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Abstract

We show that the algebra of cylinder functions in the Wasserstein Sobolev space
H4 (Pp(X,d), W, 4, m) generated by a finite and positive Borel measure m on the (p, d)-
Wasserstein space (P,(X,d), W, 4) on a complete and separable metric space (X, d) is
dense in energy. As an application, we prove that, in case the underlying metric space is a
separable Banach space B, then the Wasserstein Sobolev space is reflexive (resp. uniformly
convex) if B is reflexive (resp. if the dual of B is uniformly convex). Finally, we also pro-
vide sufficient conditions for the validity of Clarkson’s type inequalities in the Wasserstein
Sobolev space.
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1 Introduction

The study of Sobolev spaces on metric measure spaces is a well established area of interest
in metric geometry, we refer to [18, 19, 22, 25] for a general treatment of the subject. It is
thus important to provide examples (as concrete as possible) of such Sobolev spaces built
on relevant metric spaces; the study carried out in [12] goes precisely in this direction: the
authors analyze the properties of the 2-Sobolev space on the 2-Wasserstein space [2, 24, 29,
30] of probability measures on a separable Hilbert space H.

Let us also mention that, besides being interesting from a purely theoretical point of
view, the study of Sobolev spaces on spaces of probability measures has also important
applications to functional analysis over spaces of probability measures. Indeed, problems
such as evolutionary games or Kolmogorov equations in nonlinear filtering have been treated
so far by classical notions of solutions, lacking weak formulations. In this regard, providing
a functional analytic framework in which to set those problems may be very relevant. We
refer to the introduction of [12] for a more detailed list of applications and references.

In this work we generalize the results in [12] considering a general complete and separable
metric space (X, d), instead of a Hilbert space, and we treat general exponents p, g both in
the order of the Wasserstein distance and in the Sobolev space (instead of p = g = 2).
Before entering into the details of the present work, let us briefly recall the definition of
metric Sobolev space and the results of [12] that are the starting point for our analysis.

Among the possible approaches to Sobolev spaces on metric measure spaces (for example
the Newtonian one [5, 26]), here we focus on the approach, strictly related to the ideas of
Cheeger [7], that is contained in the work of Ambrosio, Gigli and Savaré [4] where they
define the following concept of g-relaxed (¢ € (1, 400)) gradient: given a metric measure
space (X, d, m), we say that G € L9(X, m) is a g-relaxed gradient of f € L%(X, m) if there
exist a sequence (fy,), C Lip, (X, d) and Geld (X, m) such that

1) fp— fin LO(X, m) and ]ipdf—\é in LY(X, m),
2) G <Gm-ae.in X,

where, for f € Lip, (X, d), the asymptotic Lipschitz constant of f is defined as

lipg f(x): = limsup M

, xeX. (1.1)
V.2 X, Y#2Z d()h 2)

The g-Cheeger energy of f € LY(X, m) is then defined as

G, (f): = /X IDFIL ,dm,

where |Df.  is the minimal relaxed gradient of f i.e. the element of minimal norm in
the set of relaxed gradients of f. It is well known that the g-Cheeger energy can be also
characterized as the relaxation of the so called pre-g-Cheeger energy

oCE, (f): = / (lipgf)?dm. f € Lip,(X. d),
X
in the sense that

&, (f) =inf {1,,1241_{% PCE, (fn) : (fu)n C Lipy(X,d), fu — fin LO(X,m)} . (L2)
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The Sobolev space d la Cheeger H La(x, d, m) is thus the vector space of functions f €
L7(X, m) with finite Cheeger energy endowed with the norm

i = /X |F17dm + CE, (f)

which makes it a Banach space. A remarkable result [4] is the so called strong approxi-
mation property by Lipschitz functions: if f € H 1.4 (X, d, m) then there exists a sequence
(fu)n C Lip,(X, d) such that

fo— 1, lipdfn — |Df|*,q in Lq(X»m)~ (1.3)

In [12] the authors provide a general criterion for the validity of the same property where,
instead of the whole Lip, (X, d), the approximating sequence can be taken from a suitable
subalgebra .«# C Lip, (X, d) satisfying

1 e o/, foreveryxg,x; € X thereexists f € & :  f(xo) # f(x1),

where 1 : X — R is the constant function equal to 1. This is equivalent to say that <7 is
dense in energy in the Sobolev space. In particular (see Theorem 2.9 below or [12, Theorem
2.12] for the proof) it is proven that an equivalent condition is that for every y € X it holds

[Ddylyq,# <1 m-ae. inX, (1.4)

where dy (x): = d(x, y) and |D - |, 4, is a suitably .«7-adapted notion of minimal relaxed
gradient (cf. Definition 2.1). The second part of [12] is devoted to apply the criterion in (1.4)
to the L?-Kantorovich-Rubinstein-Wasserstein (in brief, Wasserstein) space on a separable
Hilbert space H, denoted by (P, (H), W»), with the algebra €(P(H), C}(H)) of cylinder
functions (cf. Definition 4.1), which is the algebra of functions of the form

F(M):Iﬂ(/ﬂ_ﬂﬁsldﬂvuw/];ﬂ(ﬁNdM)» w € PHD, (1.5)

where € C}(RY)and ¢, € C}(H) forn = 1,..., N € N. The density of ¢(P(H), C} (H))
in H2(P,(H), W,, m) (here m is a finite and positive Borel measure on P, (H)) is particu-
larly interesting since cylinder functions come already with some structure; in particular to
any function F' as in (1.5) we can associate a notion of gradient given by

N
DFGe.0: = 30 ([ ondie [ owan) 900, Gux) € D) x . (1)

n=1

It is proven in [12, Proposition 4.9] that, for every F € ¢(P(H), Ch (H)), we have

PCE, (F) 2/ IDF (e, x)[*dpu(x)dm(w), 1.7
P> (H) xH

so that the pre-Cheeger energy satisfies the parallelogram identity (cf. [12, Subsection 4.2])

and thus forces the Cheeger energy to be a quadratic form. This amounts to say that the

Sobolev space H':2(P,(H), Wa, m) is a Hilbert space, a crucial property in the theory of

metric Sobolev spaces [4, 14, 21, 27, 28].

The aim of this work is, following the approach of [12], to study the properties of the

more general class of Wasserstein Sobolev spaces H'(P,(B, d|.|), Wp.dp-m (p.g €

(1, +00)), where (B, ||-||) is a separable Banach space, (P, (B, d|.|), W), 4,,) isthe (p, dj.)-

Wasserstein space on it and m is positive and finite Borel measure on P, (B, d.). First of
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all, in Proposition 4.7 we provide a generalization of the representation in (1.7): if F is a
cylinder function in P(B) as in (1.5), then

, q/p'
pCE, (F) = / (/ IDF (e, )% du(x)> dm(w), (1.8)
where p’ = p/(p — 1) is the conjugate exponent of p, || - ||« is the dual norm in B* and

DF is adapted from (1.6) in the obvious way. Notice that, differently from the representation
(1.7), the right hand side of (1.8) doesn’t coincide with the g-th power of a L¢ norm on a
suitable space but it is rather the g-th power of the norm in the L?-direct integral of a family
of Banach spaces (see Sect. 5 for more details).

Approaching first the case in which B = R and | - || is a sufficiently regular norm on
R? (cf.(3.3)), we are able to prove the density of QZ(’P(Rd), C}, (R4 )) in the corresponding
Sobolev space (first part of Theorem 4.15) adapting the techniques of [12] (in particular
using (1.4) and the representation in (1.8)) to this more general situation: this requires more
sophisticated results (which may be interesting by themselves) in terms of the properties of
Kantorovich potentials which are no longer convex if p # 2 (see Sect.3.1).

The density of cylinder functions is then extended to the Sobolev-Wasserstien space corre-
sponding to an arbitrary norm on R¢ by an approximation procedure and then to an arbitrary
separable Banach space (B, | - ||) via a standard embedding technique in £°°(N) and finite
dimensional projections (second part of Theorem 4.15 and Corollary 4.19, respectively). The
precise statement of the result is the following.

Theorem 1.1 Let (B, ||-||) be a separable Banach space;, then the algebra of cylinder functions
C(P(IBS), C; (IB)) is dense in q-energy in the Sobolev space H'-4 (P, dy.), Wy dyy» ™).

Let us also mention that we are able to extend the density result (Theorem 4.18) to an
arbitrary complete and separable metric space (X, d) where, instead of using Cll7 functions
(which of course are not available) to generate cylinder functions on P(X), we consider a
sequence (¢ ) C Lip, (X, d) such that

d(x, y) = sup [¢x(x) — ¢ (y)|, foreveryx,y e X,
k

and we use the smallest unital algebra containing (¢ ).

In the same spirit of the Hilbertianity result in [12], we are led to study which properties
of the Banach space B are transferred to the Sobolev space, thanks to the density of cylinder
functions provided by the above Theorem 1.1. This is the case of uniform convexity and the
validity of some Clarkson’s type inequalities. The argument we adopt for such properties is
similar: since the pre-Cheeger energy of a cylinder function as in (1.8) corresponds to the
g-th power of a norm in a suitable Banach space, it is sufficient to prove that such norm
enjoys the uniform convexity (resp. the validity of Clarkson’s type inequalities) to obtain
that the pre-Cheeger satisfies the same property; thanks to the density of cylinder functions
such a property is extended to the Cheeger energy and thus to the whole Sobolev norm
(Theorems 5.4 and 5.10). For what concerns reflexivity the argument is somehow standard:
again using the representation of the pre-Cheeger energy in (1.8), we can isometrically
embed the Sobolev space into a reflexive Banach space (Theorem 5.2). The precise statement
regarding reflexivity and uniform convexity is reported below (we refer to Sect. 5.1 for the
results related to Clarkson’s type inequalities).

Theorem 1.2 Let (B, || - ||) be a separable Banach space. If B is reflexive (resp. its dual
is uniformly convex), then the Sobolev space Hl*q(PP(B, dj., Wp.dy» ™) is reflexive
(resp. uniformly convex).
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Plan of the paper In Sect. 2 we summarize the construction of metric Sobolev spaces
depending on a subalgebra of Lipschitz and bounded functions .7 and we report a few results
of [12] concerning the density in energy of 7. The beginning of Sect. 3 contains the general
framework for Wasserstein spaces we are going to work with and Sect. 3.1 presents some
compactness results for Kantorovich potentials in a specific geometric situation: these results
combine the ideas of [11, 13] to provide useful Lipschitz estimates on the potentials. Section 4
contains the core of our density results: after stating the definition of cylinder functions in the
framework of a metric space (X, d), in Sect. 4.1, we study the asymptotic Lipschitz constant
of a cylinder function (Proposition 4.7); in Sect. 4.2 we prove the density result when the base
space is R? endowed with an arbitrary norm (Theorem 4.15); in Sect. 4.3 we generalize this
result to a complete and separable metric space (X, d) (Theorem 4.18). Finally, in Sect. 5 we
prove that relevant properties of the underlying Banach space pass to the Sobolev space: first
we treat reflexivity and uniform convexity (Theorems 5.2, 5.4) and then we study Clarkson’s
type inequalities in Sect. 5.1 (see in particular Theorem 5.10).

2 Metric Sobolev spaces and density of subalgebras

In this section we describe the general metric setting and we list a few results of [12] which
are the starting point of our analysis. For this whole section, we fix a separable metric space
(X, d), a finite and positive Borel measure m on (X, d) (the triple (X, d, m) is called a Polish
metric-measure space), an exponent g € (1, +00) and a unital and separating subalgebra
o/ C Lip, (X, d) i.e. satisfying

1 e .o/, forevery xg,x; € X thereexists f € &« :  f(xg) # f(x1), 2.1)

where Lip, (X, d) is the space of real valued and bounded d-Lipschitz functions on X and
1: X — Ris the constant function equal to 1.

