5o. Meanwhile, as Re G increases, the
deviation between the pseudo-static and exact cases gets
larger as indicated in Fig. 4a, due to the inertia force
effect as discussed earlier. On the other hand, Fig. 4b
shows a very small deviation between the pseudo-static
and exact cases due to a relatively small Re G (in this
case, Re G5 = 1). For Fig. 4c, one can find that the rate
of I*(¢*) decreases as C, increases due to the inverse
proportionality of D to C, and, as well, the relative
decrease of the characteristic velocity for increasing Ca
when the other conditions are kept the same, as dis-
cussed above.

5.2.2 Velocity profile

Plotted in Fig. 5 are typical behaviors of dimensionless
velocity profile, w*(x*, y*, r*), with respect to t* (a—c),
Re G4 (d, e), Vo' (f, g) and Cy (h, 1) for both cases of
pseudo-static (dotted curves) and exact (solid curves)
solutions. Figure 5a shows a typical three-dimensional
transient velocity profile in one quarter of the rectan-
gular microchannel when Re Ga = 10, Vw* = 0.2 and
Cp = 0.2 with Ly* = 1 at t* = 80 (the corresponding
D = 0.0143746). Figure 5b, ¢ shows the typical cross-
sectional velocity profile development according to the
increase of the time (in this case * = 20, 40, 60, 80 and
100) for a specific case of ReGa = 10, Vw* = 0.2 and
Ca = 0.2 with Ly* = 1. The corresponding Dg,. and
D are 0.0145658 and 0.0143746, respectively. The max-
imum value of the velocity exponentially increases with
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the time as expressed in Eqs. 23 and 29. Since the flow
front position gets exponentially away from the center
with the time as illustrated in Fig. 4, the induced cen-
trifugal force which is a flow driving force in the system
exponentially increases with the time, resulting in the
exponential increase of the maximum velocity. It is no-
ted that due to a smaller value of D than D, the exact
velocity profile is getting smaller than the pseudo-static
one as time proceeds. In other words, since the inertia
force restrains the rapid velocity increase, the real
velocity profile development becomes more deviated
from the pseudo-static case with the time even at
Re G = 10.

The variations of cross-sectional velocity profile in
response to Re Ga, Vw* and Cy are shown in Fig. 5d-i,
respectively, at the same instant time, * = 5 when
Lo* = 1.1In Fig. 5d, e, Re G variesas 1,2, 4,6 and 8
when Vw* =1 and Co = 0.2. The corresponding cal-
culated Dge are 0.0364146, 0.0728292, 0.145658,
0.218488 and 0.291317, respectively, and D are 0.0362926,
0.0718729, 0.138558, 0.196993 and 0.246519, respectively.
For the case of Fig. 5f, g, Vw* varies as 0.6, 0.8, 1, 2 and

h — Exact
= Pseudo—staticl

4 when Re Go = 1 and Co = 0.2. The corresponding
Dy are calculated as 0.0131093, 0.0233053, 0.0364146,
0.145658 and 0.582634, respectively, and D are 0.0130934,
0.0232553, 0.0362926, 0.143746 and 0.554232, respec-
tively. In Fig. 5h, i, Cx varies 0.1, 0.4, 0.8, 1,2, 4 and 6
when Re Go = 1 and Vo*=1. The corresponding
Dgaiic are 0.0390406, 0.0311706, 0.0214666, 0.0175721,
0.0071463, 0.00219385 and 0.00103583, respectively, and
D are 0.0388946, 0.0310906, 0.0214394, 0.0175572,
0.00714532, 0.00219382 and 0.00103583, respectively.
Due to the dependency of the exponent D on the square
of Vw*, the velocity profile is more sensitively affected by
the change of Vw* (Fig. 5f, g) than Re G4 (Fig. 5d, e).
However, it is noted that the higher Re G4 is, the more
deviation between the pseudo-static and exact cases is,
which is the same trend as /*(¢*), due to the inertia force
effect restraining a rapid velocity increase. And also, the
maximum velocity decreases as Cp increases due to the
inverse proportionality of D to Cx as shown in Fig. 5h, i
like the behavior of /*(¢*). It might be mentioned that
Fig. 5d, e, and f, g plot the velocity profiles only in the
vicinity of the wall for the case of Re Go = 8 and



Vw* = 4, respectively, since the velocity magnitude in
the other region exceeds the given ranges of the ordinate.

