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Abstract

On a closed Riemannian surface (M, g) with negative Euler characteristic, we study the
problem of finding conformal metrics with prescribed volume A > 0 and the property that
their Gauss curvatures f) = f 4 A are given as the sum of a prescribed function f € C*®° (M)
and an additive constant A. Our main tool in this study is a new variant of the prescribed
Gauss curvature flow, for which we establish local well-posedness and global compactness
results. In contrast to previous work, our approach does not require any sign conditions on
f. Moreover, we exhibit conditions under which the function f; is sign changing and the
standard prescribed Gauss curvature flow is not applicable.

Mathematics Subject Classification 53E99 - 35K55 - 58J35

1 Introduction

Let (M, g) be a two-dimensional, smooth, closed, connected, oriented Riemann manifold
endowed with a smooth background metric g. A classical problem raised by Kazdan and
Warner in [11] and [10] is the question which smooth functions f: M — IR arise as the
Gauss curvature K of a conformal metric g(x) = e2"<X>g(x) on M and to characterise the
set of all such metrics.
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For a constant function f, this prescribed Gauss curvature problem is exactly the statement
of the Uniformisation Theorem (see e.g. [12, 16]):
There exists a metric g which is pointwise conformal to g and has constant Gauss curvature
K, = K e R.
We now use this statement to assume in the following without loss of generality that the
background metric g itself has constant Gauss curvature Kz = K € RR. Furthermore we can
normalise the volume of (M, g) to one. We recall that the Gauss curvature of a conformal
metric g(x) = e*™® z(x) on M is given by the Gauss equation

Kg(x) = e 2O (= Agu(x) + K). (1.1)

Therefore the problem reduces to the question for which functions f there exists a conformal
factor u solving the equation

— Azu(x) + K = f(x)e*™  inM. (1.2)

Given a solution u#, we may integrate (1.2) with respect to the measure 1z on M induced by
the Riemannian volume form. Using the Gauss—Bonnet Theorem, we then obtain the identity

fM f)dpg(x) = /M Kdug(x) = K volg = K =21 x (M), (1.3)

where dug(x) = ezu(x)dug,(x) is the element of area in the metric g(x) = e2”<x)g(x).
We note that (1.3) immediately yields necessary conditions on f for the solvability of the
prescribed Gauss curvature problem. In particular, if +x (M) > 0, then & f must be positive
somewhere. Moreover, if x (M) = 0, then f must change sign or must be identically zero.
In the present paper we focus on the case x (M) < 0, so M is a surface of genus greater
than one and K < 0. The complementary cases x (M) > 0—i.e., the cases where M = 52
or M = T, the 2-torus—will be discussed briefly at the end of this introduction, and we
also refer the reader to [2, 8, 18, 19] and the references therein. Multiplying Eq. (1.2) with
the factor e~ and integrating over M with respect to the measure 1 z» we get the following
necessary condition—already mentioned by Kazdan and Warner in [11]—for the average

f= @fM f)dpg(x), with volg := [, dug(x):

_ 1
f -

/ fdug(x) = / (—Agu(x) + K)e > Wdpuz (x)
M M

volg

(1.4)
/M<—2|vgu<x>|§ + K)e "Wy (x) < 0.

This condition is not sufficient. Indeed, it has already been pointed out in [11, Theorem 10.5]
that in the case x (M) < O there always exist functions f € C>®°(M) with f < 0 and the
property that (1.2) has no solution.

We recall that solutions of (1.2) can be characterised as critical points of the functional

Ef:H'(M,8) — R;
1 3
Ef(u) = 5/ (|v§u(x)|§ +2Ku(x) — f(x)eZ”(X)) dpg(x). (1.5)
M

Under the assumption x (M) < 0, i.e., K < 0, the functional E 7 is strictly convex and
coercive on H(M, g)if f < 0and f does not vanish identically. Hence, as noted in [7], the
functional E ; admits a unique critical point uy € H'(M, g) in this case, which is a strict
absolute minimiser of Ey and a (weak) solution of (1.2). The situation is more delicate in
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the case where f, = fo + A, where fy < 0 is a smooth, nonconstant function on M with
maxyepy fo(x) = 0,and A > 0.In the case where A > 0 sufficiently small (depending on fp),
it was shown in [7] and [1] that the corresponding functional E y, admits a local minimiser
uy, and a further critical point u” # u; of mountain pass type.

These results motivate our present work, where we suggest a new flow approach to the
prescribed Gausss curvature problem in the case x (M) < 0. It is important to note here that
there is an intrinsic motivation to formulate the static problem in a flow context. Typically,
elliptic theories are regarded as the static case of the corresponding parabolic problem; in
that sense, many times the better-understood elliptic theory has been a source of intuition
to generalise the corresponding results in the parabolic case. Examples of this feedback are
minimal surfaces/mean curvature flow, harmonic maps/solutions of the heat equation, and
the Uniformisation Theorem/the two-dimensional normalised Ricci flow.

In this spirit, a flow approach to (1.2), the so-called prescribed Gauss curvature flow, was
first introduced by Struwe in [19] (and [2]) for the case M = § 2 with the standard background
metric and a positive function f € C2(M). More precisely, he considers a family of metrics
(g(t, -))¢>0 which fulfils the initial value problem

gt x) =2(ax(t) f(x) — Ko,y (x)g(t, x) in (0, T) x M; (1.6)
g0, x) = go(x) on{0} x M, (1.7)

with
w) = Ju KeurDdigar ™) 2mx (M) 08

S F@ gy x) [y FOdpguyx)

This choice of () ensures that the volume of (M, g(t, -)) remains constant throughout the
deformation, i.e.,

/dug(,,.)(x)zf ez (x) = volg, forallz >0,
M M

where go denotes the initial metric on M. Equivalently one may consider the evolution
equation for the associated conformal factor u given by g (¢, x) = e2u() 3 (x):

du(t,x) =at) f(x) — Kg¢,y(x) in(0,T) x M; (1.9)
u(0, x) =up(x) on{0} x M. (1.10)

Here the initial value ug is given by go(x) = e2uo(x) g(x). The flow associated to this parabolic
equation is usually called the prescribed Gauss curvature flow. With the help of this flow,
Struwe [19] provided a new proof of a result by Chang and Yang [6] on sufficient criteria
for a function f to be the Gauss curvature of a metric g(x) = e*™) gs2(x) on S2. He also
proved the sharpness of these criteria.

In the case of surfaces with genus greater than one, i.e., with negative Euler character-
istic, the prescribed Gauss curvature flow was used by Ho in [9] to prove that any smooth,
strictly negative function on a surface with negative Euler characteristic can be realised as
the Gaussian curvature of some metric. More precisely, assuming that x (M) < 0 and that
f € C%°(M) is a strictly negative function, he proves that Eq. (1.9) has a solution which is
defined for all times and converges to a metric go, With Gaussian curvature K satisfying

Koy (¥) = a0 f (%)

for some constant &g
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While the prescribed Gauss curvature flow is a higly useful tool in the cases where f is
of fixed sign, it cannot be used in the case where f is sign-changing. Indeed, in this case
we may have fM f(x)d g, .(x) = 0 along the flow and then the normalising factor « () is
not well-defined by (1.8). As a consequence, a long-time solution of (1.9) might not exist.
In particular, the static existence results of [7] and [1] can not be recovered and reinterpreted
with the standard prescribed Gauss curvature flow.

In this paper we develop a new flow approach to (1.2) in the case x (M) < 0O for general
f € C*(M), which sheds new light on the results in [1, 7] and [9]. The main idea is to replace
the multiplicative normalisation in (1.9) by an additive normalisation, as will be described in
details in the next chapter.

At this point, it should be noted that the normalisation factor «(¢) in the prescribed Gauss
curvature flow given by (1.8) is also not the appropriate choice in the case of the torus, where,
as noted before, f has to change sign or be identically zero in order to arise as the Gauss
curvature of a conformal metric. The case of the torus was considered by Struwe in [18],
where, in particular, he used to a flow approach to reprove and partially improve a result by
Galimberti [8] on the static problem. In this approach, the normalisation in (1.8) is replaced
by

_ Jog FOOK g, (X)d g, (x)
fM fz(x)dllbg(t;)(x)

With this choice, Struwe shows that for any smooth

a(t) (1.11)

ug € C* 1= {u e H' M, 3) | / F)e?®dugz(x) =0, / e Wduz(x) = 1}
M M

there exists a unique, global smooth solution u of (1.9) satisfying u(z, -) € C* for all r > 0.
Moreover, u(t, -) = Ugo(+) in H? (M, g) (and smoothly) as t — oo suitably, where 1« + oo
is a smooth solution of (1.2) for some ¢ € R.

In principle, the normalisation (1.11) could also be considered in the case x (M) < 0,
but then the flow is not volume-preserving anymore, which results in a failure of uniform
estimates for solutions of (1.9). Consequently, we were not able to make use of the associated
flow in this case.

The paper is organised as follows. In Sect. 2 we set up the framework for the new variant
of the prescribed Gauss curvature flow with additive normalisation, and we collect basic
properties of it. In Sect. 3, we then present our main result on the long-time existence and
convergence of the flow (for suitable times #; — 00) to solutions of the corresponding static
problem. In particular, our results show how sign changing functions of the form f, = fo+ X
arise depending on various assumptions on the shape of fp and on the fixed volume A of M
with respect to the metric g(¢). Before proving our results on the time-dependent problem,
we first derive, in Sect.4, some results on the static problem with volume constraint. Most
of these results will then be used in Sect. 5, where the parabolic problem is studied in detail
and the main results of the paper are proved. In the appendix, we provide some regularity
estimates and a variant of a maximum principle for a class of linear evolution problems with
Holder continuous coefficients.

