Calc. Var. (2024) 63:12

https://doi.org/10.1007/500526-023-02614-3 Calculus of Variations
()

Check for
updates

Fractional higher order thin film equation with linear
mobility: gradient flow approach

Stefano Lisini’

Received: 26 November 2020 / Accepted: 31 October 2023 / Published online: 5 December 2023
© The Author(s) 2023

Abstract

We prove existence of weak solutions of a fractional thin film type equation with linear
mobility in any space dimension and for any order of the equation. The proof is based
on a gradient flow technique in the space of Borel probability measures endowed with the
Wasserstein distance.
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1 Introduction

In this paper we prove existence of non-negative solutions of the following evolution problem:

[atu —div(uV(Zu)) =0 in (0, +00) x R?, (1.1

u(0, ) = ugp inRY,
where the operator .%; is the s-fractional Laplacian on R7 and s € (0, +00). Since the order of
the operator .%; is 2s, the order of the equation in (1.1) is formally 2 + 2s. We assume that the
initial datum uo € L'(RY) satisfies ug > 0, | uo(x)dx = 1 and / Ix|%ug(x) dx < +oo0.

d R4
The linear operator .%, also denoted by (—A)?®, can be defined using the Fourier transform
by
ZLu®) = EPaE), (1.2)

where the Fourier transform of v € L!(R?) is defined by 0(§) := / v(x)e_ix % dx. Recall-
R4

ing the link between the Fourier transform and the differentiation, it is immediate to check that
fors = 1, £ = —A is the classical Laplacian, and for s =2, % = (—A)2 is the classical
bi-Laplacian. The operator .%; is called “fractional Laplacian” usually for s € (0, +00)\N.
In this paper we use the same terminology also in the case s € N.
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The aim of this paper is to prove an existence result for problem (1.1) using the gradi-
ent flow interpretation in the space of Probability measures endowed with the Wasserstein
distance. This technique has two advantages. The former is to give automatically the conser-
vation of the initial mass and the non-negativity of the solutions: these properties, in general,
are not simple to prove for equations of high order. The latter is that the technique permits
to treat simultaneously all the orders of the equation of this type.

The equation in (1.1), for s € (0, +00) \ N is a fractional version of a Thin Film type
Equation, namely

ou — div(uV(—Au)) = 0. (1.3)
In general, Thin Film equations are forth order equations of the type
du — div(u"V(—Au)) =0, (1.4)
where n € (0, +00), or more generally,
ou — divim(u)V(—Au)) =0, (1.5)

where the non-negative function m is the so-called mobility function. These equations arise
in the lubrication approximation theory for a viscous thin film of fluid, driven by surface
tension, which spreads on a solid, where u represents the height of the fluid (see for instance
the survey [35]). See [22] and [21], in the case n = 1, for a mathematical description of the
lubrication approximation for a viscous fluid in a Hele-Shaw cell. See also the references in
[6] for other models where equations of type (1.5) appear.

The first existence result for solutions of Eq. (1.4) was obtained by Bernis and Friedman
[6] in dimension d = 1 and s € N in bounded interval with homogeneous Neumann type
boundary conditions. Precisely, the result is stated for n > 1 but the proof should work
with modifications also for n = 1. Further existence results in dimension 1 were obtained
by Beretta, Bertsch, Dal Passo [4] and Bertozzi, Pugh [7] (periodic conditions). In higher
dimension existence results was proven by Griin [24], Dal Passo, Garcke and Griin [12]
and Bertsch, Dal Passo, Garcke and Griin [8] in bounded domains with Neumann boundary
conditions.

In the case s = 1/2 and d = 1, a first existence result for the Neumann problem in a
bounded interval was obtained by Imbert and Mellet [25] (in this case the model describes
the propagation of a fracture in an elastic material under the pressure of a fluid filling the
fracture). The existence result of [25] was extended to the case s € (0, 1) in the same setting
by Tahrini [39].

In the case s € (0, 1) and any dimension d, a general existence result for the Cauchy
problem (1.1) was obtained by Segatti and Vazquez [38]. In Section 7 of the same paper
the authors raise the problem of the proof of existence of weak solutions for (1.1) using a
gradient flow technique. In the previous literature, a proof of existence of solutions for the
Cauchy problem using gradient flow technique, in the case s = 1 and arbitrary dimension d,
was given by Matthes, Mc Cann and Savaré in [34]. In the present paper we give a positive
answer to the problem raised in [38].

In dimension d = 1 and s = 1, the gradient flow structure of the problem related to
Eq. (1.3) was highlighted by Otto in [37] for a different notion of solution with respect to
the solutions considered in the present paper. More precisely, the paper [37] is devoted to
the existence of the so-called “prescribed contact angle solutions”: the problem is seen as a
free boundary problem, where the equation is satisfied in the positivity set P := {(t,x) €
(0, 400) x R : u(t, x) > 0} and the contact angle at the boundary points d P(¢) = d{(x €
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R : u(t, x) > 0} is prescribed and strictly positive, precisely /4 at the points x € 9 P(¢).
In particular, when the measure of the set {(x € R : u(¢, x) = 0} is positive, these solutions
cannot satisfy u(z, -) € C'(R) for r € (0, +-00). The solutions obtained in the present paper
are more regular and corresponds (still in the case d = 1 and s = 1) to the so called “zero
contact angle” solutions because the obtained solutions satisfy u(t,-) € H 2(R) for a.e.
t € (0,4o00) and in particular u(z,-) € C!(R) for a.e. t € (0, +00). Notice that in [37]
the energy functional has an additional term, with respect to our energy functional, which is
responsible of the fixed contact angle property of the solutions. The gradient flow structure
is also used in [22], still in the case of fixed contact angle solutions in the study of lubrication
approximation of the Hele-Shaw flow as Gamma convergence of the corresponding energy
functionals. Again in the study of lubrication approximation, in [21] the authors obtain
existence of zero contact angle solutions in one dimension.

In the case of higher order, that is when s > 1, general existence theorems for the Cauchy
problem (1.1), to the best of the author knowledge, are not available in the literature. Only the
particular case of dimensiond = 1 and s € N is contained in [6] for the Neumann problem
(see also [11] and [17] for the case d = 1 and s = 2). The other objective of the paper is to
give a first existence result for this type of equations of higher order.

In the rest of the introduction we describe the technique and we illustrate the main result
of the paper.

The gradient flow setting and the main result

We denote by 2,(R?) the space of Borel probability measures on R? with finite second
moment. The space ﬁz(Rd ), endowed with the 2-Wasserstein distance W, is a complete
and separable metric space (see Sect. 2.1 for the definition of W and its properties). For
u € 2>(R?) we define the energy functional

1 2
Folw) = 2l
where [[ul| g5 R4) is the seminorm of the homogeneous Sobolev space HS (RY) (see Sect. 2.2)
defined as follows

1
1l ey = Gy /R €17 1) dé.

We prove that a solution of the Cauchy problem (1.1) can be obtained using the so-called
minimizing movement approximation scheme (in the terminology introduced by De Giorgi
[14]), applied to the functional .%; in the metric space (P22(RY, W). A general theory of
minimizing movements in metric spaces and its applications to the space (&% (R?), W) iscon-
tained in the book of Ambrosio-Gigli-Savaré [1]. The gradient flow approach in (22, (R%), W)
with this approximation scheme was first highlighted by Jordan-Kinderlehrer-Otto in the sem-
inal paper [27] for the Fokker-Planck equation. The first study of a fourth order equation using
this technique was carried out by Gianazza-Savaré-Toscani [23]. The gradient flow approach
to a problem involving fractional laplacian operators is given in [30].

