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Abstract

Using the ABP-method as in a recent work by Brendle (Commun Pure Appl Math 76:2192—
2218, 2022), we establish some sharp Sobolev and isoperimetric inequalities for compact
domains and submanifolds in a complete Riemannian manifold with asymptotically nonneg-
ative Ricci/sectional curvature. These inequalities generalize those given by Brendle in the
case of complete Riemannian manifolds with nonnegative curvature.

Mathematics Subject Classification 35R45 - 53C21

1 Introduction

Itis known that Sobolev inequalities, as an important analytic tool in geometric analysis, have
close connections with isoperimetric inequalities. The classical isoperimetric inequality for
a bounded domain D in R” says that

n"|B"||D|""! < |aD|"

where B" denotes the unit ball in R”, and the equality holds if and only if D is a ball. There
have been numerous works generalizing this inequality to different settings (cf. [14, 15, 33]).
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The isoperimetric inequalities on minimal surfaces or minimal submanifolds have a long
history. For example, [13, 14,22, 29, 35-37] investigated the isoperimetric inequality on min-
imal surfaces under various conditions, while the famous Michael-Simon Sobolev inequality
for general dimensions [5, 32] implies an isoperimetric inequality for minimal submanifolds,
but with a non-sharp constant. It is conjectured that any n-dimensional minimal submanifold
Q of RV satisfies the classical isoperimetric inequality: | B"||Q|"~! < |8€|" with equality
holds if and only if € is a ball in an n-plane of RV . Recently, S. Brendle [9], inspired by
the ABP method as in [11] and [38], established a Michael-Simon-Sobolev type inequality
on submanifolds of arbitrary dimension and codimension, which is sharp if the codimension
is at most 2. In particular, his result implies a sharp isoperimetric inequality for minimal
submanifolds in Euclidean space of codimension at most 2. Later, Brendle [10] also gener-
alized his results in [9] to the case that the ambient space is a Riemannian manifold with
nonnegative curvature. In [23], F. Johne gave a sharp Sobolev inequality for manifolds with
nonnegative Bakry-Emery Ricci curvature, which generalizes Brendle’s results in [10]. In
[7], Balogh and Krisdly proved a sharp isoperimetric inequality in metric measure spaces
satisfying CD(0, N) condition which implies the sharp isoperimetric inequalities in [10] and
[23]. Moreover, they also obtained a sharp L?-Sobolev inequality for p € (1, n) on manifolds
with nonnegative Ricci curvature and Euclidean volume growth. In a recent preprint [6], the
authors also investigated sharp and rigid isoperimetric comparison theorems in RCD(K, N)
metric measure spaces.

In this paper, we generalize Brendle’s results in [10] to the case that the ambient space has
asymptotically nonnegative curvature. The notion of asymptotically nonnegative curvature
was first introduced by U. Abresch [1]. Some important geometric, topological and analysis
problems have been investigated for this kind of manifolds (cf. [2, 3, 8, 21, 24, 25, 30, 31,
40, 41], etc). Now we recall its definition as follows. Let A : [0, +00) — [0, +00) be a
nonnegative and nonincreasing continuous function satisfying

+00
bg = / sA(s)ds < +oo, (1.1
0
which implies
+00
by ::/ A(s)ds < +o0. (1.2)
0

A complete noncompact Riemannian manifold (M, g) of dimension # is said to have asymp-
totically nonnegative Ricci curvature (resp. sectional curvature) if there is a base pointo € M
such that

Ricy () =z —(n = DA(d(0, q))g (resp.Secy = —i(d(0, q))). (1.3)

where d(o, q) is the distance function of M relative to o. Clearly, this notion includes the
manifolds whose Ricci (resp. sectional) curvature is either nonnegative outside a compact set
or asymptotically flat at infinity. In particular, if A = 0 in (1.3), then this becomes the case
treated in [10].

Let h(t) be the unique solution of

h'(t) = MDA (),

h(0) =0, 4 (0) = 1. (1.4)
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By ODE theory, the solution /(¢) of (1.4) exists for all # € [0, +00). According to [41] (see
also Theorem 2.14 in [34]), the function

{g € M :d(o,q) <}
n|B"| [y k=1 (t)dt

is a non-increasing function on [0, +00) and thus we may introduce the asymptotic volume
ratio of M by
Hg € M :d(o,q) <}l

6 := lim
r—>+oo  n|B"| [ k"1 (t)dt

(1.5)

with & < 1. In particular, we have |[{g € M : d(o,q) <r}| < |B"|e"—Dboyn,

First, by combining the method in [10] with some comparison theorems, we establish a
Sobolev type inequality for a compact domain in a Riemannian manifold with asymptotically
nonnegative Ricci curvature as follows.

