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Abstract

In this paper, we develop a series of boundary pointwise regularity for Dirichlet problems
and oblique derivative problems. As applications, we give direct and simple proofs of the
higher regularity of the free boundaries in obstacle-type problems and one phase problems.
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1 Introduction

In this paper, we prove some new pointwise boundary regularity for Dirichlet problems:

(1.1
u=g on dQ2N By
and oblique derivative problems:
Au = in QN By;
f : (1.2)
B-Du=g on dQN By,

where 2 C R” is a bounded domain, 0 € €2 and 8 is some given vector valued function on
02 N Bj. The pointwise regularity shows a clear and deep relation between the regularity
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of solutions and the regularity of prescribed data. It can be tracked at least to the work of
Caffarelli [3] for the interior pointwise regularity of fully nonlinear elliptic equations. Various
pointwise regularity have been developed by many researchers since then, such as boundary
regularity [12, 20], regularity for equations with lower terms [11, 15, 19-21], regularity for
parabolic equations [22-24] and regularity for the Monge-Ampere equation [18] etc.

In this paper, we develop a series of boundary pointwise regularity for Dirichlet problems
and oblique derivative problems. We show that if the derivatives of u vanish, u possesses
higher regularity than the usual. This was first observed in [12] and we give a complete
treatment for the Dirichlet problems (1.1) and the oblique derivative problems (1.2) here.

As applications of these pointwise regularity, we prove the higher regularity of free
boundaries in obstacle-type problems and one phase problems without using the partial
hodograph-Legendre transformation (see [17]), which is a standard method up to now. We
clarify the idea briefly. Take the Dirichlet problem (1.1) for instance. It is well-known that
if 9Q e Ccke k>=1,u € Ck®_ On the other hand, the regularity of u may lead to the
regularity of <2 since ¢; = —u;/u, (1 < i < n), where ¢ is the representation function
of Q2. If a problem is an overdetermined problem, i.e., we have more conditions on u on
the boundary, we may have higher regularity for # and then higher regularity for 92 and so
forth. Eventually, u and 0€2 are infinite smooth.

Before stating our main results, we introduce some notations for pointwise regularity. The
first is the pointwise characterization of a function in Holder spaces, which is well-known
now.

Definition 1.1 Let U C R” be a bounded set and f : U — R be a function. We say that f
is Ck* (k > 0,0 <a < 1)atxg € Uor f € CF%(xp) if there exist constants K, ro > 0
and a polynomial P € Pk (i.e., degree less than or equal to k) such that

|f(x) = P(x)| < K|x — x0[*", ¥V x € UN Byy(x0). (1.3)
Then define D f(x¢) = D' P(xp) (1 <i < k),
[f1cka(xy) = min {K |(1.3) holds with P and K } ,
I fllcke gy = P+ [flcke (xp)-

If fe cke(x) for any x € U with the same rg and
I fllcre gy = sup 1 fllckxy + Suplflekey < 400,
xeU xeU
we say that f € cke ).

In addition, we say that f is C~
K, ro > 0 such that

L at xg or f € C~1%(xp) if there exist constants

I f 0, () = Kr*, Y0 <r <. (1.4)
Then define
Il £l ¢=t.e () = min { K|(1.4) holds with K } .
If fe e (x) for any x € U with the same rg and

||f||c71,a(0) ‘= sup ||f||C*‘~‘X(x) < +00,
xeU

we say that f € c-Le).
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Remark 1.2 1f U is a smooth domain (e.g. a Lipschitz domain), the definition of f € cke )
(k > 0) is equivalent to the classical definition.

Remark 1.3 1In this paper, we apply Definition 1.1 only to two kinds of sets:

(1) U is a domain, i.e., U = Q2 N Bj in our paper. We use this set for the solution # and
the righthand term f since they are defined in Q2 N By.

(i1) U is the boundary of a domain, i.e., U = 92 N By in our paper. We use this set for
the boundary term g since it is only defined on 92 N By.

If we use Definition 1.1 on 92N By, the polynomial P in (1.3) is not unique. For example,
if

QN B ={x:x,=0}NB

and P satisfies (1.3) on 32 N By, then P + Q - x,, also satisfies (1.3) for any polynomial Q.

Remark 1.4 Infact, the non-uniqueness of P isrelated to the boundary regularity. For instance,
assume that 32 € C1#(0) (see Definition 1.5) and g = x,, on d2. We can regard g as a
C(0) function since

|g _xn| =0 ondQ.
On the other hand, we can regard g as a C1(0) function. Indeed, since 32 € C12(0),
|g(x)| = |xn| =< [8Q]Cl‘a(0)|x/|l+a on 9L2.

The benefit of the second viewpoint is that Dg(0) = 0, which is used for the boundary
pointwise regularity (see Theorem 1.9).

The next is a pointwise characterization of the smoothness of a domain’s boundary. This
definition is similar to Definition 1.1. That is, both definitions use polynomials to describe
the smoothness. It was first introduced in [12].

Definition 1.5 Let Q2 be a bounded domain, I' C 92 be relatively open and xo € I". We say
that Tis CK% (k > 0,0 < o < atxgorl € Ck’“(xo) if there exist constants K, rop > 0, a
coordinate system {x1, ..., X, } (isometric to the original coordinate system) and a polynomial
P € Py with P(0) = 0and DP(0) = 0 (if k > 1) such that xy = 0 in this coordinate system,

By N (X, xp)|xn > PG + KX} € By N Q2 (1.5)
and
Byy N (X', x0)|xn < P(x") — K[x'|<7} € B,, N Q°. (1.6)
Then, define
[k () = min { K|(1.5) and (1.6) hold with P and K }
and

||F||Ck.oz(x()) = ||P|| + [aQ]Ck’O‘(X())'
IfT e Ck%(x) for any x € I' with the same ry and

||F||Ck,a = sup ”r”(jk(x) + sup [r]ck.a(x) < +OO:
xel xel

we say that ' € CA% If " € CF* forany ' cC T, we say that ' € CK¥ If T e €k for
anyk > 1land0 <o < 1,wesaythat " € C*°.
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Remark 1.6 The (1.5) and (1.6) means that the difference between 32 N B, and P is con-
trolled by K |x'[¥**. Hence, this is an analogue of the pointwise CX¢ for a function. One
benefit of Definition 1.5 is that 32 N B, doesn’t need to be the graph of some function. It
could be rather complicated.

Remark 1.7 Throughout this paper, if we say that f € Ck2(xg) (T € CH%(xp)), we use Py
(Pgq) to denote the corresponding polynomial in Definition 1.1 (Definition 1.5).

Remark 1.8 We always assume that 0 € 92 and study the pointwise regularity at O for (1.1)
and (1.2). In addition, if we use Definitions 1.1 and 1.5 at 0, we always assume that ro = 1,
and (1.5) and (1.6) hold if we say 02 N B € cke(0).

We also use the following notation to describe the oscillation of <2 near 0. For r > 0,
define

osc Q2= sup x, — inf x,.
B, X€IQNB, x€dQNB,

Now, we state our main results.
Theorem 1.9 Let 0 < o < 1 and u be a viscosity solution of

Au=f in QN By;

(1.7)
u=g on IQ2N By.

Suppose that for some integers k,1 > 1, u € C&*(0), f € C¥=22(0), g € C¥1-2(0) and
Q2 N By € CL(0). Moreover, assume that

u(0) = --- = |D*u(0)| = Dg(0)| = --- = |D*g(0)| = 0.
Then u € C¥2(0). That is, there exists P € Pr+1 such that

Ju(x) = P@)] < Clel™*™ (Jull ooy + 1 fllceni-2e0) + I8l cktaqy) » ¥ x € 20 By,
|Dk+lu(0)| + -+ |Dk+l“(0)| <C (||M||L°°(Ql) + 1 fllckti-2e ) + ||g||ck+l<a(0))
and

AP = Py, Ty (P(X, Pa(x")) = iy (Pg(x', Pa(x'))), (1.8)
where C depends only onn, k., o and |32 N Bi || ct.ag)-
Remark 1.10 For the notion of viscosity solutions and related theories, we refer to [4, 5].

Remark 1.11 In this theorem, we assume that g € C k+l.o(0). It means that there exists a
polynomial P, such that

lg(x) — Pg(x)| < Clx|FT+* v x € 92N By.
If we take the polynomial corresponding to u (denoted by P, ), we of course have
g(x) = Pu(x)| = u(x) — P,(x)| < Clx|**, Vx € 9QN By.
and
8(0) = [Dg(0)] = --- = D*(0) = 0.