Let us illustrate the strategy in our case: given ug € H (RY) N 22, (R?) we introduce the
following time discretization scheme: we consider a time step t > 0, we set #? := u( and
we recursively define

1
u’i € Argmin, ¢ », (gd) {a@q(u) + 7 W2 (u, u’i’l)} , fork=1,2,.... (1.6)
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The existence and uniqueness of solution for the minimization problem in (1.6) will be
established in Sect. 3.2. If {u’é}keN c PR isa sequence defined by (1.6), we introduce
the piecewise constant interpolation

u(t) i=ub, ifre ((k—Nr ktl, k=1,2,..., u;(0):=u’=uo, (1.7

We refer to u, as discrete solution. The family of piecewise constant curves {u, : 7 > 0}
admits a limit curve, in a suitable sense, as T — 0 and a limit curve is a weak solution of the
equation in (1.1).

We state the results in the following Theorem 1.1.

Before state the theorem we point out that the space AC 2([0, +00); (22(RY), W)) is
defined in Sect. 3.2. Moreover, we denote by [a] := max{n € Z : n < a}, the integer part of
the real number a.

Theorem 1.1 Let d > 1, s > 0 and ug € H*(RY) N P5(R?). Then the following assertions
hold:

i) Existence and uniqueness of discrete solutions. For any © > 0, there exists a unique
sequence {ulé k= 0,1,2,...} satisfying (1.6). In particular the discrete solution
ur : [0, +00) = P2 (RY) in (1.7) is uniquely defined.

ii) Convergence and regularity. For any vanishing sequence t, there exists a (non rela-
beled) subsequence t, and a curve u € ACL([0, +00); (25 (RT), W)) such that:

(1) ¥r €10,5), u € C([0, +00); H"(R!)), lim,_, o+ [[u(t) — ull sy = 0 and
ug,(t) — u(t) stronglyin H" (R asn — oo, Vt € [0, +00),

(2) u e C([0, +00); H} (R?)), where H;, (R?) denotes the space H® (R?) endowed with
the weak topology, and

Uy, (1) — u(t) weakly in H*(RY) asn — oo, V1t € [0, +00),
(3) u e L>((0, T); H'*S(RY)) for every T > 0, and
U, — u stronglyin Lz((O, T); H1+r(Rd)) asn — oo, Vr € [0, s),

u; — u weakly in L*((0, T); H'*(RY)) asn — .

n

iii) Solution of the equation. u satisfies the equation in (1.1) in the following weak form:

+oo +00
/ / u drpdxdr + N(u(t, ), Vo(t,-))dt =0,
0 R4 0

forany ¢ € CX((0, +00) x RY),

(1.8)

where N : H'™(RY) x C2®(R?; RY) — R is defined by

/ ((Zs—mv) L (div(n v)) dx, if's € [2m,2m + 1],
N, n) = ¢ (1.9)
V((Zs—m—-1v) - V(L (div(nv))) dx, ifs € C2m+1,2m +2),
R4
and m := [s/2] is the integer part of s /2.
iv) Entropy dissipation inequality. Denoting by 7 (u) := / ulnudx the logarithmic

R4
entropy, the following inequality holds

T
A W(T)) + /0 1) 21 gy At < A (W), YT €0, +00).  (1.10)
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We provide some comments about the statement of Theorem 1.1.

The regularity of the solutions u € L2((0, T); H'S (RY)), given in the point ii), implies
that u(z, ) € HTs (Rd) for a.e. t € (0, 400). In particular, in dimensiond = 1, if s > %,
then d,u(t, -) is continuous and u is a zero-contact angle solution.

For the sake of clarity, since the weak formulation (1.8) of the equation (1.1) is written in
terms of the nonlinear operator (1.9), we explicit the weak formulation in the case s € (0, 1],
namely

+o0 +oo
/ / u 0, dx dt +/ / (—A)’u div(Vou)dxdr =0, Ve e C((0, +o0) x RY).
0 R4 0 R4

This formulation and the regularity obtained for u# coincide with the one obtained in [38]
without gradient flow technique. In the case s = 1, the weak formulation of the equation can
be rewritten as

“+00 “+00
/ / uatgadxdt—/ / (Au Apu+ Au Vo - Vu)dxdr =0,
0 R4 0 R4

Vo e C2((0, +00) x RY).

(1.11)

Also in this case the results of Theorem 1.1 are very similar to the existence results obtained
in [34], which makes use of the gradient flow technique.

We give some comments on the strategy of the proof of Theorem 1.1.

The existence of both the discrete solutions and a limit curve is consequence of standard
arguments in the general theory of minimizing movements. This fact is illustrated in Sect. 3.
The minimizers in (1.6), and consequently u,(¢) for any + > 0, belong to H® (R by
construction. This regularity and a bound on the H* norms allow to obtain the convergence
in points i7)(1)-(2). In order to obtain the improved regularity in point ii)(3) we make
variations of the minimizers in (1.6) along the heat flow, which is the Wasserstein gradient
flow of the classical logarithmic entropy 77, using the flow interchange technique stated
in [34]. This variation provides the regularity H'**(R¢) of the minimizers of the scheme
and a control of the H'*S(R?) seminorm in terms of the entropy (see Lemma 4.4). As a
consequence of Lemma 4.4 we obtain a discrete version of the Entropy dissipation inequality
(1.10), which is (4.13), and a uniform bound on the L2((0, T); H't*(R%)) norm of the
discrete solutions (see Corollary 4.5). Using these properties we obtain the convergence in
point ii)(3) (see Lemma 4.6). Using the regularity H'**(R?), we can make variations of
the minimizers of the scheme along the flow generated by a smooth vector field, obtaining
a discrete weak formulation of the equation in terms of the nonlinear operator (1.9) (see
Sect.4.4 and (4.40)). Finally, using the convergence of point ii) we can pass to the limit in
the discrete formulation of the equation obtaining point iii) (see Theorem 4.9).

The case d = 1 and s = 1 We conclude the introduction analysing the case d = 1 and
s = 1, showing that the solutions given by Theorem 1.1 enjoy some additional properties.

Theorem1.2 Letd =1,s =1, ugp € HI(R) N 2 (R) and u a solution given by Theorem
1.1. Then

u e C812([0, +00) x R) N L®([0, +00) x R), (1.12)
u(t,) e H*R)NCH2R),  forae. t € (0, 400), (1.13)
fora.e.t € (0, 400) fou(t, -) is differentiable a.e. on the set {x € R : u(t, x) > 0},
(1.14)
w293 u e L2((0, +00) x R), (1.15)
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where we used the convention u 3} .u = 0 on the set {x € R : u(t, x) = 0}, and the weak
formulation of the equation can be written as

+00 +00
/ / u(t, x) orp(t, x)dx dt +/ / u(t, x) 8)‘?mu(t,x)3x(p(t,x) dxdr =0,
0 R 0 R

forany ¢ € C°((0, +00) x R).
(1.16)

Finally
i u(r) = woll 1 ey = 0. (117)

The proof of Theorem 1.2 is given in Sect.S5.

Comparison with other notion of solutions Although the problems studied in [6], [4], [7] in
dimension d = 1 are set in a bounded interval and complemented with Neumann boundary
conditions or with periodic conditions, it is interesting to compare the existence results of
the quoted papers with the one obtained here by the gradient flow technique. In particular,
the solutions obtained in [6] and in [4] as limit of classical solutions of non-degenerate
regularized problems satisfy the analogous property of (1.12), (1.15), the weak formulation
(1.16), and the initial datum is taken in the sense of (1.17). In [6] the non-negativity of
the solutions and the regularity property (1.13) are stated [6, Remark 4.4], but proved in
the case of the mobility u” with n > 1 [6, Theorems 4.1 and 4.2]. The solutions in [6],
being obtained by approximation by classical solutions of non degenerate problems, using
parabolic Schauder estimates, satisfy the regularity o;u, d,u, fou, 3,3””» B;‘X”u e C(P)
where P := {(t,x) € (0, +00) x R : u(t, x) > 0}. This last property seems not simple to
obtain with our completely different approximation.