Theorem 1.1 Let M be a complete noncompact n-dimensional manifold of asymptotically
nonnegative Ricci curvature with respect to a base point o € M. Let 2 be a compact domain
in M with boundary 0K2, and let f be a positive smooth function on Q. Then

Lol l—l—b() =
/anJr/QIDfIJrZ(n—I)bl/sznlB 156 (s ) /f ,

where ro = max{d(o, x)|x € 2}, 6 is the asymptotic volume ratio of M given by (1.5) and
bo, by are defined in (1.1) and (1.2).

The following result characterizes the case of equality in Theorem 1.1:

Theorem 1.2 Let M be a complete noncompact n-dimensional manifold of asymptotically
nonnegative Ricci curvature with respect to a base point o € M. Let Q be a compact domain
in M with boundary 0K2, and let f be a positive smooth function on Q. If

DfI+2(n— Dby | f=n|B"|n6n 1+bo " 1%
| r [prie2o - v [ =msier (o) () s

where ro = max{d(o, x)|x € Q}, 0 is the asymptotic volume ratio of M given by (1.5) and
bo, by are defined in (1.1) and (1.2). Then by = by = 0, M is isometric to Euclidean space,
Qis a ball, and f is constant.

Taking f = 1 in Theorem 1.1, we obtain a sharp isoperimetric inequality:

Corollary 1.3 Let M, 2, ro, 0, bo, by be as in Theorem 1.1. Then

1+ by )";‘

1.1 1 n=1
990 = (118" 07 (g ) © =200 = Dbl i@l

Furthermore, the equality holds if and only if M is isometric to Euclidean space and Q2 is a
ball.

Remark 1.4 If M has nonnegative Ricci curvature, then bg = b; = 0 and Corollary 1.3
becomes

Q| = n|B" |07,

which was first given by V. Agostiniani, M. Fogagnolo, and L. Mazziari [4] in dimension
3 and obtained by S. Brendle [10] for any dimension, see also [18] for related results in
3<n<T.
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Similarly, we may establish a Sobolev type inequality for a compact submanifold (pos-
sibly with boundary) in a Riemannian manifold with asymptotically nonnegative sectional
curvature as follows.

Theorem 1.5 Let M be a complete noncompact (n + p)-dimensional manifold of asymp-
totically nonnegative sectional curvature with respect to a base point o € M. Let ¥ be
a compact n-dimensional submanifold of M (possibly with boundary 0%), and let f be a
positive smooth function on X. If p > 2, then

s+ [Nz s piap o [ 5

n+p 1 ntp—1 N
Zn((ner)lB I),,Q%( 1‘+b0 ) 0 (/ fm) o
pprl 3210b1+b0 5
where ro = max{d (o, x)|x € X}, H is the mean curvature vector of X, 0 is the asymptotic
volume ratio of M given by (1.5) and bg, by are defined in (1.1) and (1.2).

Note that (n + 2)|B"*t2| = 2|B?||B"|. Hence, we obtain the following Sobolev type
inequality for codimension 2:

Corollary 1.6 Let M be a complete noncompact (n + 2)-dimensional manifold of asymp-
totically nonnegative sectional curvature with respect to a base point o € M. Let ¥ be
a compact n-dimensional submanifold of M (possibly with boundary 0%), and let [ be a
positive smooth function on X. Then

f82f+/ \/IDZfI2+f2|H|2+2nb1/ f
L ()

where ro = max{d(o, x)|x € X}, H is the mean curvature vector of %, 0 is the asymptotic
volume ratio of M given by (1.5) and by, by are defined in (1.1) and (1.2).

The following result characterizes the case of equality in Corollary 1.6:
Theorem 1.7 Let M, X, f,ro, H, 0, bo, by as in Corollary 1.6. If

/azf+/2\/|Df|2+f2|H|2+2nb1/ !

1 17 1+b ”+1
— n|B"|1 6 + % fnl
62r0b1 +bo

Then by = by = 0 and M is isometric to Euclidean space, X is a flat ball, and f is constant.

Letting f = 1 in Corollary 1.6, we obtain a sharp isoperimetric inequality for minimal
submanifolds of codimension 2 as follows.