As we have explained before, the polynomial for g is not unique. We can’t conclude that
P, = P,. Hence, besides assuming that g € CkH-2(()), we must assume lg@®)] =--- =
| D g(0)| = 0 additionally since P, # P,.
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Remark 1.12 1In fact, the expression of the polynomial P can be written explicitly:

a _
P(x) = Py(x) + Mgy Yo ST (= Pa)) | (1.9)
k+1<|o|<k+, o

on=>1
where a, are constants.
Remark 1.13 For equations with coefficients and lower order terms:
aijuij +biui +cu=f in QN By,
we also have u € CKT-2(0) (k > 2) if

a'l e C!=12(0), b € C'"29(0) and ¢ € C'~3%(0).

Remark 1.14 Theorem 1.9 can be extended to more general equations, including fully nonlin-
ear uniformly elliptic equations in general forms. For simplicity and clarity, we only consider
the Laplace operator in this paper.

Remark 1.15 Note that Theorem 1.9 can only be stated in the form of pointwise regularity
since we can’t propose an assumption like

u=|Dul=---=|Du| =0 ondQnN B. (1.10)

Indeed, if u is harmonic in 2N By and u = |Du| = 0 on 92N By, then u = 0. This indicates
that the assumption (1.10) is ill-poseness usually.

Remark 1.16 The (1.8) can be regarded as a polynomial version of (1.7).
As a consequence, we have the following boundary pointwise regularity.

Theorem 1.17 Let 0 < o < 1 and u be a viscosity solution of
Au=f in QN By;
u=g on 02N Bj.

Suppose that for some k > 1, f € Ck=2a((), g€ Ck*(0) and 9Q N By € CK(0).
Then u € Ck’“(O). That is, there exists P € Py such that

Ju(x) — P < Clx* (el @) + I fll ko) + I18llcre) - ¥x € 20 B,
1Du(0)| + -+ + |D*u0)] < C (lull=@) + £ ler—2a) + 18l cragey) -
where C depends only on n, k, o and |32 N B1 || cke(g). Moreover, if k =1,
P(x',0) = Py(x', 0);
ifk>2,
AP =Py, Tk (P(xX', Po(x))) = i (Py(x', Pa(x'))),

Remark 1.18 Theorem 1.17 has been proved in [11] as a special case. Since the result of
Theorem 1.17 is not well-known and the proof for the Laplace operator is rather simple than
that for fully nonlinear equations, we list this result and give a detailed proof in this paper.
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As an application of Theorem 1.9 to the higher regularity of free boundaries in obstacle-
type problems, we have

Theorem 1.19 Let u be a viscosity solution of

Au =1 in QN By;

(1.11)
u=|Dul=0 on IQ2N By.

Assume that IQN By € C"* forsome0 < o < 1. Thenu € C*®°(QNB;) and 32N By € C.

Remark 1.20 Although we only consider the Poisson equation in this paper, the method is
applicable to the higher regularity of free boundaries for fully nonlinear elliptic equations,
which have been well studied (see [8]).

Remark 1.21 For the obstacle-type problem (1.11), one can prove the higher regularity start-
ing from that d€2 is Lipschitz continuous with the aid of boundary Harnack inequality (see
[2], [16, Chapter 6.2]). Recently, De Silva and Savin [6] gave an elegant proof of the boundary
Harnack inequality for equations in non-divergence form. Hence, we can prove the higher
regularity in a simple way from Lipschitz regularity even for fully nonlinear elliptic equations.

Remark 1.22 Usually, the higher regularity of free boundaries is proved in the following way.
First, by a proper partial hodograph-Legendre transformation (see [9]), (1.11) is transformed
to an elliptic equation on a flat boundary and the free boundary 92 N B is represented by
some function relation. Note that even for the Laplace operator, the transformed equation is
a fully nonlinear elliptic equation in general. Hence, in the second step, one need to apply
the theory for fully nonlinear elliptic equations (see [1]) to obtain the higher regularity of
solutions and free boundaries.

In 2015, De Silva and Savin [7] gave a direct and simple proof of higher regularity of
solutions and free boundaries based on a higher order boundary Harnack inequality. However,
this method is not applicable to the fully nonlinear elliptic equations.

Remark 1.23 The Theorem 1.19 is a kind of rigidity theorem. It states that if we impose an
additional condition: |Du| = 0 on 92 N By (besides © = 0 on 42 N By), u and 92 must
be smooth. We can’t have one pointwise version of Theorem 1.19. Indeed, if we impose the
pointwise condition: |u#(0)| = |Du(0)| = 0, we can obtain only u € C 2.2 () (by Theorem
1.9).

With respect to the boundary pointwise regularity for oblique derivative problems, we
have

Theorem 1.24 Let O < o < 1 and u be a viscosity solution of
Au=f in 2N By;
B-Du=g on d0Q2NBy,

where B is a vector valued function and satisfies the obliqueness condition: for some positive
constant ay,

Bn=B-en = ao. (1.12)
Suppose that f € C~1%(0), g € C*(0), B € C*(0) and [02 N Bilcoigy <8, where § > 0

depending only on n, a and ay.
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Then u € CL%(0). That is, there exists P € Py such that
u(x) = P(x)| < Clx|"™™ (Il + [ fllc-1e) + gllce@) . ¥x € 2N By,
|Du(0)| < C (llullze@y) + 1 lc-taq) + gllca©)
and
B(0) - Du(0) = g(0),

where C depends only on n, a and ay.

Remark 1.25 We refer the reader to [10, 14] for the notion of viscosity solutions for oblique
derivative problems.

Remark 1.26 Without loss of generality, for oblique derivative problems, we always assume
that || 8| > @ens;) < 1 and (1.12) holds with the fixed constant a( throughout this paper.

Remark 1.27 Theorem 1.24 shows that the boundary C'* regularity holds on Lipschitz
domains with a small Lipschitz constant.

For higher regularity, we have
Theorem 1.28 Let 0 < o < 1 and u be a viscosity solution of
B-Du=g on dQ2N Bj.

Suppose that for some integers k,1 > 1, u € C5%(0), f e Ck=22(0), g e CkH=Le(),
B e C!=120) and 3Q N By € C*(0). Moreover, assume that

() = -+ = D*u(0)| = g(0) = --- = |D*g(0)| = 0.
Then u € C¥2(0). That is, there exists P € Pr+1 such that

u(x) = P)| < Clx" (Jlull L@y + 1 f lcksi—2aq0) + lIgllcksi-1agy) .« ¥ X € 2N By,
IDM 1 u(0)] + - -+ + IDMu(0)] < € (lullzo@y) + I f kv oy + 18l cki-10(0y)

and
AP = Py, Tlgtr-1 ((Pﬂ -DP)(x’, PQ(X/))> = Tgpi-1 (Pg(x', PQ(X/))>» (1.13)

where C depends only onn, k, 1, a, ap, ||Bllci-1.0(g) and [|0S2 N Bl cr.« )-

Similar to the Dirichlet problem, we have the following higher order boundary pointwise
regularity.

Theorem 1.29 Let 0 < o < 1 and u be a viscosity solution of

Au=f in 2N By;
B-Du=g on dQ2N Bj.

Suppose that for some k > 2, f € Ck=22¢(0), g € C*¥~12(0), B € Ck-1*0) and 92N B, €
Ck—l,oz(o).
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Then u € C5%(0). That is, there exists P € Py such that

u(x) — PG| < ClelF (lullz @y + 1 fllci2a) + gllct1e) s ¥ x € 20 By
1Du(O)] + -+ + [Du(0)] < € (llull ey + I fllck2aoy + I8l ck-te))

and
AP = Py, Tl <(Pﬂ -DP)(x, PQ(X/))> =T (Pg(x/, PQ(X/))>,
where C depends only on n, k, a, ay, 1Bl cx-1.00) and |02 N By l cx—1.e 0y-

Remark 1.30 Similar to the Dirichlet problems, one can prove corresponding pointwise
boundary regularity for fully nonlinear elliptic equations.

As an application of the above boundary pointwise regularity to the regularity of free
boundaries in one phase problems, we have

Theorem 1.31 Let 0 < o < 1 and u be a viscosity solution of

Au=1 in 2N By;
u=20 on Q2N By;
|Du| =1 on Q2N By.