5.2.3 Pressure distribution

Plotted in Fig. 6 are typical pressure distributions with
respect to (a) t*, (b) Re Ga, (c) Vo' and (d) C for both
cases of pseudo-static (dotted curves) and exact (solid
curves) solutions. Figure 6a shows the typical develop-
ment of the pressure distribution as time increases (in this
case r* = 20, 40, 60, 80 and 100) for a specific case of
ReGa =10,Vw* =0.2and Cp = 0.2with Ly* = 1.The
corresponding Dy, and D are calculated as 0.0145658
and 0.0143746, respectively. As expected from Eq. 17,
both the pseudo-static and exact pressure distributions
show parabolic shapes and negative value of pressure
over the microchannel. The first zero pressure of one fixed
end point of the parabola represents the starting position,
i.e., the reservoir, Ly*, (in this case, Ly* = 1), and the
second zero pressure of the other moving end point cor-
responds to the advancing position of flow front, /*(¢*), at
the indicated time, *. Due to the difference of Dy, . and
D, the positions of the second zero pressure point at the
same instant time deviate more and more from each other
as time proceeds. The filled portion of a microchannel
could be divided to two distinctive regions: (1) the left half
region from the starting point (the reservoir) to the center
(the center of filled region inside the microchannel at the
indicated time) having a negative pressure gradient; and
(2) the right half region from the center to the other sec-
ond end point (the position of the filling flow front)
showing a positive pressure gradient. At the center of the
filled channel, i.e., between the two regions, the pressure
gradient is zero. These trends can be explained by the
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force balance among the centrifugal force, pressure
gradient and shear stress based on the assumptions in this
study. It might be reminded that the velocity component,
w, is a function of x and y only (not z) at any instant time,
thus the shear stress becomes a function of x and y only at
an instant time, thus remaining the same over the entire
filled region of the microchannel. The centrifugal force
linearly increases with the radial location of the CD plate.
In response to the increasing centrifugal force with the
radial direction, the pressure is developed to maintain
the same shear force throughout the filled region inside
the microchannel as follows. A small centrifugal force in
the left half region needs a negative pressure gradient
(a favorable pressure gradient to the flow), while a posi-
tive pressure gradient (an adverse pressure gradient to the
flow) should compensate for a large centrifugal force in
the right half region, in order to match exactly the average
centrifugal force (with zero pressure gradient) at the
center. This is how a parabolic and negative pressure
distribution is built up along the downchannel direction
of the microchannel.

Figure 6b—d shows the pressure distributions with
regard to the change of ReGa,Vw* and Cyu, respec-
tively, at the same instant time, t* = 5 when Ly* = 1.
For the case of Fig. 6b, Re G4 varies as 1, 2, 4, 6 and 8
when Vw*=1 and Ca = 0.2. The corresponding
Dgaic are 0.0364146, 0.0728292, 0.145658, 0.218488
and 0.291317, respectively, and D are 0.0362926,
0.0718729, 0.138558, 0.196993 and 0.246519, respec-
tively. In Fig. 6¢c, Vw* varies as 0.6, 0.8, 1 and 2 when
Re Gpo = 1 and Cp = 0.2. The corresponding Dygyic
are calculated as 0.0131093, 0.0233053, 0.0364146 and
0.145658, respectively, and D are 0.0130934, 0.0232553,
0.0362926 and 0.143746, respectively. In Fig. 6d, Ca
varies 0.1, 0.4, 0.8, 1 and 2 when Re G, = 1 and

Fig. 6 The change of pressure a 0 7 b e
distribution for both cases of =30 h
pseudo-static (dotted curves) 0.1 - |
and exact (solid curves) - ;]
solutions with respect to the 02 n !
variation of a * when s - ;
ReGa =10, Vw* = 0.2 and = 03 0
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Vw*=1. The corresponding Dyuic are 0.0390406,
0.0311706, 0.0214666, 0.0175721 and 0.0071463,
respectively, and D are 0.0388946, 0.0310906,
0.0214394, 0.0175572 and 0.00714532, respectively.