Corollary 1.8 Let M be a complete noncompact (n + 2)-dimensional manifold of asymptoti-
cally nonnegative sectional curvature with respect to a base point o € M. Let X be a compact
n-dimensional mininal submanifold of M (possibly with boundary 0% ). Then

14 bo

s B"|n97 S apy |z )|
0%1 = 0 (181767 () ™ — 201IZ 15 ) ZI°T
where ro = max{d(o, x)|x € X}, 6 is the asymptotic volume ratio of M given by (1.5) and
bo, by are defined in (1.1) and (1.2). Furthermore, the equality holds if and only if M is

isometric to Euclidean space and X is a flat ball.
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It is obvious that the above inequalities are nontrivial only when 6 > 0. We say that
a complete Riemannian manifold with asymptotically nonnegative (Ricci) curvature has
maximal volume growth if & > 0. Examples of such manifolds may be found in [1, 12, 19,
26, 27], and the first case of Theorem 1.2 in [39], etc.

2 The case of domains

Let (M, g) be acomplete noncompact n-dimensional Riemannian manifold of asymptotically
nonnegative Ricci curvature with respect to a base point o € M. Let Q be a compact domain
in M with smooth boundary 92 and f be a smooth positive function on 2. Without loss of
generality, we assume hereafter that €2 is connected.

By scaling, we may assume that

/Bgf+/Q|Df|+/92(n—l)b]f:n/annTl_ 2.1)

Due to (2.1) and the connectedness of €2, we can find a solution of the following Neumann
boundary problem

{div(fDu) —nfiT —2(n— Db f —|Dfl,  in<Q,

2.2
(Du,v) =1, on 9€2, 22)

where v is the outward unit normal vector field along d€2. By standard elliptic regularity
theory (see Theorem 6.31 in [20]), we know that u € C27 foreach 0 < y < 1.
As in [10], we set

U:={xeQ\dQ:|Dulx)| <1}.
For any r > 0, let
1 1
Ar={E € U :ru(x) + 5d(x, exp; (r Du(x)))? > ru(x) + Er2|Du(;z)|2, Vx € Q).
Define a transport map @, : 2 — M for each r > 0 by

®,(x) =exp,(rDu(x)), Vx e Q.

Since exp : TM — M is smooth on any complete Riemannian manifold (see Proposition
5.7 in [28]), we known that the map &, is of class cv o<y <l.

Lemma 2.1 Assume that x € U. Then we have

1 1 n—1

“Au < f —2( )bl.

n n
Proof Using the Cauchy-Schwarz inequality and the property that |Du| < 1 for x € U, we
get

—(Df, Du) < |Df|.
In terms of (2.2), we derive that
fAu=nfw1 =2 — Db f —|Df| = (Df, Du)

<nfrnT1 —=2(n—1bf.

This proves the assertion. O
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The proofs of the following three lemmas are identical to those for Lemmas 2.2—2.4 in
[10] without any change for the case of asymptotically nonnegative Ricci curvature. So we
omit them here.

Lemma 2.2 The set
{geM:d(x,q) <r, Vx € Q}
is contained in ®,(A,).

Lemma 2.3 Assume that x € A,, and let y(t) := expz(tDu(x)) forallt € [0,r]. If Z isa
smooth vector field along y satisfying Z(r) = 0, then

r

(D*u)(Z(0), Z(0)) +/0 (IDZOP = RG'(0), Z(1), 7 (1), Z(1))) di = 0.

Lemma 2.4 Assume that x € A,, and let y (t) := expz(t Du(x)) forallt € [0, r]. Moreover,
let {e1, ..., ey} be an orthonormal basis of Tz M. Suppose that W is a Jacobi field along y

satisfying
(DWW (0),ej) = (Dzu)(W(O),ej), 1<j<n.
If W(z) = 0 for some v € (0, r), then W vanishes identically.

Now, we give two comparison results for later use. The proofs of the following two lemmas
are inspired by the proofs of Lemma 2.1 and Corollary 2.2 in [34].

Lemma2.5 Let G be a continuous function on [0, +00) and let ¢, ¥ € C2([0, +00)) be
solutions of the following problems

¢" <Go, te0,+00), [V'=Gy, te(0, 400,
¢0) =1,¢'(0) =b, Y(0) =1,y (0) = b,
where b, b are constants and b > b. Ifp(t) > 0fort € (0,T), then y(t) > 0in (0, T) and

%5% and ¥ >¢ on(0,T).

