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Abstract

In this paper, we prove interior Hessian estimates for shrinkers, expanders, translators, and
rotators of the Lagrangian mean curvature flow under the assumption that the Lagrangian
phase is hypercritical. We further extend our results to a broader class of Lagrangian mean
curvature type equations.
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1 Introduction

A family of Lagrangian submanifolds X (x, ¢) : R” x R — C” evolves by Lagrangian mean
curvature flow if it solves

(X))t =AX =H, (1.1)

where H denotes the mean curvature vector of the Lagrangian submanifold. The mean curva-
ture vector of the Lagrangian submanifold (x, Du(x)) C C" is determined by the Lagrangian
angle or phase ©, by Harvey-Lawson [1, Proposition 2.17]. The Lagrangian angle is given
by
n
0= Z arctan A;, (1.2)

i=1

where A; are the eigenvalues of the Hessian D?u. This angle acts as the potential of the mean
curvature vector

H=JV,0, (1.3)

where g = I,, + (D?u)? is the induced metric on (x, Du(x)), and J is the almost complex
structure on C”. Thus, Eq. (1.2) is the potential equation for prescribed Lagrangian mean

Communicated by N. S. Trudinger.

B Arunima Bhattacharya
arunimab@unc.edu

Jeremy Wall
jwall2@unc.edu

1 Department of Mathematics, Phillips Hall, The University of North Carolina, Chapel Hill, NC, USA

Published online: 17 August 2024 @ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s00526-024-02812-7&domain=pdf

201 Page2of24 A. Bhattacharya, J. Wall

curvature. When the Lagrangian phase © is constant, u solves the special Lagrangian equa-
tion of Harvey-Lawson [1]. In this case, H = 0, and (x, Du(x)) is a volume-minimizing
Lagrangian submanifold.

After a change of coordinates, one can locally write X (x,t) = (x, Du(x, t)), such that
AgX = (JVO(x, )L, where V = (9, dy) is the ambient gradient. This means a local
potential u(x, t) evolves by the parabolic equation

n
Uy = E arctan A;,
i=1

u(x,0) :=ux).

1.4)

Symmetry reductions of (1.1) reduce (1.4) to an elliptic equation for u(x). This is illus-
trated, for instance, in the work of Chau-Chen-He [2]. These solutions model singularities
of the mean curvature flow.

If u(x) solves

Zarctan Ai =81+ s2(x - Du(x) — 2u(x)), (1.5)
i=1

then X (x, t) = /1 — 2s3t (x, Du(x)) is a shrinker or expander solution of (1.1),if s > 0
or s < 0, respectively. The mean curvature of the initial submanifold (x, Du(x)) is given
by H = —s» X . Entire smooth solutions to (1.5) for s, > 0 are quadratic polynomials,
by Chau-Chen-Yuan [3]; see also Huang-Wang [4] for the smooth convex case. The circle
x2+u'(x)? = lisaclosed example of a shrinker s, = 1, s; = 0 in one dimension. We refer
the reader to the work of Joyce-Lee-Tsui [5], for other non-graphical examples.

If u(x) solves

n
Zarctanki =H+18-x+1t3-Du(x), (1.6)
i=1

then X(x,1) = (x, Du(x)) + t(—t3, 1) is a translator solution of (1.1), with constant
mean curvature H = (—f3, ;)*. For example, in one dimension, the grim reaper curve
(x,u'(x)) = (x, —Incos(x)), fort; = 1, 13 = t; = 0. Entire solutions to (1.6) with Hessian
bounds are quadratic polynomials, by Chau-Chen-He [2]; see also Ngyuen- Yuan [6] for entire
ancient solutions to (1.6) with Hessian conditions.

The Hamiltonian vector field A - z = JV@ has a real potential given by ©(x, y) =
% (z, A-z)cn if A € SU (n) is skew-adjoint. Since exp(t A) € U (n) preserves the symplectic
form dz A dz = Zdzi A d7!, the Hamiltonian flow X (x,f) = exp(tA)(x, Du(x)) is a
Lagrangian immersion with X; = AX = JVO.For A =ryJ and O (x, y)=r1+ %2|z|2, if
u(x) solves

- .2 2
Zarctan)»,- =r + 5(|x| + |Du(x)|), 1.7)
i=1

then X (x,t) = exp(ratJ)(x, Du(x)) is a rotator solution of (1.1), with mean curvature
H = ry(JX)L. The Yin-Yang curve of Altschuler [7] is one such example in one dimension.
We also refer the reader to the notes of Yuan [8, p. 3].
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A broader class of equations of interest that generalize Eqs. (1.5), (1.6), (1.7), among
others, are the Lagrangian mean curvature type equations

n
> arctan A; = O (x, u(x), Du(x)). (1.8)
i=1
The study of Lagrangian mean curvature-type equations is driven by a geometric interest,
particularly because of the notable special cases illustrated above; see [9, 10] for a detailed
discussion.

In this paper, we prove interior Hessian estimates for shrinkers, expanders, translators, and
rotators of the Lagrangian mean curvature flow and further extend these results to the broader
class of Lagrangian mean curvature-type equations. We assume the Lagrangian phase to be
hypercritical, i.e. |®] > (n — 1) % This results in the convexity of the potential of the initial
Lagrangian submanifold. For certain ® = ®(x), smooth convex solutions were constructed
by Wang-Huang-Bao [11] satisfying Du(€21) = 2, for prescribed uniformly convex smooth
domains €2;, following Brendle-Warren [12] for the constant ® case; see also Huang [13] for
a construction using Lagrangian mean curvature flow.

Notations. Before we present our main results, we clarify some terminology.

I. By Bg we denote a ball of radius R centered at the origin.
II. We denote the oscillation of u in Bg by oscpg (1).
III. LetI"'g = Bgr X u(BRr) x Du(Bgr) C Br x R x R". Let v, v» be constants such that
for ®(x, z, p), we have the following structure conditions

|®X|7|®Z|7|®P| Svlv (19)
1Oxxls [Oxz] 1Oxpl, [Ozz], [Ozp| < v2

for all (x, z, p) € 'r. In the above partial derivatives, the variables x, z, p are treated as
independent of each other. Observe that this indicates that the above partial derivatives
do not have any D?u or D3u terms.

Our main results are the following:

Theorem 1.1 Ifuisa C* solution of any of these Egs.: (1.5), (1.6), and (1.7) on Bg(0) C R”
where |®| > (n — 1)L, then we have

|D2u(0)| < Cy exp[Ca(oscpy, 1)/ RH* 2]

where C1 and Co are positive constants depending on n and the following:

(1) s> for (1.5)
(2) [2,t3f0r(1.6)
(3) ry for (1.7).

Remark 1.1 In the case of Eq. (1.6), since there is no gradient dependence in the derivative
of the phase, the precise estimate obtained is

|D?u(0)| < C) exp[Ca(osca, (u)/R*)¥2].