If (Y, dy) is another complete and separable metric space and f : X — Y is a Borel function,
we define the finite (with the same total mass of m) and Borel measure fym on (Y, dy) as

fym(B) = m(f_] (B)) forevery Borelset B C Y. 2.2)

We define the d-asymptotic Lipschitz constant of f € Lip, (X, d) as

lipg f (x): = hﬁ} Lip(f,Bg(x,r),d) = limsup Vo) = J@I

, x€X, (2.3)
Y, 2—X, Y#2Z d(y, 2)

where B4 (x, r) C X denotes the d-open ball centered at x with radius » > O and, for A C X,
the quantity Lip(f, A, d) is defined as

Lip(f,A,d):= sup M
X,y€A, x#y (x,y)

We denote by LO(X ,m) the space of real valued and Borel measurable functions on X,
identified up to equality m-a.e. and, analogously, by L" (X, m) the usual Lebesgue spaces of
real valued, r-summable and Borel measurable functions, identified up to equality m-a.e.,
r € [1, 400]. Weendow L°(X, m) with the topology of the convergence in m-measure, while
L" (X, m) is endowed with the usual norm, r € [1, +00]. When dealing with vector-valued or
extended real-valued functions we also specify the codomain in the notation for L"-spaces,
i.e. we write L" (X, u; Y), where Y is a (subset of a) Banach space. The following is the
definition of relaxed gradient we adopt [3, 4, 25] (see also [5, 26] for a different approach).
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Definition 2.1 ((¢, «/)-relaxed gradient) We say that G € L9(X,m) i~s a (q, of)-relaxed
gradient of f € LO(X, m) if there exist a sequence (f;)neN € &/ and G € L9(X, m) such
that:

(1) fpn — f in m-measure and lipy f, — G weakly in LY (X, m);
2) G < Gm-ae.in X.

The next result is a simple but important property of relaxed gradients [3, 4, 25].

Theorem 2.2 If f € LO(X,m) has a (q, </)-relaxed gradient then there exists a unique
element of minimal L4(X, m)-norm in

S(f): = {G € L9(X, m) : G is a (q, o)-relaxed gradient of f}.
Thanks to Theorem 2.2 the next definition is well posed.

Definition 2.3 (Minimal relaxed gradient) Let f € L9(X, m) be such that f hasa (g, «)-
relaxed gradient. Its relaxed gradient with minimal L9 (X, m)-norm is denoted by |D f |4 4, o
and called minimal (g, <7)-relaxed gradient of f.

Definition 2.4 (Cheeger energy and Sobolev space) We call D'9(X, d, m; &) the set of
functions in L%(X, m) with a (g, o7)-relaxed gradient and we define the (¢, <7)-Cheeger
energy as

&y, (f): =/ |Df|fqﬂ(x)dm(x) for every f € D]'q(X,d,m; ), 24
¥ .4

with Gy 7 (f): = +oo if f € LY°X,m)\D"“9(X,d, m;.o/). The Sobolev space
HY“9(X,d, m; o) is defined as LI(X,m) N DY9(X, d, m; «/). The Sobolev norm of
f e HY(X,d, m; &) is defined as

110 ey = 1 Wy + oz ()

In the next theorem we collect a few properties of relaxed gradients and Sobolev spaces
that will be useful (for a more comprehensive list and references to the proofs, see [12]).

Theorem 2.5 (1) The set
S: = {(f, G) e LOX,m) x LY(X,m) : G is a (q, /) -relaxed gradient off}

is convex and it is closed with respect to to the product topology of the convergence in m-
measure and the weak convergence in L1(X, m). In particular, the restriction Sy: = SN
L"(X,m) x LY(X, m) is weakly closed in L" (X, m) x LY(X, m) foreveryr € (1, 4+00).

(2) (Strong approximation) If f € DY4(X,d, m; o) takes values in a closed (possibly
unbounded) interval I C R then there exists a sequence f, € </ with values in I such
that

fo— fm-aeinX, 1ipgfy = IDfleg.e stronglyin L9(X,m).  (2.5)

If moreover f € L" (X, m) for some r € [1, +00) then we can also find a sequence as in
(2.5) converging strongly to f in L" (X, m).

(3) (Pointwise minimality) If G is a (g, «/)-relaxed gradient of f € L°X,m) then
IDflyg,es <G m-a.e. in X.
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(4) (Truncations) If f; € DY (X,d, m; &), j =1,---,J, then also the functions fi: =
max(f1,---, fy)and f—: =min(fy,---, fj) have (g, <)-relaxed gradient and

IDftleg.o = |Dfjlegw m-aeon{xeX: fi=/[f} (2.6)

IDf-leg.or = Dfilegr m-ae.on{xeX: fo=f). @7

(5) (Sobolev norm) (H“1(X,d, m; &), I+ Il ga (x.d,m:r)) is @ Banach space.

Notice that, if .« = Lip, (X, d), we will simply use the notations |D - [, 4, DL (X, d, m),
&, (), H“(X,d, m)and | - | 1.9 (x d,m) OMitting the dependence on 7.

Remark 2.6 (Pre-Cheeger energy and its relaxation) It is well known (see e.g. [25, Corollary
3.1.7]) that for every r € {0} U [1, +00) it holds that
&y, 7 (f) = inf {liminprEq(f,,) e, f > fin L’(X,m)} . fel(X,m),
n—-+00
(2.8)

where the pre-Cheeger energy pCEq : Lip, (X, d) — [0, +00) is defined as
pPCE,(f): = / (lipg )¢ dm, f € Lip,(X,d). 2.9
X

The main property we are interested in investigating is the density of the subalgebra <7 in
the metric Sobolev space.

Definition 2.7 (Density in energy of a subalgebra of Lipschitz functions) We say that <7/ C
Lip, (X, d) is dense in g-energy in DY9(X,d, m)ifforevery f € D19(X, d, m) there exists
a sequence (f;)nen satisfying

Jo€d, fo— fm-aeinX, lipyfy — |Dflq stronglyin L9(X, m). (2.10)

Remark 2.8 1t is not difficult to see that Definition 2.7 is equivalent to the equality
DY (X,d, m; &) = DV9(X, d, m) with equal minimal relaxed gradients, the equality of
the Sobolev spaces H'7(X,d, m; &) = H'9(X, d, m) with equal norms and the following
strong approximation property: forevery f € H'9(X, d, m) there exists a sequence ( f,,)neN
satisfying

fmed, fun— finLY(X,m), lipyfn = |Dfl.gq stronglyin LY(X,m). (2.11)

The following characterization of the density of a subalgebra of Lipschitz and bounded
functions is proven in [12].

Theorem 2.9 Let Y C X be a dense subset. Then

forevery y € Y it holds dy € D" (X,d, m; <), |Dd,| 1 (2.12)

<
*q, 9 —

if and only if o/ is dense in q-energy according to Definition 2.7, where the function d, :
X — [0, +00) is defined as

dy(x): = d(x,y), xeX.
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3 Wasserstein spaces

We devote the first part of this section to a few general properties of Wasserstein spaces (see
[2, 24, 29, 30] for a general review of Optimal Transport). The second part of the section
will treat properties of Kantorovich potentials in particular geometric situations. We fix an
exponent p € (1, 4+00) (recall that p’: = p/(p — 1)) and we remark that all vector spaces
(and thus all Banach spaces) are real vector spaces.

If (X, d) is a metric space, we denote by P(X) the space of Borel probability measures on
X and by Pp(X, d) the set

Pp(X,d): = {M e P(X): f d? (x, xp)du(x) < +oo for some (and hence for all) xy € X} .
X

Given pu, v € P(X) the set of transport plans between p and v is denoted by I'(u, v) and
defined as

L, v) = {y eP(XxX):nﬁly =, ©iy =v},

where 7¢ (x1, x2) = x; for every (x1,x2) € X x X and f denotes the push forward operator
as in (2.2). The (p, d)-Wasserstein distance W), 4 between u, v € P, (X, d) is defined as

W;d(ﬂ, V): =inf{/x

It is well known that the infimum above is attained in a non-empty and convex set
Ty pd(p, v) C I'(u,v) and that the (p, d)-Wasserstein space (P,(X, d), W, q) is com-
plete and separable, if (X, d) is complete and separable. The Kantorovich duality for the
Wasserstein distance states that

d?dy :y € T(u, v)’.
x X

1
;Wﬁd(u, V) = sup{/deu—i-/Xde (e, ¥) € Admdp/p(X)}
forevery i, v € Pp(X, d), 3.1

where Admgp/, (X) is the set of pairs (¢, ) € Cp(X) x Cp(X) such that
1
o)+ ¥ (y) < —dP(x,y) foreveryx,y e X.
p
It is easy to check that for every f € Lip(X, d) and u, v € P, (X, d) we have

/X fd(u—v) < Lip(f, X)Wp, q(u, v); (3.2)

in fact, choosing y € I',, ,, (1, v) and setting L: = Lip(f, X), we have

1/
[ faw=v = [ ronaren <1 [ day <i( [ @ ay)" = w0,

3.1 Estimates for Kantorovich potentials in (R?, || - |

In this subsection we study some stability properties for Kantorovich potentials in finite
dimensional real Banach spaces for the cost induced by the p-th power of the norm. We thus
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fix a dimension d € N and a norm || - || on R? such that
the unit || - || -ball B (0, 1): = {x € R? : |lx|| < 1} is strictly convex and has C!*! boundary.
(3.3)
We consider the map £ : R? — [0, +00) defined as
1
h(x): = —|x[1?, x e RY,
p
and its Legendre transform /* : RY — [0, 4+-00) which is given by
1 /
W)= —[llf. veR?
P
where | - ||« is the dual norm of || - ||. Since 4 is strictly convex, h* is differentiable and we
denote by j, the gradient! of #* which satisfies the equality
(jpr @), v) = 0 = lljy @I, forevery v e RY, (3.4

where (-, -) is the standard scalar product on R?. The reason for restricting our analysis to
norms satisfying condition (3.3) is that the cost function c(x, y) induced by 4 through the
formula

c(x,y):=hx—y), x,y€ R? 3.5)

is compatible with the frameworks studied in [11, 13] whose results we will often use. More
specifically, the function & as above, satisfies hypotheses (H1), (H2) and (H3) in [13]: while
(H1) and (H3) are obvious, let us just mention that the smoothness of the unit | - ||-sphere
gives that the unit || - ||-ball satisfies the so called e-ball condition for some ¢ > O (see e.g.
[9, Definition 1.1, Theorem 1.9]) which in turn implies (H2). Also notice that, being the unit
I - [|-sphere smooth, i € Cl'(RY) [20, Proposition 13.14].

We consider the complete and separable metric space (R?, d I-1), Where d . is the distance
induced by | - ||, and the corresponding (p, d.)-Wasserstein space. To simplify the notation,
in this subsection, we will simply write P, (RY), Wy and T, ,, omitting the dependence on
dj.). Moreover we denote by ’P;(Rd ) the subset of P, (RY) of probability measures that are

absolutely continuous w.r.t. the d-dimensional Lebesgue measure £¢ and we set
mp0: = [ 117 o) = WEGuid0) € PR, (.6)
Finally let us set
By (x,R): = {y eR?: lx —yll < R}, xeRY R>0.

The next theorem uses the results of Gangbo and McCann [13, Sections 3 and 4] and
Figalli and Gigli [11] to collect various useful properties of the optimal potentials realizing
the supremum in (3.1) when the support of one of the measures is a closed ball. This result
plays the same role of [12, Theorem 3.2] for the case p = ¢ = 2 and || - || equal to the
Euclidean norm.

1 Notice that in case || - || coincides with the Euclidean norm | - |, j I is simply given by

/
Jp@ =P ", veR?
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Theorem 3.1 Let u,v € 77;,(Rd) with suppv = B (0, R) for some R > 0. Any pair of
locally Lipschitz2 functions ¢ € L (B0, R), v) and € LY (RY, L) such that

1
() B+ 9(3) = e = I for evey (5, 3) € B 0. ) x B!,
) [ g [ wdn=wh,
B(0O,R) R4 P

satisfies also
W,i’w,v>=/ IVl dv=/ Iy L du. 3.7)
BH,"(O R) R4

There exists a unique pair as above satisfying conditions (i), (ii) and the additional conditions

(iii)

1
¢d(x) = mﬂg {—Hx —y|I? - Ip(y)} forevery x € B|.(0, R), 3.8)
e — vIIP — d
Y(y) = xeBH u(O ® { llx = ¥l ¢(X)} forevery y € RY, (3.9
(iv) ¥(0) =0.