Proof Set § = sup{t : ¥ (r) > 0in (0,7)} and T = min{B, T}, so that ¢ and ¢ are both
positive in (0, 7). The function v/'¢p — ¢’ is continuous on [0, +00), nonnegative at ¢ = 0,
and satisfies

W' —vd) =v"¢—v¢" = G)yo — Gy =0,
in (0, 7). Thus ¥'¢p — ¥¢’ > 0 on [0, t), which implies

% > % in [0, 7). (2.3)

Integrating (2.3) between 0 and # (0 < ¢ < 7) yields
¢@) <), in[0,1).

Since ¢ > 0in [0, 7) by assumption, this forces t = T. O
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Lemma 2.6 Let G be a nonnegative continuous function on [0, +00) satisfying
f0+°° G dt < 400. Let hy, hy € C2([0, +00)) be solutions of the following problems

K = Ghy, t€(0,+00), hy = Gha, t € (0, +00), 2.4)
hi(0) =0,h7(0) =1, h2(0) = 1, h5(0) = 0. '
Then we have
h h, +oo
lim -2 = lim —25/ G dt < oo.
t—00 g t—00 h’1 0
Proof From (2.4), we derive
(hzh/l — hlhé)/(l‘) =0,
and thus
(hohy — kY (1) =1 (2.5)

in view of the initial values for /1 and h». By derivation, one can find

hoN’  hLhy —h'h —1
(72): = <0,
hy hi hy
ha (1)

which implies that lim;_, 4~ ol exists. It is easy to show that

0<

N I /
(Q) _ G(hzhl/ mhy) _ tG -6
h (n)? (1+ [y sG(s)ds)?

SO we get

h/ t +00
/2() 5/ G dt.
hy (@)~ Jo

ByLemma?2.131in[34], wehave /1 (1) > r. Consequently, using (2.5) and b} = H—f(; Ghids,
we obtain
hy h/z 1

+o00 1

Letting t — o0, we have
hz h’ +00
lim — = lim —,25/ G dr.
t—o00 hy t—00 hl 0
O
The nextresultis useful to study the growth of various balls on M when their radii approach
to infinity.
Lemma 2.7 Let h be the solution of (1.4). Then

h(t —C) h(tC)
im ——— =1land li =
t—+o0o  h(t) t—+oo h(t)

)

where C is any positive constant.
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Proof From Lemma 2.13 in [34], we know ¢ < h(¢) < ¢, and thus
t
Hie)=1+ / AMhdt < 1+ bge. .7
0

Clearly (2.7) means that 4’ is nondecreasing and bounded from above. Consequently we
have

h(t —C) . W@ -0)
m —F = 1 -~ =1
t—+oo  h(t) t—+o0  h/(t)
and
h(tC) lim Ch'(tC)
i h(t) ~ t—+oo K1)
O
We are now turning to the proof of Theorem 1.1.
Proof of Theorem 1.1 For any r > 0 and x € A,, let {eq, ..., e,} be an orthonormal basis of
the tangent space Tz M. Choosing the geodesic normal coordinates (x!, ..., x"*) around X,

such that 38- =e;atx.Lety(¢) := expz(t Du(x)) forall ¢ € [0, r]. Forl <i<mn,letEi(t)
be the parallel transport of ¢; along y. For 1 <i < n, let X;(¢) be the Jacobi field along y
with the initial conditions of X;(0) = ¢; and

(DiXi(0), e;) = (D*u)(ej.ej), 1<j=n.
Let P(¢) = (P;;(¢)) be a matrix defined by
Pij(t) =(X;(t),Ej(t)), 1=<i,j=<n

From Lemma 2.4, we known det P(t) > 0,Vt € [0,r). Obviously, |det D®,(x)| =
det P(¢) > Ofort € [0, r). Let S(¢) = (S;;()) be a matrix defined by

Sij(t) = Ry (), Ei(1), 7' (), Ej(1)), 1<i,j<n,

where R denotes the Riemannian curvature tensor of M. By the Jacobi equation, one can
obtain

{ P"(t) = —P(@)S(t), te]0,r],
(2.8)

P;j(0) = 8;j, P};(0) = (D*u)(ei. e)).
Let Q(t) = P(t)"'P'(t),1 € (0, r). Using (2.8), a simple computation yields
<o) = —5) - (1)
7 Q@) =-=8@) — 0°(),

where Q(t) is symmetric. The assumption of asymptotically nonnegative Ricci curvature
gives

d 1 , d 5
;[trQ(t)] + —[r Q)] = —[wrQ@@®)]+ u[Q°(®)]
t n dt
= —trS(1) 2.9)
< (n = D|Du®)*Ad (0, 7 (1)),
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where o is the base point. Using triangle inequality and the definition of A,, it is easy to see
that

d(o,7(1) = |d(0. %) — d(¥, 7(t))| = |d(0, %) — t| Du(F)||. (2.10)
Set
1
= —trQ,
n
—1
Asy = . )|Du®|2x<|d(o,m — t|Du(®)|)).