In the remainder of the paper, we will use the short form f, g(t), u(t), Keq),
volgy == [iy digy = [y e?Mdig, and so on instead of £ (x), g(t, x), u(t, x), Kg(r,(x),

Sy diga,)x) = [y, e2U ) d iz (x), et cetera.
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2 A new flow approach and some of its properties

Before introducing the additively rescaled prescribed Gauss curvature flow, we recall an
important and highly useful estimate. The following lemma (see e.g. [5, Corollary 1.7]) is a
consequence of the Trudinger’s inequality [20] which was improved by Moser in [15] (for
more details see e.g. [18, Theorem 2.1 and Theorem 2.2]):

Lemma 2.1 For a two-dimensional, closed Riemannian manifold (M, g) there are constants
n > 0 and Cyr > 0 such that

/ e dpg < Cyrexp ('7||V§”||iZ(M,§)) &b
M
orall i , 8) where

llue H'(M,2) wh

1
U= — udu; = udug,
VO]g M He /]\4 He

in view of our assumption that vol; = 1.

As a consequence of Lemma 2.1, we have
/ ey = epﬁ/ PP < PP Cyr exp (77||V§(pu)||i2(M g)) <00 (22)
M M ’

foreveryu € H 1 (M, g) and p > 0. Therefore, for a given A > 0, the set

Ca = {u e H' (M, g) | / eMdug = A} (2.3)
M
is well defined. We also note that
1
u< 5 log(A) foru € Cy, 2.4

since by Jensen’s inequality and our assumption that vol; = 1 we have

2u :][ 2udpg = / 2udp; < log (][ ezudpbg> =log(A) forueCy. (2.5
M M

Next, we let f € C®°(M) be a fixed smooth function. As a consequence of (2.2), the energy
functional Ey given in (1.5) is then well defined and of class C "on H'(M, g). Moreover,
we have

1 _ A
Ep(u) < S1Vulsy g + K Il i g+ 51 livans forueCa  (26)

We now consider the additively rescaled prescribed Gauss curvature flow given by the
evolution equation

dqut) = f — Kooy — () = f +e D (Azu(t) — K) —a(t) in(0,T) x M, (2.7)

where o(t) is chosen such that the volume vol, ) of M with respect to the metric g(f) =
e24() z remains constant along the flow. The latter condition requires that
1d

T volg(s) = / Oru(t)d g () :/ (f — Kgry —a®)d g
1 M M

= /114 fdpgu — a(t) volg() -K (2.8)
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vanishes for ¢ > 0 and therefore suggest the definition of () given in (2.11) below. We first
note the following observations.

Proposition2.2 Letr T > 0, f € C®(M), A > 0, let up € Ca, and let u €
C(0,T), H' (M, ) N C'((0, T), H*(M, g)) be a solution of the initial value problem

u(t) =f —Keqy —a(t) in(0,T) x M; 2.9)
u(0) =ug on {0} x M, (2.10)
where
1 = 1 2u(t) -
a(t) = — fd/,Lg(t) —-K|)=— fe d,ug - K (2.11)
A \Uyu A \Ju
Then

1. the volume volg(y of (M, g(t)) is preserved along the flow, i.e., volg(;) = voly, = A and
therefore u(t) € Cy fort € [0, T);
2. along this trajectory, we have a uniform bound for a given by

. K|
le()| <ao fort €[0,T) with ao:=|fllLewm,z + e (2.12)
3. the Eq. (2.9) remains invariant under adding a constant ¢ € R to the function f;
4. the functiont — E¢(u(t)) is decreasing on [0, T), so in particular E y(u(t)) < E y(up)
fort €10, T);
5. there exist constants cy = co(ug) > 0, c1 = c1(ug) > 0 depending only on ug with the
property that
IVgu®lI7yy 5 < o+ ctll fllemg — fort €10,7); (2.13)

6. there exist constants mo = mo(ug) € R, my = m1(up) > 0 depending only on ug with
the property that

_ 1
mo —myll fllee,g < ut) < Elog(A) Sfort €[0,T); (2.14)
7. forevery p € R there exist constants vog = vo(ug, p), vi = vi(ug, p) > 0 with

/ PO < voe"Wlxma  fort e [0, T). (2.15)
M

Proof 1. Let hi(1) = 4 (voly( —A). Then by (2.8) we have

dt

N 1,
(/ fduge K) (1 ~ v05(t)>
M A

3(/ fd,ug(,)—k> h(t) fort e (0, 7).
A\Ju

. 1d K
h(t) = 37 volg() = / fdpgay — a(t) volgey —K
M

Since /4 is continuous in 0 and #(0) = 0, Gronwall’s inequality (see e.g. [3]) implies that
h(t) = 0 and therefore volg;) = A fort € [0, T).
2. follows directly from (2.11).
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To show 3., we note that replacing f by f + ¢ in (2.9) gives

1 i} 1 N
fre—Ken—~ (/M(erC)der) —K> =f-Kewy = (/Mfdﬂ«gm —K>
= dru(t),

so the equation remains unchanged.
To see 4., we use (2.8) and get

a _ [ . o o2uln) )
CEr) = [ (~Agu + K — f O udpg
t M

= f (—Agu(t) + K)e 20 — e Oy, u(t)dpug
M
= /M((—Agu(t) + K)e 2D — £)du(t)d g
= /M(Kg(t) = Mou®)dpmge = /M(Kg(t) — f+a@)dut)dmg

= _/ |3tu(f)|2dl/~g(t) <0.
M
(2.16)
Therefore, we have
T
Ey(u(t)) +/ / |8tu(t)|2dug([)dt =E;wm() for0O<t<T. 2.17)
0 M

5.Since u(t) € C4 fort € [0, T) by 1., we may use 4., (2.5) and (2.6) to observe that
IVgu@I7ayy.5) = 2E @(®) = /M<21€u(z) — [ D)dug

= 2E @) + [ @RI + f0)dng
M
< 28 (uo) + R log(4) + All fl =)
< IVu0 a4y 5, + 1K1 (10804) + 200l .y ) + 241 F o)

<co+cillfllLewmg fort €0, 7).
(2.18)

with constants co, ¢; > 0 depending only on ug (recall here that A = | M ey ng)-
6. With (2.13) and Lemma 2.1 we can estimate

A= / e Wdpg = e / 2O dpg < &2 O Cyrr exp(n | Vg Qu) 4y 5)
M M ’
< 2O Cyrexp(ni(er + eall flliLem,g))
and therefore
_ 1 A 1
u(t) > zlog| =—— | — zmer +c2ll fllLeem,g) = mo — mill fllLom,z)
2 CMmT 2

with constants mg € R, m; > 0 depending only on up. Combining this lower bound with
the upper bound given by (2.4), we obtain (2.14).
7. With Lemma 2.1, (2.5), and (2.18) we directly get for any p € R that
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/ 2PUO g — PP / 2P0 g,
M M

< Pt Cyirexp(@n p? | Vau(t) “iQ(M,é))
< APCyr exp((4n2p2(61 + 62||f||L°°(M,§)))

2.
< CmrAPe™™ P Vexp(dmp®eal fllL=w.g)

= vpe”! £ llLoo a3

with constants v; = v; (ug, p) > 0,7 € {0, 1}. ]

3 Main results

In the following, we put

Cp.a =W P(M,3)NCp a
= {ueWZ’P(M,gH/ ezvdug:A} forp>2,A>0. (3.1)
M

The following is our first main result.

Theorem 3.1 Let f € C®°(M), p > 2, and ug € Cp 4 for a given A > 0.
Then the initial value problem (2.9), (2.10) admits a unique global solution

u € C([0,00) x M) N C([0, 00); H' (M, g)) N C®((0, 00) x M)

satisfying the energy bound E ¢ (u(t)) < E ¢ (uog) forallt > 0.
Moreover; u is uniformly bounded in the sense that

sup [lu(®) |l oo (m,g) < 0.
>0

Furthermore, if (); C (0, 00) is a sequence with t; — oo as | — oo, then, after passing to
a subsequence, u(t;) converges in H*(M, ) to a function uss € H*(M, §) N Cy solving the
equation

— Agtio + K = fre?'>  inM, (3.2)
where f5 ;= f + X with
1 = 2u
A=—|K - fetedug | . (3.3)
A M
In other words, u induces a metric goo withvoly . = A and Gauss curvature K, satisfying
Ko (x)= forx) = f(x)+ A1 for x e M. (3.4)

Some remarks are in order.

Remark 3.2 1t follows in a standard way that, under the assumptions of Theorem 3.1, the
w-limit set

w@o) = [ {u@®) : T <1 < oo}

T>0
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is a compact connected subset of H>(M, g§)NCa (with respect to the H>-topology) consisting
of solutions of (3.2), (3.3), which are precisely the critical points of the restriction of the energy
functional Ef to C4.

In particular, the connectedness implies that, if #~, in Theorem 3.1 is an isolated critical
point in C4, then w (1) = {1~} and therefore we have the full convergence of the flow line

u(t) = uso in HX(M,g) ast — oo. (3.5)
In particular, (3.5) holds if u is a strict local minimum of the restriction of E s to C4.

Remark 3.3 For functions f < 0, the convergence of the flow (1.9) is shown in [9]. For
the additively rescaled flow (2.9) with initial data (2.10) we get convergence for arbitrary
functions f € C°°(M). In general we do not have any information about A and therefore no
information about the sign of f; in Theorem 3.1. On the other hand, more information can
be derived for certain functions f € C°°(M) and certain values of A > 0.

(i) In the case where A < — , it follows that

__k
1 oo a3

oL < /fez“d ) ”f”LOO(Mg)/ K
A M

K
=3 + 1 fllLewm,g <0

for every solutionu € C 4 == {v € H*(M, g) | [,, €*’duz = 0} of the static problem
(3.2), and therefore this also applies to A in Theorem 3.1 in this case.
(i)) The following theorems show that fj in Theorem 3.1 may change sign if A >
—m, so in this case we get a solution of the static problem (1.2) for sign-
changing functions f € C° (M) by using the additively rescaled prescribed Gauss
curvature flow (2.9).

Theorem 3.4 Let p > 2. For every A > 0 and ¢ > —% there exists € = €(c, A, 15) >0
with the following property.

Ifup = 3log(A) € Cpa and f € CO(M) with —c < f <0and | f +clpiz <€
are chosen in Theorem 3.1, then the value ) defined in (3.3) is positive.

In particular, if f has zeros on M, then f) in (3.4) is sign changing.

Under fairly general assumptions on f, we can prove that A > 0 if A is sufficiently large
and ug € Cp, 4 is chosen suitably.