Theorem 1.2 Suppose that u is a C* solution of (1.8) on Bg(0) C R”, where |®| > (n —
DZ, O(x, z, p) € CX(T'g) is partially convex in the p variable, and satisfies the structure
conditions given by (1.9). Then we have

|D?u(0)| < Cy exp[Ca(oscp, (u)/R*)* 2]

where C1 and C are positive constants depending on n, vy, v;.
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Remark 1.2 From the singular solutions constructed in [10, (1.13)], it is evident that the
Hessian estimates in Theorem 1.2 will not hold without partial convexity of © in the gradient
variable Du.

One application of the above results is that co viscosity solutions to (1.5),(1.6), and
(1.7) with |®| = (n — 1)% are analytic inside the domain of the solution, as explained in
Remark 5.1.

The concavity of the arctangent operator in (1.2) is closely associated with the range of
the Lagrangian phase. The phase (n — 2) 7 is called critical because the level set {A € R"|A
satisfying (1.2}) is convex only when |®| > (n — 2)% [14, Lemma 2.2]. The arctangent
operator is concave if u is convex. The concavity of the level set is evident for |®| > (n—1) %
since thatimplies A > 0, making F concave. The phase |®| > (n—1) % is called hypercritical.
The phase |®| > (n — 2)% + § is called supercritical. The phase |®] > (n — 2)% is called
critical and supercritical. For solutions of the special Lagrangian equation with critical and
supercritical phase |®| > (n — 2)Z, Hessian estimates have been obtained by Warren-
Yuan [15, 16], Wang-Yuan [17]; see also Li [18] for a compactness approach and Zhou [19]
for estimates requiring Hessian constraints which generalize criticality. The singular C!+¢
solutions to (1.2) constructed by Nadirashvili-Vladut [20] and Wang-Yuan [21] show that
interior regularity is not possible for subcritical phases |®| < (n—2)Z%, without an additional
convexity condition, as in Bao-Chen [22], Chen-Warren-Yuan [23], and Chen-Shankar-Yuan
[24], and that the Dirichlet problem is not classically solvable for arbitrary smooth boundary
data. In [25], viscosity solutions to (1.2) that are Lipschitz but not C! were constructed.

If the Lagrangian phase varies ® = ©(x), then there is less clarity. Hessian estimates for
convex smooth solutions with C!+1 phase ® = ©(x) were obtained by Warren in [26, Theo-
rem 8]. For C!:! supercritical phase, interior Hessian and gradient estimates were established
by Bhattacharya in [27]. For C!! critical and supercritical phase, interior Hessian and gradi-
ent estimates were established by Bhattacharya [27, 28] and Bhattacharya-Mooney-Shankar
[29] (for C? phase) respectively. See also Lu [30]. Recently in [31], Zhou established inte-
rior Hessian estimates for supercritical C%! phase. For convex viscosity solutions, interior
regularity was established for C? phase by Bhattacharya-Shankar in [10, 32]. If © is merely
in C* and supercritical, counterexamples to Hessian estimates exist as shown in [33].

While our knowledge is still limited when it comes to the variable Lagrangian phase ® (x),
it narrows even further when the Lagrangian phase is dependent on both the potential and
the gradient of the potential of the Lagrangian submanifold, i.e., ® (x, u, Du). Applying the
integral method of [27] to the current problem poses numerous challenges. For instance,
establishing the Jacobi-type inequality becomes significantly more intricate due to the pres-
ence of the gradient term Du in ®. Consequently, it is by no means a straightforward process
to combine the derivatives of ® into a single constant term as in [27]. Next, due to the
presence of the gradient term in the phase, the Michael-Simon Sobolev inequality cannot be
used to estimate the integral of the volume form by a weighted volume of the non-minimal
Lagrangian graph. We circumvent this issue by using the Lewy-Yuan rotation [14, p. 122],
which is reminiscent of the technique used in [23]. This rotation results in a uniformly elliptic
Jacobi inequality on the rotated Lagrangian graph, which allows the use of a local maximum
principle [34, Theorem 9.20]. However, the constants appearing in our Jacobi inequality are
dependent on the oscillation of the potential. Therefore we need an explicit dependence of
the constants arising in the local maximum principle on osc(u). To address this, we state and
prove a version of the local maximum principle [34, Theorem 9.20] applied to our specific
equation (see Appendix). Next, rotating back to the original coordinates and keeping track
of the constants appearing at each step, we bound the slope of the gradient graph (x, Du(x))
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at the origin by an exponential function of the oscillation of u. Note that since the Michael-
Simon mean value [35, Theorem 3.4] and Sobolev inequalities [35, Theorem 2.1] are not
employed, there is no explicit dependence on the mean curvature bound in our final estimate.

The critical and supercritical phase case |®| > (n — 2)% introduces new challenges
requiring new techniques, which we present along with the supercritical phase case |©®| >
(n —2)% + 8 in forthcoming work [36].

2 Preliminaries

For the convenience of the readers, we recall some preliminary results. We first introduce some
notations that will be used in this paper. The induced Riemannian metric on the Lagrangian
submanifold X = (x, Du(x)) C R" x R" is given by

g=1I+ (Dzu)2~
We denote

9 9?
0 = ——,dij

u; = 3,‘14 Ui = 3,“1/!.
8.Xl‘ ’ [y J

- 3)6,'3)6]'

Note that for the functions defined below, the subscripts on the left do not represent partial

derivatives
= - i, 1
h" =\/Tﬁﬁu , lt=7'
ijk 8V8 8 Uijk, 8 1+A%

Here (g') is the inverse of the matrix g and A ijk denotes the second fundamental form when
the Hessian of u is diagonalized. The volume form, gradient, and inner product with respect
to the metric g are given by
dvg = \/detgdx = Vdx , Vev = gi/'vin,
(Veu, Vow), = gijviwj , |ng|2 = (Vyv, Vav),.
Next, we derive the Laplace-Beltrami operator on the non-minimal submanifold

(x, Du(x)). Taking variations of the energy functional f Inglzd v, with respect to v, one
gets the Laplace-Beltrami operator of the metric g:

1 ..
—3:(/g8")d; 2.1
NG (V88" 2.1

=881 — 8771y (3,0)0;.