Noting that A is nonincreasing, it follows from (2.8), (2.9), (2.10) that
g0 +g0 < Ax(0), 1€ (0.1,
8(0) = %Au(i).
If we take ¢ = el 8T then ¢ satisfies
" < Az()g, te (0, r),

2.11)
$(0)=1,¢'(0) = *AM(X)
Next, we denote by ¥/, ¥, the solutions of the following problems
v = Az, te€©,r), vy = Az, 1€(0,r), 2.12)
¥1(0) =0,91(0) =1, ¥2(0) = 1,9;(0) = 0. '
Similar to the proof of (2.6), it is easy to verify that
+o00 ]
V2 </ Az () dt+ - =2(— >b1|Du(x)| +-
Vi 0 n
Since |Du(x)| < 1, we obtain
Yo 1
1/j—()<2( )b1+, 2.13)
Using Lemma 2.13 in [34] and (2.12), we deduce that
o
U1 (1) f/ ef(; TAz(D)dT g
0
< tefoOo tAz(r)dt (2.14)
— "t JoT wh(ld(o.5)—w]dw
< te";' (2V0b1+b0)7
where rg = max{d(o, x)|x € Q}.
Let (1) = ¥ (1) + %Au(i)wl(t). Using Lemma 2.5, one can get
1
—trQ(t) = (ﬂ K vt € (0,r).
n o~ Y’
Thus,
d /
7 logdet P(t) =trQ(t) < n% (2.15)
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Consequently, (2.15) implies

1
|det D®;(X)| = det P(1) < ¥" (1) = (Y2(t) + ;Au(ﬁ?)wl(f))”

for all ¢ € [0, r]. This gives

Yo (r)
Yi(r)
forany x € A,. Note that 0 < ¢ < . Using (2.13), (2.14) and Lemma 2.1, we derive that

| det DD, (%)| 5( 4= Au( )) W)

11
|det DD, (¥)| < "~ 1>(2V0”1+b°)<2( )b1+ +— Au(x))
n

(2.16)
E6,(?1—1)(2}”01)1+b())(7_i_fm()z)) P
r
for any x € A,. Moreover, by (1.4), we obtain h(t) > t and
o0 oo
lim A'(t) =1 +/ h(s)A(s)ds > 1 +/ sA(s)ds =1+ by. 2.17)
11— 00 0 0

Combining Lemma 2.2, (2.16) with the formula for change of variables in multiple integrals,
we find that

Hg € M :d(x,q) < rforall x € Q}

< det DO
=/ | /| .18

< / e(nfl)(2r0h1+b0)(l + fﬁ)nrn.
Q r
For r > r, the triangle inequality implies that
By_yy(0) ClgeM:d(x,q) <rforall x € Q} C By1y,(0). (2.19)
From (1.5), (2.19) and Lemma 2.7, it is easy to show that
r—r -1
B0 = i B g k@
r—+00 f 0 h(r)"— 14t fo h(t)n— Ldt
. {g € M :d(x,q) <rforall x € Q}
< lim -
F—+00 n fo h()y"='dt (2.20)
i Brin(0)  foTO @)y dr
r—>+00 p [7T0 p(eyn=de [y h()"~1d1
=|B"0.

<

Dividing (2.18) by n for h(t)""'dr and sending r — 00, it follows from (2.17) and (2.20)
that

n

B0 <e(n—1)(2r0b|+bo)/ P | lim
I1B710 = Qf r—>00nf h(t)"=1dt

— ,(n=1)Q2robi+bo) = i _—
e /;)f ri)ngo h/([)n 1

e2robi+bo | n—1 N
(S g
1+ by Q
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Hence we obtain

145
A Oy T A e N )
09 Q Q 2’01"“’0

m}

Proof of Theorem 1.2 Suppose the equality of Theorem 1.1 holds. Then we have equalities in
(2.13) and (2.17) which force A = 0. Thus M has nonnegative Ricci curvature. The assertion
follows immediately from Theorem 1.2 in [10]. m]