With respect to the solutions in [6], the solutions found in [4] and [7] have an additional
regularity, which is consequence of entropy estimates of power type. In particular in [4] it is
proved that, for any 8 € (0, 2), u(t, /B belongs to C! forae.t € (0, +00), which implies
a zero contact angle condition of the following form:

fora.e. t € (0, +00) exists C(¢) : u(t,x) < C(t)|x — x0|'8, Vxo:u(t,xp) =0,

for any 8 € (0, 2). A similar contact angle condition follows also by the regularity obtained
in [7] by similar methods. In the present paper we used only the logarithmic entropy in order
to obtain the entropy dissipation estimate (1.10) and the regularity in (3) of Theorem 1.1, and
consequently (1.13). In our framework, we think that it could be possible, with some efforts,
to obtain entropy inequalities similar to the ones in [4] and [7], both at the discrete level and
at the continuous level. The proof and the extension of such inequalities to the fractional case
seem not immediate. The regularity (1.13) implies only a zero contact angle condition of the
following form:

forae. r € (0, 400) exists C(t) :  u(t,x) < C(t)|x —xol*’>,  Vxo:u(t, xo) =0.

Of course, an improvement of the regularity of our solutions can be obtained using suitable
integral estimates. Precisely, thanks to the properties (1.13) and (1.15), we can apply the
Bernis type estimates of [2, Corollary 4.2] obtaining that

3 (u'/?) € L9((0, +00) x R). (1.18)
The property (1.18) implies an improved zero contact angle condition of the following form:

fora.e.t € (0, +00) exists C(¢) : u(t,x) < C(t)|x — x0|5/3, Vxo :u(t, xo) =0.
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Moreover, since (1.15), (1.12) and (1.16) hold, we also obtain that
du € L*(0, +00; H'(R)). (1.19)

The properties (1.19), (1.18) and Theorem 1.2, show that by Theorem 1.2 we obtain the same
notion of solution given in the paper [2] in the case p = 2 (the main results are written for
p > 2 but the proofs could be carried out also in the simpler case p = 2).

Open problems

Qualitative properties The theory related to qualitative properties of solutions of thin film
equations in the case s = 1 is very developed and sharp results are available.

An interesting property is the so-called “finite speed of propagation”: roughly speaking
the solutions preserve the compactness of the support when the initial datum is compactly
supported, and precise rates of expansion of the support are established. In the classical case
see [5] for dimension d = 1. In higher dimension see [8] for solutions in the sense of [12].

It seems natural that these qualitative properties should hold also for the fractional case
(at least for s € (0, 1)). This interesting problem is open. A possible proof could be carried
out in dimension d = 1 using a similar result to Theorem 1.2 and proving additional suit-
able weighted entropy estimates. In [38] special self-similar solutions are exhibited (as the
Barenblatt solutions for the case s = 0) that are compactly supported at any time # and with
a precise speed of propagation of the support. This rate of expansion of the support should
be expected for solutions starting from compact supported initial datum.

Another interesting qualitative property is the waiting-time phenomenon: it has been firstly
proved in [13] and generalized to a larger class of equations in [18] (see also the results in
[16]). Also this qualitative property should be very interesting to address for the fractional
case.

Uniqueness The uniqueness of the solutions given by Theorem 1.1 is an open and challenging
problem. Of course, the problem is still open in the classical case s = 1, since a comparison
principle is not available. Only partial results are available: see [26] and [33]

Free boundary problem In the classical case d = 1 and s = 1 the equation (1.1) has been
studied as a classical free boundary problem (see [20], [19] for the zero-contact angle case
and [28], [29] for the non-zero contact angle case). For the fractional problem in d = 1,
at least for s € (1/2, 1), it could be interesting to state the problem as a free boundary
classical problem, for instance taking an initial datum close to a steady state of the form
ux) = (C — C|x|2)lr+s. This problem is completely open.

Gradient flow solutions for non-linear mobilities A system of the type

du — divim(u)V(ZLu)) =0 in (0, +00) x R,
u(0, ) = ug in RY,

where the mobility function m : [0, +00) — [0, 400) is concave and non-linear, is formally

a gradient flow of the functional .%; in the space of Borel probability measures endowed

with the mobility dependent distance introduced in [15] (see also [31]). This technique was

used in [32] for the Cahn-Hilliard equation with s = 1 and it could be interesting to apply

this technique also to this fractional case. The main difficulties arise from the new distance

that is defined in a dynamical way and it is not linked to a relaxed transport problem as the
classical Wasserstein distance.
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2 Notation and preliminary results
2.1 Probability measures and Wasserstein distance

For a detailed treatment of this topic see [1] and [40]. We denote by 2 (R?) the set of Borel
probability measures on R?. The narrow convergence in 2 (R9) is defined in duality with
continuous and bounded functions on RY. Precisely, a sequence {u, }pen C 2 (RY) narrowly
converges to u € Z(RY) if Jga @ duy = [pa ddu as n — +oo for every ¢ € Cp(RY),
where Cj,(RY) is the set of continuous and bounded real functions on R4,

Givenu € 2(R¥)and G : R¥ — R” a Borel measurable map, we define the push forward
(or image measure) of u through G, denoted by Gyu € Z(R"), by G4u(B) := u(G~Y(B))
for all Borel set B C R", or equivalently,

/ F) dGsu(y) = f FGO) duo),
R» Rk

for every Borel positive function f : R¥ — R.

Since in this paper we use only measures u € 22 (R?) absolutely continuous with respect
to the Lebesgue measure, we identify the measure u# with its density, and with abuse of
notation we write du(x) = u(x)dx.

We also recall that, whenu € 2 (R?) is absolutely continuous with respect to the Lebesgue
measure and G : R? — R is a diffeomorphism, then v := Gu is absolutely continuous
with respect to the Lebesgue measure and

() = u(G~ (%)) det(VG (x)). 2.1

We define 22, (RY) := {u € 2(RY) : fRd |x|2 du(x) < +o0} the set of Borel probability
measures with finite second moment. The Wasserstein distance W in 22, (R?) is defined as

yeZ (R4xRd) dx R4

1/2
W(u,v):=  min {(/R |x—y|2dy<x,y)> D (TDsy = u, (m)sy = v}
2.2)

where 7r;,i = 1, 2, denote the canonical projections on the first and second factor respectively.

If u is absolutely continuous with respect to the Lebesgue measure, then the minimum
problem (2.2) has a unique solution y induced by a transport map 7, : R? — R? by
y = (I, T;))#u, where I denotes the identity map in R, T} is the unique solution (defined
u-a.e.) of the Monge optimal transport problem

min H/ |S(x)—x|2du(x): Syu =v}.
R4

S:R4—Rd

of which (2.2) is the Kantorovich relaxed version. In particular
2 _ v 2
W=(u, v) _/ |7, — I udx. 2.3)
Rd
The function W : 9, (RY) x 2,(R?) — [0, +00) is a distance and the metric space

(22 (RY), W) is complete and separable. The distance W is sequentially lower semi contin-
uous with respect to the narrow convergence, i.e.,

up, —> u, v, — v, narrowly = liminf W(u,, v,) > W(u, v), 2.4)
n——+00

@ Springer



Fractional higher order thin film equation with linear mobility... Page9of27 12

and

bounded sets in (22, (RY), W) are narrowly sequentially relatively compact.  (2.5)

2.2 Fourier transform and fractional Sobolev spaces

We denote by .7 (R?) the Schwartz space of smooth functions with rapid decay at infinity and
by .’ (RY) the dual space of tempered distributions. The Fourier transform of u € . (RY) is
defined by 4 (&) := fRd e~ 6 (x) dx. The Fourier transform is an automorphism of . (RY)
and can be defined on .7’ (R?) by transposition. Moreover the Plancherel formula holds

/ AE)W(E)dE = (Zn)d/ u()wx)dx,  Vu,w e L*RY). (2.6)
R4 R4
We observe that if u is real valued, then

Q) =a(—§) VEeR 2.7

Moreover we recall the link between the Fourier transform and the differentiation, valid for
tempered distributions,

Du(E) = i&iE), ue S ®RY. 2.8)

Let r € R. For every tempered distribution u € .&/(R?) such that & € L}OC(Rd), we
define

1
] /Rd“ +IEPY 1a@) d&

and

1
2 - 2r A 2
Iy oy = Gy [, 16 P .
By (2.6) and (2.8) it holds

2 _ 2 2 2 _ 2
”””Hl(Rd) = /Rd(lu(x)l + [Vu(x)[7) dx, ”u”Hl(Rd) = fRd [Vu(x)|” dx.