Theorem 3.5 Let f € C°°(M) be nonconstant with maxycp f(x) = 0. Then there exists
k > O with the property that for every A > k there exists ug € Cp a such that the value A
defined in (3.3) is positive.

In fact we have even more information on the associated limit #, in this case, see Corol-
lary 4.7 below.

It remains open how large A can be depending on A and f. The only upper bound we have
is

A<— / Fdus, (3.6)
M

since we must have
= ok i [ s = [ aus %o
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so that f; fulfills the necessary condition (1.4) provided by Kazdan and Warner in [11].

4 The static minimisation problem with volume constraint

To obtain additional information on the limiting function ., and the value A € R associated
to it by (3.3) and (3.4), we need to consider the associated static setting for the prescribed
Gauss curvature problem with the additional condition of prescribed volume. In this setting,
we wish to find, for given f € C*°(M) and A > 0, critical points of the restriction of the
functional E s defined in (1.5) to the set C4 defined in (2.3). A critical point u € Cx of this
restriction is a solution of (3.2) for some A € R, where, here and in the following, we put
again fj := f + A € C®(M). In other words, such a critical point induces, similarly as
the limit uo, in Theorem 3.1, a metric g" with Gauss curvature Kgu satisfying Kgu(x) =
fr.(x) = f(x) + A. The unknown A € R arises in this context as a Lagrange multiplier and
is a posteriori characterised again by

1 - 2u

In the study of critical points of the restriction of E s to C4, it is natural to consider the
minimisation problem first. For this we set

= inf E .
A ulenCA f(u)
We have the following estimates for 2 ¢ a:

Lemma4.1 Let f € C*°(M), A > 0. Then we have

1 _
mygaA=<= (K lOg(A) — A/ fd,ué-,) . (4.1)
2 M
Moreover, if max f > 0, then we have
lim sup oA <0. 4.2)
A—o0

Proof Let ug(A) = 3log(A), so that [, e*Mdp; = A. Hence ug(A) is the (unique)
constant function in C4, and

1 _
my.a < Epuo(A) = 5 fMuvguo(A)@ +2Kug(A) — fe20D)dp;

1 _ 1/ -
=2 / (R log(A) ~ fAdug = 5 (Klog(A) A / fdug>-
M M

This shows (4.1). To show (4.2), we let ¢ > 0. Since f € C*®(M) and max f > 0 by
assumption, there exists an open set 2 C M with f > —e on Q. Next, let € C®(M),
Y > 0, be a function supported in €2 and with |||z 5 = 2. Consequently, the set
Q' :={x € M | ¥ > 1} is a nonempty open subset of €2, and therefore 113 () > 0.

Next we consider the continuous function

h:[0,00) = [0,00); h(r) = / ezr‘/’dp,gs
M

@ Springer



A variant prescribed curvature flow... Page 110f34 262

and we note that 2(0) = [,, dug = 1, and that
h(t) > / ezwdug > ezfug(Q’) fort > 0.
Q/
Hence for every A > 1 there exists

1
0<t4< E(log(m ~ log(g()) 43)

with h(t4) = A and therefore T4 € C4. Consequently,
_! a4 2R tatr — £V s
myga < Ep(tayy) = > (IVgTa¥ls + 2Ktay — fe" " )du;
M

1
= ricl — TpAC) — C3 — 5/ fezr"“"l[d,ug
Q

with
1 2 - !
=5 | Vevlgdng, c2=-K | vdug and es=- |  fdug.
M M M\Q

Since f > —e on €2, we thus deduce that

£ eA
myg A < tf\cl —2tA0) + 03+ E/ eer‘/’dug < rf,cl —2taC) + 03+ DR
Q

Since % — 0 as A — oo by (4.3), we conclude that

. meA €
lim sup / < —.
A—00 2

Since ¢ > 0 was chosen arbitrarily, (4.2) follows. ]

Lemma4.2 Let f € C®(M) nonconstant with max,cy f(x) = 0. For every ¢ > 0 there
exists ko > 0 with the following property. If A > ko and u € C4 is a solution of

— Agu+ K = (f + e (4.4)

or some A € R with E ¢(u) < 4 then we have . < e.
f 2

Proof For given ¢ > 0, we may choose ko > 0 sufficiently large so that ‘Izﬁ lolgfg’?) < § for
A > kg.

Now, let A > kg, and let u € Cx be a solution of (4.4) satisfying E r(u) < %. Integrating
(4.4) over M with respect to 11z and using that volg (M) = 1 and fM ez"dug = A, we obtain

1 - 2 1 2
A=Z<K—/Mfe “dug) S—Xfoe “dug

1 1 . 1 _
= — <Ef(u) —3 /M(|Vgu|g, +2Ku)dug> < a (Ef(u) + |K|u)

A
ey Rlosa)
2 2 A

as claimed. Here we used (2.4) to estimate u. ]
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Proposition 4.3 Let f € C®°(M) be a nonconstant function with max,epy f(x) = 0. More-
over, let ., — 07 for n — oo, and let (u,)neN be a sequence of solutions of

— Azt + K = (f + Ap)e?™ inM (4.5)

which are weakly stable in the sense that
/ (IVgh[3 —2(f + An)e* h*)dpg = 0 forall h € H'(M). (4.6)
M

Then u, — uq in C*(M), where ug is the unique solution of
— Agug+ K = fe  in M. 4.7)
Proof We only need to show that
(n)nen is bounded in C%% (M) for some « > 0. (4.8)

Indeed, assuming this for the moment, we may complete the argument as follows. Suppose
by contradiction that there exists ¢ > 0 and a subsequence, also denoted by (u,),cN, With
the property that

lun —uollc2pry = ¢ foralln € IN. 4.9

By (4.8) and the compactness of the embedding C>% (M) <> C2(M), we may then pass to
a subsequence, still denoted by (uy),eN, With u, — u, in C%(M) for some u, € C*(M).
Passing to the limit in (4.5), we then see that u, is a solution of (4.7), which by uniqueness
implies that u, = ug. This contradicts (4.9), and thus the claim follows.

The proof of (4.8) follows by similar arguments as in [7, p. 1063 f.]. Since the framework
is slightly different, we sketch the main steps here for the convenience of the reader. We first
note that, by the same argument as in [7, p. 1063 f.], there exists a constant Cp > 0 with

u, > —Co foralln. (4.10)

Since { f < 0} is a nonempty open subset of M by assumption, we may fix a nonempty
open subdomain 2 CC {f < 0}. By [1, Appendix], there exists a constant C; > 0 with

lufligig.z <C1 foralln

and therefore
2up B 2ut _
/e dug < / endug < Cy foralln “4.11)
Q Q

for some C> > 0 by the Moser—Trudinger inequality. Next, we consider a nontrivial, non-
positive function 7 € C°(Q2) C C*°(M) and the unique solution w € C*°(M) of the
equation

—Azw + K = he®™ in M.
Moreover, we let w,, := u, — w, and we note that w,, satisfies
—Agwy, 4+ he®™ = (f 4+ A in M.

Multiplying this equation by e>* and integrating by parts, we obtain
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/ (f + rn)e?tntvn gy e = / <—Agwn —I—hezw)ezw”dug
M M
= / <262w” |V§wn|§ + hez(wﬂu"))dﬂg
M
=2 | |Vze" 3dug +/ he*ndpug. (4.12)
M Q
Moreover, applying (4.6) to h = e™ gives
1
/ (f + hp)e?ntvnldy s < f/ |Vze¥ |2duz. (4.13)
M 2 Ju &
Combining (4.11), (4.12) and (4.13) yields
wy 12 2 2uy, 2
||V§e ”LZ(M,g) < —g Qhe dpl,g, < g”h”LO"(M,g)CZ for all n. (4.14)

Next we claim that also [[€*" || 12y, ) remains uniformly bounded. Suppose by contradiction
that

||ew”||Lz(M7g) — 00 asn — o0. (4.15)
We then set v, := WL, and we note that
e 200 2
2
||Un||L2(M,g) =1 foralln and ||V§vn||L2(M,§) — 0 asn— o0 (4.16)

by (4.14). Consequently, we may pass to a subsequence satisfying v, —~vin H' (M, g), where
v is a constant function with

However, since

A

le™n ||L2(Q,g) =< ||eu"||L2(Q,g)||e_w||L°°(Q,§) < C2||e_w||L°°(Q,g) foralln € IN

by (4.11) and therefore

_ o le™llz2(q.z) _o
||U||L2(Q,§) = ngfgo ||Un||L2(Q,g) = lm —“——— =

n—>oco ||eWn ||L2(M,g)
by (4.15), we conclude that the constant function v must vanish identically, contradicting
(4.17).

Consequently, |[e™ || L2(M,3) remains uniformly bounded, which by (4.14) implies that
e® remains bounded in H'(M, g) and therefore in L” (M, ) for any p < 0o. Since e <
le” |l Lo m,zye"" on M for all n € IN, it thus follows that also e*” remains bounded in
LP(M, g) for any p < oco. Moreover, by (4.10), the same applies to the sequence u, itself.
Therefore, applying successively elliptic L? and Schauder estimates to (4.5), we deduce
(4.8), as required. ]

In the proof of the next proposition, we need the following classical interpolation inequal-
ity, see e.g. [4].

Lemma 4.4 (Gagliardo—Nirenberg—LadyZzhenskaya inequality) For every r > 2, there exists
a constant Cgnr, = Conr.(r) > 0 with

1SN .y < CoNLIC T2 ) 16 Wi Crg 5 Sor every ¢ € H' (M. 3).
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Proposition 4.5 Let f € C®°(M) be a nonconstant function with maxyepy f(x) = 0. Then
there exists Ay and a C curve (—oo, Ayl — C2(M); A+ uy withthe following properties.

(i) If » <0, then u, is the unique solution of
—Agu+K = f,e® inM (4.18)

and a global minimum of E g, .

(ii) If & € (0, Azl then uy is the unique weakly stable solution of (4.18) in the sense of (4.6),
and it is a local minimum of E, .

(iii) The curve of functions A > u,,_is pointwisely strictly increasing on M, and so the volume
function

(=00, Ag] = [0,00); At> V(A) = / e dug (4.19)
M
is continuous and strictly increasing.