1 - -
Ag = ﬁai(«/g’gl']aj) =g"0;j +

The last equation follows from the following computation:
1 . 1 » »
—0i(J/88") = —=0i(V/8)g" + dig"

NS EE ’

1 y A
= 5@ Ing)g" + kg
1 . .
= Egklaigklgu — M gng®
= —g'/”g“buabqul,q = —g-/pupq 930 (2.2)
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where the last equation follows from (2.3) and (2.4) below. The first derivative of the metric
g is given by

t
3i8ab = 0i (Bab + Uaklirp) = Uaiktirp + Upikitka = Uabi(ha + 1b), (2.3)

assuming the Hessian of u is diagonalized at xo. On taking the gradient of both sides of the
Lagrangian mean curvature type Eq. (1.8), we get

n

> g%ujap = 0;0(x, u(x), Du(x)). (2.4)
a,b=1

For the general phase ® (x, u(x), Du(x)), assuming the Hessian D2u is diagonalized at
X0, wWe get

n

%O(x, u(x), Du(x)) = Oy + Oy + Y Oy upi (2.5)
k=1
20, + Ouu; + O\ (2.6)

So from (2.6) and (1.3), we get, at the point xg € Bp,

H|} = g"(3;0)* = g <®§,~ +Okul + O 07 + 205, 04u; + 20,0, + 2®u®uiu,~x,~)

<3¢’ (@%,. +Oqu; + 95,-%?)
< C(vy,n,0scpy,, (W)).

Taking the j-th partial derivative of (2.5), we get

n
8ijO(x, u(x), Du(x)) = Oy, + Oruttj + Y Oyt

r=1

n
+ <®uxj- + ®uuuj + Z®uususj) uj + ®uuij

s=1
n n n
+ Z (®ukxj- + ®ukuuj + Z ®uku(g ulj) ugi + Z ®uk Ukij
k=1 =1 k=1
2 Orx; + Oxultj + O 1) Q2.7)
+ (Oux; + Ouuttj + Oy ;1 j) ui + Oy 1;8;j

n
+ (G)u;x_,- + ®u,-u“j + ®u,-u_,-)\j) Ai + Z ®ukukij~
k=1

Observe that when O is constant, one can choose harmonic co-ordinates Agx = 0, which
reduces the Laplace-Beltrami operator on the minimal submanifold {(x, Du(x))|x € Br(0)}
to the linearized operator of (1.2) at u.
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3 The slope as a subsolution to a fully nonlinear PDE

In this section, we prove a Jacobi-type inequality for the slope of the gradient graph
(x, Du(x)), i.e., we show that a certain function of the slope of the gradient graph (x, Du(x))
is almost strongly subharmonic.

Proposition 3.1 Let u be a C* convex solution of (1.8) in R". Suppose that the Hessian D*u
is diagonalized at point xo. Then we have the following at x

1 n
~|Vglogy/detglg < 3 afhiy + 3 A5k
i=1 i#j

and

n
Aglog /detg 2 > (1 +aDh%; + > 3+ 22 + 244 )h?;,
i=1 J#
+2 Z B4+ Airj+Ajhe + }»k}\i)hizjk

i<j<k
n .o n ..
+ Y 800 =) g"2i(3;0)d; log y/det g.
i=1 i=1

Proof We compute some derivatives of the metric g. We have

n

3j8ab =Y _(Uakjitkb + Uaktikb)

k=1
2 wapj (kg + Ap) 3.1
and
98" = —g™d;gug"”
2 g9 gapg”
2 g by (Mg + Ap). (3.2)
Hence

n

0ij8ab = Z(Makjiukh + UakjUkbi + Uakillkbj + UakUkbij)
k=1
n

2 Uapji(Aa + Ap) + Z(Makj“khi + Uakikp;)-
k=1

In order to substitute the 4th order derivatives, we take the partial derivative of (2.4) and
get

n n
Yujjke = 0pe® — g uij
g uijre = e ® deg" uijk
ij=1 ij=1

n
200+ Y g eV uijeuiji O + 1)
ij=1
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Thus, we have

n
Z 873 8ap = (Mg + 26)8a6O + = gl gl uijauiphi + xj)(ha + Ap)

ij=1
+ 20 k1 28  uakivpi-
Next, we compute the norm of the gradient:

n

f|v log v/det g > "Z (a log \/det )

i= 1

n 1 2
23 Lo (3 S
i=1 a,b= 1
2
1 .. [ <1
;g” Z Eg“buabi()»a‘i‘kb) from (3.1)

= a,b=1

n

2
1 ..
2 ng“<§ gaa”aaika>

i=1 a=1

< Z gu(gaa) aaz a

i,a=1

n
X0 2 2
- Z haat)‘u

i,a=1

= Z*zhm + 2 Hihiie

i#]

(3.3)

34

From here, we need to calculate A log /det g, where again, the Laplace-Beltrami operator

takes the form of (2.1). From the above calculations, we observe that

n n
;1o Jdetg = iy det
ijZ=1 87 % T8 & ij2=:1 875 <«/det g 2«/det g>

n
) 8”3]'(2(1

ij.a,b=1

n 1
> 8”59, (g“baigab)
i, j.ab=1
. 1
Y. &Y 5 ((3jgab)3igab + gabaijgab) :
i,j.ab=1

1
detg g”f%&;b)
etg

Using (3.1) and (3.2), we see that the first term of (3.5) becomes

n n

1, 1
> 58 @i = =5 Y g gy (ha + 1)
i,j,a,b=1 i,a,b=1
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Using (3.3), the second term of (3.5) becomes

n

1 .
i,j,a,b=1 a=1 i,j,a=1

n
+ Z gaagttuﬁkl (37)
i,k,a=1

Combining (3.6) and (3.7), we get

Z gjaljlog\/det Zg *a0aa® + Z g% ”gjjulzja()»i-i-)»j))»a

i,j=1 i,j,a=1

+ Z gaaguugl 5 Z g”g“"gbbuﬁb,(ka-i-)»b)z
ik,a=1 i,a,b=1

2 Zg”“xaaaao + Z gt g uZ, (hp + he)ha
a,b,c=1

+ Z gaagbbgccug (,(1 +)\.2) _ 2 Z gaagbbgccugbc()la +)‘b)2
a,b,c=1 a b,e=1

X
OZg““/\aaaa@Jr Z B2, (14 hphe)
a,b,c=1

2 Zg”A a,,®+2(1 FADRY + Y BT+ 25a )%,
i=1 i=1 Ji
2 ) GA Mg+ Ak + ik )huk

i<j<k

Altogether, we get

Aglog/det g = Z(l F AN+ D B+ A5 4+ 20
J#

+2 Z B+ Airj + AjAk + )»k)»i)hizjk
i<j<k
+ Zg”x 3:® — Zg”x (3;©)9; log /det g.
i=1
O
Lemma 3.1 LetubeaC* convex solution of (1.8)in By(0) C R" where ®(x, z, p) € C3(I')

is partially convex in the p variable and satisfies (1.9). Suppose that the Hessian D*u is
diagonalized at xo € B1(0). Then at xo, the function log «/det g satisfies

Aglog/detg > c(n)|V, log\/detg|2 -C 3.9)

where C = C(n, vy, v2)(1 + (oscg, (1))?).
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Proof Step 1. From Proposition 3.1, we get, at xo € B1(0),