Like the change of velocity profile, the pressure distri-
bution is more sensitively influenced by the change of
Vo* (Fig. 6¢) than Re G (Fig. 6b). And the higher
Re Gy is, the more deviation one can observe between
the pseudo-static and exact pressure distributions as
explained above. And also, the second zero pressure
point (the position of the flow front) decreases as Ca
increases which is the same trend of /*(#*) as shown in
Fig. 6d. It might be mentioned that the pressure dis-
tributions for the cases of Re G5, = 8 and Vw* = 2 are
plotted only near the two ends of the filled channel
within the given ranges of the ordinate in Fig. 6b, c,
respectively.

Finally, we want to comment on the limitations
and potentials of the modeling and analysis developed
in this study with respect to applications. First, we
neglected the Coriolis force in obtaining the analytic
solutions of this transient filling flow problem. This
assumption is valid under the relatively low rotational
speed, e.g., below the order of 1,000 rpm with a typ-
ical microchannel size of the order of 100 pym (Kim
and Kwon 2006). The analytic solutions presented in
this study may not be accurate at a very high rota-
tional speed. However, the analytic solutions still en-
able us to get a physical insight into the centrifugal
force driven fluid flow and help us design such a mi-
crochannel system for a wide range of a rotational
speed. One may refer to Kim and Kwon (2006) for the
detailed magnitude analysis for the centrifugal force
and the Coriolis force. Second, we neglected surface
tension effect at the boundary of the flow front. As
discussed before, if one applies a plastic substrate of
which the contact angle of a sample liquid is nearly
90°, the assumption is valid. When the surface tension
plays an essential role in the hydrophilic/phobic fluidic
control, incorporating the surface tension effect into
the analytical approach might become important. In
this regard, we are currently investigating the effect of
surface tension in the context of the present model
problem, which will be the subject of a separate paper
in the future.

6 Design application examples

As already described above, one of the principal objec-
tives of this work is to provide a simple analytical design
tool at the first design step. In this regard, we present
two different application examples as typical design
problems in which the width (or height) of a micro-
channel or the processing condition of rotational speed
is determined so as to meet the design requirements by
means of the results of modeling and analysis performed
in this study.

Suppose a microfluidic designer wants to deliver a
sample fluid from the reservoir location, L, to the de-
sired radial downchannel location, Ly, at a desired time,
tqg. There are two possible design cases: (1) case I, where
one has to design the width (or height) of a micro-
channel for a new microfluidic system to be fabricated
with a specific rotational speed of a disc driving system
already fixed, and (2) case 11, where one has to determine
a rotational speed of a disc with a given microchannel
geometry (width and height) in an existing microfluidic
system fabricated already.

To meet the design requirement, one can use the
following design equations in sequence. The first design
equation can be obtained by rearranging Eq. 57 in
Appendix 2 as follows

1.1 /Ly
D=—1 1
(@)

which is to determine a dimensional value of D for the
given values of Lg, Ly and t4. And the second design
equation can be obtained by combining Eqs. 60 and 61
in Appendix 2 as below:

Design equation I : (32)

32pw?

>

m=13,5,...n=135,..

Design equationII: D=

1
(Dp/u)+ [(mn/W)2 + (nn/H)z} m2n2nt

from which the width, W (or height H), or the rotational
speed, w, is subsequently determined for given condi-
tions with the calculated D.

As a specific design example, let the sample fluid
properties and design requirements be as follows:

e Fluid properties: p = 10* kgm *and 4 = 107 Pa s,
which are the same order as those of water.

e Position of reservoir (i.e., entrance location of micro-
channel): Ly = 5 mm.

e Design requirements: Ly = 40 mm and 7y = 2 s.