Proof We already know that, for A < 0, the energy E r, admits a strict global minimiser u;
which depends smoothly on 1. Moreover, by [1, Proposition 2.4], the curve A > u, can be
extended as a C!-curve to an interval (—oo, Ag] for some Az > 0. We also know from [1,
Proposition 2.4] that, for A € (—o0, A;], the solution u, is strongly stable in the sense that

1
Cp = inf 27/ (|Vgh|§—2fxez’”h2)d,ug -~ 0. (4.20)
heH'(M,g) ”h”Hl(M,g) M

Here we note that the function A — C)_ is continuous since u; depends continuously on A
with respect to the C2-norm. Next we prove that, after making A; > 0 smaller if necessary,
the function u, is the unique weakly stable solution of (4.18) for A € (0, A:]. Arguing by
contradiction, we assume that there exists a sequence A, — 0 and corresponding weakly
stable solutions (1, ),cN of

— Agun + K = (f + 1)e™ inM (4.21)

with the property that u,, # u;, forevery n € IN. By Proposition 4.3, we know that u,, — ug
in C2(M). Consequently, v, := u, —u;, — 0in C>(M) as n — 0o, whereas the functions
v, solve

—Agv, = (f + A,,)(ez"” — 62”*")
= (f +rn)e* (e*™ —1) inM foreveryn € IN. (4.22)
Combining this fact with (4.20), we deduce that

1
sy = o [ (W30l =207 + A0 )

1
EIA/f+A0¥“W¥W—1—ZW)WW%.

Since v, — 0 in C%(M), there exists a constant C > 0 with |(€2" — 1 — 2v,)v,| < Clva|?
on M for all n € IN, which then implies with Holder’s inequality and Lemma 4.4 that

1021 1.5 = CIC + 2 e an 01354 5,

3
<c Mapg ) = Clunlagyy o < Clluall?
= |Un| P«g - ||U"||L4(M 2 — ”Un ”HI(M 2)
M ] ]
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with a constant C > 0 independent on M. This contradicts the fact that v, — 0 in H'(M)
as n — 00. The claim thus follows.

It remains to prove that the curve of functions A + u; is pointwisely strictly increasing
on M. This is a consequence of the uniqueness of weakly stable solutions stated in (ii) and
the fact that, as noted in [7], if uy, is a solution for some 1y € (—o0, Ay], it is possible
to construct, via the method of sub- and supersolutions, for every A < A, a weakly stable
solution uy with u; < uy, everywhere in M. ]

Corollary 4.6 Let f € C°°(M) be nonconstant with maxyeym f(x) = 0, and let Ay > 0 be
given as in Proposition 4.5. Then there exists k1 > 0 with the following property.
If A > k1 and u € Cy is a solution of

— Agu+ K = (f + e (4.23)

for some A € R with E¢(u) < %, then 0 < A < Ay, and u is not a weakly stable solution
of (4.23), so u # u,.

Proof Let ko > 0 be given as in Lemma 4.2 for ¢ = A; > 0. Moreover, let
i1 == max {ko, V (uy,)}

with V defined in (4.19). Next, let u € C4 be a solution of (4.23) for some A € R with
Ef(u) < %. From Lemma 4.2, we then deduce that 0 < A < Ay, and by Proposition 4.5
(iii) we have u # u;,. Since u, is the unique weakly stable solution of (4.23), it follows that

u is not weakly stable. O

Corollary4.7 Let p > 2, f € C®(M) be nonconstant with maxyepy f(x) = 0, and let
Ay > 0 be given as in Proposition 4.5. Then there exists k > 0 with the property that for
every A > «k the set

~ AgA
C:=qup €Cpal Ef(ug) < -

is nonempty, and for every ug € C the global solution u € C([0,00) x M) N
C([0, o0); H' (M, 2)) N C®((0,00) x M) of the initial value problem (2.9), (2.10) con-
verges, ast — 00 suitably, to a solution u~, of the static problem (4.23) for some A € (0, Ay)
which is not weakly stable and hence no local minimiser of E g, .

Proof Let k1 > 0 be given by Corollary 4.6. By (4.2), there exists k > k1 > O withm ¢ 4 <
# for fixed A > k. Consequently, there exists ug € C4 N WZ’P(M, g) with Ef(ug) <

#. By Theorem 3.1, the global solution u € C([0, c0) x M) N C([0, 00); H'(M, g)Hn

C*°((0, 00) x M) of the initial value problem (2.9), (2.10) converges, as t — 00 suitably,

to a solution un, € C4 of the static problem (4.23) for some A € R, whereas E s (uso) <
E¢(uo) < #. Consequently, A € (0, A;) by Corollary 4.6, and u« is not weakly stable. O

5 Proof of the main results
5.1 Preliminaries

In the following, we consider, for fixed T > 0, the spaces

LLY = LP([0,T]; L (M, 2)) and L{H{ :=L"([0,T]; H'(M, )).
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We stress that, although these spaces depend on T', we prefer to use a T -independent notation.
We also note that, since T < oo and volz = 1, we have L?L; C Lfo forp,q,r,s €[1, o]
withg > s,r > p.

Lemma 5.1 (Sobolev inequality) There exists a constant Cs > 0 such that for every T < 1
and every p € L® H! we have

1o17s4 < Cslplze 2 + IVgAI72, ) < 0. 5.

Proof By Lemma 4.4, applied with r = 4, there exists a constant Cgn., = Conp(4) > 0
with the property that, forall 7 < 1,

T T
Iolape = f P14 py 5,41 < Cant / o341 10D 51 11 5,1
x 0 ’ 0 ’ ’

T
< ConLlIol} 2 fo (P72 07.5) + V2P Oy 5l
< CanL - T 1ol 2 + Cantllplge 2 1V20172
< Cant. (Il 2 + 101212 1915 1)
t X t X 1 ~x
3. .4 1 4
< Con ( Slolgez + 5120l

_ 3CoNL

2
2 2
= R (1o peps + 1Ve0I2 )

1
Hence the first inequality in (5.1) holds with Cs = (30%) ’ Moreover, since T is finite,

p € L¥H! implies that p € LY H! for all p € [1, co] which shows that the RHS in (5.1) is
finite. =

Now we can turn to the proofs of the main results.

5.2 Short-time existence

Let A > 0 and p > 2 be fixed. We are looking for a short-time solution of (2.9), (2.10) with
initial value ug € Cp 4, where Cj 4 is defined in (3.1). Using the Gauss Eq. (1.1) we can
rewrite (2.9), (2.10) in the following way:

du(t) = f — Kgry — a(t)

=e ONzu(t) —e DK + f —a(t) (5.2)
_ /1 1
— e_ZM(I)Agu(I) + K (Z _ e—zu(t)) + f _ X /.M fezu(t)dl/«§§
u(0) =up € Cp,a, (5.3)

where

1 _

To find a solution of (5.2), (5.3) on a short time interval, we consider the linear equation
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_ /1 1
du(r) =e OAzu@t) + K | — —e 20 ) + f - —/ fe?Ddug:  (5.4)
A Ay
u(0) = ug € Cp, 4, (5.5)
and use a fixed point argument in the Banach space
(X, I+ llx) == (CU0, T1 x M), || - | o.71%M))- (5.6)

For this we first observe that Eq. (5.4) is strongly parabolic for v € X. Furthermore, since
p > 2 and M is compact, we have ug € Cp a4 C H2(M, g), and therefore ug € C(M).
For the fixed point argument we fix ug € Cp 4 and set

R = R(uo) = lluoll Lo,z + 1.

For fixed T > 0 and v € X, we then get, by Proposition 6.2 in the appendix, a unique
solution u, € W,%’ ! (0, T) x M) of (5.4) which satisfies (5.5) in the initial trace sense. Here

W[%’] ((0, T) x M) denotes the space of functions u € L?((0, T) x M) which have weak
derivatives Du, D*u and d,u in LP((0,T) x M), so this space is compactly embedded in
C(X) by Lemma 6.1 in the appendix. On Xg = {U € X | |[U||lx < R}, we now define the
function ® as follows: for v € Xg, let ®(v) =: u, be the unique solution of (5.4), (5.5).
First, we show that ® : Xz — Xg if T > 0 is chosen small enough.

Lemma5.2 If T > 0 is fixed with

-1
_ 2(lluoll oo ar.)+1)
€
T < (|K|e2<"“°'t°°<Mvé>+” + 1l ) (1 + A)) 5.7)

and v € Xg, then ®(v) € Xp.

Proof With Proposition 6.4 (ii) we directly get

[@)lx = lluyllx < lud L~z + Tdr (5.8)
where
_ e2llvlix
- =5} )€
dr < |K|e2llvllx + ||f||L0°(M,§) + %
eZR
o1 .2R B e
< K1 + I f e (14+ - )-
hence
o e2R
[PWIx =T (IKIC + 1 f Lo, g) (1 + 7)) + llug o)
< 1+ luollrem,z) = R,
by (5.7) and since R = |lug|l L (m,5) + 1, which shows the claim. ]

We now use Schauder’s fixed point Theorem [17] to show the following proposition.

Proposition 5.3 Ifug € Cp 4 C W2P(M, g) and T > 0 is fixed with (5.7), then there exists
a short-time solutionu € X N C*((0, T) x M) of (5.2), (5.3).
Moreover, any such solution satisfies u € C([0, T), H'(M, 2))-
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Proof Step 1: First we recall Schauder’s Theorem: If H is a nonempty, convex, and closed
subset of a Banach space B and F is a continuous mapping of H into itself such that F(H)
is a relatively compact subset of H, then F has a fixed point.

In our case, B=X = C([0,T] x M), H=Xr = {u € X | |lulx = llulc,c, < R}, and
F=®. So to show the existence of a fixed point of ® in Xg, it remains to show that

1. ®: Xp — X is continuous and
2. ®(Xpg) C Xr is relatively compact.