The fractional Sobolev space H” (R?) is defined by

H RY :={ue s R e Lj, R, ullyrgd < +00},
and the homogenous fractional Sobolev space H” (R?) is defined by

H (R :={u e 7" RY) : it € L, RY), [[ull grga) < +00}.

Using Plancherel’s formula (2.6) and the definition of % in (1.2) it is immediate to show
that

lulyy gay = 1% 2ull72 ey Y7 >0. (2.9)
Moreover, it follows from the definition of .%; that
ue HRY) = ZLueH HRY). (2.10)

In this paper we use the following obvious relations:

el gri vy < Null groay. — ifr <,
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lull jr ety < Nallpregay. — if 7 >0,
||u||[-'10(Rd) = ||14||H0(Rd) = ||”||L2(Rd)7

and the interpolation inequalities

6
”M”Hrl (]Rd) = ”u”Hr()(Rd ”u“HrZ(Rd) and ||u||Hf1 (Rd) = Ilu”]—[’()(Rd)” ”HQ(R")’ (2 11)

if ro < r; < rp and 0 satisfies r; = (1 — 0)rg + Ora,

(see for instance [3, Sections 1.3, 1.4]).
The following lemma and its Corollary will be useful in the sequel for proving convergence
results.

Lemma2.1 Lets > 0 and {uplpeny C H'(RY) a sequence such that sup, ey llun || gs (ray <
400 and

sup sup i, (§)] < +o00, VR >O0. (2.12)
neN&eBg(0)

If u is a Borel signed measure such that ii,(§) — G(€) for every & € RY, asn — 400, then
u e HSRY), |lu, — ullgrrday = 0asn — +oo, for any r € [0, s) and up, — u weakly in
HY(RY) as n — +o0.

Moreover, if h € [0, s/2), then | Lyun, — Zpull grgay — 0 for any r € [0, s —2h) and
Lun — Lyu weakly in HS =" (R?). Finally, Ly pup — Ly pu weakly in L2(RY).

Proof We first prove that u € H*(R?) and u,, — u weakly in H* (R9).
We define U, (£) := (1+&|%)%/20, (£). By assumption we have sup,, [|Up || 2(rey < +00and
U,(&) = (14 |€]2)%0(§) for every £ € R? as n — +oo. By the L? weak compactness
there exists a subsequence of {U,} weakly convergent in L2(R?) to some U € L%(R?).
By uniqueness of the weak limit we have that U(§) = (1 + €122 (). By the lower
semicontinuity of the L? norm we obtain that ||u | gs(®dy < iminfy,— o0 [[un || s (ray- Since the
weak topology is metrizable in bounded sets and the limit is independent of the subsequence,
all the sequence u,, converges weakly in H* (R9).

Let us fix r € [0, s) and we prove that u,, strongly converges to u in H" (RY).

For any R > 0 we write

it = ull 3 gty = /Rd(l + &) |0 (8) — a(8)[* d&
=/ (14 E1D) [0 (§) — @(5)[* d& (2.13)
{IEI<R}

+/ (1 + 112 [ (&) — a(E)|? de.
{l&]>R}

Let C be a constant such that |uy, |2 < C. Since, as observed in the first part of the

s ]Rd)

proof, also ll ]2 < C, we have

HS(RY) =

/ (1+|sw)|ﬁn(s>fﬁ(s>|2ds=/ (LHEP A+ (D a,E) — aE)|* dE
{lE1>R} {1€|>R}

<a +R2><’—S>/ (14 1P a0 (6) — (6)I7 d
{l&|>R}
< (14 R uy =l oy < 4C(1+ RHTT.

(2.14)

(RY)
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On the other hand, since (1 + |£]?)"|&, (&) — @(£)|> — 0 for any £ € R? and by (2.12)
(1+ [EP) in(8) — 4(5)|* < (1 + R?)' Ch, where Cg := SUp,cry SUPc g, (0) liin (§)]. by
dominated convergence Theorem we have

lim (14 £1%)1itn (§) — (&) d& = 0. 2.15)
T Jlg1<R)

Fixing ¢ > 0, by (2.14) there exists R such that f{lé\>R}(1 +EP) |hn (&) — i (€) |2 dE < ¢ for
any n € N. Then, by (2.13), (2.14) and (2.15) we obtain that lim sup,, , | o llup —u]|

¢. For the arbitrariness of ¢ we conclude.
The last assertions are consequence of the proved convergences and the following relation

2 <
H" (Rd) —

”ﬁzun”]-']r(]]{d) = ||un||['1r+2h(]Rd) = ||un||HV+2h(Rd)~

[m}

Corollary2.2 Let s > 0 and {uplpen C H'(RY) N 2(RY) a sequence such that
SUpP,cN ||u,,||,_~,s(Rd) < 4oo. Ifu € 2R and uy, narrowly converges to u, then u,,u €

HS (RY), and all the conclusions of Lemma 2.1 hold.

Proof We prove that the assumptions of Lemma 2.1 hold. Since u,, is a density of a probability
measure, then |i,(£)] < 1 for any & € R?. Then (2.12) holds. In order to prove that
sup,en lun |l gsmay < +00, by definition of the H* (R?) norm, it is sufficient to prove that
Sup,en lltn ll L2(ray < +00. Denoting by By the unitary ball in R4, we have

/m,,(snzds:/ |ﬁn(s>|2d5+/ |ﬁn(s>|2dss|31|+/ £ 8) P
R4 B ]Rd\Bl R4

and by Plancherel formula we obtain
@) lunllF 2 gay < 1Bil + Nt - (2.16)

Moreover the narrow convergence of u, to u implies the pointwise convergence i, (§) —
(&) for any £ € R, o

3 Energy functional and first convergence result

3.1 Energy functional

After noticing that a Borel probability measure u is a tempered distribution with  in Ll1 o (RY),
we define the energy functional .%; : 97, (R?) = [0, +00] by

1
Fow) = Sl

We denote by D(Z5) = {u € PR+ Zo(u) < +00). Using Corollary 2.2, it is immediate
to prove the following Proposition.

Proposition 3.1 The following assertions hold:

o D(F) = H'R) N 2 RY.
o F is sequentially lower semicontinuous w.r.t. the narrow convergence.

@ Springer



12 Page120f27 S. Lisini

3.2 Wasserstein gradient flow, minimizing movements
We consider, for k = 1, 2, .. ., the problem

1
min () + — W(u, uk7"). (3.1)
ue P, (R4) 2t

Proposition 3.2 For every © > 0 and every ug € D(Fy) there exists a unique sequence
{u]Ic tk=0,1,2,...} C D(%) satisfying u? = ug and such that uﬁ is a solution to problem
B.Dfork=1,2,...

Proof Let t > 0 and k € N. By Proposition 3.1 and the properties of the Wasserstein
distance (2.4) (2.5), the functional u +— .%;(u) + % W2(u, u’fl) is nonnegative, lower
semicontinuous with respect to the narrow convergence and with narrowly compact sublevels.
The existence of minimizers follows by standard direct methods in calculus of variations.
The uniqueness of minimizers follows from the strict convexity of the functional u >
Fe(u) + % W2(u, u’é‘l) with respect to linear convex combinations in %, (RY). ]

By Proposition 3.2, the piecewise constant curve

u(t) =k, ifre((k—rktl, k=1,2,..., u;(0):=u’=up, (32)

T

is uniquely defined.

We say that a curve u : [0, +00) — (RY) is absolutely continuous with finite energy,
and we use the notation u € AC2([0, +00); (2, (R?), W)), if there exists m € L2([0, +00))
such that W (u(11), u(t2)) < [;> m(r) dr forany 1, 1 € [0, 4+00), 11 < fa.