Such a unique pair is denoted by (® (v, i), ©*(v, n)). Finally, the function ¥: = ®*(v, u)
satisfies the following estimates: there exists a constant K , r, depending only on p and R,
such that

v () =] <Y =y 1227 @RPT R IV IPT 1y 1P forevery v,y € RY,

(3.10)

WM < Kp (14 [IyI17) foreveryy € RY,
(3.11)

VYDl < Kpr(+y177 for L4 -a.e. y € RY,
3.12)
1

Y(y) > $||y||p —Kp.r for every y € RY,

(3.13)

Proof Lety € T, ,(v, u) be fixed and let ¢ be as in (3.5). We divide the proof in several
steps.

Claim1 Let¢ € L'(B). (0, R), v) and ¢ € L' (R?, 1) be locally Lipschitz functions satis-
fying (i) and (ii). Then the maps ¢, s defined as

tx):=x—(jyoVe)(x), v-ae.x€By 0, R),
s =y = (p o V() w-ae.y R,

are Optimal Transport maps from v to x and from u to v, respectively. In particular ¢ and
Y satisfy (3.7).

2 Lipschitzianity is meant w.r.t. any (equivalent) norm on R4,
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Proof of claim 1 The proof of this statement is classical and thus omitted (see e.g. [30, The-
orem 2.12], [24, Theorem 1.17] or [2, Theorem 6.2.4]).

By the proof of [2, Theorem 6.14] and [2, Theorem 6.15], we have that there exists a
c-concave function u € L'(R?, v; [—o0, +00)) such that u is finite on 7! (suppy), u€ is
finite on 72 (suppy), u¢ € L'(R?, j1; [—00, +00)) and

c 1 P
udv + udu = =Wy (i, v),
R4 R4 V4

where u€ is the c-transform of u defined as
u(y): = inf fe(x,y) —u()}, yeR?
xeRd
and7’ : RYxR? — R? is the projection 7’ (x1, x2) = x; fori = 1, 2. Recall that c-concavity
of u means that there exists some proper v : R? — [—o00, +00) such that

u(x) = inf {c(x,z) —v(2)}, xeR%
zeR4

Claim 2 If we define v as

S - 4
Y (y): _xesﬁfo,m {c(x,y) —u@)}, yeR?,

then v is real valued and locally Lipschitz, it is finite on n2(suppy), 1& e LY(R?, ) and
~ 1
/ udv +/ Ydp = —W) (v, p. (3.14)
R4 R4 p

Proof of claim 2 Since u(x) + u“(y) = c(x, y) for every (x, y) € suppy, then for u-a.e. y €
R there exists some x € By (0, R) such that u(x) 4+ u“(y) = c(x, y). This gives that
u¢ = p-ae. in R? and proves that Ve LY(RY, ) and (3.14). Since ¥ > u® " everywhere,
we also have that v is finite in 772(suppy). Let us prove that v is real valued. Since v is
proper, there exists some zg € R4 such that v(zg) € R. Then

u(x) < c(x, z0) — v(zo) forevery x € RY
so that

Y(y) = xeBﬁ{O,R) {c(x,y) —c(x, z0)} + v(zp) > —00

since the map x — c¢(x, y) —c(x, zo) is bounded below in By (0, R) for every fixed y € R4,
To prove that ¥ is locally Lipschitz, it is enough to observe that, for every M > 0 and every
¥, y" € By (0, M), we have

VO =G| < it R)|c<x,y’> —c(x, Y| < we(R, M)IlY' = "I,
Xeb| Y,

where w. (R, M) is the uniform |- | -modulus of continuity of ¢ on the compact set By (0, R) x
By (0, M).

Claim 3 If we define ¢ as the restriction of u to B (0, R), then we have that ¢ is real valued
and locally Lipschitz.
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Proof of claim 3 Let us denote the effective domain of u by
D(u):={x e RY u(x) > —oo}

and its interior by 2. Since u is c-concave, by [11, Step 2 in the proof of Theorem 1], we
know that for every point x € D(u) \ €2 there exists some v, € Rd\{O} and ¢, > 0 such that
the interior of the set

Cy:= {y e RY : there exists t € [0, £x] s.t. |lx 4+ tvy — y|| < t/2}

does not intersect D (u). Thus we have that int(D(u)) C 2. Moreover u is locally Lipschitz
in Q by [11, Step 3 in the proof of Theorem 1]. Itis then enough to prove that By (0, R) C €.
Since 7! (suppy) C suppv is dense in suppv and u is finite on 77 ! (suppy), then

By (0, R) = suppv C 7' (suppy) C D(u).
Finally
Q D int(D(u)) D By (0, R),
so that By, (0, R) C Q.

Claim 4 1f we define ¢ : B (0, R) — R and ¢* : R? - Ras

¢(x) + ¥ (0), x € By O, R),
V() —9(0), yeR,

then they are locally Lipschitz, ¢ € L! By (0, R)), v), ¢* € L' (R?, i) and they satisfy
points (i), (ii), (iii), (iv) of the statement.

@(x):
e*(y):

Proof of claim 4 The only nontrivial fact to be checked is (3.8). Let us define the modified
cost function & : RY — [0, +00] as

- c(x,y) if (x,y) € B (0, R) x R4,
clx, y):=
+00 else
and the function w : R? — [—00, +00) as
w(2): =v() - ¥(0), zeR”
It is thus clear that

p(x) ifx € B (0, R),

wé(x) = inf {é(x,2) —w(z)} = {
2eRd 400 else,

& . - oz _ . _ ok d
w0 = inf fo ) —wim) = il e ) - @) =9t v e R,

ww) = inf {é@y) —w | = inf {ey) 9], xR
yeRd yeRd

By [30, Prop. 5.8], we have that w = weee that reduces precisely to (3.8) in case x €
By (0, R).

Claim 5 The pair (¢, ¢*) is unique.
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Proof of claim 5 Suppose that (¢, ¢j) is another pair of locally Lipschitz functions ¢y
LI(B”.” (0,R),v), ) € LY(RY, ) satisfying points (i), (ii), (iii) and (iv). By claim 1. the
maps ¢, ¢y defined as

t(x):=x— (jp o Vp)(x), v-ae. x € By 0, R),
to(x): = x — (jpr o Vo) (x), v-a.e. x € B (0, R),

are Optimal Transport maps from v to . Since ¢ and ¢p are (restrictions of) c-concave
functions and both ¢ and #y push v to u, by [13, Theorem 4.4] we get that ¢ = £y v-a.e. in
By (0, R) and this gives in particular (recall that % is everywhere differentiable) that Vg =
Vo L£%ae.in By (0, R). From this and point (iii) we get uniqueness.

Claimé6 Let vy: = ®*(v, ). Then there exists a constant K, g depending only on p and R
such that (3.10), (3.11), (3.12) and (3.13) hold.

Proof of claim 6 (3.10) is a consequence of the elementary inequality
la? — bP| < pla —bl@"~" +bP7Y), a,b>0,
and of the fact that

1
WO =M< = sup [l =17 = llx = y"1I7].
p xEBH.H(O,R)

(3.11), (3.12) directly follow by (3.10). Finally, (3.13) follows by the inequality
1
lx —ylI” > Ellyll”—KpIIXIlp, x,y eRY, (3.15)

that holds for a suitable constant K, > 0 that depends solely on p. In fact, using (iii), we
have that

1
@(x) < —|x||P forevery x € RY
P
so that
Yo)= inf {1||x - l||x||"} > L= Lk, 4 DR? forevery y e RY.
T xeBO.R) | p I4 “2p p "
O

Remark 3.2 There exists a constant D, g, depending only on p and R such that, if ¢ : R —
R is a function satisfying (3.10), then

VA = 1) = Dp W', 1A+ my () +mp () forevery 1, i € Pp(RY).
Rl

(3.16)
In fact, by (3.10), if we take any y € ', ,(u’, n”), we have

/ Y — py = / WO —vO™M) dy (s y")
R4 R4 xR4
| 1/p
<27 (/ Iy = y"IPdy (¢, y”))
R4 xR4

, 1/p
(fR y CRP Y 1IP + 1y 1P dy (v, y”))
X

so that (3.16) follows.
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In the following results we collect some properties of sequences of pairs of potentials as
in Theorem 3.1. The aim is to prove that, under suitable conditions, such sequences converge
to optimal potentials.

In the next Propositions we use the notation

dist(A, B): =inf{|lx —y|l:x € A,ye B}, A,BC RY.

Proposition 3.3 Let R, I > 0 and let (¢)n, (Yn)n be sequences of functions such that

. 1 . 1
@n(x) = inf {7“)(_)7”‘0_1#11()’)}; Yn(y) = inf {*”x_y”p_Wn(Y)}a
yeRd | P xe€B) (0.R) | p

Y (0) =0, [ ondld > —1

for every x € B (0, R), every y € R and every n € N. Then ¢, is locally (w.rt. x €
By (0, R)) uniformly (w.r.t. n € N) bounded and Lipschitz.

Proof The proof is strongly based on [11] (see also the similar approach in [13, Proposition
C.3]) and it is divided in two claims. For the whole proof, we extend ¢, to R? simply setting

1
@n(x) = inf {—le —y|I? - w,,(y)} for every x € RY.
yeRd | P

Claim 1 The sequence @, is locally (w.r.t. x € By (0, R)) uniformly (w.r.t. n € N) bounded.

Proof of claim 1 Since ¢, (x) < %lellp for every x € R, it is enough to prove that ¢, is
locally uniformly bounded from below in B (0, R). Let us suppose by contradiction that
there exist some x € By, (0, R) and a sequence (x,), C Bj.;(0, R) such that x, — X and
¢n(x,) = —oo. For every n € N we can choose some y, € R? such that

1
on(xp) +1 > ;”xn - yn”]7 =Y (Yn) = —Vn(yn)
implying that ¥, (y,) — +o0. Thus, since ¢,(x) € R and
_ 1 _ »
Pn(¥) < ;le =l =¥ (),

we get that ||X — y, || — +oo which in particular gives that ||x, — y, || — +4o00. Let us define
now the curves y;, : [0, ||x, — yulll — RY as

13 t
@) =1-— Xp + Yu, t €0, lxy — yaulll.
lxn — Yull lxn — yull

Since ||x,, — y»|| = +00, we can assume that ||x, — y,|| > 1 for every n € N and define

t
Cy: = {x € RY : there exists t € [0, 1] such that ||x — y, (0] < 5} , neN.
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We claim that sup,, ¢, — —00 as n — +oo. Indeed if x € R? and 1 € [0, 1] is such that
Il = ya ()]l <1/2, we have

1
@n(x) < ;le =17 =¥ (n)

IA

1
> (lx =y O+ lya®) = yul)? — ¥ (yn)

IA

1
; /2 + llyn(0) — ynll)” — Y (n)

1 .1
= =l = 1/27 = ) 17

IA

1 t _
;uxn ] i b ()

1 t -1
< @nlxn) + = — = llxn — yall
n 2
S (p’l (-xl‘l) + 1’
where we have used the elementary inequality
(a—b)? <a? — pa”’lbf7 forevery 0 < a < b.
Letting n — 400, we obtain the claim. Up to passing to a (unrelabeled) subsequence, we
can thus assume that

on(x) < —n foreveryx € C,, neN.