First, we show that ® : Xg — X is continuous. For this, let v € Xg, and let (v,,), C Xg
be a sequence with ||v, — v||x — 0. Moreover, let u = ®(v) and u,, = ®(v,) forn € IN.
By Proposition 6.2, we know that

lnlly2r = Cllluollw2r gy + IdnllLprp)
and ullyz21 = Clluollw2rag + ldliLr )

for n € IN with

_ /1 1
dy(t) = K [ — —e™2® +f——/ fe*"Ddp;  and
A A Ju

(1, 1 5
d@t) = K (; —e “(’)> +f-7 /M fe*Odpug.

Since v, — v in X, we have et 5 F2V and therefore also d, — d in X, which also

implies that d, — d in LY LY for all p. Moreover, the difference u, — u = ®(v,) — ®(v)
fulfils the equation

By — u) (1) = e 72O Aguy (1) 4 dy (1) — e 2D Agu(r) — d(r)
= e DAz (uy —u) (1) + (72D — e D) Azu(t) + dy(r) — d(1).
Since also [u, — u](0) = 0, we have, again by Proposition 6.2,

lun = ullyz0 < ClE™" — ™) Agu +dy —dll ppp
-2 -2
= C (e — e x| Agull 1 + lldn = dll 72

Since ||A§u||Ltpo is finite, it thus follows that ®(v,) — ®(v) = u, —u — 0 in Wf,‘l

and therefore also ®(v,) — ®(v) — 0in X, since Wﬁ’l is embedded in X by Lemma 6.1.
Together with 5.2, this shows the continuity of ® : Xgp — Xg.

Next, we show that ®(Xp) is relatively compact. For this let (u,),ev C ®(Xg) be an
arbitrary sequence in ®(Xg), and let v, € Xg with ®(v,) = u,, forn € IN. So, by definition
of @ and by Proposition 6.2, we see that

TIK| - 5, : 1 )
lunllyz1 =< € (M0||w2.p(M,g> + IR + 1 ey + | 7 y fendug o
TIK| | - g r 2R
= Clluolwzran g + —— +IKIET + Tl e~ + I lleewnge

for n € IN. Hence (), is uniformly bounded in W}%‘] ((0, T) x M). Using now that

W,%’l((O, T) x M) is compactly embedded in X by Lemma 6.1, we conclude the claim.
We have thus proved that ® has a fixed point # in X, which then is a (strong) solution
ue Wal((0, T) x M) of (5.2), (5.3).
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Step 2: We now show that u € C*°((0, T) x M). To see this, we first note the trivial
fact that u € Wg‘l ((0,T) x M) is a strong solution of (5.4), (5.5) with v = u. Since then

ve Wy (0, T) x M) C C¥([0, T] x M), [14, Theorems 5.9 and 5.10] imply the existence
of a classical solution i € X N C>* ’]'H"/((O, T) x M) of (5.4), (5.5) with v = u for some

loc

a’ > 0. Here Clzota/’Ha/((O, T) x M) denotes the space of functions f € CE((0, T) x M)
with the property that 0, f and all derivatives up to second order of f with respectto x € M
are locally o’-Holder continuous. In particular, & € Wl%’l((s, T —¢)x M)fore € (0,T).
The function w ;= u — i € Wz’l((e, T — ¢) x M) is then a strong solution of the initial

value problem
dqw(t) =e D Azw(t) forte (e, T —e), wle) =ule, ) —ile, ).

By Proposition 6.4 (ii) we then have |w| < |lu(e, -) — u(e, -)llL<m,z on (e, T — &) x M,
whereas |u(e, ) — u(e, -)|Lom,5 — 0 as e — 0 by the continuity of u and u. It thus
follows that u = i on (0, T) x M), and therefore u € C2+°‘/’]+°‘/((O, T) x M). Since u

loc

solves (5.4), (5.5) withv = u € C2+a/’l+a/((0, T) x M), we can apply [14, Theorems

loc

5.9] and the above argument again to get u € C?;O‘H’HM((O, T) x M) for some a” > 0.
k

Repeating this argument inductively, we get u € Clka f ((0,T) x M) for every k > 0, and
hence u € C*°((0, T) x M).

Step 3: It remains to show that any solution u € X N C*°((0, T) x M) of (5.2), (5.3) also
satisfies u € C([0, T), H (M, )). Since u € C®((0, T) x M), only the continuity int = 0

needs to be proved. Setting ¢ (1) = ||u(t)||iI,(M 2 fort € (0, T), we see that

5]

! |
3@ =60 = 5 [ 8By g

n

r
:/2/ (u(t)atu(t)+Vu(t)V8,u(t)>d/L§dt
31 M

5]
:/ /<u(t)8,u(t)—[Au(t)]&,u(t))dug,dt
11 M

and therefore, by Holder’s inequality,

1 o
1b(n) — ¢l = / / (lull Byl + | Aul|9;ul)d pugdt
n M

< Clldull oo,y (lullLeo.1yxan) + 1 AullLoo,1)yxan)) (2 — 11)P

=< C”u||W[£'2((O,T)xM)([2 - tl)ﬁs

for0 < t; <t < T with some 8 > 0 depending on p > 2, which implies that the function
¢ is uniformly continuous and therefore bounded on (0, T').

We now assume by contradiction that u is not continuous at + = 0 with respect to the
H'(M, g)-norm. Then there exists a sequence (), in (0, 7) and & > 0 with 7, — 07 as
n — oo and

||u([n) _MOHHl(M,g) >¢& forall n € IN. (59)
2
H'(M.2)
a subsequence, the sequence u(t,) converges weakly in H'(M, g) and therefore strongly in
L*(M, g). Since the strong L2-limit of u(¢,) must be uy = u(0) as a consequence of the

Since |lu(t,)]| = ¢(t,) remains bounded as n — o0, we conclude that, passing to
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fact that u € X, we deduce that u(t,)—ug weakly in H' (M, g)asn — oo. Combining this
information with Proposition 6.2 from the appendix, we deduce that

i 2 2 S 5

and therefore ||u(t,,)||H1(M’g,) — ||”0||H1(M,g>)- Note here that this part of Proposition 6.2

applies since u solves (5.4), (5.5) withv = u € W,%’l((O, T)x M) C C¥([0, T] x M) for
some « > 0. From (5.10) and the uniform convexity of the Hilbert space H (M, g), we
conclude that u(t,) — uo strongly in H m, g), contrary to (5.9). O

5.3 Uniqueness

We now show that the solution from Proposition 5.3 is unique.

Lemma5.4 Letug € W>P(M, g), p > 2, and T > 0 be fixed with (5.7). Then the short-time
solution of u € X N C®°((0, T) x M) of (5.2), (5.3) given by Proposition 5.3 is unique.

Proof Let ui,up € X N C*((0, T) x M) be two solutions of (5.2), (5.3). The difference
u:=uy—ur € XNC*®0,T) x M) then fulfils

du(r) = e 210 Azuy (1) — e 22D Azus (1)
_ 1

C R0 _ =20y _ Z/ FEO _ @)y,

M
= e_z’“(t)Agu(t) + Aguz(t)(e_z’”(’) — 6_2M2(t))

— K(e72) _ g=2ua(t)y _ % / e ® — 22y . forr e (0, 7).

M
(5.11)

In the following, the letter C denotes different positive constants. Multiplying (5.11) with
2u and integrating over M gives

2
E”u(t)”LZ(M,g)
= 2/ u(t)o;u(t)dug
M
= 2/ e 21Oy () Agu(t)dpg
M
+2/ u(t)Aguz(t)(e™1® — =220y, (5.12)
M
i} 2
_2/ Ru()(e 200 — o200y gy, — 7/ £ —e2“2<’>)dug/ u(t)dig
M AJyu M
<2 [ 2 Ounaqu 2 [ VR0 + 20010 g [ 0 di
M M M
52(—/ e—2“1<f>|vgu(t)|§+2/ e_zul(t)u(t)(V§u1(t),Vgu(t))gdug)
M M

2
L2 (M, g)

< ClIIVaui Ol zam, gy 1Ol L2, ) I Vau Ol 2, 3

+ 20V Lranp lu@] + Cle® 241 5
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+ 20V @ e 11O gy o+ Cl@ 20 4
= (IO L2010 1O 41 5y + 20V o @ 1O 00 2 + 1O 200 1)
< C (IOl agar gy + 20V @ rangy + 1) 1110 2 (5.13)

with functions V € L?((0, T) x M) N C*>((0, T) x M) and p € L*°(0, T). Here we used
the Sobolev embeddings H'(M, g) — LP(M) for p € [1, 00). Multiplying (5.11) with
—2Au and integrating over M yields

d
“IVeu®|? , :2/ Vu()Vou(t)duz = —2/ Aou(t)ou(t)du;
dr' 8 L2(M,g) W t 8 " 8 4 g

<=2 [ &0 A Py +2 [V mllau dg

M M
< —KHAgu(I)IIiz(MAg) + 20V, ez lulle g | Agull 2 5)
_ 2 1 2 2 2
=< _KHAgu(l)”Lz(M’g) + ;Hv(ta ')”LP(M,g) ”“”LOY(M,@ + K“Agu”Lz(M‘g)
1
= ;”V(ta ')“%p(M.g) ”””i“(M,g) < C||V(, ')“%p(M.g) ||”||?11(M’g,), (5.14)

where we used first Holder’s inequality with o = %, then Young’s inequality and finally
Sobolev embeddings again. Here we note that, by making C > 0 larger if necessary, we may
assume that the constants are the same in (5.13) and (5.14). Combining these estimates gives

d
OG0 5 = 8ONG5 fort €0, 7) (5.15)

with the function g € L'(0, T) givenby g(r) = C(||u1(t)||H2(M7g)+3||V(t, -)||Lp(M,g)+1).
Integrating and using the fact thatu € C([0, T), H'(M, 2)) by Proposition 5.3 with u(0) =
u1(0) — up(0) = 0, we see that
t
@11 015 < fo g )31y 5 ds  fort € [0,T).

It then follows from Gronwall’s inequality [3] that ||u(t)||?11 Mz = 0 on [0, T'), hence

Uy =uy. O

5.4 Global existence

Let f € C®°(M), A >0, p > 2and ug € Cp 4. In this section, we wish to show that the
(unique) local solution

ueC[0,T]x M)yNC(0,T], H' (M, g)) N C®((0,T) x M)

of the initial value problem (5.2), (5.3) for small T > 0 can be extended to a global und
uniformly bounded solution defined for all positive times.
We first need the following local boundedness property on open time intervals.