Theorem 3.3 [First convergence result] Let ug € D (%) and u, the piecewise constant curve
defined in (3.2). For every vanishing sequence t, there exists a subsequence (not relabeled)
7, and a curve u € AC%([0, +00); (22(R?), W)) such that

ug, (t) = u(t) narrowly asn — oo, foranyt € [0, +00). 3.3)

Proof The first estimate given by the scheme (3.1), is the following

N

2 k—1
«%(Miv) + 12 W(Lzu) Fs(u 0) = Zs(uyp), VN eN. (3.4)
2/(:1 T

We show that for any 7' > 0 the set AT = {uiv :t>0,N eN, Nt < T}isbounded in
(22(RY), W) and by (2.5) sequentially narrowly compact.
Indeed, recalling that fRd |x|2 du(x) = W2(u, 8y) for any u € 25 (RY), using the triangle
inequality for W and Jensen’s discrete inequality we have

N
2
/Rd xPud () dx = W2, d0) < (30 Wk, wl™) + W, s)

k=1
N k 1
W
2(2} (” )) +2wW2, 80 (3.5)
=1
N 2 k—1
W )
§2Nr2r% +2W2 0, o).
T
k=1
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Since .%; > 0, from (3.4) and (3.5) it follows that
/ Ix2ul (x) dx < 27 .Z(uo) +2f IxPug(x)dx, V¥NeN: Nt <T (3.6)
R4 R4

and the boundedness of A7 follows.
We define the piecewise constant function m : [0, +00) — [0, +00) as

Wue(t), ur(t — 1))
T

me(t) :=

with the convention that u; (t — t) = u(0) if t — v < 0. Since .%; > 0, from (3.4) it follows
that

1 +0o0
5 / m2(t)dt < Z(uo).
0

It follows that there exists m € L?(0,4+oc) such that m, weakly converges to m in
L2(0, +00). Moreover for any t1,fp € [0,400), t; < t, setting ki(r) = [t1/7] and
ko(t) = [t/ 7], by triangle inequality it holds

ka(r)=1 ko (T)T
W) = > Wakat = [

k=k1 (v) ki)

By the L? weak convergence of m- the following equicontinuity estimate holds

ka(t)T
lim sup W (u; (t1), uc(t2)) < lim
T

T—0

n
mq(t)dt = / m(t)dr. 3.7
ki(t)t 4l
Applying Proposition 3.3.1 of [1] we obtain the convergence (3.3). Passing to the limit in
(3.7) we obtain
5]

Wu(t)), u(tz)) < / m(t)dt, Vi, €[0,+00), 1 <y,

n

and then u € AC2([0, +00); (2,(RY), W)). o

4 Estimates on discrete solutions, convergence and weak solution

In this Section we briefly review the “flow interchange estimate” introduced by Matthes-
McCann-Savaré in [34]. Using this estimate with the entropy functional, we obtain a suitable
regularity estimate for the family of discrete solutions u,. Moreover, using this estimate with
a family of suitable potential energy functionals, we obtain that u, satisfies an approximate
weak formulation of the equation in (1.1).

4.1 Flow interchange technique
We say that a lower semi continuous functional ¥ : 92, (R?) - (=00, +00], with proper

domain D(¥) = {u € 2 RY) : ¥(u) < +oo} # (), generates a A-flow, for A € R, if
there exists a continuous semigroup S; : D(¥) — D(?) such that the following family of
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Evolution Variational Inequalities

W2(S;(u), v) — W2(u, X
lim sup 7t ) v2)t @) | SWHu ) = V) = @), Yue D),
t—0t

4.1)

hold. We recall that a continuous semigroup is a family of maps S; : D(¥) — D(¥),t > 0,
such that

Si(Sr(u)) = Str(u), Vt,r=>0, liI(I)lJr W(S;(u),u) =0, Yue D).
t—

If u € D(F) we define the dissipation of .%; along the flow S; of ¥ by

Dy Fs(u) := lim sup Zs ) — yS(SZ(M)).

t—0t t

4.2)

Proposition 4.1 [Flow interchange] Let {uX : k = 0,1,2,...} be the sequence given by
Proposition 3.2, & € R and V" a functional generating a i-flow. Ifuf € D(VY) then

k=1,2,.... (4.3)

= )

A VW — vt
Dy T k) + EWZ(MI;’ Wkl < M

Proof For ¢ > 0 and k > 1, by definition of minimizer there holds

1 1
o) + WA, w™h) < FSi @) + WS @), w7,

that is,
(T wy) = Fi(Siuy) WS ), i) = WG, up !
t - 2t
By using (4.1) and the definition (4.2) we obtain (4.3). ]

The next two propositions summarize well known results (see [1] Theorems 11.2.5 and
11.2.3).

Proposition 4.2 The entropy functional 7 : P, (R?) — (—o0, +00] defined by

/ ulogudx ifu is absolutely continuous w.r.t. Lebesgue measure,
H(u) .= d

+00 otherwise,

generates a0-flow. The semigroup associated u; := S;(u) is the unique solution of the Cauchy
problem for the heat equation

du; = Auy, in (0, +00) x R4
Uy =1u inRY.

Proposition 4.3 Let ¢ € CX(R?) and A > ||D*¢|l0o. The functional ¥ : 2,(R?) — R
defined by

¥ (u) ::/ @(x)du(x)
R4
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generates a (—1)-flow S; and S;(u) = (X;)uu, where x — X;(x), x € R?, isthe map defined
by the system

{ixr(x) =—Vo(X;(x)), teR )

Xo(x) = x.

We observe that under the assumptions of Proposition 4.3, X; is defined also for r < 0.

4.2 Improved regularity and dissipation along the Heat flow

The following result makes use of flow interchange with the choice ¥ = .7, the entropy
functional.

Lemma4.4 Let ug € D(%;) and {u’; ck=0,1,2,...} the sequence given by Proposition
3.2. Then u* € H'*$(R?) for any k > 1 and

2 A — A wh)
fluz |l

HH—.&(]RJ) = z 5 k= 1,2, (45)

Proof Since u’i € D(Z,) ¢ LE(R?) and (u logu)y < u?, then u’§ € D(#) for any k > 0.

Let us fix k > 1. For t > 0, we denote by S; the O-flow generated by the entropy /7,
and we define w; := §; (u/;). By Proposition 4.2, S; coincides with the heat semigroup on
R?. By uniqueness of the solution of the Cauchy problem for the heat equation, we have the
representation

1

—|x|?/(@n)
(27”)d/2e o , (4.6)

w =T suk,  Tix):=

where * denotes the convolution with respect to the space variable x. For the relation with
convolution and Fourier transform, by (4.6) we have

b (§) = T1(©)as (©). (4.7)

We also recall that the Fourier transform of I'; has the expression
(&) = e "k, (4.8)
The Cauchy problem for the heat equation in the Fourier setting can be written as a family

depending on & € R? of Cauchy problems

{a[uvt(s) = —|E[20(5) 1 € (0, +00), 49)

limy .o iy (§) = 5 (§).
It is easy to prove that w, € H'*$(R?) for any 7 > 0. Indeed, by (4.7) we have

w11 ey = @)™ / P i (€)1 dg = @)~ / [P @)1k @)1 dg
R4 R4

< Colluk 112, oy = 26 Fy(uh) < 400,

s (Rd)
where, using (4.8),

C; := max |E2|T(&))> = e 2172, (4.10)
EcRd
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We define the function g : [0, +00) — R by g(¢t) := Z;(w;). We prove that g is
differentiable in (0, +00), continuous at = 0, and

g1 = —wilima, Vi€ O +00), @.11)

Indeed, taking into account that |1, (£)|? = W, (€)W, (§) = W, (&)W, (—&), by (4.9) we have
that

O (6)F = =206 710 (E))* YV (t,§) € (0, 4+00) x R
Since for any & € R the function 7 — | (£)| belongs to C1(0, +00) and
ale > 1 ()| = 206 i ©F = 26161k ),

we can differentiate under the integral sign obtaining that

40 ) &1 [, (8)]* d&

1
~20mddr /R
1 N
= / €17 18171 (§) 7 d§ = —llwe 13114 oy

—@n)d Jpa

and (4.11) is proved. Since 0 < I';(£) < 1 we have |i,(£)> = |T,(£)ak(&))? < |4k &)
and then %5 (w;) < ﬁs(uf), i.e., g(t) < g(0) for any t € (0, +00). Since .Z; is lower
semi continuous with respect to the narrow convergence (Proposition 3.1), we have that
liminf, o+ g(#) > g(0) and the continuity of g at = 0 is proved.