1
Aglogy/detg — ~ |V log /det g[2 Z(l AR, + 3G+ A2+ 20k,

J#
+2 ) G Ak A+ A+ MAhiy
i<j<k
2 272
Zk i = 2

i#]

n
+ Zgii)»iaiiG 28" 1i(00)3 log /det g
= i=1
= Zh”, + 2(3 +2hik j)h;

J#
+2 3 B+ hikj+ A+ Mdi)hT,

i<j<k

n n
+ 3 6080 — Y ¢'13;(3;©)9; log /det g
i=1 i=1
n n
> Zg”)»iaii@ - Zg”)\i(ai(a)ai log /det g
i=1 i=1

(3.9)

where the last inequality follows from the convexity of u.
From here, we use (2.7) to get

n n

A
Z gaa)»aaaa@ 2 Z # |:®xax(, + Ox utta + Ox,u,ra
a=1 a=1 a

+ (@)uxa + Ouuttg + ®ulta )\a) ug + Oulq
+ (®u,,xa + Ouyutta + Ougu, )\a) Aa

n
+ Z ®ukukaa]
X Z - )Lz |:®xaxa + 2Oy, uta + 20y, u,ra + 2Oy, uqra  (3.10)

n
+ Ouhrq + ®uuu¢21 + ®uaua)\§ + Z Oy ukaa]
k=1

X0 Z 1+ )L2 |:®xaxa + 2®xauua + 2®xaua)‘u + 2®Muaua)\u (3.11)

n
+ Oura + Oy + @uauaxg} + ) Oy, log/detg using (3.4).
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Similarly, using (2.6), we get

Zg”)“ (0;®)0; log /det Z @x, + Ouu; + Oy A )8 log /det g.

i=1 i=1
(3.12)

Hence, (3.9) becomes

n
D 8%0a0aa® — Y 8" (3;0)d; log /det g

a=1 i=1
X() Z
+ Z Ouy O log /det g — Z ®xk + Oyt + Oy hi) 3 log y/det g

1+ )»2 |:®xaxa + 2®xau”a + 2®xauu Aa + 2®uua Ugha + Oulq + G)uuug + ®Mguu )L,%i|

|:®xaxa +20Ox,utta +2Ox,u,ra + 2Ouy uagha + Oyl + ®uuu + Ougug ]

(3.13)

1
+) e (Ouy — Oxphp — Ouugiy) d log y/det g. (3.14)
k=1 k

Step 2.1. Using Young’s inequality, (3.14) can be bounded below by

n
1
> 5 (Ou, — Oy Ak — Oughr) 3y log v/det g

=14
n
1
> =Y —— (1Ou] + Oy 2t + Oyux|rt) |0k log /det g
el
1 ¢ 1 2 2,2 22,2 € 2
_EH e (©5, + OF A + O uiri) — 71Ve logy/detgly.  (3.15)

Altogether, from (3.9), (3.13), and (3.15), we have

1 €
Aglog./det g — <; — 5) Vg log\/detglé

n
A
= Z 1 +a)u% |:®XaXa +20x,utta + 20xquqra + 2Oun tara + Oula + ®“uu‘% + ®uaua}‘¢2zj|

n

1 1
T he 2
2e P Y

<®§k + O+ @3»@%) .
Lete = %, so that we achieve
%mﬁ?>5%mﬁ£@
= Z 1 +/\2
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|:®xuxa + 2®xauua + 2®xaua)ha + 2®uua Ugha + Oulg + G)uu"ig + G‘)uuuakg]
(3.16)

_n Z - AZ (03, + 023 + Ofupid). (3.17)

Step 2.2 Here, we use the assumption that ® (x, z, p) is partially convex in the p variable.
That is, ©,,,, > 0. This comes from the fact that D3, © is a symmetric positive definite
matrix. Combined with the fact that u is a convex function, we get

X

W(’auuuu > 0.

Thus, (3.16) becomes

n
A

Z H—ia)uz |:®xaxa + 2®xauua + 2®xaua Ag + 2®uug Ughg + Ouhrq + ('-‘)uuug + ®uaua Ag:|

a=1 a

n
A )
> Z ﬁ |:®xgxa + 2®xauua + Z@chua Ag + 2®uua Ugha +Oulrqg + ®L¢uu¢21:|
a=1 a

n

s .
> - Zl ﬁ[mxam +21Ox uttal + 21Oxug lha + 21Ouugtalra + |Oulra + |®W|u§].
(3.18)

Now, for all A, € [0, oc], we have that

2
a

0< <1 d 0< <1
T 142 T . T+

Hence, (3.17) and (3.18) yield
1
Aglog/detg — 2—|Vg log\/detg@
n

n
> = Z |:|®x(,xu| + 2|®xauua| + 2|®xaua| + 2|®uuaua| +10,] + |®uu|’/l§i|

a=1

(3.19)

n

—%Z (CHESCHENCHAR

We observe that (3.19) is bounded by

n
> [|®xaxa| + 210 uttal + 21O, | + 21Ou, tta] + O] + |®W|u§]
a=1

n

n 2 2 22
EZ ®ua +®xa +®uua)
a=1

< C(n,vi,m) (1 + Y (ual + uﬁ))

a=1

< C(n, v1, v2)(1 + |Du(xo)| + |Du(x0)[*)
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< C(n,vi, v2)(1+ |[Dull sy + |[Dull7g,)
< C(n, v1, v2)(1 + (0scp, (1))?)

where the last inequality comes from the convexity of u and Young’s inequality.
Therefore,

1
Aglog/detg — %Wg log\/detgﬁ, > —C(n, vy, )1+ (OSCBZ(M))Z)

as desired.
O

Corollary 3.1 Let u be a C* convex solution to (1.5) in B2(0) C R”. Assuming the Hessian
D?u is diagonalized at xo € B1(0), (3.8) holds with C = C (n, s2)(1 + (0scp, (u))?).

Proof Let xg € By. As O(x, u(x), Du(x)) = s1 + s2(x - Du(x) — 2u(x)), we get that

®Xi = SaU; ®Xin =0 ®x,-u =0 ®Xi14j = 525,‘/'
O, =-25 ®uxj =0 0,,=0 ®uuj =0
Ou; = s2x; ®u,-x]- = 5281'] Ouu=0 ®u,-uj =0.

Hence (3.13) becomes zero and (3.14) becomes

n

)
3 2 G+ ueke) & log y/det g,
ey

Applying Young’s inequality and simplifying, we get
1 ns?
Aglogy/detg — — |V logy/det gl > —=—2 (1ol + | Du(xo)?) = —C.
]

Corollary 3.2 Let u be a C* convex solution to (1.6) in B2(0) C R™. Assuming the Hessian
D2y is diagonalized at xo € B1(0), (3.8) holds with C = C(n, 12, 13).