Lemma5.5 Let, for someT > 0, u € C([0,T) x M) N C([0,T), H'(M, 2)NC>®(0,T)
X M) be a solution of (5.2), (5.3) on [0, T'). Then we have

sup lu(®)llLom s < M (5.16)
te[0,T)
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with some M = M(|lugllLom,z), | fllLem,g), T) > O which is increasing in all of its
variables.

Proof Since K < 0, we have

dqut) =e 2D Azu@t) —e DK + f —a(r)
=e 2OAazut) +e K|+ f —a(t) forte[0,T)

by (5.2), where

K|
la()| < o := | fllLew.g + e fort €[0,7)
by (2.12). Hence the function v = —u satisfies
do(r) = e D Azu(r) — e DIK| - f+a@) <e®DAzu(t)+¢  forr e (0,T)

with ¢ = | fllLeom,5) + ao. Next, let (Tx)r C (0, T) be a sequence with 7 — T for
k — oo. For fixed k € IN the continuous function e?’ is then bounded from below by a
positive constant on the compact set [0, T;] x M. Therefore Proposition 6.4 (ii) from the
appendix implies that

v(t, x) < |lugllrom.z) + Tre  for (¢, x) € [0, Tx] x M.
Letting k — o0, we deduce that
u(t,x) = —v(t,x) > —lugllpom,gy —Tc for (t,x) € [0,T) x M. (5.17)
In order to derive an upper bound for u#, we now observe that

du(t) = e D Azu(t) +e VK| + f —alr)
< e_zu(t)Ag,u(t) + e2UluollLoo v, +T¢) Ty

on M fort € [0, T). Applying Proposition 6.4 (ii) in the same way as above therefore gives
u(t, x) < lluollLoom,z) + T(e2<nuo||Loo<M,g>+Tv> + c), (5.18)
Combining (5.17) and (5.18) yields

sup |u(t,x)] < M with
1€[0,T)
xeM (5.19)

M = M(|luoliLe (M, &), I fllLooas,5), T) := lluollL~ + T<e2(””°”L°°(M-E>+T”) + c),

as claimed in (5.18). ]

Corollary 5.6 The initial value problem (5.2), (5.3) admits a unique global solution u €
C ([0, 00) x M) N C([0, 00), HY(M, §)) N C*((0, 00) x M).

Proof This follows from Proposition 5.3, Lemma 5.4 and Lemma 5.5 by a standard contin-
uation argument using condition (5.7). O

In the next lemma, with the help of (2.17), we turn (5.16) into a uniform estimate for all
time.
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Lemma 5.7 Let u be the global, smooth solution of the initial value problem (5.2), (5.3).
Then we have

sup lu()lz=wr,z <N
t>0

with some N = N (ug, || f | Loo(m,5)) > O which is increasing in its second variable.

Proof We argue similarly as in the proof of [18, Lemma 2.5].
By using the fact that u(#) is a volume preserving solution of (5.2) with u(0) = ug € Cp,a
and therefore f M e2ug g = A, we get with (2.4) and the fact that K < 0 that

1 _ 1
Ef(u()) = EHVgu(t)lliz(M ? —i—/ Ku(t)dug — 5/ fez'l(f)du,g
' M M
- : 5.20
K 1 2u(r) K A ( )
2 2u(t)ydpg — 3 fe W dug = Elog(A) - E”f“L“(M,g) > —o0.
M M

For the function
._ 2 _ 2 .2u(t) 7, _
= F(1) ~—f [Oru(t)“d g () —/ [0;u()|"e™ dug, (5.21)
M M

we then obtain, by combining (5.20) with (2.17), the estimate

00 T
/ F(t)dt = lim/ /Iatu(t)lzdﬂg(z)df
0 T—ooJo JMm

K| A
< Ey(up) + 7| log(A)| + 5||f||L°°(M,§)~ (5.22)

Hence, for any T > O we find 7 € [T, T + 1] such that

- K| A
Fery= f F@=<E Z log(A)] + S e 2
(tr) IE(}I’ITH) (t) < Eyf(uo) + 5 |log(A)| + 2||f||L M5

1 -1
< SIVuOlZ241 ) + 1K1 (S og(A) + lull 1)) + AlLF oo
=di +dall fllLem,g) (5.23)

with constants d; = d; (ug) > 0. Here we used (2.6).
So, at time t7 we get with (2.7), Holders inequality, Young’s inequality, (2.15), and (5.23)
that

lAgutnl, g,
2u(tr) o 2u(tr) 2u(tr)
<le ru(t + |IK] 3 + |le + |le a(t 3
e T T 1 B T e I R TUS I D,

IA
Wit

2
- 1 - - 3 -
1Dl sar.0 FOT)® + 1R+ 1 flln.a ( /M D dpg)” + eI /M e dpg)

IA

1 1 _ 1 4
1 gy + 3 FEr) 1K1+ 2 (1 ooy + ) ) + 5 fM MM dp (5.24)

IA

1 151 _
3 (oo, G 0O i) 2y + ol e ) + K]

1 4 .
+ 2 (I 1 + 1) ) + Svo(uo, e 0D i ons

< d3ed4 I f oo,z
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with constants d; = d;(up), i € {3, 4}. Here the constants v; (1o, 3), i € {0, 1} are given in
(2.15).

Furthermore, with Sobolev’s embedding theorem we have Wz'% M) c C 0.3 C
L (M, g). Therefore we get with Poincaré’s inequality, the Calderén—Zygmund inequality
for closed surfaces, and with (5.24) that

3 3
3 5 3
: < do|IVzur)|*;

3
llu(tr) — ﬁ(lT)Hioo(M 7 = dsllultr) —u(er)|l )
L2M.8) 5 95

2.

3
W*2(M,g)

3
<di|Agutn))®; < dge®llironn,
L2(M.g8)

with constants d; > 0,i € {5,6,7}andd; = d;(up) > 0,i € {8, 9}. With (2.14) we therefore
obtain the uniform bound

, 1
lu(er) Lo g < dse®@I/leewe 4 max iIMOI +mill flls= o, 5| log<A)|} .(5.26)

Upon shifting time by 7, we therefore get from Lemma 5.5

sup l ()l Lo, )
S€[T+1,T+2]

< sup u)llroem,g < MUultr)liLeoem g, 1 f e,z 3)
seltr.ir+3)

_ 1
< M(dged"”f””o(“g) + max {Imol +myll flle,z)s E' log(A)l} il ) 3)

= N(uo, | fllzoom,3)-
(5.27)

Since M is increasing in its first and second variables by Lemma 5.5, we see that A is
increasing in || f|| Lo (m, ), as claimed. Since T > 0 was arbitrary, the claim follows. O

5.5 Convergence of the flow

Let f € C®(M), A > 0, p > 2and ug € Cp 4 as before, and let u denote the global,
smooth solution of the initial value problem (5.2), (5.3). In this section we shall show that for
a suitable sequence f; — 00, — 00, the associated sequence of metrics g(#7) tends to a limit
metric goo = e2*~g with Gauss curvature K ¢0c» Which then implies that K, = f — o™
with a constant «®. Afterwards, we shall have a closer look at this constant o®.

By (5.22), we know that, for a suitable sequence #; — 00,/ — 0o we have

/ |9, u () 2 d g ey :/ If — Kg —a()Pdpgqy — 0 forl — oco.  (5.28)
M M
We can strengthen this observation as follows.

Lemma5.8 For F(t) = fM |8,u(t)|2d//,g(t) as above, we have F(t) — 0 fort — oo.

Proof First we consider the evolution equation of the curvature K,(;) and of «a(t). By the
Gauss Eq. (1.1) and (5.2) we have

Koy = d(—e 2D Azu(r) + e VK)
_231M(Z)Kg([) — Ag([)atu(t)
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= 2Ky (Kgry — [ +a(0) + Agty(Kgy — f + a(1)

=2(Kg) — f + @) +2(f —a®))(Kgry — f
+a(t) + Agr)(Kgry — f +a(t))

= 2(0u () = 2(f — a()dut) — Mg dpu(t)

(5.29)
for t > 0. Moreover, by (2.11) we have
ia(t) = 3/ FePDo,ut)ydu; = Ef Fou)du (5.30)
dt Ay ! ST A ), 8- '

Combining (5.2), (5.29) and (5.30), we arrive at
(1) = 3 (f — Kgry — (1))
2 2 (5.31)
= =2(0u()” +2(f — a(®)du) + Ag)du) + n /M Foru@)dug ).

We therefore get, using (2.12), that

1d 1d
S—F(t)==— / |9,u(t)*e* Ddpz = / (ru(0) g (r) + 13;u () 23 (1) )d g r)
2dt 2dt Jy M

_ /M (= @) +2(F = «®) @) + 9 () Ay du) )dpigqy (532)
<- /M(azu(t))3dug(t) +2(I fllzoe a.5) + @0) F (1) = G (1)
with
G(r) := /M Ve dru ()5 ydpgwy — fort > 0.