3 The case of submanifolds

In this section, we assume that the ambient space M is a complete noncompact (n + p)-
dimensional Riemannian manifold of asymptotically nonnegative sectional curvature with
respect to a base pointo € M. Let ¥ C M be a compact submanifold of dimension n with or
without boundary, and f be a positive smooth function on X. Let D denote the Levi-Civita
connection of M and let D* denote the induced connection on X. The second fundamental
form B of ¥ is given by

(B(X,Y),V)=(DxY,V),

where X, Y are the tangent vector fields on X, V is a normal vector field along X. The mean
curvature vector of X is defined by H = trB.
We only need to treat the case that X is connected. By scaling, we can assume that

/ﬂer/E |D2f|2+f2|H|2+2nb1/Zf=n/):fnnfl. a1

By the connectedness of ¥ and (3.1), there exists a solution of the following Neumann
boundary problem

divs (fD¥u) = nf 1 —2nbi f — \/IDEF2 + f2|H?,  inX,
(D¥u,v) =1, ondx,

(3.2)

where v is the outward unit normal vector field of 3 X with respect to X. Note thatif 0 X = @,
then the boundary condition in (3.2) is void. By standard elliptic regularity theory (see
Theorem 6.31 in [20]), we know that u € C%Y foreach 0 < y < 1.

As in [10], we define

={xex\3x : |DTu)| <1},
E:={(x,y):xeU,yeTLE, IDEu) + [y* < 1.
For each r > 0, we denote by A, the set of all points (x, y) € E satisfying
1 _ _ _ 1 _ _
rux) + 5d(x, exps (rD¥u(®) +r9)? = ru®) + Sr(IDFu® [ + [51)
for all x € ¥. Define the transport map @, : T+X — M for each r > 0 by
D, (x,y) = expx(rDZu(x) +ry)

forallx € ¥ and y € T;-X. The regularity of u implies that ®, is of class C''7,0 < y < 1.
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Lemma 3.1 Assume that (x, y) € E. Then we have
1 1
p (Asu(x) — (H(x), y)) < fnT1(x)—2b;.

Proof Combining |DZu(x)|2 + |y|> < 1 with Cauchy-Schwarz inequality, we obtain
—(D* f(x), D¥u(x)) = f(x)(H(x), y)
< JIDEF@P + FPIH®PY DU + [y (3.3)
< IDEFOR + FPIH®P.
In terms of (3.2) and (3.3), one derives that
FEOAZuE) = fO)HE). )
= nf ()T = 2nb1 f = \IDT FOP + F @2 [H )P

—(D* f(x), Du(x)) — f()(H(x),y)
<nf(x)"T —2nb f.

The proof is completed. O

The following three lemmas are due to Brendle (Lemmas 4.2, 4.3, 4.5 in [10]). Their
proofs are independent of the curvature condition of ambient space too.

Lemma3.2 Foreach0 <o < 1, the set
{geM:or <d(x,q) <r, Vx € X}
is contained in the set
@, ({(x,y) € Ay 1 [DFu()] + 1> > o2},

Lemma 3.3 Assume that (x,y) € A,, and let y (t) := exp; tDEu(x) +ty) forallt € [0, r].
If Z is a smooth vector field along y satisfying Z(0) € Tz X and Z(r) = O, then

((D¥)?u)(Z(0), Z(0)) — (B(Z(0), Z(0)), 7)

+/0 (ID:Z0OP = R @), Z(1), 7' (1), Z(1)))dt = 0.

Lemma 3.4 Assume that (x,y) € A,, and let y (1) := exp; (tD¥u(x) +ty) forallt € [0, r].
Let {ey, ..., ey} be an orthonormal basis of Tz . Suppose that W is a Jacobi field along y
satisfying W(0) € Tz X and (D, W (0), ej) = (D)%) (W(0), ej) — (B(W(0),e;),y) for
each1 < j <n.If W(r) = 0 for some t € (0, r), then W vanishes identically.

Now we begin the proof of Theorem 1.5.

Proof of Theorem 1.4 For any r > 0 and (X, y) € A, let {e;}1<i<, be any given orthonormal
basis in 75 X. Choose a normal coordinate system (x!,--+,x") on  around ¥ such that
aif =e¢atx (1 <i < n). Let {eg}ntr1<a<n+p be an orthonormal frame field of Tlx
around X such that ((D*)'ey), = 0forn+1 < o < n+ p, where (D¥)* denotes the

normal connection in the normal bundle 7% of ¥. Any normal vector y around X can
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be written as y = ZZZgH y¥eq, and thus (x', .-+, x", y"+1 ... y"FP) becomes a local
coordinate system on the total space of the normal bundle T+ X.