Since X € B, (0, R) there exists some & > 0 such that Bj.;(x, &) C Byj(0, R).Let N e N
be such that ||x, — x|| < ¢/2 foreveryn > N and let §: = %; it is not difficult to check that
the truncated sets

t
cl: = {x € R? : there exists ¢ € [0, 8] such that || x — y,(1)|| < 5} cCy neN

are such that C,f C By (x, &) C By (0, R) forevery n > N. Then for every n > N we have

1 1
—1 — —mh(LY LBy (0, R)) < / (wnu) — f||x||1’> dcd (x)
p By (0.R) P

1
< f (mx) - fuxnp) 4L (x)
cs )4

n

1
< / (—n - —||x||P) 4L (x)
cs P
< —nL'(c))
nwg—18¢
= _d2d_117d_1 ’

where wy_1 is the £47 -measure of the Euclidean (d — 1)-dimensional unit ball and n > 0
is a constant such that

x| < nlx| forevery x € R?,

where | - | is the Euclidean norm on R?. Passing to the limit as n — 400 gives that I = oo,
a contradiction.
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Claim 2 For every K CC By (0, R) there exists Mg > 0 such that

1
on(x) = {f||x —y|? - wn(y)} for every x € K and for every n € N,
pr

inf
yeBy. 1 (0,Mk)
so that the sequence ¢ is locally (w.r.t. x € B)j(0, R)) uniformly (w.r.t. n € N) Lipschitz.

Proofof claim 2 Let K CC By (0, R) be fixed; we claim that there exists Cx > 0 such that,
if (x, y,n) € K x R x N are such that

1
en(x) +1= ;le =17 =¥ (y).

then y € B, (x, Ck). Let us define

2 =
Cg:=max {1, Z(SKZ—IKZ—i-l) .

where 0 < £ < dist(K, Bﬁ,” (0, R)) and

K =[x e RY 1 dist(r, K) = €] < By, R),

Sk,: = sup {@,(x) : (x,n) € Ky x N} < 400,
Ig,: = inf {@,(x) : (x,n) € Ky x N} > —o0,

where we have used claim 1 to ensure that the supremum and the infimum are finite. Let us
consider (x, y,n) € K x R x N as above. To prove that C is the sought constant, it is
enough to consider the case in which ||x — y|| > 1. If we define y : [0, ||[x — y||] — R? as
the curve given by

t t
y(): = (1 — 7) x+——7y, tel0,x—yll,
lx — yl lx — ¥l
we have, arguing as in (3.17), that
L -1
on(y () < pn(x) +1— Ellx =l
so that ||x — y|| < Cg. We thus set
Mg:=sup{llyll:y € K+ By (0,Ck)}.

If x € K and n € N are fixed, we can find a minimizing sequence (yx)x C RY, in the sense
that

11
©n(x) + 1> @, (xp) + 7z ;le — Wkll? — ¥n(yk) forevery k e N

so that, by the result we have just proven, (yx)r is bounded and thus converges, up to a
(unrelabeled) subsequence to some y € By (x, Ck). Passing the above inequality to the
limit as k — +o00, we get that

1
@n(x) = ;IIX =317 =¥ ().

This proves that y is a minimizer and, since it belongs to By, (0, M), we get the second
claim. O
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Proposition 3.4 Let R, I > 0 and let (¢,)n, (Y)n be sequences of functions such that

1 1
@n(x) = inf {*||x—y||p—¢n(y)}, Yn(y) = f {*Hx—y”p—%()’)},
yeRd | p p

in
JCEBH." (O,R)

Va(0) = 0, / ondld > —1
BH."(O,R)

for every x € B). (0, R), every y € R and every n € N. Then there exist a subsequence
j + n(j) and two locally Lipschitz functions ¢ : B (0, R) — R and v : R? — R such
that gu(j) — @ locally uniformly in B).| (0, R), ¥u(jy — ¥ locally uniformly in R? and

Y (y) # 9, limsup {dist(x, 3V (y) : x € 3Yu(jy(»)} =0 foreveryy e RY,
J

(3.18)
Vi) = V¥ LY -ae inRY, (3.19)

where 3¢V is the c-superdifferential operator of r, whose graph is given by

1 1
¥y = {(y,x) eR! xR y(z) <Y (y) + ;nz — x| - ;ny — x||? for every z € R"} .

(3.20)

Proof The proof is divided in three claims, the first of which is adapted from [13, Proposition
C.4]. By Proposition 3.3 we have that the sequence ¢, is locally (w.r.t. x € By (0, R))
uniformly (w.r.t. n € N) bounded and Lipschitz. Arguing as in Theorem 3.1 (see in partic-
ular (3.10) and (3.11)), we have that the sequence v, is locally (w.r.t. y € R%) uniformly
(w.r.t. n € N) bounded and Lipschitz. Hence we can apply Ascoli-Arzeld theorem and obtain
the existence of a subsequence j > n(j) and two locally Lipschitz functions ¢ : By (0, R)
and ¥ : R? — R such that ¢n(j) — ¢ locally uniformly in By (0, R) and v,(jy — ¥
locally uniformly in R,

Claim 1 For every K > 0 there exists a constant Cx > 0 such that

3Yn(By.1 (0, K)) C By (0, Ck) x By (0, Ck) foreveryn € N,

where 9y, is the c-superdifferential operator of v, (which is defined analogously to d¢
adapting (3.20) in the obvious way). Moreover 8, (y) # @ for every y € R? and every
neN.

Proofof claim 1 Let us start from the last part of the claim; let y € R? and n € N be fixed.
By hypothesis, we can find a sequence (x;) ; C By, (0, R) such that for every j € Nit holds

1 ) 1
—llx; = yII? = @u(xj) — = < ¥ (y),
p J

A

1
Yn(2) < ;”.Xj —zI” — @u(x;) foreveryze R4,
This gives that

1 1 1 .
Yn(2) + ;nx,- —ylIP = i V() + ;ux,- —z||? forevery (z, j) € R x N.
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Up to a (unrelabeled) subsequence, there exists some x € R such that x;j — x and we get
passing to the limit the above inequality that

1 )4 1 P d
1/fn(z)§%(y)+;I|x—zll —;le—yll for every z € RY,

meaning that x € 3y, (y). Let us come to the first part of the claim. Let K > 0 be fixed and
observe that, arguing as in Theorem 3.1 (see in particular (3.11)), the sequence v, is locally
(wrt.y € R%) uniformly (w.r.t. n € N) bounded, so that there exists some Tx > 0 such that

sup sup V(W] < Tk. (3.21)
"N yeBy 0.k +1)

We claim that there exists a constant Dg such that, whenever (x, A, u,n) € RY x R x
B (0, K) x N are such that

1
Yu(z) < ;Ilz —x||P 4+ A foreveryz € RY, (3.22)

1
—llu —x|I” + A < Tk, (3.23)
p

then ||x|| < Dg. Suppose by contradiction that we can find a sequence (x, Ak, Uk, ng)x C
R4 xRxBy (0, K)xNsatisfying (3.22) and (3.23) such that ||x; || — +00.Letvg: = up—xx
for every k € N. Since u; € By (0, K), and ||x¢|| — 400, we may assume that |vg|| > 1
for every k € N. Let us also define &: = 1 — m so that § — 1 as k — +oo. Finally, let
Zk: = uk + (& — 1), k € N and observe that (3.21) implies that |, (zx)| < Tk for every
k € N since

lzell = llux + Ex — Doell = |lux +

Vg H 1
<K+ —-.
2|l 2
We can thus evaluate (3.22) and (3.23) written for (xi, Ag, Uk, nx) with z = z; obtaining that
1 1

Vg (21) < ;”Zk — x|I” + Ak, ;Iluk —x|I” + A < Tg  forevery k € N.
We thus deduce that

1 p 1 P 1 p 1 p

— Nl — =& vell” = —llvkll? — —llzx — xkll” < 2Tk forevery k € N. (3.24)

P P P P

Let now wy be the unique element of the subdifferential of / at the point &, vi so that

1 1
=017 = —lIgkvkll” = (wk, 0 — &kvi)  forevery k € N, (3.25)
p p

1 1
;Ilvk 17— ;Ilékvkllp = (wi, vp — &xvg)  forevery k € N. (3.26)
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Combining (3.24) with (3.26) we get

1 1
2Tk = —llvell” = —ll&evell”
p p
> (W, vk — &xvi)
1 ( )
= Wk, Vk
2lv
|
> &/ ull”! foreveryk € N,

2p

where for the last inequality we have used (3.25). Since & > % and |vk]| — oo,
we get a contradiction, proving our first claim. We set Cgx: = max{K, Dg} and we
prove that 3y, (B (0, K)) C By(0, Cg) x By (0, Ck) for every n € N. If (y,x) €
v, (By.1 (0, K) and we define A: = v, (y) — %Hx — y||?, we have that (x, A, y,n) €
RY x R x By (0, K) x N and satisfies (3.22) and (3.23) by the very definition of 9, so
that by the above claim we get that ||x|| < Dg < Ck and of course ||y|| < K < Ck. This
concludes the proof of the claim.

Claim 2 'We have that
Y () £ 0, limsup [dist(x, 3 (y)) : x € 3Yn(j(»)} =0 forevery y € RY.
J
Proofofclaim2 Let y € R? be fixed; observe that, if (x j);j is any sequence such that x; €
Y (j)(y) for every j € N (there exists at least one such a sequence by claim 1), then by
claim 1 9, (y) are uniformly (w.r.t j € N) bounded so that we can extract a subsequence

k +— jx such that x;, — x for some x € R¢. By the very definition of c-superdifferential,
we have that for every k € N it holds

1 1
Yo (@) < Yo (y) + ;HZ —xjlI” = ;H)’ —xj |IP forevery z € RY.

Passing to the limit as k — 400, we get that x € 3y (y), so that 3y (y) # @. This proves
in particular that from any sequence of points (x;); such that x; € 9, (;)(y) for every
Jj € N we can extract a subsequence converging to an element of 9y (y). Let us come now
to the proof of the limit. We prove that from any (unrelabeled) subsequence of n(j) we can
extract a further subsequence such that we have the convergence above. For every j € N we
can find some x; € 0¥, (;)(y) such that

1
dist(x;, 0y () + 7 > sup {dist(x, Y (y)) : x € 0Yn(jy (M)}

Reasoning as above, we find a subsequence k +> j; such that x; — x € Y (y) as
k — 400. Then we have

1
0 = dist(x, 3y (y)) = lim dist(xj,, Y () + —
’ Jk
> lim sup sup {dist(x, 0¥ (y)) : x € IYn(jp(M} -
k
This concludes the proof of the claim.

Claim 3 We have that Viy,(;) — Vi L£%ae.inRY.
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Proofofclaim3 Let A = { y € R : yrand jare differentiable atyfor everyj € N }
notice that A has full £¢ measure. Let y € Aj;since v is dlfferentlable aty we know by [13,
Lemma 3.1] that any x € 9y (y) will satisfy ||V1p(y)||* = ||Vh(x — y)||* =[x — y||” so
that 3°y () is contained in B (0, C) for some C > 0. On the other hand, claim 1 implies
that there exists some constant D > 0 such that 9y, (j(y) C By (0, D) for every j € N.
Let us define M > 0 as the uniform modulus of continuity of the map x +— Vh(x — y) in
the compact set By (0, C + D). By claim 2, for every ¢ > 0 we can find J; € N such that,
if j > Jg, then

dist(x, 3% (y)) < sup {dist(x, 0P (¥)) : x € 3Yu(jy()}
<¢g/M forevery x € 3Yn(j(y).
This means that for every j > J; and every x; € d°v,(j)(y) there exists some z; € 9y (y)
such that |x; — z;|| < &/M. Using again [13, Lemma 3.1] and the fact that both () and

Y are differentiable at y, we have that Viy,,(jy(y) = Vh(x; — y) and Vi (y) = Vh(z; — y)
for every j > J.. Then

[Vn(h () = V)| = [Vh(xj = y) = Vh(zj — y)| < Mllxj — 2l < ¢

for every j > J,. This concludes the proof of the claim. O

4 The Wasserstein Sobolev space H‘"’(’PP(X, d), Wp g4, m)

The aim of this section is to study the g-Sobolev space on the (p, d)-Wasserstein space
on a separable and complete metric space (X, d). In particular we will show at the end of
this section that the algebra of cylinder functions generated by a sufficiently rich algebra
of Lipschitz and bounded functions on (X, d) is dense in g-energy in the Sobolev space
H“’(P,,(X, d), W, 4. m). For the whole section p, g € (1, +00) are fixed exponents.