Proof As ©(x, u(x), Du(x)) =t +t - x + 13 - Du(x), we get
Oy =n,; and O, =13;

where all the remaining derivatives are zero. Hence (3.13) is zero and (3.14) becomes

n
1
Z e (t3,k + t2,k)\k) o log /det g.

2
il B oY
Applying Young’s inequality and simplifying, we get
1 n
Aglog./detg — %|Vg log v detglﬁ > 5 (|l‘2|2 + |l3|2) =—C.
O

Corollary 3.3 Let u be a C* convex solution to (1.7) in B2(0) C R™. Assuming the Hessian
D?u is diagonalized at xo € B1(0), (3.8) holds with C = C (n, r2)(1 + (0scg, (u))?).
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Proof Let xo € By. As ©(x, u(x), Du(x)) = ri + 2 (x|* + | Du(x)|?), we get

®x,- :r2xi ®xixj- = r28ij ®x,-uj :O
®Ml' = nru; ®u,-xj =0 ®u,-uj = r28ij~

Then (3.13) and (3.14) are bounded below by

n

Aa
A Ak) O log \/det g
ZH—AZ[Q—HZ ]-I-ZH_)\Z(W XiAk) Ok log y/de

rn
> Z 5 (uk — xkAk) O log y/det g
— 1+ Ay

since r, > 0 and A, > O forall 1 < a < n. Thus, using Young’s inequality and simplifying,
we get

1
Aglog/detg — 21V log /det g|? > ——2 (Ix01* + | Du(xo)*) = —C.

Lemma 3.2 Let u be a C* convex solution of (1.5),(1.6),(1.7),(1.8) on B2(0) C R". Let

b =1logV =log./detg.

Then b is C2, and hence, for all nonnegative ¢ € C5°(B1), b satisfies the integral Jacobi
inequality, each with their respective constant C:

/ —(Vg, Vob)gdvg Zc(n)/ ¢|Vb|*dv, —/ Co du,.
B B B

Consequently, we have

1
f |Veb[*dvg < C(n) <— + c)/ dv,
B, 1 —r B

Proof Since u is C*, it follows that g = I + (D%u)? is C2. Note that det g is C? since
the determinant is a smooth function, and furthermore, at each point, we have det g(x) =
[ra+ Aiz(x)) > 1. From this, it follows that log  /detg is well defined and C? as a
composition of smooth and C? functions. It immediately follows, using (3.8) and integration
by parts,

forO<r <1

/ —(Vgeo, Vgb)odvg =/ PAgb dv, Zc(n)/ ¢|ng|2dvg—/ Co dvg.
By By By By

Rearranging, we see that for any cutoff ¢ € Ci°(B1),

1
2 2
N ¢°|Veh|” dvg < ) qb Agb dvg + e s, ¢ C dvg
_ 1 1 2
= 70(’1) (2¢Vg¢ Veb)gdvg + ( " ¢-C dv,
2 2 1 2
<= / ®° [Vgb|“dv, + pros )2/ |Ved|“dvg + ( ) ¢ C dvg.
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Let0 < r < 1.Choose 0 < ¢ < 1 with¢ = 1 on B, and |D¢| < 12 in By to get

|Vb|*dv, 5/ $*|Vgb|*dv,
B, B

<i/| V.o 2dv, + — ¢2Cdv
~ c(n)? # s e £

C(n) (L +C>/ dvg.
By

IA

4 Sobolev inequalities and the Lewy-Yuan rotation

We first recall the Lewy-Yuan rotation developed in [14, p. 122] for the convex potential u of
the Lagrangian graph X = (x, Du(x)) We rotate it to X = (x, Du(x)) in a new co-ordinate
systemof R" x R" ZC"viaz = e ~1% 2, where z =x+iyandz =x +iy. Thatis,

i:§x+§Du(x) @1
y = Dii = —§x + gDu(x).
We state the following proposition from [23, Prop 3.1] and [14, p. 122].

Proposition 4.1 Letu be a C* convex function on B (0) C R”. Then the Lagrangian subman-
ifold X = (x, Du(x)) C R" x R" can be represented as a gradient graph X = (x, Dii(x))
of the new potential u in a domain containing a ball of radius

_ 2
R> £R 4.2)
2
such that in these coordinates the new Hessian satisfies
—I<D¥Ni<I. (4.3)
We define
Q, = X(B.(0)).

From (4.1), for x € Q,, we have that

2
V2o, (4.4)

V2
x| <r— D o
x| <r 5 + || Dul|Lo(B,) 5

and from (4.2), we have

o -1 3
dist(Q), 08,) > 4~ > =52,

V2 T V2
From (4.3), it follows that the induced metric on X = (x, Du(x)) in x —coordinates is
bounded by

dx? < g(¥) < 2dx>. (4.5)

Next, we state the following Sobolev inequality, which is a generalization of Proposition 3.2
from [23]. For the sake of completeness, we add a proof below.
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Proposition 4.2 Let u be a C* convex function on Bg/(0) C R™. Let f be a C? positive
function on the Lagrangian surface X = (x, Du(x)). Let 0 < r < R < R’ be such that
R —r > 2+/2¢. Then

~ n n”;l ,02
[/ |<f—f>+|ﬁdvg] < cm (—

B, re
where p = p(R') is as defined in (4.4), and

2
|Br| JBg0)

(n—1) ~
) / Ve(f — ) ldvg
Bg

f —
We first state and prove a generalization of Lemma 3.2 from [23].

Lemma4.1 Let Q1 C Q> C B, C R" and € > 0. Suppose that dist(21, 022) > 2¢; A and
A€ are disjoint measurable sets such that AU A¢ = Q). Then

n
n

min{|A N Q|, |[A°NQ|} < C(n)p—n|8A NJAC T,
€

Proof Define the following continuous function on 1:
|A N Be(x)]
E(x) = ————.
| Bel
Case 1.£(xg) = 1 for some xg € 1. We then have that B¢ (xg) C 22 by dist(21, 022) > 2e.

From the classical relative isoperimetric inequality for balls [37, Theorem 5.3.2], we have

|Be|

= |A N Be(x0)|
< C(m)|3(A N Be(x0)) N (A N Be(x0)) 7T
< C(n)|9A NJAC|i=T .