Applying Lagrange’s mean value Theorem to g in the interval [0, ], for any ¢ > O there
exists 6(t) € (0, t) such that, recalling the definition of g and (4.11),

k) — Z,(S; b))
t

2
= IS0 ) WO 145 (gay -

From this equality and the definition (4.2), by the lower semicontinuity of the H'ts(R)
semi-norm with respect to the narrow convergence it follows that

N5 1510y < Do T ).
Finally, by Propositions 4.1 and 4.2, we obtain the estimate (4.5) and u’§ e H'@®RY. o

Integrating the estimate (4.5) with respect to time, we obtain the following space-time
bound on the discrete solution u;.

Corollary 4.5 Letug € D(F), T > 0, {u’é tk=0,1,2,...} the sequence given by Proposi-
tion 3.2 and u the corresponding discrete piecewise constant approximate solution defined
in (3.2). Then u,(t) € H'*s (]Rd)for every t > 0 and there exists C > 0 depending only on
the dimension d such that

T
/ it (1% 14 gy A1 < 7 0) + €1+ TF (o) + /R o) dx) - (4.12)
0
forany T > 0.

Proof Let T > 0and N := [T /t] + 1. Using (4.5) and the definition of u; we obtain

T N
fo it O gs oy A < D Tls g1 gy < #wo) = A @) (4.13)
k=1
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Using Jensen’s inequality, it is not difficult to prove that (see for instance [10]),
1 d 1
H(u) > —— — —log(4m) — 7/ Ix)%u(x) dx, Yu e D). (4.14)
e 2 4 R4
By (4.14) and (3.6) we obtain
Ay = (14 T 7w + / [xPug(x) dr)
Rd

for C depending only on the dimension d. By the last inequality and (4.13) we have (4.12).
[}

4.3 Improved convergence

Thanks to the estimate of Corollary 4.5 we obtain the following result of convergence. This
convergence will be fundamental in order to obtain the weak formulation of the equation in

(1.1).

Lemma 4.6 Letug € D(%y), u, the piecewise constant curve defined in (3.2) for any T > 0.
Given a vanishing sequence t,, let ur, be a convergent subsequence (not relabeled) given by
Theorem 3.3 and u its limit curve. Then, for any T > 0 we have u € L2((0, T); H'*(R?))
and

ur, — u strongly in L*>((0, T); H7"(RY)) asn — oo, Vr <. (4.15)
Proof Letr < s. By (3.4) and lower semicontinuity we have
e, (D1 gty < 275 0), (4O, oy < 275 (o) V1 €[0,400).  (4.16)
By (3.3) and Corollary 2.2 we obtain
nEI—r}—loo llus, (1) — M(I)HiIV(R‘l) =0, Vrel0,+4o00). 4.17)

By Corollary 4.5 and lower semicontinuity we have

T
[ 10y < 0 + (14 50+ [ Puotar) @)

forany 7 > 0.
Using the interpolation (2.11), we can write

1-6
itz (1) = u @l rer gy < lue (@) = w@) ey e (@ = 0@ G104 ga)-

for0 =1/(14+s—r) € (0, 1) andfora.e.t € (0, +00). Fixing T > 0, by Holder’s inequality
we obtain

T
[ 0 = a0y
T
2(1-6
< /0 i, 0) = 1O oty () = w2 gy

T 1—6 T 14
< ( /0 ey (1) = O @) ( /O i, () = 0O 1y 1) -
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By estimate (4.12) and (4.18) the factor fOT lu, (2) — M(Z)||?.11+X(Rd) dr is bounded. Finally,
by the previous inequality, (4.17) and (4.16) we obtain (4.15) using dominated convergence.
[m}

4.4 Weak formulation of the equation for the discrete solution

In order to obtain a sort of weak formulation of the equation for the discrete solution, we
use the flow interchange estimate with the (—A)-flow generated by a potential energy as in
Proposition 4.3. Preliminarily we compute the derivative of the energy functional .%; along
the flow of a smooth vector field.

Lemma4.7 Letn € CfO(Rd; RY) and X, : RY — RY, t € R, be the flow associated to n
defined, for any x € R? as the unique global solution of the problem

4¥,(x) =n(X,(x)), 1€R

Moty — v, (4.19)

Letu € H'S (Rd) N 3”2(]1{‘1) and u; := (X;)gu. Then the map t — F(u;) is differentiable
att = 0 and

d
ays(ut)h:O =—N(u,n), (4.20)
where N : H'75(R?) x C®(RY; RY) — R is defined in (1.9).

Proof Since n € C>°(R?; R?), then for any ¢ € R, the map X, is a C* diffeomorphism of
R4 and Xfl = X_;. Moreover if x ¢ suppn, then X,(x) = x. Since

4VX, = Vn(X)VX,, teR
VXo =1,

where we used the notation Vn and V X, for the Jacobian matrices of n and X, there exists
a constant L > 0 such that

1X,(x) = X, ()| < Llx —y|, Vx,yeR! Vriel[-1,1].

Recalling the formula (2.1), u;(x) = u(X_;(x))det(VX_;(x)). Observing that the map
x +— det(VX_;(x)) belongs to C®R?; R) and det(VX_,(x)) = 1 for any x ¢ supp7,
there exists a constant C > 0 such that

||M[||Hl+s(Rd) < C||u||H1+S(Rd), Vt € [—1, ]] (42])
See, for instance, [3, Corollary 1.60 and Theorem 1.62].

Using the formula |a|> — |b|> = (@ + b)(a — b) + ab — ba valid for a, b € C, by (2.7)
we have

1 1 . . A o
Fs(uy) — Fs(u) = 2 o /Rd |$|2S(”t(_‘§) + (=€) (i, (&) — i(§)) dg, (4.22)
because

/ £ P50, (—E)a(E) de = / £, (6)a(~8) d&.
R4 R4
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Letm = [s/2]. If s € [2m, 2m + 1], by (4.22), using the Plancherel identity (2.6) and the
definition (1.2), we obtain

Fsu) = Fsw) 1 1
t T 202n)

1 U
= 5 Ls—mus +u)Ly
R4

Analogously, if s € 2m + 1, 2m + 2), we write

2m (5 _n
)ISI (ur(§) —u(§)) d

[ 6P ) + i)
R (4.23)

—Uu
) dx.
2m 5 _h
[, gm0 -e) + ) e O g

! (4.24)
) dx.

Moreover u; — u narrowly as ¢+ — 0. Indeed, for ¢ : R — R continuous and
bounded, by the definition of (X;)#u and dominated convergence theorem we have that

eX)us(x)dx = / o(X;(x)u(x)dx — / o(X)u(x)dx ast — O.