4.1 Cylinder functions on (X, d) and their differential in Banach spaces

Let (X, d) be a complete and separable metric space. We extend the definition of cylinder
function in [12] to this more general setting. To every ¢ € Lip, (X, d) we can associate the
functional Ly on P(X)

L¢:u—>/¢du 4.1
X

which belongs to Lip,(P,(X,d), W, q) thanks to (3.2). If ¢ = (¢1,---.0n) €
(Lipy (X, d))N, we denote by Lg: = (Lg,, -+, Lg,) the corresponding map from P(X)
to RV.

Definition 4.1 (&-cylinder functions) Let & C Lip, (X, d) be an algebra of functions; we say
that a function F : P(X) — R is a &-cylinder function if there exist N € N, ¢ € Cb RY)
and ¢ = (¢1, ..., py) € &N such that

F() =¥ (Le ) = ¥ (Lo, ), -+ Loy ) forevery p e PX).  (42)
We denote the set of such functions by Qf(’P(X ), 5)
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Remark 4.2 Since for every ¢ € &V the range of Ly is always contained in the bounded set
[—M, M]N where M: = max;—._4 ll¢i lloo» also functions F = v o Ly with ¢ € CI(RN)
belong to €(P(X), &). Indeed it is enough to consider a function ¥ € C}(R") coinciding
with ¥ on [—M, MY and equal to O outside [-M — 1, M + 11V so that F = & olg.In
particular every function of the form Ly, ¢ € &, belongs to @(P(X ), é”)

‘We use the notation Dy for the Borel set
Dx:= [(M, x)ePX)x X:x¢€ supp(u)}. 4.3)

We introduce now the definition of differential of a cylinder function, still following [12], in
case (X, d) = (B, dy.), where (B, | - ||) is a Banach space and d|. is the distance induced
by || - ||. In this case we denote by C}) (B) the space of bounded, continuously differentiable
and Lipschitz functions on B.

Definition4.3 Let F € ¢(P(B),C}(B)); then, given N € N, ¢ € C,(RY) and ¢ €
(Cll7 B))N such that F = v o Ly, we define the Wasserstein differential of F' conditioned to
(¢, ¢),DFy ¢ : Dg — B*, as

N
DFy(.x) = Y our (Lp(1)) Vu(x), (1. x) € Dg. (4.4)

n=1
We will also denote by DFy, ¢[u] the function x = DFy ¢(ut, x) and we will set
, 1/p'
IDEyglullls,prn = (/}B IDFy ¢ [11(0) 1% dM(X)> . mEP,B. dpp,  (4.5)
where || - ||« is the dual norm to | - |.

Remark 4.4 Let g, g € Pp,(B, dyp).letp € Lo p.dyy (o, w1) andletu € LP (B, no; (B, |-
). We define the curves w, v : [0, 1] = P, (B, d|.|) as

s = XM, t €0, 1], (4.6)
v = (g + tu)z o, t €0, 1], 4.7)
where X’ : B x B — B is the map defined as x'(xqg, x1): = (1 — t)xo + tx1, for every

(xo,x1) € BxBandt € [0, 1]. If F € ¢(P(B),C}(B)), given N € N, ¢ € C}(R") and
¢ € (C}(B))" such that F = y o Ly, then

. F(ue) — F(uy)

lim —————— = / (DFy, ¢ (s, X* (x0, x1)), x1 — x0)dp(x0, x1), (4.8)
[0,1]2t—s t—s BxB

. F(v) — F(vy) /

1 _ = DF, 50 X), dvg(x), 49
ohm p—_ . (DFy ¢ (vs, x), u(x))dvs (x) 4.9)

for every s € [0, 1]. This is a simple consequence of the chain rule and the regularity of ¢.
Remark 4.5 1t is not difficult to check that
DFy ¢ is continuous in P(B) x B (4.10)

with respect to the natural product (narrow and norm) topology. In principle DFy, ¢ may
depend on the choice of N € N, ¢ € Cé (RN) and ¢ € (C}7 (B))Y used to represent F. In
Proposition 4.7 we show that for every i € P,(B, d|.|) the function DFy, ¢[14] is uniquely
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characterized in supp(u) so that DFy 4 is uniquely characterized by F in DI’BZ: = Dg N
(P,(B, dj.) x B). We will be then able to remove the subscript in DFy, 4 and denote it
simply by D, F.

The following Lemma is proved in [12] and will be useful in the proof of Proposition 4.7.

Lemma 4.6 Let Y be a Polish space and let G : P(Y) x Y — [0, +00) be a bounded and
continuous function. If (in)neN is a sequence in P(Y) narrowly converging (i.e. converging
in duality with continuous and bounded functions on Y ) to i as n — +00, then

nli)IgO/YG(Mn,y)dun(y)zfyG(u, y)du(y).

The following proposition corresponds to [12, Proposition 4.9] and the proof is quite
similar but, because of a few differences, we still report it here.

Proposition 4.7 Let (B, || - ||) be a separable Banach space and let F € QZ(P(IB%), C}; (B));
then, if N € N, ¥ € CL,(RY) and ¢ € (C}(B))N are such that F = o Lg, we have

IDFy il pr, 0 = lipy F(n) forevery u € Pp(B,dy.).

P
In particular, ||DFy ¢[i]ll«,p . does not depend on the choice of the representation of F
and DFy, ¢ just depends on F on D]g (cf- Remark 4.5).

Proof Let € P, (B, d).|) and let (), o) € Py, dj) x Pp(B, dj.) with Wy, # WU, be
such that (M;, MZ) — (Ma M) in Wp,d”,H and

F() — F(u
lim M — liPW . F(u).
Wp.dy (), oA

Let (11},)re[0,1) be the curves defined as in (4.6) for plans w, € Ty p d,, (17, 14,); We have

1
!F(M;)—F(M;’)!=‘ f / (DFy. (1, X! (x0, 51)), X1 — x0) Ay (x0, 1)
0 BxB

1
1 , -
< ( /0 /B IDEy 4G 0)]" du;oc)dr)”

1
1 P
(/ /I|x1—x0||p dltn(xo,m)dt)
0o Je

1
1 , o
- ,,,dH,Hw;,,u;;)(/o [B IDFy g )| dML(X)dt) ,

where the first equality comes from (4.8). Dividing both sides by Wop.dyy (1,5 1)), we obtain

1
Fu) — F(u” 1 , v
) PGl ([ ] 1pFogtse 0l diprar)”
Wp,d”.” (l’l’ru H’n) 0 B

Observe that i, — (i, ip)zp in P(B x B) so that u!, — p in P(B) for every ¢ € [0, 1].
We can pass to the limit as n — 400 the above inequality using the dominated convergence
Theorem and Lemma 4.6 with

G(u,x): = ”DF¢,¢(M, X) Hf/, n e PB), x € B.
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We hence get

1
1 , i
lipy . F(u) < IDFy ¢e. |7 du)de ) = IDFy glpllls pr -
Py 0 JBxB
X

To prove the other inequality we consider a countable dense subset E: = {x,}, of the unit
sphere in B and, for every & > 0, the maps N, : B* — Nand j, . : B* — B defined as

Ne(x*):=min{n € N: (x* x,) > |x*[x — ¢}, x* e B*,
Jpre ()t = X7 Py, oy, x* e B*.

It is not difficult to check that j, . is measurable: if we define the sets

A= " e B (2% x) = " — e} neN,
Uy:= Ay,
Up:= Ay \U'ZA;, neN, n>l,

then {U}, },N is a countable measurable partition of B* and j e canbe written as j, ¢ x* =

’
Ix*(12 /P x, if x € Uy, so that Jjp' e is measurable. Moreover it is obvious that

ljp e GNP =X 18, (pre (™), x*) = Ix*)1E — el 1277, for every x* € B*.
“.11)
Let us now consider the maps 7, u, : B — B defined as
T(x):= DFyg¢lulx), u:(x):=jy(Tx)), x¢eB,

and the curve (v} );¢[o,1] defined as in (4.7) with u, as above (notice thatu, € L7 (B, u; (B, ||-

I)) since it is Borel measurable and |ju. (x)||” = ||T(x)||f/ < C < +oo for every x € B).
By (4.9), we get that
. FQf) = F(u) o 1
lim —~——=" = | (DF, > |T|”, —CYre,
im ——— /B (DFy (1, %), ue(0) du ) = 1717 o0 o= CYPe

where we used (4.11). Moreover

Wp,d".H (,LL, vts)
t

p'/p

g for every ¢t € (0, 1].
L (s (B 1)) very £ € (0. 1]

< lluellLr®, @) = 1T

Thus

1
p—p'/p B C /Pg
LY @@ I0) PP
L' (B, (B |1))

lipy , F(u) > nmsupL‘F(‘j) > |IT
PAll t}0 Wp,d”.H (/’Lv vt)

Passing to lim, ;o we obtain the sought inequality and this concludes the proof. O
Remark 4.8 Note that the inequality
lipy, ,  F(1) < IDFyglilllsppe forevery p € Py(B, di)

holds even if the Banach space (B, || - |||) is non-separable, since separability is not used in
the first part of the proof.

Thanks to Proposition 4.7 the following definition is well posed.
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Definition 4.9 Let (B, | - ||) be a separable Banach space. For every F € (’Z(P(IB%), C}7 (IB%)),
we define

D, F(u, x): = DFy ¢(u, x), (u,x) € D?, (4.12)
IDp Flidlls pr i = IDFygliellle, prs 1t € Pp(B, dyp, 4.13)

where N € N, € C}(R") and ¢ € (C}(B))" are such that F = y o Lg, and D? is as in
Remark 4.5.

4.2 The density resultin (RY, || - ||) for any norm

In this whole subsection (apart from Theorem 4.15) we focus again on a finite dimensional
Banach space with a sufficiently regular norm. To this aim we fix a dimension d € N
and a norm || - || on R? satisfying (3.3). As we did in Sect. 3.1, we work on the complete
and separable metric space (R4, dj.;), where dj.; is the distance induced by | - ||, and the
corresponding (p, dj.|)-Wasserstein space. To simplify the notation, as we did in Sect. 3.1,
in this subsection, we will simply write P, (RY), Wy and I, p,, omitting the dependence on
dj.- For the rest of this subsection m is a positive and finite Borel measure on P, (R9).

Recall that for a bounded Lipschitz function F : P, (R?) — R the pre-Cheeger energy
(cf. (2.9)) associated to m is defined by

pCE, () = [

(lipw, F () dm(ra). (4.14)
Pp(RY)

Thanks to Proposition 4.7, if F is a cylinder function in Q(P(Rd), Cl]7 (]Rd)), we have a nice
equivalent expression

oCE, (F) = / D, Fll?,, dma)

Pp(RY) P
, q/p'
-/ ( [, 105 F i du(x)) mGo,  @15)
Pp(RY) \JRI
where || - ||« is the dual norm induced by || - ||. Notice that (pCEq)l/‘f is not simply the L9-

L”' mixed norm of D pF in a Bochner space, since the measures u w.r.t. the inner norm is
computed varies, but rather the norm in the direct L9 (P, (RY), m)-integral of the Banach
spaces LP/(IB, w; B*, | - 115)) (see e.g. [10, 17] or Sect.5).

We adopt the notation «7: = Q:(’P(Rd ), C}y (R4 )) and we devote this subsection to the
proof of Theorem 4.15. The following Lemmas are the obvious adaptation of [12, Lemma
4.14, Lemma 4.15] and their proofs are the same, and thus omitted.