Assume that QN By € CY%. Thenu € C®(Q N By) and 3Q N By € C™.

In Sect.2, we prove the boundary pointwise regularity for Dirichlet problems and the
higher regularity for free boundaries of obstacle-type problems. Section3 is devoted to the
oblique derivative problems and higher regularity for free boundaries in one phase problems.
The results of this paper show the underlying relation between the regularity of solutions and
the regularity of boundaries. The proofs demonstrate how overdetermined conditions lead to
higher regularity. Notations used in this paper are listed below, most of which are standard.

Notation 1.32 (1) {e; }f’zlt the standard basis of R”, i.e., ¢; = (0, ...0, 1h, 0,...0).
l't

2) x' = (x1,x2, ..., xp—1) and x = (x1, ..., x5) = (X', x,).
3) |x| = (X0, x2)'" for x e R™.
@) R% = {x € R"|x, > 0}.
(5) B (x0) = B(xo,r) = {x € R"||x —xo| < r}, B = B,(0), B} (x0) = B, (x0) N R/}
and B = B} (0).
6) Tr(xg) ={(x',0) € ]R"||x’ —xpl <r} and T, = T,(0).
(7) A€ the complement of A; A: the closure of A, where A C R",
(8) diam(A): the diameter of A and dist(A, B): the distance between A and B, where
A, B C R".
9) @2, =QNB,and (02), = 32N B,.
(10) ¢; = Djp = 0¢/0x;, ¢ij = Djjp = 82¢/dx; 0x; and we also use similar notations for
higher order derivatives.
(11) D% = ¢, Dg = (g1, .... ) and D*¢ = (g;j), , etc.

1/2
(12) |Dkgo| = (Z\nl:k |D"<p|2> for k > 1, where the standard multi-index notation is
used.
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(13) Pr(k > 0) : the set of polynomials of degree less than or equal to k. That is, any P € Py

can be written as
o
P(x) = —x°
=3 =

lo|<k "

where a,, are constants. Define

1Pl =Y lacl.

lo|<k

(14) HPy(k > 0) : the set of homogeneous polynomials of degree k. That is, any P € HP

can be written as
— do o
P(x) = E = x7.

lol=k ~°
(15) Ik : The projection from P; to Py for [ > k. That is, if P € P; is written as
_ 4o o
P =), 27,
lo|<l

then
Ao

P(x) = Y —2x°.

kP (x) i

!
lo|<k ~°

2 Dirichlet problem and application to the obstacle problem

In this section, we give the proofs of Theorems 1.9, 1.17 and 1.19. We start with the following
result (see [12, Corollary 4.3]):

Lemma 2.1 Let 0 < a < 1 and u be a viscosity solution of

Au=f in Q1;
u=g on (0Q2)1.

Suppose thatu € cle(), feC¥0),¢gce€ C2%(0) and (9R2); € C1*(0). Moreover, assume
that

u(0) = [Du(0)| = |Dg(0)| = 0.
Then u € C>%(0). That is, there exists P € HP» such that

lu(x) — P(x)| < Clx**® (llull o) + I fllceo + 18llc2aq) . ¥ x € Qu,
|D2”(O)| =C (||”||L°°(S21) + 1 fllceo) + ||g||c2~a(o))
and
AP = f(0), P(x',0)= Pg(x',0), 2.1)

where C depends only on n, o and || (3S2)1 | c1.«(g)-
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230 Page 10 of 32 Y. Lian, K. Zhang

Proof We sketch the proof for completeness. Since f € C*(0) and g € C%2(0), we have

£ () = FO < [fleelx|”, Vx e 22)
and
8(x) — Pe(x)| < [glc2a(lx T, ¥ x € (9. (2.3)
Since g(0) = |Dg(0)| = 0, P, € HP>.
Define
V() = ux) — Py(x) — %(f(O) — APy)x2.
Then

v(0) = [Dv(0)| =0

and v satisfies

where

) =)= £0), g(x)=g(x) — Pylx) — %(f(O) — AP)x;.
By (2.2) and (2.3) and noting (32); € C*(0),
|F I < [fleelxI*, Vx € Qu,
B = [glenio WP + 3 (17O + Iglczao) X
< (1£ O]+ lIgllc2a() X7, ¥ x € Q)1

From Theorem 4.2 in [12] (see also (4.10) and (4.11) there), there exists Pe HP> such
that

lv(x) — P)] < Clx*™ (vl + I fllceo + lIglcza) . ¥ x € Q.
ID*P(0)] < C (Ivllz@y) + I fllce + lIgllc2e)
and
AP =0, P(x',0)=0,

where C depends only on n, @ and ||(9€2)1 ||C1,a(0).
Set

P(x) = P(x) + Po(x) + %(f(O) — AP)x2.
Then by the relation between u and v,
u(x) = P(x)| =[v(x) — P(x)]|
<ClxP* (vl + I fllco) + lgllc2a))
<ClxI* (lullo@y + 1 fllce) + lgllczagy). ¥ x €L,
ID*P(O) <ID*PO)] + | flice0) + lIgll c2(0)
<C (lulliz=@) + I fllce© + Igllczaq)
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and
AP = AP+ f(0) = f(0), P(x',0) = Py(x',0).
Therefore, the proof is completed. O

Next, we prove a generalized version of Lemma 2.1:
Lemma 2.2 Let0 < « < 1 and u be a viscosity solution of
Au=f in Qp;
u=g on (092)1.

Suppose that u € CH*0)(k > 1), f € C*~1%(0), g € C*F1%(0) and (32), € CH¥(0).
Moreover, assume that

u(0) = --- =D u(0)| = |Dg(0)| --- = [D*(0)] = 0.
Then u € C¥Y1%(0). That is, there exists P € HPj+1 such that
lu(x) — P(0)] < Clx" (Jull Loy + 1 f Lok + lgllcrsray) » ¥ x € Q.
ID*u(0)] < C (lulloq@n) + 1 fllcr-agoy + llgllcrriag))
and
AP =Py, P(x',0)=P,(x',0), 24
where C depends only onn, k, a and || (3211 c1.e(g)-

In the following proof, we will use a kind of homogeneous polynomial in a special form.
We call Q € HPy ak-form (k > 1) if Q can be written as

a
Qx) = Z —Zx°.
o!
|o|=k,0,>1

That is, x,, appears in the expression of Q at least one time (thus Q = 0 on 77), which turns
out to be vital for the boundary regularity. In fact, P(x",0) = Py(x’, 0) in (2.4) indicates
that P(x) — Pg(x) is a (k + 1)-form.

We prove Lemma 2.2 by induction. For k = 1, the lemma reduces to Lemma 2.1. Suppose
that the lemma holds for k < kg — 1 and we need to prove the lemma for k = kg. First, we
prove a key step towards the conclusion of Lemma 2.2.

Lemma23 Letl <k <kypO<a<landu € Ck’“(O) be a viscosity solution of
Au+P=f in Q;
u=g on (391,
where P € HPy_1. Suppose that
lullze@) < 1. u(0) = -+ = |D*u(0)| =0,
|£(O] < 81x[*2, Vx e Q,
lg(0)] < 8lx[*T*, Vx € (391,

11l ety < 6,
1Pl <1,

@ Springer
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where § > 0 depends only on n, k and «.
Then there exists a (k + 1)-form Q such that

k+1
lu — Qllz=g,) <",

121l = Co,
AQ+P =0,
where Cq depends only on n and k, and n depends also on «.

Proof We prove the lemma by contradiction. Suppose that the conclusion is false. Then there
exist 0 < o < 1 and sequences Of i, fr, &m» Qs P (m > 1) satisfying u,, € C*%(0)
and

Ay + Py = fin in €, N By;
Upm = &m on 02, N Bj.
In addition,
it |l o @nBy) < 1, 4 (0) = -+ - = | D*u,, (0)] = 0,
| fn G| < X727 /m, Vx € QN By,
lgm ()] < [x[*Y/m, Vx € 8, N By,
182 N Billcragy < 1/m,

[Pl = 1.
But for any (k 4+ 1)-form Q satisfying || Q|| < Cop and AQ + P, = 0, we have
litm = Qllz(g,np,) > 11+, 2.5)
where Cy is to be specified later and 0 < n < 1 is taken small such that
Con' ™ < 1/2. (2.6)

Clearly, u,, are uniformly bounded (||« || L>(q,,nB,) < 1). Moreover, u,, are equicontin-
uous (see [12, Lemma 2.7]). Hence, there exist i : BIJr UT; — Rand Pe HP—1 such that
u,;, — i uniformly in compact subsets of BIJr UTy, P, — P and

Aii+P =0 in Bl+;
u=0 on Tj.