Let y(¢) := exp;((tDZu()E) +ty) forallt € [0, r]. Foreach1 < A <n + p, we denote
by E4(t) the parallel transport of e4 (x) along y. For each 1 <i < n, let X; be the Jacobi
field along y with the following initial conditions

Xi(0) = e,
(DiXi(0), ;) = (D) u)(ej, ;) — (Blei,ej). ¥), 1<j=<n, (3.4)
(D;Xi(0), ep) = (B(ei, D¥u(¥)),ep), n+1<p<n+p.
Foreachn + 1 <« <n + p,let X, be the Jacobi field along y satisfying
Xo(0) =0, D;Xa(0) = eq. 3.5)

Using Lemma 3.4, we known that {X 4 (t)}1<a<n+p are linearly independent for each ¢ €
©, 7).
Let P(t) = (Pap(t)) and S(¢) = (Sap(t)) be the matrices given by

Pap(t) = (Xa(t), E(1)),
Sap(t) = R(7'(1), Ea(), 7' (1), Ep(1))

for1 < A, B <n+ pandr € [0, r], where R denotes the Riemannian curvature tensor of
M. Using the Jacobi equation and the initial conditions (3.4), (3.5), we have

P'(t) = —P(1)S(),

PAB(0) = [‘Sg 8] ,

(3.6)
PLL0) = [((DE)%)(@, ei) = (Bleise). 3) (B DEu(m), em] .
of
Set Q(t) = PO~ 'P'(t),1 € (0,r). By (3.6), a simple computation yields
<o) = —5) - 0*(1) (3.7)
00 = =S() = 0°(0), .

where Q(¢) is symmetric. For the matrices P(t), Q(¢), it is easy to derive their following
asymptotic expansions (cf. [10])

[5;+00 00
P(’)_[ "ow) t6aﬁ+0(t2)]’

o) = (D®)?u(ej, ej) — (Blej, j), 3) + O(1) o(1)
- o) 1845 + O(1)

(3.8)

ast — 07, In terms of (3.7) and the curvature assumption for M, we deduce

n+p

L 0aa + 0ar? = L0as0+ Y 0apQpat)
dt AA AA = dr AA ABY BA

B=1

< (IDFu@)* + 51> — (DZu(®) + 3, ea)HA(d(0, 7(1)))
< (IDZu@@)* + 31> — (DZu(X) + 3, eA)HA(|d (0, X) — t|DZu(x) + 1)
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for 1 < A < n+ p, where the last inequality follows from the following triangle inequality
d(o, 7 (1) = |d(0,%) —d(*, 7(1))| = |d(0, %) — 1D u(x) + 3.
For1 <A <n+ p, weset
_ — % r=y2 12 oz = 2 -y S - -
Az a@0) = (ID*u@))> + |51° = (D*u(x) + 3, ea)Hr(|d (0, X) — t|D*u(X) + JI|).

Then we have

Qi () + Qi (1) < Azi(1), t€(0,7),

lim Qi (1) = A;,

t—0t
where A; = P/;(0). Let ¢; be defined by

@i (1) = efor Qii(v)dt

Then ¢; satisfies

"< Azi¢i, t€(,r),
¢, = x,l¢l/ 0,r) (3.10)
$i(0) =1, ¢;(0) = A;.
Next, we denote by ¥ ;, Y2 ; solutions to the following problems
Vi =Azivi, te€(,r), vy =Azivoi, t€(,r), 3.11)
Y1:(0) = 0,91 ,(0) = 1, V2,:(0) = 1,9 ,(0) = 0. '

Similar to the proof of (2.6), (2.13) and (2.14), we obtain

: +o0
2 () < / Agi(0) dt +l
Y 0

) 2 2 (% S ,0\2
< 2, [PTHEP I — (DFu®) + 5. ei)® | 1 (3.12)

VIDFux)? + 32 r
1
< 2b14/|DZu(@)? + 32 + —
p

IDZu@® 2472 (D u(®+7.¢;)* Qrob1+bo)

Y1i(t) <te DZu@P+52 . 1€(0,r), (3.13)

and

where ro = max{d(o, x)|x € X}. Using Lemma 2.5, one can find from (3.10) and (3.11)
that

d) 1'1[21 ll/fll
Qi) = ¢l (t) o 1,[/21 + Ai 1//11

Similarly we obtain from (3.8) and (3.9) that
Qo) + Qa1 < Az (1), 1€ (0,7),

1
cht(t) = ? + 0(1), ast — 0+

(). (3.14)

forn+1<a=<n+p.Seto,(t) = 1eJo(Qua(®=1)d7 Thep ¢ satisfies

¢(/x/ < Ai,a‘paa re (0, I"),
$a(0) =0, ¢, (0) = 1.
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Next, we denote by /1 , the unique solution to the following problem