With Lemma 4.4, applied with r = 3, Conr, = CoNrL(3) > 0, (5.2) and Lemma 5.7 we can
furthermore estimate

- / @) d g
M
< / P Vdpg < N 1u®135 0 5
M
< N ConLIBU DT 20 5 198O 1015

=™V e / |a,u(z)|2e‘2"<”dug(,>< / 9, (t)*e ™ Dd g
M M
1

2
+ / |vg<,>a,u(t)|2dug<z))
M

(5.33)

1

6N 2 2 2 2
< WV Con / () P gy ( / 0u(t) P gy + / V(1) dug<,>>
M M M

3 (66N CGNL)2

_ 6N 2 1
=eNCan FO(F +G0)” = S F () + 2(F(t>+G(r)),
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where we used Young’s inequality and the fact that

G(t):f |vg(,)a,u(r)|§(,)dug(,):/ |Vgdiu(t)3dug  fort > 0.
M M

Combining (5.32) and (5.33) and using that G(¢) > 0 gives

d d
PO = 2 FO+G0) < (€N Cont)* F2(t) + (41 f Il e, + @0) + 1) F (1)

= CIF@®t) + C2F*(1).
(5.34)

By integrating (5.34) over (77, ¢) C (#7, T') and taking the supremum over ¢ € (77, T') we get

T T
sup F(t) < F(t)) +c1/ F(t)dt—i—Cz/ F2(t)dt
te(t,T) 1 1
- o0 - o0
< F(y)+ Cy / F(t)dt +Cy sup F(1) F(t)dt.
1 te(1,T) 7]

With (5.22) we also have [, F(1)dt — 0 for — oo and thus 1 — Cs [, F(1)dt > 0 forl
sufficiently large. For these / and T > 1; we thus have

sup F(r) < . ! (F(tz) + 61/ F(t)dt).
te(,T) (1 - C f,1°° F(t)dt) n

Letting ' — oo yields

(.¢]
sup F(r) < ~ <
re.00) (1= G2 ;™ Faoyr)

F(11)+@1/

n

F(z)dt) — 0 as!/ — oo

which shows the claim. O

To prove now the convergence of the flow, we first note u(¢) is uniformly (in ¢ € (0, 00))
bounded in H!(M, g) by Proposition 2.25. and Lemma 5.8. We now consider a sequence
7 — 00,1 — oo and the associated sequence of functions u; := u(#;). This sequence
is bounded in H 1(M , &), hence there exists a subsequence, again denoted by (u;);, with
U] — Uso weakly in H v, g) and therefore strongly in L*(M, g). Furthermore with (2.12)
we know that o7 1= a(f;) — oo as ] — oo after passing again to a subsequence. Moreover
we claim that et — e®~ (as [ — 00)in LP(M, g) for any 2 < p < oo. Indeed, using
Lemma 5.7 and the elementary estimate

1—e*| < |xle®l  forx e R, (5.35)

we find that
e = e 17 )11 5 =/ P |1 — el Py
M
< e”N/ |1 — el P
M

< e”N/ oo — ug|PeP =l d g
M
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2 -2 2
<eMNe ”N/ oo — | " uoo — ur|“dug
M

< 63"’N(2j\/')"_2||uOO — 0 as/ — oo.

2
—u ||L2(M,§)
Replacing u; by —u; we get also e ™ — e~ in LP(M, g) as ]| — oo for any p < oo.
Furthermore, we have

2, 2,
=) 2 g)

2uy

2 2 2
e oy — e acoll2m,5) < 6™ (1 — o) ll2a1,5) + llco (€

2 1 2
< lle™ Lo, gyl — Qool A2 + ool lle™ — e u°°||L2(M,g)

— 0 forl/ — oc.

Since moreover e2“/ 3,u; — 0 in L2(M, g) as | — oo with Lemma 5.7 and Lemma 5.8, the
evolution Eq. (5.2) yields

Agup = e du; + K —e® f +e¥a — K —e¥>f +e¥ay  inL2(M, J).

Since the Laplace operator Aj is closed in L*(M, ) with domain H%(M, g), we deduce
that uso in H2(M, §) with

Aglioo = K — % f 4 eXoqy, (5.36)
and thus
| Ag(u; — uoo)”LZ(M,g) — 0 as [ — oo.

So, we even have strong convergence u; — i in H2(M, g) and uniformly, which implies

that us, € C4 and therefore
—1 / fd K
(04 = J—
0 A " Mgoo

by integrating (5.36) over M. Consequently, for the Gauss curvature K, of the limit metric
oo = ez“wg we get from (1.1) and (5.36) that

_ 1 _
Kgoc :efzuw(—Aguoo—i-K) :f—(xoo :f+Z <K—/ fdugoo>
M

which shows the convergence of the flow.

5.6 The Sign of the Constant a,

In this subsection we complete the proofs of Theorem 3.4 and Theorem 3.5. For this we
show, under certain assumptions, that the expression

1 _
S

is positive. The proof of Theorem 3.5 is already completed by the statement of Corollary 4.7.
So we can turn to Theorem 3.4.

Proof of Theorem 3.4 (completed) We have seen in Lemma 5.7 that in the case where uy =
% log(A) € Cp, 4, the uniform L*°-bound on the global solution of the initial value problem
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(5.2), (5.3) only depends on A and an upper bound on || f|| L (s, ). In other words, if A > 0
and ¢ > 0 are fixed, then there exists T > 0 with the property that

sup [[u(H)llpem,z <t

t>0
for every f e C°(M) with | fllzm,3 < c and the corresponding solution u of the

initial value problem (5.2), (5.3) with ug = %log(A) € Cp,a. Consequently, we also have
lucollLoo(m,5) < T under the current assumptions on f, which implies that

_ l e 2Uoo ) l = _ U0 _
A= K fetedug | = K +cA (f +c)e>du;
A M A M
K 2u K 2t
zc+ il If =+l glle™>llLem,g = ¢+ a1 If+cllpige™-
. c+§
Hence, if || f +ellpimg <€:= o, we have A > 0. ]
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6 Appendix

In this section, we collect some helpful estimates and well-posedness results for a class of
linear second order parabolic equations in non-divergence form with continuous second order
coefficient. Most of these results should be known to experts but seem hard to find in the
required form in the literature.

As before, let (M, g) be a two-dimensional, smooth, closed, connected, oriented Riemann
manifold endowed with a smooth background metric g. Foradomain Q C Rx M and p > 1,
we let WPZ’I(Q) denote the space of functions u € L?(2) which have weak derivatives Du,
D?uand 8,u in L?(2). In the following, we fix p > 2, and we recall the following embedding,
see e.g. [13, Lemma 3.3].

Lemma 6.1 Ifthe domain Q@ C R x M is bounded, then W;‘l (2) is continuously embedded
in C*(2) for some o = a(p) > 0 and therefore compactly embedded in C(S2).

We consider the linear parabolic problem

Ou(t,x) = a(t,x)Azu(t, x) +c(t, x)u(t, x) +d(t, x), (6.1)
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with a,c,d € C(Q) and d € LP(S2). We say that a function u € W,g’l(Q) is a (strong)

solution of (6.1) in € if (6.1) holds almost everywhere in 2. Specifically, we consider (6.1)

on the cylindrical domains Q27 = (0, T) x M and S~§T = (—00, T) x M in the following.
In particular, we consider strong solutions of (6.1) together with the initial condition

u(0,x) =ug(x) inM (6.2)
with ug € W>P (M, g), which is supposed to hold in the (initial) trace sense.

Proposition 6.2 Let T > 0, a,c € C(Qr) withar := min_ a(t,x) > 0, letd € LP(Qr)
(t,x)eQr

for some p > 2, and let ug € W>P (M, g).
Then the initial value problem (6.1), (6.2) has a unique strong solution u € W,%’I(QT).
Moreover, u satisfies the estimate

2@y = € (Iollwrarz + Mo (63)

with a constant C > 0 depending only on ||a||L=;), c|lL= @) and ar. Moreover, C does
not increase after making T smaller.

If. moreover, a, c,d € C*(Q7) for some a > 0, then u € C(Q7) N CZ’I(QT) is a classical
solution of (6.1), (6.2), and we have the inequality

luoll i,y = limsup [[u(@)ll g1, z) (6.4)
t—0t

Proof In the following, the letter C stands for various positive constants depending only on
llallLe(@zys lcllLe (@), and ar, and which do not increase after making 7' smaller.

Step 1: We first assume that we are given a strong solution u € W,%'l (1) of (6.1), (6.2)
with ug = 0 € W>P(M, g). We then define v : Q7 — R by

u(t, x), fort > 0;

v(t,x) =
@ x) {0, fort <O0.

Then v € Wg’l(ﬁr) solves (6.1) with a, c,d replaced by suitable extensions a, ¢, €
L®(Qr), d € LP(Qr) satisfying a(t, x) = a(x,0), &, x) = c(x,0) and d(t,x) = 0
fort <0,x € M.

Therefore, [14, Theorem 7.22] gives rise to the uniform bound

1020l L@y + 100 oy < € (1o + 1000y )- (6.5)
This translates into the estimate
ID%ullLr(9p) + 13l o0y < C(Ildllemr) + ||M||LP(QT))~ (6.6)

Moreover, setting V (¢) := ||u(t)||€,,(Myg) for t € R, we have V(0) = 0 and

V() = P/M ()P 2u®)du(t)dpug < pV (&) 7 |19u(®)| L.z

p
V(1) ”alu([)”Lp M,3 p
fp( Faks . *.2) = VO + 10Oy g

/
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fort € (0, T), therefore

t t
. p
V() :/ V(s)ds < ?/ V(s)ds + 18ull],q,
0 0

t t
p
= ?/(; V(s)ds + C(”d”Zp(Q,) + ||”||ip(g,)) =C (/0 Vis)ds + ”d“€p(91)> :

By Gronwall’s inequality we get V(1) < C||d ||‘tL7 Q) and thus
lu@lLrm,z < CldllLr@,) fort el[0,T]. (6.7)

This already implies the uniqueness of strong solutions of (6.1), (6.2), since the difference
u of two solutions uy, uy € W,%’l(QT) of (6.1), (6.2) satisfies (6.1), (6.2) with ug = 0 and

d = 0. Moreover, if u € WE’I(QT) is a strong solution of (6.1), (6.2), then the function
i € Wyl (Qr) given by ii(r, x) := u(t, x) — up(x) safisfies (6.1), (6.2) with ug = 0 and d
replaced by d given by

d(t,x) = d(t, x) + a(t, x) Aguo(x) + c(t, X)ug(x).

Consequently, combining (6.6) and (6.7), and using an interpolation estimate for Du, we find
that

Il 21 gy < IIL?IIWE,I(QT) + lluollw2rmg < C (”d”LP(QT) + ||ﬁ||LP(QT)>
+ lluollwzrm,z)
< Cldllrr + luollw2rn.z) < C (Idllzr@r) + luollwr.z)) -

as claimed in (6.3).

Step 2 (Existence): In the case where a, ¢, d € C%(Q27) andug € CZH¥ (M), the existence
of a classical solution u € C(Q7) N C=1(Qr) of (6.1), (6.2) follows as in [14, Theorem
5.14].