By the boundary C*¥¢ estimate for u,, (Lemma 2.2 for k — 1 since k < ko) and noting
Um(0) = -+« = | D¥u,, (0)| = 0, we have

k
ltm | Loo(@,,nB,) < Crit®, VYO <r < 1.
Since u,, converges to u uniformly,
il ooty = crite. vo<r <.

Hence,u(0) = --- = ka i(0)| = 0. By the boundary estimate for & on a flat boundary, there
exists a (k 4+ 1)-form Q such that

lii(x) — Q(x)| < Colx|**2, Vx € B,
AQ—i—IS =0, 2.7
101l < Co/2,

@ Springer



Boundary pointwise regularity and applications... Page 130f32 230

where Co depends only on n and k.

Since P, — P, there exist (k + 1)-forms Qm such that A(Q + Qm) + P, = 0 and
||Qm|| — 0 as m — oo. Thus, (2.5) holds for O = Q + Qm Letm — oo in (2.5) and we
have

~ A k+1
llu — Q”Loo(B;r) =N + +a’

However, by (2.6) and (2.7),

i = Ol o gy < 0*F149/2,

which is a contradiction.
Now, we give the

ProofofLemma 2.2 Since we have assumed that Lemma 2.2 holds for kg — 1, u € Ck0:2(0).
By induction, we only need to prove Lemma 2.2 for ko, i.e., u € C k(’“""(O). Without loss
of generality, by a proper transformation, we assume that

Au+ P = in Q1;
! s ! 2.8)
u=g on (0€2);

for some P € HPj,—1 and
lull Loy < 1, u(0) = -+ = [Du(0)| =0,
|f ()] < 8lxfo=1e vy e @,
g(0)] < 8lx [t /2, vx e (39, 2.9)
1@1llcre) < 8/2C1),
1P| <1,

where § is as in Lemma 2.3 (with k = ko) and C; depending only on n, kg and « is to be
chosen later.
Indeed, let u; = u/K where

K =2(llullLo@)) + 1Ll cro-1.0 ) + 181l cro+1.0(g))-
Then u; satisfies
Aup = f1  in Qr;
{M1=g1 on (921,

where fi = f/K and g1 = g/K.

Next, let u = u; — Py,. Since g(0) = [Dg(0)|--- = [DMg(0)| = 0, Py € HPyy+1. In
addition, by u(0) = |Du(0)| - - - = |D*u(0)| = 0, we have f(0) = --- = |[DN=2£(0)| =0
(see (2.4)). Hence, Py € HP,—1. Then u; satisfies

Aur + P = fr, in Q;
uy = g on (3€2)1,
where
|/200] = fix) = P ()] < x[071F vx e Qi
1g2(0)| = 1g1(x) — Py, (x)| < Jx[*0F1H vx € ().
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In addition, P = APy — Pf, € HPy,—1 and
Pl =C,

where C depends only on n and k.
Finally, let y = x/p for p > 0 and #i(y) = up(x). Then i satisfies

{Aﬁ—l—f’:f in Qi;

=g on (3Q)1,
where
F») =p*fx), §(3) = g2(x), P(y) = p ' Px), &=9Q/p.
Hence,
liill oo,y = 2l @,y < lutllize@y) + 1Pgy | < 1,8(0) = -+ = [DMu(0)| =0,

|F ) < o yfomt+e vy e Q,

1§ < Pyt € 09,

11l ety < P IO llcrays

”ﬁ“ — pk0+]+0[”P” < pk0+1+0[C.

Therefore, by taking p small enough (depending only on 7, ko, o and [ (3€2)1 [ c1.¢(g) ), the
assumptions (2.8) and (2.9) for & can be guaranteed. Then the regularity of u can be derived
from that of i. Hence, without loss of generality, we assume that (2.8) and (2.9) hold for u.

To prove Lemma 2.2 for ko, we only need to show that there exist a sequence of (ko + 1)-
forms Q,, (m > 0) such that forallm > 1,

lu = OmllLo@m) = prikotite) (2.10)
AQu+P=0 (2.11)

and
1Qm — Qm—1ll < Con™, (2.12)

where Cy and 7 are the constants as in Lemma 2.3.

We prove the above by induction. For m = 1, by Lemma 2.3 and setting Qo = 0, the
conclusion holds clearly. Suppose that the conclusion holds for m. We need to prove that the
conclusion holds for m + 1.

Letr =n™,y =x/r and

ux) = Om(x)

W) =~ iira (2.13)

Then & satisfies
Al = f in QN By;
{ i=3 on 9Q N By,
where

: O 80— 0n) o @
W= Gote 800 = e =
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From (2.12), there exists C; depends only on n, kg and « such that ||Q;|| < C; (V0 <
i < m). By combining that Q,, is a (ko + 1)-form and the definition of 9Q2 N B € che0)
(see (1.5) and (1.6)), we have
1Qm ()] < 1@ l1x[¥0]x, |
< Cilx[*1 Q)1 llcragy 1]+ (2.14)
< GO 1 [l ey IxTH, Vx € (99)1.
Therefore,
”ﬁ”Lw(fszl) <1, (by (2.10) and (2.13))

|fnl = r'kffﬁ'a < 8ly[o* vy € @i, (by (2.9)

1
g < ThotTta (g +1Qm(x)D

1 8 ko+1+4« 8 ko+1+4«a
Sm(im +C1'E|x|

< 8|yt vy e (3Q)1, (by (2.9) and (2.14))
102 N Billcragy < 8r* < 8. (by (2.9))

By virtue of Lemma 2.3, there exists a (ko + 1)-form Q such that

Id = Ol oo,y < O,
AQ =0,
101l < Co.

Let Qi1 (x) = Om(x) + rPotH2 9 (y) = 0,,(x) + r*Q(x). Then (2.11) and (2.12) hold
for m + 1. Recalling (2.13), we have

l — Qm+1 ||L°°(s2n,,,+1)

= llu = O — r* Ollzayy)

ko+1+a~ ko+1 A
= ”r o+ +au —-r o+ _HXQ”LOO(Q”)

< rk0+1+a ko+ 14«

n
— n(m+l)(k0+l+ot)-

Hence, (2.10) holds for m + 1. By induction, the proof is completed. O
Remark 2.4 By checking the proof, the condition on 9<2 is exactly used for estimating Q,, on
%2 (see (2.14)). Hence, if the derivatives of u vanish, Q,, will be a higher order homogenous
polynomial. This leads to a lower regularity assumption on d<2. This is why we can obtain
the Cko+1-¢ regularity based only on 92 € C1-2.

Now, we can prove Theorem 1.9 based on Lemma 2.2.

Proof of Theorem 1.9 Throughout this proof, C always denotes a constant depending only on
n, k, 1, a and [[(0€2)1 | 1. (g)- Without loss of generality, we assume

lullzoo@yy + I1f ller+i-2.00) + I8l iy < 1.
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Since g € Cktl((),
8(x) = Pe(0)] < x4, Vx € 991
Setu; = u — Pg and then u is a viscosity solution of
Aup = fi  in Qp;
{m =g on (921,
where fi = f — AP, and g1 = g — Pg. Hence,
§1(0) = [Dgi(0)] = --- = [D"*'g1(0) = 0. (2.15)
By Lemma 2.2, u; € CktL.a Q) and there exists a (k + 1)-form Qk+1 such that
U1 (¥) = Qrs1 (0] < Clx 1, Vx e Qi
Let
uz(x) = u1(x) = Q41(x’, X, — Po(x"),

where Pg € P corresponds to <2 at 0 (note that (0€2); € C(0)). Since Or+1isak+1)
-form and Pq(0) = |DPg(0)| =0,

DM (Qpi1 (8, %y — P(x)))(0) = DM (Qpt1(1))(0).
Hence, us(0) = - - - = | D*1u(0)| = 0. In addition, u» satisfies

Aup = fo  in Qp;
uy = g on (9€2)y,

where f> € C¥=22(0) and (note that Qg1 is a (k + 1)-form and (3R2); € C-%(0))
1820 < 1810 + [kt (¥, %y — Pa(x)] < Clx[FHH, ¥ x e (9).
By Lemma 2.2 again, u; € Ck+2.2(0) and there exists a (k 4 2)-form Q2 such that

Uz (x) — Qpy2(¥)| < Clx|F2H vx e Q.