Lemma 4.10 Let F,, be a sequence of functions in Dl Py (RY), Wy, m;/)NL® (P, (R?), m)
such that F,, and |DF, |« 4,7 are uniformly bounded in every bounded set of P, (R?) and let
F, G be Borel functions in LY(P), (R?), m), G nonnegative. If

Tim Fu(u) = F(u), imsup|DFylug.er (1) < G(w) m-ae. in P,(RY), (4.16)

n—oo
then F € H"“9(P,(RY), W,, m; /) and |DF|s 4./ < G.
Lemma4.11 Let ¢ € C'(RY) be satisfying the growth conditions
P(x) = Allx|IP = B, V@« < C(Ix|”"" +1) foreveryx e RY  (4.17)
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for given positive constants A, B, C > Oandlet : R — Rbea C' nondecreasing function
whose derivative has compact support. Then the function F(u): = ¢ o Ly is Lipschitz in
P, (RY), it belongs to H'“9(P,(R?), W, m; &), and

/

, P 1/p
D1, (1) = 'Ly () /R IVl dn) “.18)

Let « € CSO(]R‘I) be such that suppxk = B(0, 1) (here B(0, 1) is the unit d-dimensional
Euclidean ball), x (x) > O for every x € R4, k(x) > 0 forevery x € B(0, 1), fRd kdl? =1
and x(—x) = k(x) for every x € R?. Let us define, for every 0 < ¢ < 1, the standard
mollifiers

1
Ke(x): = —d/c(x/a), x e R9.
e
Given o € PP(Rd) and 0 < ¢ < 1, we define

Oc: = 0 *Kg.

Notice that o, € P;(Rd) and W, (0g,0) — 0as e | 0. Moreover, if 0,0’ € P, (RY), we
have

Wp(oe,0)) < Wy(o,0') forevery0 <e <1 (4.19)
and it is easy to check that, if we set
Ce:= m,(ke L), (4.20)
then we have
m,(ue) <my(u) + Ce  forevery0 < e < 1. “4.21)

Definition4.12 Let 0 < ¢ < landv € P, (R?). We define the continuous functions
Wy, We, FE: P,(RY) — Ras

1
Wo(u):= Wy, v), Wy := Wy(ue), Fi(p):= ;(Wf(u))p, € Pp(RY).

The proof of the following proposition follows the one of [12, Proposition 4.17] but since
the exponent p may be different from 2, the estimates are more complicated and thus reported
in full.

Proposition4.13 Let0 <e < 1,5, R > 0, letv € P;,(]Rd) be such that suppv = B (0, R)

and vL_By.j (0, R) > 8L By.|(0, R), and let ¢ : R — R be a C' nondecreasing function
whose derivative has compact support. Then

D& 0 F)laguor (10) < &' (FE@IWE ™ 0. o) formeace. € Pp(RY).  (4.22)

Proof Let G: = {pf‘}heN be a dense and countable set in P, (R?) and let us set, for every
heN, gp: = d(v, /,LI;), ppr = d*(v, u’;) (see Theorem 3.1),

ap: = / opdv, up: =@ +ap, Gr(u): = max / updpe, W®E ’P,,(Rd), k e N.
By (0,R) I<h=k Jrd

Notice that, by (3.11), up € L'(R?, 1) for every p € P, (RY).
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Claim 1 Tt holds

lim Gp(u) = Fy(n) forevery u € P, RY).
k——+00
Proofof claim 1 Since Gy () > Gy () for every u € P, (RY), we have that
lim Gp(pn) = sup Gi(p) = sup/ updu, forevery u € Pp(Rd).
k—+o0 k n JRrd

By the definition of ¢;, and ¢}’ we have, for every u € P, (R?) and h € N, that

/ updie =/ deungf on(y)dv
Rd Rd By (0,R)

1 p

S 7W[7 (MSa v)
p

= F} ().

This proves that sup, Gy () < Fg(u) for every u € ’PP(]Rd). Clearly, if u € G, this is
an equality. By (3.16) there exists a constant D, g such that, for every » € N and p, i’ €
P, (RY), it holds

/ MhdMs_/ updp, =/ rd(pe — py)
R4 R4 R4

< Dp rWp(pte, ) (1 + mp () + mp (i)
<D, rWy(p, W )(14+2Cs +m () +my(u)),

where we used (4.19) and (4.21). We hence deduce that for every k € N

|Gr(w) — G| < Dp Wy, 1) (1 4 2Ce + mp () + m, (1)
for every p, 1t € Pp(RY). (4.23)

Choosing ' € G and passing to the limit as k — +o00 we get from (4.23) that

kiiriloo Gi() — Fy ()| < Dp gWp(p, 1)1 +2Ce +mp (i) +mp ()
for every u € Pp(Rd), weg.
Using the density of G and the continuity of u’ > F¢(u’) we deduce that

lim Gp(p) = Fi(n) forevery u € Pp(]Rd)
k—+0c0
proving the first claim.

Claim2 If Hy: = ¢ o Gy and uj . : = uy, * K¢, it holds
IDHLIY, ., (w) < (¢'(Gr(u))” /R NVune |2 du = (¢ (Gruy)”

[ 196w <ol an.

for m-a.e. u € BX, where B,’l‘: ={u e PR : Gr(p) = Jra undpe}, hoe {1, ... k).
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Proof of claim 2 For every h € N, (3.13) and (3.12) (also using (3.15)) yield

1 _
Upe(x) > —xII” +ap — Ap,R,s, Vipe ()]« < Ap,R,S(l + llx|? 1)
4p
for every x € RY, (4.24)

where A, g . > 01is aconstant depending only on p, R, ¢. Since the map ¢, : P, (R?) - R
defined as €5 (i): = [pa undpe satisfies

00 = [ un s 0dn =Ly, (0. 1 € Pp(RD,
Lemma 4.11 and the above estimates yield
/ 1/p
D€ 0 6l () = G [ [Vl i) " form-ae. € PR,
Since Hj can be written as
Hi () = max (¢ o ) (w), € Pyp(RY),
1<h<k
we can apply Theorem 2.5 (4) and conclude the proof of the second claim.

Claim 3 For every R > O there exists a constant C > 0 independent of / such that
o 1/p
( HVuh,s H* d,u) < C whenever m,(u) < R. (4.25)
R4

Proof of Claim 3 1t is sufficient to use (4.24).

Claim 4 Let (h,), C Nbe anincreasing sequence andletiu € P, (R?). Iflim,, fRd up, dpe =
F£ (), then

lim sup[ HV((p;n *Kg)”:/ du < W,’,’(v, e).
n R4

Proof of claim 4 Since

[vegr, s < (|e;,

f, * Kg) (x) foreveryx e RY,

we get that
19, sl < [ (196,17 5)
R4 R4
= |Ver | du.
[ 196, 17 an
It is then enough to prove that
lim sup / [Vei |7 die < WL, o). (4.26)
n R4 "

Let us set ¢,: = ¢y, and ¥,: = go,fn and let us extract a (unrelabeled) subsequence such that

the lim sup in the statement of the claim is achieved as a limit. Since ¢, — %Hx II” < 0 for
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every x € R? and vL By (0, R) > 8£¢ L B (0, R), we have

f ¢pdL? = / <¢n(x) - l||x||") dcd (x) + lmi(ﬁ" L By (0, R))
By, (0,R) By (0,R) p p

1 1 1
> 3 / ¢pdv — —mg(vl_B”.H O, R)) + *mg(ﬁd L By (0, R)).
B4 (0.R) p p

(4.27)

By the convergence of f]Rd up, dpe to FZ (), we can find N € N such that
f ¢pdv > —1 —/ Yndue > —1—-Kp R (1 + mg(ug)) foreveryn > N,
By (0,R) R4

where the last inequality comes from (3.11). Combining the above inequality with (4.27) we
get that there exists some / > 0 such that

/ ¢ndl? > —1 foreveryn € N. (4.28)
By (0,R)

We can thus apply Proposition 3.4 and obtain the existence of a subsequence j — n(j) and
two locally Lipschitz functions ¢ and ¥ such that ¢,,(j) — ¢ locally uniformly in By (0, R),
Yn(j) — ¥ locally uniformly in R< and (3.19) holds. Being the inequality

1
Dn(j)(X) + Y () < ;HX — y|IP forevery (x,y) € B (0, R) x R?
satisfied for every j € N, we can pass to the limit and obtain point (i) in Theorem 3.1 for the

pair (¢, ¥). Since ¢, (x) < %||x||” for every x € R? we get by Fatou’s lemma that

—1 <lim sup/ ¢n(j) dv 5/ lim sup ¢, (x) dv(x)
J By (0.R) BijO.R) j

1
= / $dv < —mb (). (4.29)
By (0.R) p

This in particular gives that¢ € L! By (0, R), v).By (3.11) wehave that |/ (y)| < K, r(1+
lly1I7) so that ¥ € L'(R?, u) and we can also apply the dominated convergence theorem
and obtain that

tim [ e = [ v e (4.30)
J JRd Rd

Combining (4.29) with (4.30) and using that lim,, fRd up, due = F7 (), we get point (ii) in
Theorem 3.1 for the pair (¢, V), so that, by the first part of Theorem 3.1, we conclude that

/ VY12 due = WE (v, 2e).
R4
Then, since by (3.12) there exists a constant K, g > 0 such that

VUL < K2 o+ Iy 1777 < 27 K2 (14 Iyl1P) € L' RY, )
for £4 -ae. y € R?,
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and for every j € N, we can use the dominated convergence theorem to conclude that
timsup [ IV IE dpes = tim [ 19001 e = [ 190 s = WE v,
n R4 J R4 R4
This concludes the proof of the fourth claim.

Claim 5 1t holds
lim sup [DH |y g (1) < ¢ (FEu)WEP (v, ) form-ae. u € Pp(RY).
k

Proofofclaim5 Let B C P, (R?) be defined as
k
B:=(1J A}
k h=1

where A’;l is the full m-measure subset of B;‘l where claim 2 holds. Notice that B has full
m-measure. Let 4 € B be fixed and let us pick an increasing sequence k > hy such that

Gk(u)=/ updpe.
RrRd

By claim 1 we know that G, () — F? () so that we can apply claim 4 and conclude that
& (FE )P Wh (v, ) = lim sup(¢'(Gi ()"’ /R V@i, ko] du.
k

By claim 2, the right hand side is greater than lim sup, |DHk|f/q ()5 this concludes the
proof of the fifth claim.
Eventually, we observe that by Claim 1

(Lo F)(w) = klim & oGr(n) = klim Hi(n) forevery u € P,,(Rd). 4.31)
— 00 — 00
Moreover, it is clear that
C(FEG) Wh (v, 11e)

is uniformly bounded. We can then combine the expression of Claim 2, the uniform estimate
of Claim 3, the limit of Claim 5 with Lemma 4.10 to get (4.22). O

Precisely as in [12, Corollary 4.18] we get the following corollary (its proof can be easily
adapted and thus omitted).

Corollary 4.14 Let v € 'P;,(Rd) be such that suppy = B (0, R) and v L B (0, R) >
sLd L By (0, R) for some §, R > 0. Then

IDWylag.r (1) < 1 for m-a.e. i € Pp(RY). (4.32)

The following theorem provides the main result of this subsection. Recall the notation for
Wasserstein spaces as in Sect. 3 and the definition of density in g-energy as in Definition 2.7.