Thanks to (4.21) and the narrow convergence of u; to u we can apply Lemma 2.1 obtaining
that

3"\5(14[)—93-(14) 1
t 2 (Zﬂ)d
1

= */ VL em—1(u; +u) - VL, (
2 Rd

IIEE”S,mu, — $y7n1u||L2(Rd) — 0 ifs € [2m, 2m + 1),
Ly—mity = Lo_mu  weakly in L2 (RY) if s =2m + 1, (4.25)
I-Ls—m—ttts — Lol grgay = 0 ifs € @m+1,2m +2),

ast — 0.
For every & € R? we define g¢ : R — R by gz (1) := ii,(§). We prove that gs € C'(R)
and

gt(1) = —div(nu,) (§). (4.26)
Indeed, by definition of image measure, we have
g =) = [ N Oua
R4
Using this expression, by dominated convergence Theorem, we have that

ge(r + h}z —ge(1) _ / %(e_ié'xf+h(x) _ e_ig.xt(x))u(x) dx
R4

- / e EX) (g (X, (0)u(x) d
R4
as h — 0. Moreover, taking into account the definition of image measure and (2.8),

/1; e EXW (g (X, (0)))u(x) dx = /Rd e (=i - n(0))u(x) dx = —div(nuy) (&)
4.27)

The continuity of gé follows from the expression above and the regularity of the maps
t — X;(x), using dominated convergence Theorem.
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Using the fundamental theorem of calculus and Jensen’s inequality we have

? :/ (1 4 ey | 1 ©) = 4©)
Hs(Rd)y  JRI 4

g (1) ;g;(O) ’2 it

Ur —u

2
d
; 3

= [ a+EPy
R4

1 t
= [Laserr|; [gora
R4 t Jo

1 t
< [Lasiedy; [ el aras (428)
R4 tJo

1 (! )
= f/ / (1 + 1P [t dg dr
t Jo Jrd

1 t
=—/ / (1+ 152
t Jo Jrd

| 5
=7 [ v 1

2

dg

— 2
divGru)©)| dg dr

From the estimate (4.21) it follows that there exists C > 0, depending on 7, such that
”le(nMr)”Hx(Rd) < é”ur“H1+s(Rd) < C”M||Hl+s(Rd), Vr e [_1, 1]. (429)
By (4.28) and (4.29) it follows that

Ur —
t

< C||u||H1+s(Rd), Vte[—1,1], t #0. (4.30)
HS (R4)

Moreover, by Lagrange mean value, (4.26) and (4.27) we obtain

M‘ <Ellnlle  VE€RY, Vie[-1,1], 1 £0. .30

Since, by (4.26), lim, o “EO=1E) — _diy(u) (&) for any & € RY, and (4.30) (4.31)
hold, we can apply Lemma 2.1 and we obtain

Ur —u

zm( ) = Zp(—div(qu))  weakly in L2R?) ifs = 2m,

H.zm (= - %) = Zn(—divn)

-0 ifse(@m,2m+1],
L2 (i) (4.32)

Ur —u

-0 ifse@m+1,2m+2),

e
L2(Rd)

) — V L (—div(nu))

ast — 0.
Finally, using (4.25) and (4.32) we pass to the limit in (4.23) and (4.24) and we obtain

lim ! (Fs(u) — Fs(u)) = —/ (Ls—mu) L (div(nu)) dx (4.33)
t—0t R4
if s € [2m,2m + 1] and

tlilr(l)% (Fsu) — Fs(u)) = — /d V((Zs—m—1u) - V(L (div(nu))) dx (4.34)
- R
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ifs e Cm+1,2m + 2).
By (4.33) and (4.34) we obtain (4.20). O

The application of the Flow interchange estimate with the flow generated by a potential
energy yields the following Proposition. We observe that the inequality (4.35) is a sort of
discrete weak formulation of the equation in (1.1) (see (4.40) and (4.41)).

Proposition 4.8 Let ug € D(%), t > 0, {u’; :k =0,1,2,...} the sequence given by
Proposition 3.2. Let ¢ € C2°(RY) and A > || D?¢||o. Then

—&Wz(u’;, uﬁ_l) < / @) u’(x)dx — / <p()c)u¥‘1 (x)dx — TN}, Vo)
2 R R (4.35)

A
< sz(u';, "1, VneNl,
where N is defined in (1.9).

Proof Let us define the functional ¥ : 22, (R?) — R by
YV (u) = / @(x)du(x).
Rtl

Let n € N. Since by Lemma 4.4 u” € H'* (R%), by Proposition 4.3 and Lemma 4.7 for
n = —Vg, we have
Fsuy) = F(Siwy) __d

Dy F(uy) = lim sup ; —E%(St(uﬁ))n:o = N(@uy, —Vo),
110

Applying Proposition 4.1 to 7" and observing that N (u?}, —V¢) = —N (u}, V¢), we obtain
A
—5W2(u¥, W) — TN, Vo) < V@Y — v ). (4.36)

Analogously, applying Proposition 4.1 to —¥  instead of ¥ and observing that —¥ still
generates a —A-flow we obtain

A
=S WA, ™) + TN, V) < =V T + 7 W), (4.37)

Finally, the inequality (4.35) follows by (4.36) and (4.37). ]

4.5 Solution of the problem

In this Section we prove that the limit curve given by Theorem 3.3 is a weak solution of
problem (1.1) and we conclude the proof of Theorem 1.1.

Theorem4.9 If u € ACZ2([0, +00); (2 (R?), W)) is a limit curve given by Theorem
3.3, then u is a solution of the equation in (1.1) in the following weak form: for any
¢ € C((0, +00) x RY)

400 —+00
/ / du dx dt + Nu(), Vo(t,))dt =0, (4.38)
0 R4 0

where N is defined in (1.9).
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Proof Let ¢ € CZ°((0, +00) x R?), T > 0 such that ¢(¢,-) = 0 for any t > 7. Let
» = maxieqo. 71 |1 D?p(t, )l co-

Using the notation u, (¢, x) := u.(¢)(x) and the convention u,(¢) := ug if t < 0, the
inequality (4.35) can be rewritten as

Ao
- EW (e (t), uc(t — 1))
< /d o(t, x)(ue(t,x) —u (t —7,x))dx — TN (), Vo(t, ) (4.39)
R

A
< 5W2<uf(r>,uf(r —1)), Vtel0,400), Vr>D0.

Dividing the inequality in (4.39) by T > 0 and integrating in time, we obtain

T _ T
/ /1 PN ZPUHT) vy drdr —f Nz (1), Vo, ) di
0 R4 0

T

(4.40)

Lo,
< — W (ue (1), uc (t — 7)) de.
2T 0

We observe that the inequality (4.40) is a discrete weak formulation of the equation (1.1).

Let 7, be a vanishing sequence given by Theorem 3.3.
First of all we show that

. A
lim —
n—-+oo 21,

T
/ Wz(u,” (), ug, (t — 1)) dt = 0. (4.41)
0

Indeed, by (3.4)
1

N

1 T /Tl +1
5 fo W2, (1), g, (t —T))dt < = Y~ W2 L uhh) < 7,75 (uo)
" k=1

and (4.41) follows.
We pass to the limit in the other two terms in (4.40). By the convergence (4.15) and the
regualrity of ¢ it follows that

T T
t, — 1
lim / / vl ) ¢(+Tn)ufn(t,x)dxdt:—/ / d(t, x)u(r, x) dx dr.
0 Rd 0 R4

n——4+o0o Tn
(4.42)

Letm = [s/2]. For s € [2m,2m + 1], by definition of N,

T T
/ N (uq, (1), Vo(t, ) dr 2/ /d%—m(uzn)fm(di\’(vw ug,))dxdr.  (4.43)
0 o Jr

We observe that || -Z—p, (tr, —u) || L2 (gay = ||urn—u||H2s_2m(Rd).Lets € [2m,2m+1),defin-
ing r such that 147 = 2s —2m, itholdsr < s. By Lemma 4.6, we have %;_,,u;, — Z5_,u
strongly in L2((0, T); L2 (R%)). If s = 2m + 1 we have L1y, — Lpp1u weakly
in L2((0, T); L*>(R%)). By Lemma 4.6, we have also that div(Vpuy,) — div(Veu)
strongly in L2((0, T); H" (R%)) for any r < s. Zpdiv(Vou, ) — Z,div(Veu) strongly
in L2((0, T); H~2"(R%)). In particular, for r = 2m we obtain .Z,div(Vou,) —
Zndiv(Ve u) strongly in L2((0, T); L2(R?)). The convergences above and (4.43) show
that

T T
lim / N (ur, (1), Vo(t, ) dt = / N(u(t), Vo(t,-))dt (4.44)
0 0

n——+00
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when s € [2m, 2m + 1). Analogously we can prove (4.44) alsointhe case s € 2m+1,2m +
2).
The proof of (4.38) follows by (4.40), (4.42), (4.44) and (4.41). ]

‘We conclude this Section with the

Proof of Theorem 1.1. The part i) is exactly Proposition 3.2. The part ii) follows by Theo-
rem 3.3, the inequality (4.16), Corollary 2.2 and Lemma 4.6. The limit lim,_, o+ [|u(¢) —
uollgs@®) = O follows by the second inequality in (4.16) which implies that lim,_, ¢+
llu(t, )IIZS(R) = ||“0||H1(R The part iii) is exactly Theorem 4.9. The inequality (1.10)
in part iv) follows by (4.13) passing to limit by a lower semicontinuity argument. m]

5 Thecased =1ands =1

In this Section we use the notation u’ to denote the derivative of u with respect to the one-
dimensional space variable.