X

(33)

Therefore, for the given values of L, Lq and ¢4, D is
determined as D = 0.752 s~ ' from Design equation I,
Eq. 32. Then, depending on the design case, one can
determine the other parameter as below.

6.1 Case I: determination of W or H for a given
rotational speed,

Suppose that a designer wants to deliver the sample to
the desired radial position on a CD plate which is ro-
tated with a specific rotational speed, w. This problem is
typically encountered at the design step.

Let the CD be rotated with w = 60 rads™' =~
573 rpm. (1) If the height, H, is given to be 80 pum, the
corresponding width can be determined via Design
equation II, Eq. 33 as W = 233 um. (2) In contrast, if
the width, W, is given to be 400 um, the corresponding



height can be calculated as H = 75.4 um from Design
equation II. The corresponding hydraulic radii of the
designed microchannels of (1) and (2) (R, = WH/
(W + H) for the case of the rectangular channel) are
59.6 and 63.4 um, respectively. It should be noted that
the required hydraulic radius of circular microchannel
becomes the similar value of 57.8 pym to achieve the
design requirements with the same condition in this case,
which is calculated based on the design equations for the
circular microchannel derived in Kim and Kwon (2006).
This result shows that one can determine the geometry
of rectangular microchannel roughly with the design
equations in Kim and Kwon (2006) based on the defi-
nition of hydraulic radius, but the present analysis en-
ables us to determine the geometry of rectangular
microchannel more precisely.

6.2 Case II: determination of w for given width, W,
and height, H, of a microchannel

The cross-sectional area of microchannel may be given
already in an existing microfluidic system or may be first
assigned in the design step of a new system especially
when the sample volume to be delivered is specifically
given. The sample fluid can be delivered to the desired
radial position at a desired time by adjusting the rota-
tional speed. This problem is typically encountered at
the experimental step.

If the width and height of a microchannel on the CD
plate are assigned to (or given by) W = 250 um and
H = 100 um (CA=0.4), the corresponding rotational
speed can be determined as w ~ 49.1 rad s~ ~ 469 rpm
from Design equation II.

As illustrated through cases I and II, a microfluidic
designer can determine the width (or height) of a mi-
crochannel or the rotational speed for given experi-
mental conditions and design requirements by means of
Design equations I and II (Eqs. 32, 33).

7 Conclusion

In this paper, we have developed the physical modeling
and carried out the analysis for the transient filling flow
into a rectangular microchannel driven by centrifugal
force. By means of the modeling and analysis, we have
successfully provided not only a physical insight into
such a rectangular microchannel flow but also a simple
design tool.

The governing equations for the filling flow were
developed from the fundamental force balance (among
viscous force, inertia force and centrifugal force) for an
infinitesimal control volume in the rectangular micro-
channel together with the continuity equation. With the
developed physical modeling in a dimensionless form,
first, a pseudo-static approximate solution was derived
for the case when the inertia force is negligible, and
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secondly, an exact analytic solution was derived with the
inertia force effect taken into account.

The analytical results showed that the filled region
into the rectangular microchannel exponentially in-
creases with the time for the centrifugal force driven
filling flow. The transient flow behavior is very sensi-
tively affected by three dimensionless parameters of
Re G4 (related with the inertia force effect), Vw* (asso-
ciated with the centrifugal force effect) and C, (effect of
the cross-sectional geometry of the rectangular channel)
which are combinations of fluid properties, microchan-
nel geometries and processing condition of the rota-
tional speed.

The exponential growth rate, exponent D which
represents an inverse of a characteristic time for flow
front advancement, i.e., indicating how fast the mi-
crochannel is filled, is found to be the most important
parameter in this study. The parametric study on D
showed that the filling flow behavior is more sensitively
influenced by the change of Vw* than Re G4 since D is
proportional to the square of Vw* and linearly pro-
portional to Re G5. And, as Re G increases, the
inertia force effect becomes more important in the
system, resulting in the increase of the deviation
between the pseudo-static approximation solution and
exact one since the inertia force effect tends to restrain
flow velocity from a rapid acceleration. The parametric
study also showed that if C, decreases, the relative
characteristic velocity increases for a given Re Ga,
resulting in an increase of D and, as well, the more
deviation between D and Dy when Re Gp is large
enough.