Let
u3(x) = ua(x) — Qr2(x’, x, — Po(x)) 2.16)
=u1(x) = Qrr1(x', x4 — Po(x")) = Qry2(x', x4 — Po(x)).
Then u3(0) = - - - = |D**2u3(0)| = 0. In addition, u3 is a viscosity solution of

Auz = f3 in Qy;
{m =g  on ().
where f3 € Ck*/=2%(0) and
1g3(0)] < 182(0)] + | Qusa (v, X — Pa(x))] < Clx[FTH, ¥ x € 0Q)1,

where.

By Lemma 2.2 again, u3 € C¥+>%(0) and hence u € C¥+>%(0). By similar arguments
again and again, u € C**/:%(0) eventually and (1.8) holds. Therefore, the proof of Theorem
1.9 is completed. o
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Remark 2.5 By checking the proof, we know that the polynomial P can be written as (1.9)
(see (2.16)).

Next, we give the

Proof of Theorem 1.17. For k = 1, Theorem 1.17 reduces to Lemma 2.1. For k > 2, u €
CL(0) of course. Let

n—1

i(x) = u(x) —u0) = Y P i(0)x; — un (0)(x, — Po(x')).

i=1
Note that
Pq(0) =|DPo(0)| =0 and u;(0) = Pg;(0), V1 <i<n-—1.
Hence, ©2(0) = |Du(0)| = 0. In addition, u satisfies
Ai=f in Qi
i=g on (9€2)1,
where f € Ck=2%(0), g € Ck*(0) and

n—1

1300)] = |g(x) — g(0) = > Pgi(0)xi — 1y (0)(xy — Pa(x))]|

i=1

=18(x) = 8(0) = Y Pi(0)xi + (Pg.n(0) — 1y (0)(xn — Pa(x)) + Pg.n(0) Pa(x')|
i=1

<Clx|>, Vxe Q).
Thus, g(0) = |Dg(0)| = 0. By Theorem 1.9, u and hence u € cke(0). O

Finally, we prove the higher regularity of free boundaries with the aid of the boundary
pointwise regularity.

Proof of Theorem 1.19. Assume that
QN By = {(x', x0) |[xn = p(x")},

where ¢ € C"*(T}) and ¢(0) = |Dg(0)] = 0. Since u = |Du| = 0 on (3€2); and
), € Ccle, by Theorem 1_.9, u € C*%(xq) fog any xo € (0€2);. By combining with the
interior regularity, u € C>%(Q') for any ' cc QN By.
From |Dg(0)| = 0and u = |Du| = 0 on (9€2); again, u;;(0) = O fori + j < 2n. Hence,

Uy (0) = 1 by the equation Au = 1. Let v(x) = u(x) — xn2/2 and then v satisfies

Av=0 in QN By;

v=g on dQ2N By;

v(0) = [Dv(0)| = [D*v(0)| =0,

where

1
lg(x)] = |5x,%| < 19920 Billcraglx*, ¥ x € (9Q)1.
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That is, g € C>2*(0) and g(0) = |Dg(0)| = |D* g(0)| = 0. By Theorem 1.9, v € C%2%(0)
and hence u € C%2%(0). Similarly, for any xo € 0Q2 N By, u € C%2(xy). Hence, u €
C22%(QYy for any Q' ccC QN By.

Since up, (0) = 1, uu, > 1/2in Q, forsome r > 0. Then u; /u, € C**(2N B,). Note that
@i = —ui/u,. Thus, ¢ € C12(T}), ie., (0Q), € C1-2*. By considering other xg € (3$2);
similarly, we have (3€2); € C12¢.

Consider v again and g € C2A (0) now (since (0Q2); € Cl’z‘)‘). From Theorem 1.9,
v € C>*(0). By similar arguments as above, u € C>**(Q') for any ' CcC € N By.
Therefore, (9$2); € C1**. Consider v again and again and we have (02); € C%% for some
0 < @ < 1 eventually.

Let v(x) = u(x) — (x, — Po(x’ ))? /2 where Pq € P5 is the polynomial corresponding to
9% at 0 since (32); € C2%. Then v satisfies

Av=f in QN By;
v=g on 0Q2N By;
v(0) = [D(0)] = [D?v(0)] =0,
where f € P and
800 = 0 = Pa(x)?/2] < Clx[*F*, ¥V x € (31
As before, by Theorem 1.9, v € C*%(0) and hence u € C*%(0). Similar to previous
arguments, u € C*% (') for any ' cC QN By and then (9Q); € C>9.

Letv(x) = u(xz — (xp, — Pa(x))? /2 where Pg € P3 now. Repeat above arguments and
we have u € C*(2 N By) and (92); € C* eventually. O

Remark 2.6 In fact, we peed a variation of Theorem 1.9 in the proof.NThat is,ifg € C ket 0)
is replaced by g € C¥t1%(0) with [ +& < [ 4 o, we have u € CK1-4(0). This variation can
be proved by almost the same proof. For clarity, we only give Theorem 1.9 with / = [ and
a=a.

Remark 2.7 Maybe a more natural idea of proving Theorem 1.19 is to consider Du instead
of u — x3/2. The u € C>¥ is easy to obtain. If Du € C%% as well, u € C** and then
(0R)1 € C*>“. By a series of iteration, the proof is completed.

Forl <i<n—1,u; =0on (3Q); and Du;(0) = 0. Hence, u; € CZ(0) by Theorem
1.9. However, we can’t obtain u, € C>%(0) since Du,(0) = e, # 0. In addition, we can’t
obtain u; € C2¢ (xp) for any x¢ € (9€2)1 since Du;(xg) # O for other xo.

3 Oblique derivative problem and application to the one-phase
problem

In this section, we give the detailed proofs of Theorems 1.24—1.31. As in the proofs for
Dirichlet problems, we intend to use compactness method to prove the regularity of solutions.
Hence, we need to build a uniform estimate for solutions. First, we prove a Harnack type
inequality.

Lemma 3.1 Let u > 0 be a viscosity solution of

Au=f in Qp;
B-Du=g on (02);.
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Suppose that oBsc 0 <8 < p/8, where 0 < p < 1 depends only on n and ay.
1
Then for any 46/p < R < 1/2, we have

supu <C inf_u+CR(|fller@) + lIglLeoan) 3.D
G(R) (R/2)

where C depends only on n and ay,
G(R):={x e Qx| < R, —pR < x, < pR}
and
G(R) := {x € Q|Ix'| < R,x, = pR}.
Proof By the interior Harnack inequality,

inf u > C sup u — Rl fllr)).
GR) G(R)

where C depends only on n and p. Hence, to prove (3.1), we only need to show

inf u <C inf CR n 0o (( . 3.2
ér(lR)u < ng/z)u + (If lin @y + lglzoaonm) (3.2)

Without loss of generality, we assume that inf GRU= 1.

Let
U 1/ x\> xn 42
T o . 33
o) 2+4<<pR> TR R (3-3)

Then it can be verified easily that (by taking o small enough)

Av=>0 in G(R);
v<l1 on G(R);
V<0 on 3G (R)\ (G(R) U (asz)l) :

B-Dv>0 on (022);1 N G(R).

Indeed, only the last inequality require some calculation. Since B, > aop, ||Bllre < 1,
R > 46§/p and oBsc 02 < §, we have
1

—1
/3n 2xp 3 2ﬂi-xi
p-Do= R R T 2

. ap _£+1 _2(n—1)
4pR 2 R
>0 on (02); NG(R),
provided p < ag/(16n).
Let w = u — v and then

Aw < f in G(R);

w>0 on dG(R)\(0Q2)1;

B-Dw<g on (02) NG(R).
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By the Alexandrov-Bakel’man-Pucci maximum principle for oblique derivative problems
(see [10, Theorem 2.1]),

w > —CRIgllLea)) — CRIfllLrn@) in G(R),
where C depends only on n and ap. Hence, by noting
v>1/8 in G(R/2),
we have
u=v+w=>1/8=CR(Iflzr@) + lIglxe)) in G(R/2).
That is, (3.2) holds. ]

Remark 3.2 For the Dirichlet problem, we can obtain the equicontinuity up to the boundary
by constructing proper barriers. In contrast, for the oblique derivative problem, we use the
Harnack type inequality to show the equicontinuity since the solutions satisfies an equation
on the boundary, which indicates that we should adopt the technique for the interior regularity
rather than the technique for the boundary regularity (e.g. constructing barrier functions).