Hence,

n n

min{|A N 21, AN Q1) < 1241 < 1Byl = 2Bl = Cm2-jaa naac)itt.
€ €

Case 2. £(x) > % for all x € Q1. Cover 21 by N < C(n)g—;l balls of radius epsilon B (x;)
for some uniform constant C(n) since 2 is bounded. Note that all of these balls are in 2,
since dist(21, d€2,) > 2¢. Thus,

|A° 0 Be(x;)| = min{]A N Be(x;)]. |A° N Be(x;)|} < C(m)|dA N DA |7
Summing over the cover, we get

N n
ASn Qi < Y 1A N Be(x)] < Cm) 9 A N A%,
6’1

i=1

Case 3. &£(x) < % for all x € Q. Repeating the same proof in Case 2, but with A instead of
A€, yields the same result. O
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Proof of Proposition 4.2 Let M = || f||1o(p,). f M < f.then (f — /)t = 0 on By, and
hence, the left hand side is zero, from which the result follows immediately. We assume
f < M. By the Morse-Sard Lemma [38, Lemma 13.15], [39], {x| f (x) =t} is C! for almost
allt e (f, M). We first show that for such 7,

2n

I{XIf(X)>t}ﬂBr|g5C(n) I{XIf(X)—t}ﬂBRI” . (4.6)

Note | - | is the metric with respect to g, and | - | is the Euclidean metric.
Lett > f. It must be that

| By |

> [{x[f(x) > 1} N B,

since otherwise

MIB, 2 -
dx = .
|B|/ —|B|/ 1By, ST M

From this, it follows

M=

4.7)

Let A, = {x| f(X) > t} N Qg. From Lemma 4.1, we have that

n

min{|4, N 21, 1AL N Q1) < C2-jaA, n oA,
€

If |A, N Q| < |AS N Q,|, then
1A 0 QLo < 2714, N |

< C(n)—lE)A, n 3A‘| T

On the other hand, if |A; N Q)| > |AS N Q,|, from (4.7), we have

| Br|
c
A ST
and so
n n

4Ny < 215 <2 D ar 0 6.

Therefore
_ pn _ 2n n
[Ar N Qg < C(n)rlef N, < C(n) |8At N aAclg(x)~
In either case, we have
2n
|At n Q |g(x) < C(”) Fhen |8At N 8Ac|g(x)v

which in our original coordinates is (4.6).
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201 Page 18 of 24 A. Bhattacharya, J. Wall

We get

n—1
M—f . ; o
= |:/ |{x|f(x)—f>t}ﬂB,|gdtn—l:| via Layer cake [38, Ex 1.13]
0

M—f " n—1
< / {x|f(x) — f >t} N By|g" dt viathe H-L-P inequality [37, (5.3.3)]
0

a2\l oM
<C(n) (i) / [{x|f(x) =t} N Bglgdrt via (4.6)
re 7
2\ n—1
< C(n) ('O—> / Ve (f — f)+|dvg via the co-area formula [37, Thm 4.2.1]
re Br
which completes the proof. O

5 Proof of the main theorems

We now prove Theorem 1.2 from which Theorem 1.1 follows.

Proof of Theorem 1.2 For simplifying notation in the remaining proof, we assume R = 2n+2

_R_
and u is a solution on By, 15 C R". Then by scaling v(x) = u((zi“;) , we get the estimate

2n+2
in Theorem 1.2. The proof follows in the spirit of [23, Section 3+] Under our assumption
|®] > (n — 1)%, we have that u is convex. Note C = C(n, vy, v2)(1 + (0scp,, 5 ))?) is the
positive constant from (3.8).

Step 1. We use the rotated Lagrangian graph X = (x, Du(x)) viathe Lewy-Yuan rotation,
as illuatrated in Sect.4. Consider » = log V on the manifold X = (x, Du(x)), where
V is the volume element in the original coordinates. In the rotated coordinates b(x) =
log V (x) satisfies

- V2= V2= _
(gi,-(i)a_é;_‘ _ gir() 2OE@). (@), P F 4 D)) afuof) i_)bm
X;0X; x4 0X40X), 0X;
= Ag(;)b(f) > —C. 5.1

The nondivergence and divergence elliptic operator are both uniformly elliptic due to
(4.3).
From (4.1), we have

x(¥) = $2x — L2 Dii(x)
Du(x (%)) = Y25 + L2 Di(%)

from which it follows that
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90 (x (), u(x (), L% + L2 Dia(¥))
0%,
L& o ) (VI VI
_j;@X/a‘ +® Zufa- jZ ujafq(z ]+ 2 J)

2 _
= g(e)xq + ®uuq)(1 - )Lq) + {

Ou, (1 + Ag)
< V2vi(1 + oscg,,,, (u)). (5.2)

Denote

2
[B1(0)| JB,, )

Via the local mean value property of nonhomogeneous subsolutions [34, Theorem 9.20]
(see Appendix Theorem 6.1), we get the following, from (5.1) and (5.2):

b= log Vdx.

(b—b)"(0) = (b —b)T(0)

n—1

— 1
<C@m| ¢! / b -bt®|FTdE)  +cC / dx
i Bl/ﬁ(O) Bl/ﬁ(O)

n—1

_ 1
<Cm)|c"! / b =BT ®|F T dvgey +C / dvg
By, 30 By, ;70

_ n—1 1
<Cm|Cc"! (/ (b — 15)+(x)|ﬁdvg(x)> +C </ dvg>
I B1(0) B (0)

where C = (I + vy + vioscp,,,, (1)) and C = C(n, vy, v2)(1 + (oscp,,,, ))?) is the
positive constant from (3.8).

The above mean value inequality can also be derived using the De Giorgi-Moser iteration
[34, Theorem 8.16].

Step 2. By Proposition 4.2 with p = p(2n + 1) and Lemma 3.2, we have

Mmscmﬁ”*MW“/
B 2n

1
|Ve(b —b)F|dvg + CC(n) (/ de>
BZn

+ C(n) log Vdx
Bon
| 1

- 2 2
< Cm)C " 1p*n=D (/ |vgb|2dug> (/ de>
Boy By

1
+ CC(n) (/ de) + C(n) Vdx
Bo, Bon
1

<Cm)(1+C" 11+ C)%)p2<"—1>/ Vdx + CC(n) (/ de> "
Bont1 Bont1

(5.3)
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Step 3. We bound the volume element using the rotated coordinates. From (4.5), we have
Vdx = Vdi <2%dx.