The parametric studies on filling flow front
advancement, /*(r*), velocity profile, w*(x*, y*, 1¥), and
pressure distribution, p*(z*, t*), were also carried out
to understand the flow behavior. All [*(r*), w*(x*, y*,
t*) and p*(z*, t*) are more sensitively affected by the
change of Vw* than Re G5 as expected from the
behavior of D. It is also expected that the higher Re Ga
induces the larger deviation between the pseudo-static
and exact solutions for all three flow characteristic
variables. It is noted that the maximum velocity in-
creases with the time. And, the pressure is negative and
has a parabolic distribution along the downchannel
direction for both pseudo-static and exact cases so as
to maintain the force balance in the filled region of a
microchannel.

With regard to the design tool for the system, two
design equations have been proposed and two types of
design application examples are demonstrated success-
fully. By means of two design equations, a microfluidic
designer can easily determine the width (or height) of a
microchannel or the rotational speed to meet the design
requirements for given conditions.

As a final remark, this study might become a plat-
form for the analytic approaches not only for an arbi-
trary channel path but also for a complex microchannel
network system in which the fluid flow is driven by
centrifugal force.
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Appendix 1: Detailed solution procedures

for dimensionless exact filling flow front advancement,
I*(t*), and dimensionless exact velocity profile,
W*(X*, y*’ t*)

The governing equation for w*(x*, y*, ¢*) and the cor-
responding boundary conditions are stated in Egs. 13
and 14a, b, respectively. The governing equation for
[*(r*) and the corresponding initial condition are written
in Egs. 15 and 16, respectively. Equations 13 and 15 are
coupled with each other.

For this particular problem, the separation of vari-
able technique turns out to be successful to lead to an
exact solution with the following form

wh (x5 1) = WY T (),

where W* and T% are spatial and temporal velocity
components which are the functions of x* and y* only
and * only, respectively. With the solution form of
Eq. 34, Eq. 13 can be rewritten by

(34)

Vi oW Pw*
R * . 2 T*
cGAlW dr A 2 T Oy*2
1 _
— ZRe GAV o (I"(£") + L. (35)

2

Observing that the right-hand side in Eq. 35 is the
function of * only, i.e., independent of x* and y*, one
can decompose the left-hand side of Eq. 35 by functions
of spatial variables, x* and y*, and temporal variable,
t*, so that the part of the function of x* and y* only
could set to be constant. With this in mind, the following
relation is assumed

dr*
dr*

where A is constant. Then from Egs. 35 and 36, one can
obtain the following equations

— AT (), (36)

aZW* aZW*
2 *
—Cx 5 a2 + Re GaAW™ =B (37)
1 _
BT'(') = ;Re Ga V2o (I'(t) + L), (38)

where B is constant.

By substituting Egs. 34 and 38 to the governing
equation for /*(¢*), Eq. 15, one can obtain the following
equation:

1 1

dr W (x, .

= ReGa TP (I'(1) + L;) // y dx*dy*.
0 0

(39)

We define the constant part in the right-hand side of
Eq. 39 by D as follows

1

1

D = ReGp 7™ // w dx*dy”. (40)
0

Then Eq. 39 is rewritten as

dr

@:D(Z*(z*) +Lg). (41)

By applying the initial condition of Eq. 16, one attains a
final form of the dimensionless exact filling flow front
advancement

() = Ly [2eP" — 1] (42)
which corresponds to Eq. 25.
From Egs. 38 and 42, one can find T#(¢*) as
1 _ .
T (") = 5Re Ga V2o Lye" (43)

Since Eq. 43 holds, one can recognize that Eq. 36 is
satisfied if 4 appearing in Eq. 36 is no more than D
defined in Eq. 40, i.e.:

A=D. (44)
Reflecting Eq. 44, one can rewrite Eq. 37 as
rwr 0w
2 *
- AW_ 8 ) + Re GADW =B (45)

which is the differential equation for the geometrical
velocity component to be solved along with the no-slip
boundary conditions,

W x*=0,y")=0, W'(x*=1,")=0
Wi(x*,y*=0)=0, W*'(x*,»" =1)=0.