1//1/,01 = Az aV¥1a, t€0,r), 3.15)
V1.2(0) =0, ¥ ,(0) = 1. '
Similar to (2.14), we derive that
1D u(@) 24372~ (D u(D)+7.eq)?
Yiag <e DR (2r0b1+b0)t, (3.16)
fort € (0, r). By Lemma 2.1 in [34] we have
w/
Qua(t) = z"‘ (1) < wi’“ ). 3.17)
o

From (3.14) and (3.17), it follows that

ilogdetP(t)=tr(Q(t))§Zw2[ ’w"()+z 1‘”(t). (3.18)

dt 1// + A WI i
Combining (3.11), (3.15) with the asymptotic properties in (3.8), we conclude that
det P(t)

3.19
Ho+ [T Wi (@) + 21 ) T, wla(t) .19

Integrating (3.18) over [e, t] for 0 < & < ¢ and using (3.19) by letting ¢ — 07, it is easy to
show that

|det D®, (%, )| = det P(t) < [ [(Woi () + A i) [ [ 1. (D).

Note that 0 < ¢; < (Y2, + A1) and ¢y ; > 0 (1 < i < n). Combining (3.13), (3.16)
with arithmetric-geometric mean inequality, we obtain

_ i 1 -
det Dy (5, 9] = ( Z:f O A - (HD. )’ [T#a0
( Z :ZT’Z; %(Azu(i) (H()C) y>)> H+P (’1+P 1)(2rob1+bo)

which yields by (3.12) that

_ 1 1 _
[det D®, (X, §)| < (2b1/|Du(¥)> + 3* + — + —(Azu(x)
ron (3.20)

_ (H()E), y)))ﬂrn+l)e("+ﬂ—1)(2r0b1+b0)

for all (x, y) € A,. Noting that /| Du(x)|? + y2 < 1, we derive by Lemma 3.1 and (3.20)
that

| det Db, (%, 3)| <( + fT ()Y P P =D Crobr ) (3.21)

for all (x, y) € A,. Using Lemma 3.2 and (3.21), one may find in a similar way as the proof
of Theorem 1.4 in [10] that

HpeM:or <d(x,p) <r,Vx € L}

|Bp|(1 o2)etr= 1)(2r0b|+b0)/( +fn ), (3.22)
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forallr > Oand all 0 < ¢ < 1. Similar to the proof of (2.20), one can obtain by using
Lemma 2.7 that

lim HpeM:or <d(x,p)<r,¥Yx € Z}
r—>+o0 (n+ p) Jy hvrr=ldr
prtr-l 3.23
— BP0 lim (1—ol 7" (3.23)
r—-+00 htr=1(r)
= |B"TP|(1 — o P)0.

Dividing (3.22) by (n + p) [y h(t)"*P~'dt and sending r — +o00, we deduce by using
(2.17) and (3.23) that

= |B"P|(1 =" )0

Pipri1 — 52 e(rz+p—1)(2r0b|+b0)/ =T lim
IBPI(1 = o) 2T A ) TR dr G24)

2rob1+bg n+p—1 .
<ipria-on (o) [
2 1+ bg 5

ptp

<

[\

forall 0 < o < 1. Now, if we divide (3.24) by 1 — o and let 0 — 1, we have

nip , 2rob1+bo 11+p 1
B 0 < p|B 3.25
(4 PIB™10 = plBPN(S ) (3.25)
Hence (3.1) and (3.25) imply that
[+ [0z piap o [ 5
9 b
(n+ ) B"PINE 1o T4by |2 g
Zn( p|BP| ) 9'1( 2r0b1+b0> ( Efn 1) ’
O

Proof of Theorem 1.6 Suppose the equality of Theorem 1.5 holds. Then we have equality
in both (2.17) and (3.12) and either one forces A = 0. Thus M has nonnegative sectional
curvature. The assertion follows immediately from Theorem 1.6 in [10]. ]

Finally we would like to mention that we have established a Sobolev type inequality for
manifolds with density and asymptotically nonnegative Bakery-Emery Ricci curvature in
[16] and a logarithmic Sobolev type inequality for closed submanifolds in manifolds with
asymptotically nonnegative sectional curvature in [17].
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