Lemma5.1 Let u € H*(R) such that u > 0 and uu” € H'(R). Then u” is differentiable
ae.in P :={x e R:u(x) > 0}, uu" € L*(R), where we use the convention uu’" = 0 on
R\ P, and

/l;u”un’dx-l-/l;{u”u/ndx:—/Ru"’undx Vne CPMR). (5.1

Proof Let us fix u € CI(R) a representative of u € H2(R). We denote by P={xeR:
u(x) > 0} the open set of positivity of u. We observe that u(x) = 0 and u’(x) = 0 for each
x € R\ P (since are minimum points of «).

Since u(x)u”(x) = 0 foreach x € R\ P and uu” € H'(R) we have that

uu”)(x) =0 forae. x e R\ P. (5.2)

Denoting by f := uu” € H'(R), then u” = 5 is differentiable in every point of differentia-
bility of f in P. In particular it holds that

uu") (x) = W"u+u"u')(x) forae x e P. (5.3)

Fixing n € C°(R), taking into account (5.2) and (5.3) and using the convention u u” = 0
on R\ P, itholds

/u”un’dx—i—/u”u’ndx:—/(u”u)’ndx—i—/u”u’ndx

R R R R

:—/u’”undx—/u”u’ndx—l—/u”u’ndx:—/u’”undx.
R R R R

Finally, by the last equality and the assumptions u € H>(R) and uu” € H'(R), it follows
thatuu” € L*(R). u]

Proposition 5.2 Letd =1, s = 1, up € H'(R)N 2 (R), t > 0 and (u* : k =0,1,2,...}
the sequence given by Proposition 3.2.

Then, foranyk > 1, (uX)" is differentiable a.e. in {x € R : uk(x) > 0}, uf k)" e L*(R)
and

/I(u )" Pu dx_ Wz(ur,uk h. (5.4)
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Proof Let us fix k > 1 and we denote by 7' the optimal transport map from u* and u*~1.
Fixing n € CZ°(R), using the flow in (4.19) and defining u; = (X,)#ulg, by a standard
computation, see for instance [40] or [1], it holds that

d1 B
2 W2, uk = = — / (T — Dufndx. (5.5)
R

Taking into account that u’j € H2(R) and it is a minimizer of the functional u > %, (u) +
% W2(u, u’é‘l), using (5.5) and (4.20), it follows that

1
;/RG — Duf ndx + N, ) =0,
which can be written as
1
— f/(T— Du ndx = /(u’;)”u’; n/dx+/(u’;)”(u’;)’ndx. (5.6)
T JR R R
Since

/RlT — Ik dx = W2k, b < oo (5.7)

and u¥ is bounded we have that (T — Iu* € L*(R). Moreover (uX)"(u*)" € L?(R) since
also (uX)’ is bounded. Then by (5.6) it follows that (uX)"u¥ € H'(R). We can apply Lemma
5.1to u’; obtaining

1
;/R(T—l)u’;ndx :/R(uﬁ)”’u’;ndx. (5.8)

Since (5.8) holds for any n € C°(R), it follows that %(T — Duf = @*)”"u* in L2(R) and
LT — D(x) = @4 (x) for u¥-a.e. x € R. Then

1
7/ |T—1|2u’;dx:/ 1) Pk dx
T R R

and by (5.7) we have (5.4).
m}

Proof of Theorem 1.2. In this proof we use the notation u’ to denote the partial derivative of
u with respect to the one-dimensional space variable and 9;u to denote the partial derivative
of u with respect to the time variable.

The property (1.13) follows from property (3) of Theorem 1.1 and the embedding of
H2(R) in CH1/2(R).

We observe that, from the second inequality of (4.16), it follows that there exists a constant
C depending only on u( such that

O0<u(t,x)<C V(t,x) e (0,+00) x R. 5.9

Denoting by u the discrete solution of step T > 0, from the basic estimate (3.4) and (5.4)

it follows that
+00
/ /|(uf)’”|2ufdxdzs/ |(uo)'|* dx. (5.10)
0 R R
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Let 7, be a vanishing sequence given by Theorem 3.3. By Theorem 5.4.4 of [1], thanks to
the bound (5.10), there exists v : (0, +00) x R — R such that

+o00
f /|v|2udxdt§/ [(uo) ) dx (5.11)
0 R R

—+00 400
lim / /(urn)/”n ur, dx dt :/ f vnudxdt, Vne CX((0,+00) x R; R).
n—>+00 Jo R 0 R
(5.12)

and

Applying Lemma 5.1 for any ¢ € (0, 400) to u,(¢) it holds that

+00
- / / (ur,)" nug, dx dt
0 R
+00 +oo
= / / (ufn)”urn n dx dr + / / (urn)”(ufn)/ ndxdr. (5.13)
0 R 0 R
Since (us,)"” weakly converges in L>(0, T; L>(R)) to u”, using Lemma 4.6, it follows that
+00 +oo
lim (/ / (Mr,,)//llr,, n dxdr + / / (urn)”(ufn Y ndx dt)
n——+00 0 R 0 R
+00 +00
=/ /u”un’dxdt—i—/ /u”u’ndxdz.
0 R 0 R

By (5.12), (5.13) and (5.14) it follows that

+00 +o00 +00
—/ /vundxdt:/ /u”un’dxdt—}—/ /u”u’ndxdt (5.15)
0 R 0 R 0 R

Using test functions 7 in (5.15) of the form n(z, x) = 7(x)¢(t) for 7 € C°(R) and ¢ €
C2((0, +00)), it follows that,

(5.14)

—/ v(t,X)u(t,X)ﬁ(X)dxz/u”(t,X)u(t,x) ﬁ’(X)dx+/ u (¢, x)u' (1, x) fj(x) dx
R R R
(5.16)

fora.e. t € (0, +00) and for any 77 € CZ°(R). From (5.11) and the boundedness (5.9) of u,
it follows that v(z, Yu(t, -) € L*(R) fora.e. t € (0, +00). By (5.16) and the boundedness of
u'(t, -) we obtain that u” (¢, Yu(z, -) € H'(R) fora.e.r € (0, +00). Then, taking into account
that u(z, -) € HX(R) for a.e. t € (0, +00), we can apply Lemma 5.1 obtaining (1.14) and

/v(t,x)u(t,x) ﬁ(x)dx:/u’”(z,x)u(t,x)f;(x)dx (5.17)
R R

for a.e. t € (0,400) and for any 77 € CZ°(R). By this last relation and (5.11) we obtain
(1.15).
The weak formulation (1.8) in dimension 1 obtained in Theorem 1.1 can be written as

(see (1.11))
+00 +00
uagodxdt—/ /(u”(p”u—i—u”(p’u’)dx dr =0,
/0 /]R ' o Jr (5.18)

Vo e C((0, +00) x R).
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Using the relations in (5.16) and (5.17) in (5.18) we obtain

+00 +00
uagodxdt—i—/ /u”’(p’udxdt:O,
/0 /R ’ o Jr (5.19)

Vg € CZ((0, +00) x R).

which is (1.16).
In order to prove the regularity (1.12) we observe that a uniform, with respect to ¢, C'/?

Holder estimate for the space variable follows from the estimate ||u(z, -) ||§;| ® < |luo ||§?, ®

for any ¢ € [0, +00), see (4.16), and the classical C 172 embedding; the proof of the uniform,
with respect to x, C!/8 Holder estimate for the time variable can be carried out as in the proof
of Lemma 2.1 of [6] using the weak formulation (1.16). ]
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