Remark 3.3 Note that (3.1) is not a true Harnack inequality since it holds for4§/p < R < 1/2
other than 0 < R < 1/2. However, it is sufficient to provide the compactness in the proof
(see Lemma 3.7 below) and requires less smoothness of 92.

Remark 3.4 The construction of the auxiliary function v is motivated by [13] (see Lemma
2.1 there) and has been used in [10] (see Theorem 2.2 there).

By a standard iteration argument, Lemma 3.1 implies the following uniform estimate.
Corollary 3.5 Let u be a viscosity solution of
Au=f in Qr;
B-Du=g on (0Q).
Suppose that ullLe@)y = L [ fller@)y = L lIglzeoe,) < 1 and osc IR <38 < p/8

where p is as in Lemma 3.1.
Then for48/p < R < 1/2,

Cc;)(slg)u < CR*, (3.4)

where 0 < « < 1 is a universal constant and C depends only on n and ay.

Based on the above uniform estimate, we have the following equicontinuity for solutions.

Lemma3.6 Forany 2 cC QNBjande > 0, there exists 8 > 0 (depending only onn, ag, €
and Q') such that if u is a viscosity solution of

Au=f in Qr;
B-u=g on (0Q);
with lullr<@)y < L Ifltrv@) < 1 lIglieee)) < 1 and osc 02 < 6, then for any
1
x,y € Q with|x —y| <6,

lu(x) —u(y)| < e.

@ Springer



Boundary pointwise regularity and applications... Page210f32 230

Proof Forany ' cC QN Bj,e > 0and x,y € ,let § > 0 to be specified later. Take
X0 € (0€2)1 such that [x — xo| = dist(x, (9€2)1). By Corollary 3.5 (a scaling version in
fact), there exists §; > 0 (small enough) depending only on n, ag, ¢ and €’ such that if
oBsc 02 < pdé1/4, |x — xo| <61 and |y — xo| < 81, we have

1

lu(x) —u(y)| <2 osc u<C8f <¢g/2. 3.5)
B(x0,81)

If |x — xo| > &1, by the interior Lipschitz estimate for harmonic functions,

() — u(y)| < c%, (3.6)

where C depends only on n.
Take § small enough such that § < pd;/4 and C§/5; < ¢/2. Then by combining (3.5)
and (3.6), we derive the conclusion. ]

In the following, we prove the boundary pointwise regularity for oblique derivative prob-
lems. First, we prove a key step.

Lemma3.7 Let 0 < a < 1 and u be a viscosity solution of

Au=f in Q;
B-Du=g on (092);.

Suppose that |ullL~@,) <L | fllLr@) <6 lgllreca)) <6 1B — BO)|lLean)) <8

and oBsc 02 < 6§, where 0 < § < 1 depends only on n, ag and «.
1
Then there exists P € P; such that

lu— Plize,) <n'™,
Pl < Co,
B0)-DP =0,

where Cy depends only on n and ao, and n depends also on a.

Proof We prove the lemma by contradiction. Suppose that the lemma is false. Then there
exist 0 < o < 1 and sequences of u,,, fin, &m, Bm, m such that

Ay = fm in Q, N By;
Bm - Duy, = gm on 92, N B

with [lupmllL<@uns) < L | fullen@unsy < 1/m, llgnllLxoe.n) < 1/m, By —
B ()|l Leo(ag2),) < 1/m and oBsc 02, < 1/m. In addition, for any P € P with || P|| < Co
1

and B,,(0) - DP =0,
lm — Pllzo@uns,) > 0", (3.7)
where Cy is to be specified later and 0 < 1 < 1 is taken small such that
Con'™® < 1/2. (3.8)

Note that u,, are uniformly bounded (||, || L~ (,,nB;) < 1). Moreover, by Lemma 3.6,
u,, are equicontinuous. Precisely, for any Q' ccC BIJr U T1, € > 0, there exist § > 0 and mo
such that for any m > mg and x,y € Q' N Q,, with |x — y| < 8, (U (x) — un(y)| < e.
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Hence, there exists a subsequence (denoted by u,, again) such that u,, converges uniformly
to some continuous function i on compact subsets of Bl+ U T. Furthermore, there exists ﬂo
with ,B,(,) > ag such that ,,(0) — B°. By the closedness of viscosity solutions (e.g., see [10,
Proposition 2.1.]), i is a viscosity solution of

Aii =0 in Bf";
50-Dﬂ=0 on Tj.

By the boundary regularity for homogeneous equations on flat boundaries (e.g. see [10,
Theorem 4.1 and Theorem 4.2]), there exists P € P; such that

li(x) — P(x)] < Colx|>, Vx € Bf}z,
I P|l < Co/2, 3.9)
B’-DP =0.

Since B, (0) — ﬂo, there exists P, € HP1 such that §,,(0) - (DI‘~> + DP,) = 0 and
| Pp]l = 0as m — oo. Thus, (3.7) holds for P + P,,. Let m — o0 in (3.7) and we have

ld = Pl ooz = '+
On the other hand, from (3.8) and (3.9),
ld = Pl gy < n'*/2,
which is a contradiction. O

Remark 3.8 Usually, to prove Lemma 3.7, we solve an equation to approximate u (see the
proofs of Lemmas 5.1 and 6.3 in [10]). Instead, the compactness method avoids the solvability.
This is one of the main advantages of the method of compactness.

Remark 3.9 Note that Lemma 3.6 is not a true equicontinuity up to the boundary. However,
it is enough to provide the compactness in the proof of Lemma 3.7. The benefit is that we
don’t require the smoothness of 32 N By and hence we can develop the pointwise regularity.

Now, we can prove the boundary pointwise C¢ regularity.

Theorem 3.10 Let 0 < o < 1 and u be a viscosity solution of
Au=f in Qp;
B-Du=g on (0Q).

Suppose that f € c L), g€ C*0), BeC*0)and[02N Bilco gy <6, where § is as
in Lemma 3.7.
Then u is C1% at 0, i.e., there exists P € P; such that

u(x) = P < Clel™ (llull oy + 11 fllc-teg) + lgllce@)  ¥x € Qi

(3.10)
|Du(0)] < C (llull=@y) + I fllc-ta) + lglceo) -

and
B)-DP =0, 3.11)

where C depends only on n, ag, o and || B || ce o).
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Proof We assume that g(0) = 0. Otherwise, we may consider # = u — g(0)x,/8,(0). Let
8 be as in Lemma 3.7, which depends only on 7, ap and «. Without loss of generality, we
assume that

8 8
0 <1, “la <4, o < -, o < — 3.12
lullize@y = 1 1 fllc-ta@y =8, [glee©) < > [Blc«(0) 2 (3.12)
where C is a constant (depending only on 7, ag and «) to be specified later.
To show u € C'*(0), we only need to prove that there exists a sequence of P,, € Py

(m > —1) such that for all m > 0,

lu = Pl @pm) < 0™, (3.13)
|Py(0) = Pu1(0)] + 7™ |DPy — DPy_y| < Con™ (3.14)

and
B)-DP, =0, (3.15)

where C¢ and 5 are constants as in Lemma 3.7.

We prove the above by induction. For m = 0, by setting Py = P_; = 0, the conclusion
holds clearly. Suppose that the conclusion holds for m. We need to prove that the conclusion
holds for m + 1.

Letr =n™,y =x/r and

- u(x) — Pp(x)
Then u satisfies
Ai=f in QN By;

B-Di=g on 9Q2N B,

where

- — B(x)-DP,
oy = L8 gy = BP0

By (3.14), there exists a constant C depending only on n, ap and « such that |D P;| < C;
(V0 <i < m). Then it is easy to verify that

Il g, < 1. (by (3.13) and (3.16))

s . Q
, B(y) = B(x) and Q = .

x I f1lLn@nB,
||f||Ln(S~2ﬁBl) - o

L <5, (by (3.12))

- 1
181l Lo acnm,) = ,Tx ([glcer® + CilBlceyr®) <8, (by (3.12) and (3.15))
”B - B(O)HLOO(E)QHBI) = ”/3 - 'B(O)HLoo(aflﬁB,) = [,B]C“(O)ra <39, (by (312))

~ 1
osc 3Q2 = —osc 92 < [d2 N Bilco1g) < 6.
B r B,

From 3.7, there exists Pc P; such that

-~ _ 5 1+
lla — P”LOC(on) =7 “,
IP| < Co,

B(0)-DP =0.
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Let Py4+1(x) = Py (x) +rite 15(y). Then (3.14) and (3.15) hold for m + 1. Recalling (3.16),
we have

lu — Ppyi ||L°°(Qﬂ,,,+1)

= lu — Py — " Pl
1+aﬁ

)

= I — P g,

< pltoplte

— n(m+l)(l+a)_

Hence, (3.13) holds for m + 1. By induction, the proof is completed. O
Next, we prove a lemma similar to Lemma 2.2.