Since Qop41 = X(Bant1(0)), we get

/ Vdx =/_ Vdx < 27/ dx < C(n)p".
an+1 Q2n+1 Q2n+1

Hence, from (5.3), we get

b0) < CoY(1+ €11+ OV )2 4 CCyp < Coy(1 + C "1 (1 + )2 + C)p¥2.
5.4

By plugging in (4.4), C, and C, and using
(a +Db)P <27(a? +bP), fora,b>0,p >0,
as well as Young’s inequality, we have
Cm(1+C" 11+ C)7 +C)p>2
< C(n,v1, 12)(1 + (05Cp,, ., ()"~ + (05Cpy, ., (u))"

+ (05,4, () (1 + (05Cp,,,, ()" 72)
< C(n, v, v2)(1 + (0scp,,,, W) 72). (5.5

By combining (5.4) and (5.5) and exponentiating, we get
|D*u(0)| < C exp[Ca(0sca,, ,, 1)) *"?]
where C and C; are positive constants depending on vy, v, and n.

m}

Proof of Theorem 1.1 Repeating the above proof, but with the constant C for Egs. (1.5) and
(1.7) from Corollaries 3.1 and 3.3 respectively, we get the desired estimate. Note, in the case
of (1.6), we get C = C = C(n, t2, t3), and so (5.4) becomes

b(0) < C(n, 12, 13)p™" >
resulting in the estimate
|D?u(0)] < C1 exp[C2 (05,1, )™ 2]
where C and C, depend on n, 12, 13. O

Remark 5.1 We prove analyticity of a C? viscosity solution within its domain by outlining a
modification of the approach in [23, Section 4]. Note, we obtain smooth approximations via
[40, Theorem 4], [41]. Let

n
F(x,u, Du, Dzu) = G(Dzu) — O, u, Du) = Zarctankj — O(x, u, Du).
j=1

We wish to apply Evans-Krylov-Safonov theory ([34, Theorem 17.15]) which requires
F(x, z, p,r) tobe concave in z, p, r and the following structure conditions to hold
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0 < LIEP < Fij(x, 2, p, &E; < AIEP,
|Fp|v [z, | Frxl, |pr|v |Fox| < pd,
[Fxl, [ Fax] < pl(1 +|pl+1rD),
for all nonzero & € R”, where £ is a nonincreasing function of |z|, and A and w are
nondecreasing functions of |z|. Note, for our operator F defined above, F,, = 0.
We have that G(D?u) is concave, and by our assumption, O (x, z, p) is partially convex
in p. By additionally assuming partial convexity of ® in z, we get that F' is concaveinz, p, r
as desired. Note, for equations (1.5),(1.6),(1.7), this condition is naturally satisfied.
Theorems 1.1 and 1.2 give us that
1
0<
1+ [C(oscpy (u))

5 €7 < Fij(x. 2, p. r)&E; < €%

—V"[HQ, we see that the other conditions are satisfied. Hence, we

Taking £ = H% and u =
achieve a C%“ bound. By applying classical elliptic theory [34, Lemma 17.16] and [42, p.

202], to solutions of (1.5),(1.6),(1.7) we get the analyticity of u.

6 Appendix

Our proof requires an explicit dependence of the constants appearing in Theorem 9.20 of [34]
on the oscillation of the potential, when applied to (5.1). We state and prove an adaptation of
[34, Theorem 9.20] to our specific case.

First, we clarify some notations and terminology. We have

N 3 )
L =dl(x b (F)——
a'’(x) 0% 0%, + (x)aij
iy in (3 PO, ux (@) 2% + L pax) 9%a(x) o
= X — X .
& s, 8 0%, 03,03, 0%;

From this and (4.3), it follows that 1 |£|? < a'/ (¥)&&; < |£|?, and we have from (5.2):
|b] < ~2nvi(1 + oscp,,,, ().
By 2, we denote a ¢! domain in R".

Theorem 6.1 Letu € C2(2) N W2 () and suppose that Lu > f, where f € L"(2). Then
for any ball B = Bygr(y) C 2, we have

n—1 + n n
;ﬁg)uscm){mo 1411, 7 )+ RIS nca) )

where C = (1 + v| +vjoscp,, , (1)).

Proof Without loss of generality, we assume that B = B;(0), the general case is recovered
viax — (x —y)/2R. For B = 2(n — 1), we define the cutoff function 1 by

N1 — |xH)P.

Differentiating, we get
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201 Page22of24 A. Bhattacharya, J. Wall

Din = —2Bx;(1 — [x|HP~1,
Dijn —2B8;;(1 — |x[)P~ 1 +4B(B — Dxix;(1 — |x[H)F 2.
Set v = nu. We have
aijDijv = naijDiju + ZaijDinDju + uaijD,-jn
> n(f —b' Diu) + ZaijDinDju + ua’jDijr/.

Denote I'™ to be the upper contact set of v in B. We have that u > 0 on I'"", and using the
concavity of v on I'", we estimate

1
|Du| = —|Dv — uDn|
n
1
< ;(IDUI-FMID')I)

1 v
< - + u|Dn|
n \1—|x|

<201+ By~ Pu.

Thus, on ', we have
—a" Dijv < [(168% + 208)n~ /P +2B1bIn~ " Plo + 0 f
< Cn_2/ﬁv + f,

where C = C(n)(1 + vi + vio0scp,,,, (1)). Applying [34, Lemma 9.3], we get

aijD,-jv
1/2

supv < C(n)
B L)
< {Clin™Po Ty + 11 fllns) )

<Cn) {cm;p v @By + ||f||Ln(B)] : (6.1)

Letg = B/2,andso p = 1/(1 —2/). Using Young’s inequality and recalling 8 = 2(n — 1),
we get that

_ — _ 2
(sup 1) 2B WP | gy < e(supvt)PI2D) e a/py )2/ B
B B

L™(B)
+ 2—ny,,+
=esupv’ e u|
B LT (B)
Plugging this into (6.1), we get
(1= CoCeysupv = Co {CE Il o+ 11 fllnew |-

B n— (B)

Lete = 2C(H)C We get
n—1 +
supv = o) {CoC "ty ) 11 e |

from which our desired estimate follows. O

@ Springer



Hessian estimates for the Lagrangian mean curvature flow Page230f24 201

Acknowledgements AB is grateful to Y. Yuan for helpful discussions. AB acknowledges the support of the
Simons Foundation Grant MP-TSM-00002933 and funding provided by the Bill Guthridge distinguished
professorship fund. JW acknowledges the support of the NSF RTG DMS-2135998 Grant.

Declarations

Conflict of interest The authors have no financial or non-financial interests that are directly or indirectly related
to the work submitted for publication.

References
1. Harvey, R., Blaine Lawson, H.: Calibrated geometries. Acta Math. 148, 47-157 (1982)
2. Chau, A., Chen, J., He, W.: Lagrangian mean curvature flow for entire Lipschitz graphs. Calc. Var. Partial.

20.

21.

22.

23.

24.

25.
26.