In the general case we consider (6.1), (6.2) with coefficients a,, ¢, d, € C*(Qr), uo.n €
CHe (M), in place of a, ¢, d, ug with the property that a, — a, ¢, — ¢ in L®(Qr),
dy — d € LP(Qr) as well as up,, — up in W2P. The associated unique solutions u, €
C(Qr) N C*1(Qr) are uniformly bounded in W;’l (27) by (6.3), and therefore we have

Up—u in Wg’l (Q2r) after passing to a subsequence. For every ¢ € C2°(S2r), we then have
/ (a,u(t, X) —alt, x)Agu(t.x) — c(t, x)u(t, x) — d(t, x))qb(t, X)d g (x)d
Qr

— Lm <8tu,1(t, X) = (. X) At (1, %) — en(t, Xty (£, ) — di (1 x))
Qr

n—oo
x ¢(t, x)dug(x)dt =0,

and from this we deduce that d,;u(t, x) — a(t, x) Agu(t, x) — c(t, x)u(t,x) —d(t,x) =0
almost everywhere in 7, so u is a strong solution of (6.1).

Step 3: It remains to show the inequality (6.4) in the case where a, ¢, d € C*(2r) for some
a > 0. Since u € C(Q7) N C>1(Q7) in this case and therefore

uollz2pr 5y = m w200 3)»
luoll, ) lu@)ll (M.3)
it suffices to show that

IVuollz2(ar,5) = limsup [Vu(@®)ll 21 z)- (6.3)
t—0t
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If ug € C**(M) for some o > 0, this follows by [14, Theorem 5.14] with lim in place of
lim sup, since the function ¢ +— u(¢) is continuous from [0, T) — C 2+ (M) in this case.
Moreover, in this case we have, by Holder’s and Young’s inequality,

d
—IVu® 22, - =—/ u() Au(t)du;
dt L2(M,g8) " 4 8

—/ <a(t)|Au(t)|2 +e(Ou®)Au) +d(t)Au(t)>du§
M

IA

—ar | Agu(t)122 3y 5 + le@u(®) +d Ol 20,51 Azl 2.

IA

2 2
—ar “Agu(t)“LZ(M,g,) +ar “Agu(t)”LZ(M’g,)

1 2

1 2
= 4o 1€OUO +dW T2y 5
and therefore

IVu@ 207 5 < IVEO 720 5
+E/0 le@)u(s) +d®)lIpagy g ds  fort >0, (6.9)

In the general case, we consider (6.1), (6.2) with a sequence of initial conditions u, ¢ in
place of ug, where u,,0 — ug in H?2(M). The associated unique solutions u,, € C(Qr) N
Crl(Qr) are uniformly bounded in W,%’ ! (27) by (6.3), and they are also uniformly bounded
in C%!([e, T] x M) by [14, Theorem 5.15] for every € € (0, T). Fix ¢ € (0, T). Passing to
a subsequence, we may assume that u,—u in W, (Q7), u, — u strongly in CO(Qir) and
u,(t) — u(t) strongly in Cl(M). As in Step 2, we see, by testing with ¢ € C°(Qr), that
Ou(t, x) —a(t,x)Agu(t, x) — c(t, x)u(t, x) — d(t, x) = 0 almost everywhere in Q7, so u
is the unique strong solution of (6.1), (6.2). Moreover, by (6.9) we have

2 _ 1 2
”vu([)”L2(M,§) - nli{go ”Vun(t)”LZ(M,g)

IA

Tim_ <||wn(0>||Lz(M)+ / le()itn(s) +d ()12 5, ds )

1
2 2
IOy + 7o /O leu(s) + ()2 4y 5 ds-
It thus follows that
2 2 1 ! 2
”vu(t)”LZ(M’g) - ”Vu(O)HLZ(M,g’) f 4aT /0 ||C(S)M(S) + d(s)”LZ(M,g) dS

and therefore

tim sup 1|V ()11 ) = IVH O 2001 ) <
0 LX(M.3) L2(M.8) 4a

11m / [le(s)u(s) +d(s)|\L2(M 2 ds =0,
as claimed in (6.8). O

Next we prove a maximum principle for solutions of (6.1), (6.2). We need the following
preliminary lemma.
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Lemma6.3 Let T > 0.

(i) For any function u € C2(M) we have

/ Agudug < 0.
{xeM|u(x)>0}

(ii) Letu,p € ciqo, T be functions with u(0) < 0 and p(T) > 0. Then

/ (o@du(t) + ku@®))dt =0  with «:= sup 9 p(s). (6.10)

{t€[0,T]|u(t)>0} s€(0,T)

(iii) Letu € C>Y(Qr) N COY(Qp), p € CO¥V(Qp) be functions with u < 0 on {0} x M and
p >0o0n{T} x M. Then we have

/ (o(t, x)0u(t, x) +ku(t, x) — Agu(t, x))dug(x)dt > 0
{(t,x)€l0, TIx M|u(t,x)>0} (611)

with k = sup 0 p(s, x).
(5,x)e(0,T)yxM

Proof (i) By Lebesgue’s theorem, it suffices to prove

/ Aguduz <0 6.12)
{xeM|u(x)>e,}

for a sequence &, — 0T. By Sard’s Lemma, we may choose this sequence such that
Q, = {x € M | u(x) > &,} is an open set of class C!, whereas the outer unit vector

Vigult.x) . Hence (6.12) follows from the divergence

field of €2, is given by (z, x) > Va0

theorem.
(ii) The set {t € [0, T'] | u(¢t) > 0} is a union of at most countably many open intervals /;,
Jj € IN. For any such interval, partial integration gives

/( ()u(t) + 3 p(1) (r))d;— : if T ¢ 1;:
TR ST ey 20, it e,

Consequently,

/ p(hu(t) di = — / 8,0 (u() di
{€[0, T|u(t)>0} {t€[0,T]u(t)>0)

> —/ ku(t)dt
{r€[0,T1u(r)>0}

with « given in (6.10). This shows the claim.
(iii) This is a direct consequence of (i), (ii) and Fubini’s theorem.

Proposition 6.4 (Maximum principle)

LetT > 0,a,c € C(Qr) withar := min a(t,x) > 0, letd € LP(Qr) for some p > 2
(t.x)eQr

withdr = sup( yyeq, d(f, x) < 00, andletug € WP (M, g). Moreover, letu € le,’l(QT)
be the unique solution of (6.1), (6.2).

(i) Ifupo <0on M anddr <0, thenu <0 on Q.
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(ii) If c =0on Qr, then
u(t,x) < ||u(_)" oo,z +tdr  fort €[0,T], x € M. (6.13)

Proof (i) Step 1: We consider tEe special case a € CO1(Q7), up < 0and dr < —e for some
e > 0. Weputp:= % e COYQp) and k == sup drp(s, x) asin (6.11). Moreover,
(5,x)e(0,T)yxM
we consider the function
ie Wrl(Qr), i, x) =e " u(t, x)

e k| . o .
with Kk = Wi g, U0 + licll L (q,), noting that i satisfies

p(t, x)0i(t, x) — Agii(t, x) + kii(t, x)

- e—%t(u(;, xX)(p(t, x)c(t, x) — p(t, X)k + k) + p(t, x)d(t, x)) (6.14)

Kt

IA

—p(t, x)ee” almost everywhere in {(z, x) € Q7 | u(z, x) > 0}.

We now let (u,),en be a sequence in C>1(Q7) N C%1(Qr) with u,(x,0) < 0 and
u, — i in Wg’l (Q27). Since the functions g, = L{,x)e[0,T]1x M|u,(1,x)>0} are bounded in
LP/(SZT), we may pass to a subsequence such that g,—g in LP/(SZT), where g > 0 and
g=1lin{(,x) € [0,T] x M | u(t, x) > 0}, since u, — u uniformly as a consequence
of Lemma 6.1 and therefore g, — 1 pointwisely on {(r, x) € [0,T] x M | u(t,x) > 0}.
Applying Lemma 6.3 (iii) to u,, we find that

0= / (02 X)Butn (6) = Agun(t, 2) + un (s, ) )d g (x)dr
{(#,x)€[0, T1xM]|uy (t,x)>0}

= / an(t, x)(p(t,x)azun(t,x) — Agun(t, x) + ku,(t, )C))dptg(x)dt
0,T)xM
for all n € IN and therefore

0< lim g6, ) (01, )1t (1, %) = Agitn (1) + 1, (1, ) ) dag (¥)d
O, T)xM

= / g(t, x)(,o(t, x)00(t, x) — Agii(t, x) + kii(t, x))dugdt
0, T)yxM

= —/ g(t, x)p(t, x)ee M dug(x)dt
0, T)xM

= _/ p(t,X)ee_“dug(x)dt.
{(1,x)€(0,T)x M|ii(t,x)>0}

We thus conclude that {(r,x) € (0,T7) x M | u(t,x) > 0} = {(t,x) € (0,T) x M |
u(t,x) > 0} = @ and therefore u < 01in (0, T) x M.

Step 2: In the special case where a € C%'(Q7), up < 0and dr < 0, we may apply Step 1 to
the functions u, € W,%‘I(QT) defined by u. (¢, x) = u(t, x) — t, which yields that u, <0
for every ¢ > 0 and therefore u < 0 in Q7.

Step 3: In the general case, we consider a sequence a, € C 0’1(§T) with a, — ain C(Qr),
and we let u, denote the associated solutions of (6.1), (6.2) with a replaced by a,,. As in the
end of the proof of Proposition 6.2, we then find that, after passing to a subsequence, u, —i
in W,%’] (27), where i is a solution of (6.1), (6.2). By uniqueness, we have u = ii. Moreover,
since u, < 0 for all n by Step 3, we have u = i < 0, as required.
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(i) We consider the function v € W,'' () given by v(r, x) = u(t, x) — [lug I cm.3) —
tdr, which, by assumption, satisfies (6.1), (6.2) with ¢ = 0, d — dr in place of d and
Uy — ||u0+||Loc(M,g) in place of ug. Then (i) yields v < 0 in Q7, and therefore u satisfies
(6.13). O
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