Theorem4.15 Letd € N, let p, q € (1, +00) be (not necessarily conjugate) fixed exponents
and let || - || be any norm on R4, Then the algebra Q(P(Rd), C}7 (Rd)) is dense in q-energy
in Dl”’(Pp (RY, dj.), Wp.dy. - m), where dy.| is the distance induced by the norm || - ||.
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Proof Let us first suppose that || - || is a norm as in (3.3). Then the density result follows by
Corollary 4.14 and Theorem 2.9, since the set of v € 77;(]1%‘1) such that there exist R, § > 0

for which supp(v) = By.; (0, R) and vL_B.; (0, R) > SXdLB”.” (0, R) is dense in Pp(Rd).
This can be seen defining for every ¢ € (0, 1) the measures
ve LBy (0, 1/8) + edFPHILA LB (0, 1/¢)
ve(By 0, 1/8)) + e@+P+1 LBy (0, 1/e))

A

gd+p+l
l+é‘d+1’+]w&d

sothat b, — vinP,(RY),supp(v) = By (0, I/¢) and DL B (0, 1/¢) > ZiL
B|. (0, 1/¢), where w, 4 is the £?-measure of By (0, 1/¢).
Let us suppose now that || - || is any norm on R?. We can construct a sequence of norms

(Il - )% on R? satisfying (3.3) and such that
lxllx 4 llx]l  for every x € RY.
For example we can take as || - ||x the norm whose unit ball is given by the set

el + 1Pk

Ck::{xERd. g }—i—BH.”(O,l/k),

where | - | is the Euclidean norm on R and 5 > 0 is a constant such that |x| < n||x|| for
every x € R?. Notice that by construction Cy, is strictly convex, it contains the || - ||-unit ball
and it satisfies the 1/k-ball condition so that its boundary is C'! (see [9, Definition 1.1 and
Theorem 1.8]). Also by construction we have that || - |[x 1 || - || as k — +o0.

Let us denote by W), i the (p, d|.,)-Wasserstein distance on P, (RY) = Py (R4, dip =
Pp(R?, dy.j,.)- We have that

Wpi(u, v) 1 Wp.dy, (u,v) forevery u,v e Pp(Rd)

and, being the norms || - || and || - [|x equivalent, then the distances W), x and Wo.dy induce

the same topology on P, (RY).Let F € Lip, (P, (RY), Wpdy)s by [22, Proposition 3.3] (see
also [1, Theorem 9.1]), we can find a subsequence (k;), such that, for every n € N, there
exists F,, € Lip,(P,(R?), W), x,) such that®

”F — F"”L‘/(Pp(]Rd),m) < 1/}’1, pCE(Ist.kn (Fn) S pCEq,W (F) + l/l’l

Py
Since @ = €(P(R?), C}(R?)) is dense in g-energy in D17 (P, (RY, dj.y,.)» Wp.k,. m) by
the first part of the proof, we have that

CEq,,Q/,W],_d"_H (Fn) =< CEq,,Q{,vakn (Fn) = pCEq,Wp’k” (Fn) = pCEq,W

p

A (F)
+1/n for every n € N.

Passing to the lim inf,, we get that

Egot Wy, (F) = PEqw,y (F).
which gives the desired density, since this entails equality of the Cheeger energies and thus
of the minimal relaxed gradients (see also Remark 2.8). ]

Arguing precisely as in [12, Proposition 4.19], it is not difficult to see that we can obtain
the density result also for smaller algebras of functions on RY.

3 Here we are adding a subscript both in the notation for the Cheeger and the pre-Cheeger energy to specify
the distance w.r.t. which they are computed.
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Proposition 4.16 Letd € N, p, q € (1, +00) and let |- || be any normon R Let & C C}7 (R?)
be an algebra of functions such that for every f € Cé (RY) there exists a sequence (), C &
such that

sup | ful + 1V ful < +00,  lim / Ufn = F1+IVfi = ViDdu
Rd n——+o00 Rd

=0form-ae u € Pp(Rd, di.p-
Then the algebra Q(P(Rd), é") is dense in q-energy in Dl”’(Pp (RY, di.p., Wp.d m).
Remark 4.17 A possible choice for & in Proposition 4.16 is
Pa.c: = {(p IS C},(Rd) : ¢|[—C,C]d is a polynomial } (4.33)

where C > 0 is any positive constant.

4.3 The density result in (X, d)

In this subsection we prove the density in energy of suitable cylinder functions for an arbitrary
separable metric space (X, d). We consider on (X, d) a sequence ®: = (¢ )r C Lip, (X, d)
such that

d(x,y) = ;Ug lp(x) —p ()| = sup gk (x) — @i(y)| forallx,y e (X,d), (4.34)
€

and we define

d(d): = 1rn]flxd lorlloo, d € N. (4.35)

We will have to embed (X, d) into £°°(N) and, for this reason, we need to fix some related
notation.

We consider the family of maps E: = {e;}ieny C (£*°(N))*, where for every i € N, ¢; is
defined as

e AP (N) = R, ¢;((xp)r) =x; forevery (xp); € £2°(N).
We consider the collection of maps 4 : £°(N) — R?, d € N, given by
(R = (e1 (xR - -+ ea (X)) = (x1. ..., xg),  forevery (xx)x € £°(N).(4.36)
The adjoint map 7%* : R? — (¢£%°(N))* is given by

d
Ay ya):i =Y viei. forevery (yi....,ya) € RY. (4.37)

i=1
We say that a function ¢ : £°°(N) — R belongs to C}7 (£°°(N), E, @) if it can be written as
p:=¢po 7 forsomed € N, 0 € Py o), (4.38)
where P4 ¢(q) is as in (4.33) and ®(d) is as in (4.35). Clearly ¢ € Cé(ZOO(N)) and its
gradient V¢ can be written as
d
Vo =n"oVepon?, Ve(x)= Z dio?(x)ei, x € ®(N). (4.39)

i=1
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On P(£>°(N)), we consider the algebra of cylinder functions .«7’: = @(P(EO" (N)), C}7 (L°(N),
E, CD)) (recall Definition 4.1). Forevery F € &/’ we canfind N € N, a function ¢ € Cé (RM)
and functions ¢, € C;(KOO(N), E,®),n=1,---, N, such that

F(u) = (Y olg)(n) forevery u € PUT(N)). (4.40)

It is also easy to check that a function F belongs to 7’ if and only if there exists d € N and
Fe Q(P(Rd), L@d,cp(d)) such that

F(u) = F(rf () forevery u € P(L*(N)), (4.41)
so that, by Proposition 4.7, we have
D, F(it, x) = nd*(Dpﬁ(ngu,nd(x))), (4.42)
1Dy Fliedlleprn = IDp FLaf il sy, = liPw, g, Ff ). (4.43)
where we are using || - ||+,00, the dual norm of || - ||oc (the norm in £>°(N)), for D, F[1](x),

x € £*°(N), and the norm [|y[lx.q: = [|79*(3)|l+.00 for Dpﬁ[ngu](y), y € R?. Notice

that || - ||l«.q is the 1-norm on R?; in particular, the dual norm || - lg,00 ON R? of || - Ils,q
is the co-norm on R?. The proof of the following theorem combines the finite dimensional
projections technique of [12, Theorem 6.4] with a standard embedding strategy.

Theorem 4.18 Let (X, d) be a complete and separable metric space and let {¢p}ren C
Lip, (X, d) be a countable set of functions such that

d(x,y) = sug |pr(x) — @ (y)|, foreveryx,y € X,
ke

and let & C Lip, (X, d) be the smallest unital subalgebra of functions on X containing
{®r}ken. Finally, let p, q € (1, 400) be (not necessarily conjugate) fixed exponents and let
m be a positive and finite Borel measure on P, (X, d); then the algebra of cylinder functions
generated by &, Q:(P(X), 5), is dense in q-energy in D4 (Pp(X,d), W, 4, m).

Proof Let us consider the map ¢ : X — £*°(N) defined as

t(x) = (X)), xe€X.

Then ¢ is an isometry between the metric spaces (X, d) and (¢(X), || - ||"), where || - ||” is the
restriction to ((X) of the norm | - [|oc in £°°(N). This of course implies that 7 : P, (X, d) —
Pp(1(X), dj. ) defined as

Jp): = yp, pnePy(X,d),

is an isometry between the metric spaces P,(X, d) and P, (t(X), dj. ). If we set &7: =
J (/') and : = Jpm, where

JF=FoJ, Fed,

then the spaces H]’q('Pp(X, d), W, 4, m; o/) and Hl*q(Pp(L(X), dy.)s Wp,dH_",,ﬁi; ')
are isomorphic (see [25, Theorem 5.3.3]). Moreover we can see that </ C & so thatitisenough
to prove that the algebra <7’ is dense in g-energy in Dl"i(P,,(L(X), dj. 0, WP’dw ,m). To
this aim, by Theorem 2.9, it suffices to fix v € P, (1(X), dj.|r) and prove that the function

F(u): = Wp’du-u’ (v, ) satisfies [DF|, 4.0 <1 m-ae. (4.44)
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We split the proof in two steps.
Step 1:itis sufficient to prove that, forevery & € N, the function Fj, : P, (1(X),d. ) — R

Fu(w): = Wy, GRlv, #l'p) satisfies [DFjl, g0 <1 m-ae., (4.45)
where 7% : 1°°(N) — ¢°°(N) is defined as

A = (s oo X0, 0,.00), Gk € £°(N).

In fact, using the continuity property of the Wasserstein distance, it is clear that for every
J7RS Pp(l(X), d”H/)

Jm Fy () = F(w), (4.46)

so that it is enough to apply Theorem 2.5(1)-(3) to obtain (4.44).
Step 2: Let & € N be fixed and let us denote by W, ; the Wasserstein distance on
P,,(Rh, dj-Ih.00)» Where || - [I5,00 is the 0o norm on R”. Tt is easy to check that

Wi (el o, f 1) = W ay (B2 o, 2 1) forevery o, i € Pp(X), dyp).
Thus, if we define the function F, : P,(R", dj., ..) — Ras
Fu(p): = Wy p(lv, )
we get that
Fu() = Fy(rl ).

We also introduce the measure m;, which is the push-forward of m through the (1-Lipschitz)
map P" : P, (u(X), djy) = Pp(R", dyy, ) defined as P"(u): = 7/'2. By Theorem 4.15

applied to HLa Py (Rh, djfn o) W,,,dH,"h o my,), we can find a sequence of cylinder func-
tions Fy, € €(PR"), 24 o)), n € N, such that

1:";,,,, — Fh in my, -measure, 4.47)
lipwp ar Fh,n — gp in Lq(Pp(Rh, djfnee)s Mr)  with gy < 1my, -ae. (4.48)
BV )
We thus consider the functions Fj, , € </’ defined as in (4.41) by
Fin(w) = Fpn(rl 1) = Fun(P" () forevery p € P(X)). (4.49)

Since for every € > 0
({1 1B () = FoGol > ) = m({: 1B (P G) = Fy(Ph ()| > e})
= mh({u N Fan () — Fr(u)] > 8}),

(4.47) yields that Fj ,, — Fj in m-measure as n — 00.
On the other hand, (4.43) and Remark 4.8 yield

lipy, o Fin(0) < lipyw,, Fpn(P" (1))

so that, up to a unrelabeled subsequence, we have

hmeHA", Fpn—Gp < gno P" in LY(P,(B,d|.), m)
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and g, o P* < 1 m-ae.in Pp((X), dj.). By Theorem 2.5(1)-(3), we obtain (4.45), con-
cluding the proof. O

Corollary 4.19 Letr (B, || - ||) be a separable Banach space and let m be a positive and finite
Borel measure on P,(B, d|.|). Then the algebra QZ(’P(B), C;(IB%)) is dense in q-energy in
DY4(Pp(B, dj), Wp.dy > m).

Proof Tt is enough to consider the functions of the form ¢y (x): = (x,f, x), x € B, where
{x} }ken is a subset of unit sphere in B* separating the points in B. Notice that each ¢ belongs
to C} (B). a]

Corollary 4.20 Ler (M, g) be a complete Riemannian manifold and let m be a positive and
finite Borel measure on P, (M, dg), where dg is the Riemannian distance induced by g. Then
the algebra C(’P(M), cr (M)) is dense in g-energy in DV4 (Pp(M, dg), Wp.d,» m).

Proof 1t is enough to consider a sequence of functions (¢ )x C C2° (M) satisfying (4.34) for
d,. ]

5 Reflexivity, uniform convexity and Clarkson’s inequalities

The aim of this section is to study how some properties of a Banach space (or its dual) pass to
the Wasserstein Sobolev space built on it. In the whole section (B, || - ||) is a fixed separable
Banach space and m is a positive and finite Borel measure on P, (B, d.).