Differ. Equ. 44(1-2), 199-220 (2012)

Chau, A., Chen, J., Yuan, Yu.: Rigidity of entire self-shrinking solutions to curvature flows. J. fiir Die
Reine und Angew. Math. 2012(664), 229-239 (2012)

Huang, R., Wang, Z.: On the entire self-shrinking solutions to Lagrangian mean curvature flow. Calc. Var.
Partial. Differ. Equ. 41(3-4), 321-339 (2011)

Joyce, D., Lee, Y.-I., Tsui, M.-P.: Self-similar solutions and translating solitons for Lagrangian mean
curvature flow. J. Differ. Geom. 84(1), 127-161 (2010)

Nguyen, T.A., Yuan, Yu.: A priori estimates for Lagrangian mean curvature flows. Int. Math. Res. Not.
19, 4376-4383 (2011)

Altschuler, S.J.: Singularities of the curve shrinking flow for space curves. J. Differ. Geom. 34(2),491-514
(1991)

Yuan, Y.: Mean curvature flow and self similar solutions (lecture 1 m581f)

Yuan, Yu: Special Lagrangian equations. In: Geometric Analysis, pp. 521-536. Springer (2020)
Bhattacharya, A., Shankar, R.: Optimal regularity for Lagrangian mean curvature type equations (2020).
arXiv:2009.04613

. Wang, C., Huang, R., Bao, J.: On the second boundary value problem for Lagrangian mean curvature

equation. Calc. Var. Partial. Differ. Equ. 62(3), 74 (2023)

Brendle, S., Warren, M.: A boundary value problem for minimal Lagrangian graphs. J. Differ. Geom.
84(2), 267-287 (2010)

Huang, R.: On the second boundary value problem for Lagrangian mean curvature flow. J. Funct. Anal.
269(4), 1095-1114 (2015)

Yuan, Yu.: A Bernstein problem for special Lagrangian equations. Invent. Math. 150, 117-125 (2002)
Warren, M., Yuan, Yu.: Hessian estimates for the sigma-2 equation in dimension 3. Commun. Pure Appl.
Math. 62(3), 305-321 (2009)

Warren, M., Yuan, Yu.: Hessian and gradient estimates for three dimensional special Lagrangian equations
with large phase. Am. J. Math. 132(3), 751-770 (2010)

Wang, D., Yuan, Yu.: Hessian estimates for special Lagrangian equations with critical and supercritical
phases in general dimensions. Am. J. Math. 136(2), 481-499 (2014)

Li, C.: A compactness approach to Hessian estimates for special Lagrangian equations with supercritical
phase. Nonlinear Anal. 187, 434-437 (2019)

Zhou, X.: Hessian estimates to special Lagrangian equation on general phases with constraints. Calc. Var.
Partial. Differ. Equ. 61(1), 1-14 (2022)

Nadirashvili, N., Vladut, S.: Singular solution to Special Lagrangian equations. Ann. de I’LLH.P. Anal.
Non Linéaire 27(5), 1179-1188 (2010)

Wang, D., Yuan, Yu.: Singular solutions to special Lagrangian equations with subcritical phases and
minimal surface systems. Am. J. Math. 135(5), 1157-1177 (2013)

Bao, J., Chen, J.: Optimal regularity for convex strong solutions of special Lagrangian equations in
dimension 3. Indiana Univ. Math. J. 52, 1231-1249 (2003)

Chen, J., Warren, M., Yuan, Yu.: A priori estimate for convex solutions to special Lagrangian equations
and its application. Commun. Pure Appl. Math. 62(4), 583-595 (2009)

Chen, J., Shankar, R., Yuan, Yu.: Regularity for convex viscosity solutions of special Lagrangian equation.
Commun. Pure Appl. Math. 76(12), 4075-4086 (2023)

Mooney, C., Savin, O.: Non C! solutions to the special Lagrangian equation (2023). arXiv:2303.14282
Warren, M.: Special Lagrangian Equations. University of Washington, Washington (2008)

@ Springer


http://arxiv.org/abs/2009.04613
http://arxiv.org/abs/2303.14282

201

Page 24 of 24 A. Bhattacharya, J. Wall

27.

28.

29.

30.

31.

32.

33.

34.

35.

39.

40.

41.
42.

Bhattacharya, A.: Hessian estimates for Lagrangian mean curvature equation. Calc. Var. Partial. Differ.
Equ. 60(6), 1-23 (2021)

Bhattacharya, A.: A note on the two-dimensional Lagrangian mean curvature equation. Pac. J. Math.
318(1), 43-50 (2022)

Bhattacharya, A., Mooney, C., Shankar, R.: Gradient estimates for the Lagrangian mean curvature equation
with critical and supercritical phase (2022). arXiv:2205.13096

Lu, Siyuan: On the Dirichlet problem for Lagrangian phase equation with critical and supercritical phase
(2022). arXiv preprint arXiv:2204.05420

Zhou, X.: Hessian estimates for Lagrangian mean curvature equation with sharp Lipschitz phase (2023).
arXiv:2311.13867

Bhattacharya, A., Shankar, R.: Regularity for convex viscosity solutions of Lagrangian mean curvature
equation. J. fiir die Reine und Angew. Math. (Crelles J.) 2023(803), 219-232 (2023)

Bhattacharya, A.: The Dirichlet problem for Lagrangian mean curvature equation (2024).
arXiv:2005.14420, Analysis and PDE, to appear

Gilbarg, D., Trudinger, N.S.: Elliptic partial differential equations of second order. Classics in
mathematics. Springer, Berlin (2001). Reprint of the 1998 edition

Michael, J.H., Simon, L.M.: Sobolev and mean-value inequalities on generalized submanifolds of R”.
Commun. Pure Appl. Math. 26(3), 361-379 (1973)

Bhattacharya, A., Wall, J.: In Preparation (2024)

Fanghua, L., Xiaoping, Y.: Geometric Measure Theory-an Introduction. Science Press, Beijing (2002)

. Maggi, F.: Sets of Finite Perimeter and Geometric Variational Problems: an Introduction to Geometric

Measure Theory, vol. 135. Cambridge University Press, Cambridge (2012)

Sard, A.: The measure of the critical values of differentiable maps. Bull. Am. Math. Soc. 48, 883-890
(1942)

Caffarelli, L., Nirenberg, L., Spruck, J.: The Dirichlet problem for nonlinear second order elliptic
equations, III: functions of the eigenvalues of the Hessian. Acta Math. 155, 261-301 (1985)

Trudinger, N.S.: On the Dirichlet problem for Hessian equations. Acta Math. 175(2), 151-164 (1995)
Morrey, C.B., Jr.: On the analyticity of the solutions of analytic non-linear elliptic systems of partial
differential equations. Am. J. Math. 80(1), 198-218 (1958)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

Springer Nature or its licensor (e.g. a society or other partner) holds exclusive rights to this article under
a publishing agreement with the author(s) or other rightsholder(s); author self-archiving of the accepted
manuscript version of this article is solely governed by the terms of such publishing agreement and applicable

law.

@ Springer


http://arxiv.org/abs/2205.13096
http://arxiv.org/abs/2204.05420
http://arxiv.org/abs/2311.13867
http://arxiv.org/abs/2005.14420

	Hessian estimates for the Lagrangian mean curvature flow
	Abstract
	1 Introduction
	2 Preliminaries
	3 The slope as a subsolution to a fully nonlinear PDE
	4 Sobolev inequalities and the Lewy–Yuan rotation
	5 Proof of the main theorems
	6 Appendix
	Acknowledgements
	References