Lemma3.11 Let O < @ < 1 and u be a viscosity solution of

Au=f in Qr;
B-Du=g on (0Q).
Suppose that u € Ck2(0)(k > 1), f € Ck=L*(0), g € Ck*(0), B € C¥(0) and (32) €
C19(0). Moreover, assume that
() = --- = D*u(0)| = |Dg(0)] --- = DT (0)] = 0.
Then u € C¥1-%(0). That is, there exists P € HPy41 such that
u(x) = PG| < Cle 5 (ulloe + 1 f lciraoy + Igllctaqy) s VX € Q1
I u(0)] < € (lulle + 1 fllck-rag) + llgllcrao)) -
and
AP = Py, B0)- DP(x',0) = Pg(x/, 0),
where C depends only on n, k, ag, o, || Bllce ) and |(3) 1l c1.«(0)-

As in Sect.2, we prove above lemma by induction. For k = 1, the lemma reduces to
Theorem 3.10. Suppose that the lemma holds for k < ko — 1 and we need to prove the lemma
for k = ko. First, we prove the following lemma which is a key step towards the conclusion
of Lemma 3.11.

Lemma3.12 Letl <k <kyp,O<a <landu € C’“‘"(O) be a viscosity solution of
Au+P=f in Qp;
B-Du=g on (092)1,
where P € HPy_1. Suppose that
lull o)y < 1,u(0) = - = |D*u(0)| = 0,
|£O] < 81x[* 72, vx e @,
lg(0)] < 8lx[*~1F, vx € (91,
[B(x) — B(0)] < 8]x|¥, Vx e ()1,
1)1l cre) <9,
Pl <1,
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where § > 0 depending only on n, k, ay and «.
Then there exists Q € HPy41 such that

k+1
lu = QllLg, <",

121l = Co,
AQ+ P =0,
B0)-DQ(',0) =0,
where Cq depends only on n, ay and k, and n depends also on a.

Remark 3.13 Note that 8(0) - DQ(x’, 0) = 0 is equivalent to that 8(0) - DQ(x) is a k-form.

Proof As before, we prove the lemma by contradiction. Suppose that the conclusion is false.
Then there exist 0 < o < 1 and sequences of u,,, fiu, &m,> Bms Lm, P (m > 1) satisfying
um € CH%(0) and
Aupy + Py = fim in 2, N By;
B - Duy = g on 0%, N Bj.
In addition,
ltmllL(@unBy) < 1, tm(0) = -+ = |D*u, (0)] =0,
| fn @) < 1672, Vx € Q,
lgm ()] < [x <1 /m, Vx e @)1,
[Bn — Bn(0)] < |x|o¢/m’ Vx € (0Q2)1,
102 N Billcey < 1/m,
| Pl < 1.
But for any Q € HPy41 satisfying

12l < Co.
AQ+ P, =0,
Bm(0) - DO(x',0) =0,
we have
lum — Qll(@ung,) > ", (3.17)
where Cy is to be specified later and 0 < 1 < 1 is taken small such that
Con' ™ < 1/2. (3.18)

As in the proof of Lemma 3.7, u,, are uniformly boundgd and equicontinuous. Hence,
there exist i : B UT; — R, B € R" with B0 > ag and P € HPy_; such that u,, — ii
uniformly in compact subsets of B]"' UTi, B (0) - 8% P, — P and

Aii+P =0 in BI";
/30~Dﬁ:0 on Tj.

By the boundary Ck-® estimate for u,, (Lemma 3.11 for k — 1 since k < ko) and noting
U (0) = - - = | D*u,, (0)] = 0, we have

lm Lo @unp,) < CrFH, VO <r <1.
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Since u,, converges to u uniformly,
”’ZHLOO(B,*) <Crft*, vo<r<l.

Hence, ii(0) = - - - = | D¥ii(0)| = 0. By the boundary estimate for i, there exists O € HPy|
such that

li(x) — Q(x)| < C0|x|k+2, Vxe BI",

101l = Co/2,

AQ +P=0,

- DO, 0) =0,

(3.19)

where Co depends only on n, ap and k.
Since B,,,(0) — ;30 and P, — P, there exist Q,, € HPj+1 such that ||Q,,|| — 0 and
1 + Qull < Co,
AQ + Q) + P =0,
Bn(0) - D(Q + Q) (x',) = 0.

Thus, (3.17) holds for Q = Q + Q. Letm — oo in (3.17) and we have

L K1+
llu — Q”LOO(B;r) =N ’,

However, by (3.18) and (3.19),

~ A k+1
lu — Q”Loo BHy =1 + +a/27
(By)

which is a contradiction. m]

Now, we give the

ProofofLemma 3.11 Since we have assumed that Lemma 3.11 holds forkg— 1, u € C*0:%(0).
By induction, we only need to prove Lemma 3.11 for kg, i.e., u € C ko+1.a (0). Without loss
of generality, by a proper transformation, we can assume as in the proof of Lemma 2.2 that
Au+P=f in Q;
u=g on (0Q2)

for some P € HPy,—1 and

lull (@) < 1,u(0) = -+ = |[DMu(0)| =0,
|f)] < 8lxfomte vx e @,

lg(0)] < 8lx[Pt/3, Vx € (31,

1B(x) — BO)] < 81x|*/(3C1), Vx € ()1,
@)1l cragy < 8/(BC),

IP| <1,

(3.20)

where ¢ is as in Lemma 3.12 (with k = ko) and C depending only on 7, kg, ag and « is to
be chosen later.
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To prove Lemma 3.11 for ko, we only to show that there exists a sequence of Q,, € HPg,+1
(m > 0) such that for all m > 1,

= QmllLoo@my < n"®HH), (3.21)
1Om — Qm—1ll < Con™, (3.22)

and
AQu+P =0, B(0)-DQu(x",0)=0, (3.23)

where Cy and 7 are the constants as in Lemma 3.12.

We prove the above by induction. For m = 1, by Lemma 3.12 and setting Q¢ = 0, the
conclusion holds clearly. Suppose that the conclusion holds for m. We need to prove that the
conclusion holds for m + 1.

Letr =n™,y =x/r and

u(y) = % (3.24)
Then u satisfies
Al = f in QN By;
B-Di=g on dQN B,
where
fon = rk{fﬂa, 2y = 82 _ﬁr(,f)l;DQ'"(x), By = Blx), S = %

By (3.22), there exists Cy depends only onn, ko, ap and @ suchthat || Q; || < C; (VO <i < m).
Since B(0) - DQ,, is a kop-form (see (3.23)) and (0€2); € clhe(0),

1BO) - DO ()| = Cilx[* 7 x,| < CLI@D 1l et x0T, ¥ x € (92)1. (3.25)
Then
]l oo @np,y < 1o (by (3.21) and (3.24))

IF)l = r'k{_(ﬁ'a < 8ly[o71, vy € Qi (by (3.20))

1
18O = g (g1 +[B(x) = BOIIDQm ()] + B(0) - DO (X))

5 5 5
< e 0+a ~_.C ko+o Ci — ko+o
< o <3|x| tae Qo G g

< 8|y/fote vy e (8)1, (by (3.20) and (3.25))
1B(y) — BO)| = |B(x) — BO)| < r*[Blce|y|* < 8ly|*. ¥y e (3)1. (by (3.20))
182 N Billcragoy < r* 11l creoy < 8. (by (3.20))
By Lemma 3.12, there exists Q € HPry+1 such that

~ A ko-+1+
Il — Q”LOO(QVI) <5 ’,

101l < Co,
AQ =0,
B0)-DO(x',0) =0.
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Let Qpi1(x) = Qu(x) + T+ 0 (y) = 0, (x) + r*Q(x). Then (3.22) and (3.23) hold
for m + 1. By recalling (3.24), we have

le — Om+1 ||L°°(Q,1m+1)
= llu— Om —r*OllL=,,)
ko+l+aii _ rk0+l+a

=|r Q”LOO(Qn)

5 rko+l+o{ ko+1+a

n

— n(m+l)(ko+l+ot).