(40)
(47)

It may be mentioned that Eq. 45 becomes an integro-
differential equation for W* if D defined in Eq. 40 is
explicitly substituted to Eq. 45. This integro-differential
equation is difficult to be solved analytically. Thus, in the
present approach, we regard Eq. 45 as a differential
equation just for W* considering D as a parameter given,
even if D could be determined only after W* is solved.
And then, it is rather straightforward to solve Eq. 45
with the boundary condition, Eqgs. 46, 47 based on the
eigenfunction expansion method to obtain the spatial
velocity component, W*(x*, y*),
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E 5 sinmnx” sinnmy",
5% AmnmnT

o0 o0

m=1,3.5,... n=
(48)



where the eigenvalues of the exact flow, 4,,, are

Amn = Re GAD + Cim > + n’n?

for m=1,3,5,...and n=1,3,5,.... (49)
which corresponds to Eq. 27.

Finally, from Eqgs. 34, 43 and 48, the dimensionless
exact velocity field is expressed as

Yok Lok % *2 7 %
w*(x*,y* 1 ):16ReGAV oL
[o¢] oo
X ——sinmmx*sinnmy* | e
mnn2
3051 35, Jn

(50)

which corresponds to Eq. 29.
Now to complete the solution, one needs an expres-

sion for D. By substituting Eq. 48 to Eq. 40, one can

obtain the following relation for D,

D=32ReGaV 0 Y

m=135,..n=135,..

Anm2n2mt (51)

which corresponds to Eq. 26.

Appendix 2: Solutions in dimensional form

Dimensional forms of the pseudo-static solutions are
expressed below.

A pseudo-static filling flow front advancement, (),
corresponding to Eq. 22:

32pw?

I(t) = Loy {2 exp (

x>y W;)—l]. (52)

m=13,5,...n=135,..

A pseudo-static velocity profile, corresponding to

Eq. 23:
16pw°L
wx,y, 1) = —L0
u
o o 1 . MW . Nm
X —_— —_— —_—
12: Z Amn staticmnn72 o w i H Y
m=13,5,...n=135,... )
2pm > 1
X €Xp [ 1 Aor o202t t‘| : (53)
m'=13,5,.n=1235,. mnstatic

A pseudo-static pressure distribution, corresponding
to Eq. 24:

—(z—Lo)|z+ Lo — 2Ly

. 1
gt ]| (54
,Z Amn,SLaticmznzrﬁ (54)
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A dimensional form of Dy, corresponding to Eq. 28:

>

m=1,35,... n=

D (55)

2n4

32pw?
static — —— T 5 57 4
u /Lmn statlcm n

1,3,5,..

A dimensional form of 4, s, corresponding to
Eq. 20:

mm\ 2 nm\ 2
Amnstatic = (W) + (ﬁ)

for m=1,3,5,...and n=1,3,5,.... (56)
Dimensional forms of the exact solutions are ex-
pressed below.
An exact filling flow front advancement, /(f), corre-
sponding to Eq. 25:

I(t) = Lo[2e” —1]. (57)
An exact velocity profile, corresponding to Eq. 29:
16pw’L
wlx,y, 1) = —F
u
o0 [o¢]
Z 7 ——s nxsmﬂy e
m=1335,..n=13,5,.. "mnMNT W H

(58)

An exact pressure distribution, corresponding to
Eq. 31:

2

plzt) =22 (2 Ly) [z + Lo — 2Le™]. (59)

A dimensional form of D, corresponding to Eq. 26:

32pw? X 1
p =P 5 (60)
B 035, n=13s,. /oI

A dimensional form of 4,,,, corresponding to Eq. 27:

=22 (2 ()] )
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