Hence, (3.21) holds for m + 1. By induction, the proof is completed. O
Next, we prove Theorem 1.28 with the aid of Lemma 3.11.

Proof of Theorem 1.28 Throughout this proof, C always denotes a constant depending only
onn,k,l,ap, o, | Bllci-1eq) and [[(0€2)1 || cre(g)- Without loss of generality, we assume as
before

lullLooc@y) + If lchri-2a0) + llglchri-ragy < 1.
Since g € CKH=1.%(0) and B € C!=12(0),
lg(x) — Po(x)| < [x[FH=1He vy e (8Q);. (3.26)
and
IB(x) = Pg(x)] < [Bloi-taylx ™%, Vx € Q). (3.27)

Note that P, € HPy and Pg is a vector valued polynomial. Take a polynomial Py € HP4y
such that

Ps-DPy = P,.
Setu; = u — Py and then u; € C*%(0) and u;(0) = - - - = |D*u1(0)| = 0. In addition,
u1 is a viscosity solution of
Auy = fi in Q;
B-Duy =g on (0Q),

where f; = f — APy and
g1 :g_IB.P():g—Pg—(ﬂ—Pﬁ)-DPo.
Hence, by (3.26), (3.27) and noting Py € HPk+1,
lg1(0)] < Clx 1 v x e (0. (3.28)

ByLemma3.11,u; € Ck+La Q). That is, there exists Pry1 € HPj41 such that B(0)- D P4
is a k-form and

lu1(x) — Pey1 (x)] < Clx|1H v e Q.
Let

uz(x) = ui(x) — Pep1(x', xy — Pg),
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where Pg € P corresponds to 92 at O (note that (02); € C*(0)). Note that Pq(0) =
|DPo(0)] = 0 and then us(0) = - - - = | D¥t1u5(0)| = 0. In addition, u» satisfies

Aup = fr in Qp;
B-Duy =g, on (3Q),
where f, € CkH=22((),
82(x) = g1(x) = B(x) - (DPrs1(x', x4 — Po(x) — Pey1.n(x', x4 — Po(x")) D Po(x'))
=g1(x) — 22(x) — g2(x) — §2(x),
and
82(0) = (B() — Pg(x)) - (DPes1 (', x5 — Pa(x)) = Pesin(x, %y — Po(x)DPa(x))
22(x) = (0) - DPy1 (x', x, — Po(x)),
2(x) = (Pg(x) = B(0)) - (DPrg1 (x', Xy — Po(x")) — Pey1,n(x’, xp — Po(x')) D Po(x"))
— B(0) - DPo(x") Piy1.n(x, x4 — Po(x")).
By (3.27) and noting Pyxy1 € HPk+1,
82(0)] < Clx[F71 v x e 0Q)). (3.29)
Since B(0) - D Pyy1(x) is a k-form and (0€2)1 € che0),
13200)] = [B(0) - DPry1 (X, x5 — Po)| < Clx[FH71H vx e 0Q)1.  (3.30)

Next, since g is a polynomial, it can be verified easily that

82(0) =--- = |[DFg(0)| =0. (3.31)
Then by (3.28)-(3.31), we have g € C¥H~1.2(0) and
2(0) = --- = |DFg2(0)] = 0.

By Lemma 3.11 again, u; € Ck+2.2(0). That is, there exists Pri2 € HPi42 such that

uz(x) — P2 (x)] < Clx[FH24 ¥x e ()

and
B(0) - DPiia(x’, 0) = Tip1(g2(x', 0)). (3.32)
Le., (B(0) - D Py — Mi41(82))(x) is a (k + 1)-form.
Set
u3(x) = uz — Prya(x’, xy — Po)
= u1(x) = Pey1(x', X — Po) — Piy2(x', X — Pg).
Hence, u3(0) = - - - = | DF*243(0)| = 0. In addition, u3 is a viscosity solution of

Auz = f3 in Qr;
B-Dus=g3 on (0Q)1,

where f3 € CkH1=2.2((),

g3(x) =g2(x) — B(x) - (DPiya(x', x4 — Pa(x) — Peyon(x', x4 — Po(x") D Po(x'))
=g2(x) — &3(x) — g3(x) — &3(x),
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and
$3(x) =(B(x) — Pg(x)) - (D Piy2(x’, x5 — Po(x") — Pry2n(x', x4 — Pa(x") DPo(x"),
§3(x) =B(0) - DPi2(x', xy — Po(x)),
83(x) = (Pp(x) = B(0)) - (D Prga(x’, x4 — P(x")) — Prgon(x’, xp — Po(x')) D Po(x"))
—= B(0) - DPo(x") Pt2,n(x', x4 — Po(x")).
Similar to the above argument,
183001 = Clx[“H=1H v x e @,
and
23(0) =--- = [D"1g0) = 0.
In addition, by (3.32), for any x € (02),

123(x) — Ti41(g2) (X, xp — Pa(x))| < Clx|FHHe.
Hence,

lg3 ()] =lg2(x) — &g3(x) — g3(x) — g3(x)]
=[g2(x) — T11(82)(x) + Miy1(g2) (X", Po(x) + Miy1(g2)(x", x5 — Pa(x'))
—g3(x) — g3(x) — g3(x)|
§C|x|k+2.
That is, g3(0) = - -- = |D**1g3(0)| = 0. By virtue of Lemma 3.11 again, u3 € C¥T3%(0).

By similar arguments again and again, u € C*T-%(0) eventually and (1.13) holds. Therefore,
the proof of Theorem 1.28 is completed. O

The Theorem 1.29 is an easy consequence of Theorem 1.28.

Proof of Theorem 1.29 1In fact, we can always assume that u(0) = |Du(0)| = O since the
boundary condition is a first order equation. Let #1(x) = u(x) — u(0) — Du(0) - x and then
u satisfies

A= f in QN By;

B-Di=g on dQNBy,

where ¢ = ¢ — 8 - Du(0). Note that $(0) - Du(0) = g(0) and hence
g(x) = g(x) — g(0) — (B(x) — B(0)) - Du(0).

Thus, #(0) = |DiA(0)| = §(0) = 0 and § € C*¥~1-*(0). By Theorem 1.28 with [ = 1, we
arrive at the conclusion of Theorem 1.29.

Finally, as an application to the regularity of free boundaries in one phase problems, we
prove Theorem 1.31.

Proof of Theorem 1.31 Sinceu = Oon BQﬂB_] and (92), € Cle, by the boundary pointwise
regularity for Dirichlet problems, u € C Le (@ N By). Hence, we have |Du| = 1 on (9Q) in
the classical sense. Let v(x) = u(x) — x,, and then

n—1 1/2 —1
—Z'.l u?
vp=uy—1=(1-Y"ul] -—1= =1 73 on (0Q)1. (3.33)
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Since u € C12(0), u; € C*(0) and hence ul2 e C2(0). By the boundary pointwise
regularity for oblique derivative problems (see Theorem 1.24), v € C12*(0) and then u €
c12%(0). Similarly, u € C2%(xq) for any xo € (3S2);. Note that u,(0) = 1 and then
u;i Ju, € C*(Q N B,) for some r > 0. Thus, QN B, € C12¢, Likewise, (9Q2); € C12*.

Repeat above argument. Note ulz € C**(0). By Theorem 1.24, v € C'#%(0) and we have

()1 € C14_ After finite steps, u € C>% and (3R2); € C>% for some 0 < & < 1.

Note thatu; (0) = Ofor 1 <i < n—1.Thenu? € C*%(0). By Theorem 1.29,v € C3%(0).
Hence u € C3*5‘(Ql) and (092); € C3%_ Thus, ”12 € C3% thenu € C** and (3); € CH4.
By iteration arguments, we have u € C* and (9€2); € C* eventually. O

Remark 3.14 Since u = 0 and |Du| = 1 on (3€2)1, du/dv = 1 on (32); where v is the
inner normal. Thus, maybe a more natural idea of proving Theorem 1.31 is to consider the
Neumann problem:

Au=0 1in QN By;

ou
— =1 on 02N Bj.
v

However, the smoothness of v depends on the smoothness of (d€2)1. Hence, we can’t improve
the regularity of solutions and (9€2);. Instead, 8 = ¢, if considering (3.33).
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