To study the properties of the pre-Cheeger energy as in (4.15) we will use the concept of
L9-direct integral of Banach spaces ( [10, 17]) (see also the related notion of Banach bundle
[23]), that we introduce here briefly in the form that it is best suited to our needs. Let ¥ be
the vector space of functions

V= {f :B — B* : f is measurable and / ||f(x)||§:/du(x) < +ooform-ae. u € P,(B, dIHI)} .
B

It is not difficult to check that, for every f € ¥/, the map M : P, (B, dj.;) — R defined as
Mf(ﬂ): = ”f”L”/(E,M;(B*,H-H*))’ me Pp(Ba dIl-H)’

is measurable. Let us denote by || - ||« ., the L? (B, w; (B*, || - ||x))-norm on the completion
of ¥,: = ¥/ ~u, where ~, is the equivalence relation of the equality j-a.e.. We say
that s : P, (B, d.) — |_|“ Y (e s(u) € ¥, for every u € P,(B,dj.)) is a simple
function if there exist a finite measurable partition of P,(B, dj.;), {Ak},’cv= 1» and values
{f/(},i\/:1 C ¥ such that s(u) = lec\;l Xay (1) fi for every u € P,(B,d). ). A function
G : Pp(B,dj.)) — |, 74 is said to be Bochner measurable if there exists a sequence of
simple functions (sg)x such that |G () — s ()l pr,n — 0 for m-ae. u € P,(B, dj.).
The direct integral of (7},), with respect to m is the vector space of Bochner measurable
functions G : P,(B,dy.)) — L] u ¥, modulo equivalence m-a.e. and it is denoted by

S8 5.4y Yudm(). The L directintegral ([£5 g 7udm(w) | of (%), with respect

to m is the subspace of fgf B.dp) ¥, dm(u) consisting of those functions G such that the
(measurable) map u — |G ()|l pr, . is in L9(Pp(B, dj ), m).
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Proposition 5.1 Let (B, || - ||) be a separable Banach space. Then <f7§1?(]3 dip) “/ﬁﬂm(u))m
is a Banach space. If, in addition, (B, || - ||) is reflexive (resp. (B*, || - ||l+) is uniformly
convex), then (fg,?(B i) %Ldm(u))m is reflexive (resp. uniformly convex). Finally, if F €

¢(P®). CY(®)). then DyF € ([F5 g, Yudmn)) .

Proof The completeness property can be found in [10, Proposition 3.2] (see also [17] where
the notion of direct integral was introduced for the first time).

If (B*, || - |l4) is uniformly convex, then we can use [15, Theorem 2.2], together with the
fact that L9 (P, (B, dj.|), m) is uniformly convex and that the modulus of convexity of ¥},
is larger than the one of LY (B, w; (B*, | - ), being ¥}, just a subspace of the latter, and
the fact that the modulus of convexity of the Bochner space LY B, w; B*, || - ) does not
depend on u but only on p’ and on the modulus of convexity of the uniformly convex space
@, 11 - 11o)-

If B is reflexive, then also B* and thus L?’ B, w; B*, || - |ls)) is reflexive so that we can

apply [17, Theorem 6.19], also noting that, obviously, LY (P, (B, d|.), m) is reflexive.
Let now F = ¥ oLy € €(P(B),C,(B)), with v € C}(R") and ¢ € (C,(B))", for
some N e N; notice that we are looking at D, F' as the map sending u € P, (B, dj.) to
D,[u] : B — B*. Of course D, Fu] € ¥}, for every u € P,(B, dj.|) and it is uniformly
bounded. Moreover it is Bochner measurable since, in order to approximate it with simple
functions, it is enough to approximate every term of the form 9, ( fIB érdu, ..., fB ¢dndu)
with R-valued simple function (s;')x on P,(B, dj.|) (which is possible since this map is
measurable) so that

N
k(=) st )V, e Pp(B,dy,

n=1

is a sequence of simple functions approximating D, F. O

Theorem 5.2 Let (B, || - ||) be a separable reflexive Banach space, let p,q € (1, +00) be
(not necessarily conjugate) fixed exponents and let m be a positive and finite Borel measure
on P,(B, dj.|). Then the Sobolev space Hl4 (P,(B, dy.), Wp.dy.» m) is reflexive.

Proof 1t is sufficient to provide a linear isometry ¢ from H !4 (P, dy.), Wy d,,» m) into
a reflexive Banach space. For simplicity let us denote by

@
X:=L1(P,B,dy ), m), Y:= (/73

Vudm(ﬂ))
p B.d.)

L4

and let us define G C X x Y as the closure in X x Y (endowed with the norm || (x, y)||§1(><Y =
% + Iy} of

{(F,D,F): F € ¢(P(B), C,(B))}.

Denoting by 7% : X x Y — X the projection 7% (x, y) = x for every x € X, we define the
sections of G by

DuwF:={GeY:(F,G)eG), F ernX(G).
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It is clear that G is closed and convex so that it is also weakly closed; let us show that
HY (P, (B, dj.)). Wp.qg,,»m) C 7*(G):if F € H"4(P,(B,d|.), Wy q,,. m), by Corol-
lary 4.19, we can find a sequence (F}), C QZ(P(]E), Cé (IB)) such that

F, —> F, lipr,d“,” F, — |IDF|,4 inX.

By Proposition 4.7, we have that ||D,, F, ||y is uniformly bounded so that, by the reflexivity
of Y, we can find a subsequence of (F},, )x such that

(Fup» DpFu)—(F,G)in X x Y.

This gives that F € 7%(G) and that |G|y < CE)/?(F). Moreover, if we con-
sider F' € Hl’q(Pp(IB,dH.H), Wpd,-m and G € Dy F, then there exists (Fy)n C
¢(P(B), C} (B)) such that (F,, D, F) — (F, G)in X x ¥ sothat || G||y = lim, [D,F,|y =
lim, pCEy/? (F,) = CE/*(F) so that

. —_ (gl/4 L,
Gomin IGly =&, (F), FeH" 1 (P,B,d), Wpd,,,m.

We define Go: = G/({0} x D,0) with the quotient norm || - ||y o: elements of Gy are
equivalence classes [F] = {(F, G) : G € D, F} and the quotient norm is simply given by

1/q
Flllyo= _inf (IFI%+1GI9)"" = (1F14 in_ |G
ILE Ty 0 Gellr)lmF(ll I% +1GI1$)) | ||X+G£IID12FII lly)
= ”F”H""(Pp(Bsdwu)sWp,d".H»m)'
The linear isometry is thus given by ¢ : H14(P,(B, d|.), Wp.dy» m) = Go defined as

W(F)=[F], FeH"“(P,B.dy). Wpg,,.m.

Since closed subspaces of reflexive spaces are reflexive and quotients of reflexive spaces are
reflexive, Gy is reflexive and this concludes the proof. O

The next result [31, Lemma 2] provides a quantitative version of the uniform convexity
property that will pass from the pre-Cheeger energy to the Cheeger energy.

Proposition 5.3 Let (7, || - |l ) be a Banach space. Then (W, || - |y ) is uniformly convex if
and only if for every t € (1, 400) there exists a strictly increasing and continuous function
g: 10, 2] — [0, +00) such that

t
X =yl

lxll v Ayl )

xX+y

2 V4
foreveryx,y eW.

1 1
+ (Xl v Ayl & ( ) < Slixlly + Ellyllfy

Theorem 5.4 Let (B, || - ||) be a separable Banach space such that (B*, | - ||4) is uni-
formly convex, let p,q € (1,400) be (not necessarily conjugate) fixed exponents and
let m be a positive and finite Borel measure on P,(B,d.|). Then the Sobolev space
Hl'q(Pp B, dy.p), Wy dy» ™) is uniformly convex.

Proof By the uniform convexity of ( fg? B.dp) “//Mdm(u))m provided by Proposition 5.1

and using Proposition 5.3, we have that for every ¢ € (1, +00) there exists a continuous and
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strictly increasing function g; : [0, 2] — [0, +00) such that

1 t/q t CEl/q F—-G
pCE, (§(F+G)> +(pCEf/"(F)VpCE$/"(G)) g:( P )

PGS/ (F) v pCE,* (G)
1
pCEY/?(F) + 5pCE;/q(G) for every F, G € €(P(B), C}(B)),

0| —

=<
5.1
where we are able to identify the norm in the direct integral and the g-th root of the pre-

Cheeger energy thanks to Proposition 4.7. If F, G € H“’(Pp B, dy.p, Wp,dHA, m), thanks
to Corollary 4.19, we can find sequences (F)u, (Gy)n C €(P(B), C}(B)) such that

Fy— F, Gy— G inLI(Pp@B,dp.m), p&E,(F) — E(F), p&E,(Gy) — Eqy(G).
By the lower semicontinuity of the Cheeger energy w.r.t. the L4 convergence and the con-
tinuity and monotonicity of g,, we obtain that (5.1) holds for CE, instead of pCEq. By
Proposition 5.3 we obtain that CE[II/ 4 is uniformly convex, in the sense that, for every & > 0
there exists a §(¢) > 0 such that, whenever F, G € H"¢ (P, dy.), Wp.dy.» ™) are such
that CE)/? (F) = G}/ (G) = 1 and GE}/4(F — G) > ¢, then G}/ (F + G) < 2(1 — 8(s)).
Since the L (P, (B, d|., m)-norm is uniformly convex, the g-sum (i.e. the g-th root of the

sum of the g-powers) of it with CE;/ 4 is uniformly convex (see e.g. [8, Theorem 1]). This
means that the Sobolev norm is uniformly convex and concludes the proof. O

Given a separable Banach space (B, || - ||) and a positive and finite Borel measure m on B,
we can consider the measure Dym on P(IB, d ), where D : B — P(B, d.|) is defined as

D(x): =46,, x €B.

It is immediate to check that, for every g € (1, 400), the Sobolev spaces H l.q B, dyj., m)
and H"9 (P, (B, dj., Wldu-u’ Dym) are isomorphic, see also [12, Section 5.2]. Notice that
the choice p = 2 is irrelevant, since D(B) C P,(B, dj.) for every p € [1,+00]. As a
consequence of this observation and Theorems 5.2 and 5.4 we obtain the following corollary.

Corollary 5.5 Let (B, ||-||) be a separable Banach space, let q € (1, +00) be a fixed exponent,
and let m be a positive and finite Borel measure on B. If (B, || -1|) is reflexive (resp. if (B*, |- ||+)
is uniformly convex), then H" (B, dy., m) is reflexive (resp. uniformly convex).

We remark that the statement regarding reflexivity in the above corollary was already
known (see e.g. [25, Corollary 5.3.11]) while the part concerning uniform convexity is new,
at least to our knowledge.

5.1 Clarkson’s type inequalities

In this subsection we show how one can deduce Clarkson’s type inequalities for the Sobolev
norm starting from analogous inequalities that are satisfied for the dual norm in the separable
Banach space B. The following inequality was introduced for the first time by [6] and it is a
generalization of the classical Clarkson’s inequalities [8].

Definition 5.6 Let V be a real vector space and let r, s € (1, +00). We say that a functional
J:V — [0, +o00) satisfies the (r, s)-Boas inequality ((r, s)-(BI)) in V if

(j(u +v) + Ju — v)r)l/r < 21/ (j(u)s + J(v)s)l/x forevery u,v € V.
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Lemma 5.7 LetV be a real vector space, let ¢ € (1, 4+00) andlet Ji, J : V — [0, +00) be
two functionals satisfying the (r, s)-(BI) in 'V for somer,s € (1, +00) suchthats < q <r.
Then the functional J : V — [0, +00) defined as

Jw): = (K@) + Hw)", wev,
satisfies the (r, s)-(BI) in V as well.
Proof Letu,v € V;let us set
ap:=Jiu+v),  bo:=T(u—-v), co:=7Nu+tv), do:=u-—-v),
a:=Ji(u), b:=J1(v), c:= D), d = J(v).
Since J7 and 7> satisfy the (r, s)-(BI) in V, we have
(ap+bp)"" <2 (@ + 1), (5.2)
(ch+dp)"" <25 (¢ +a7)'"". (5.3)
Then
25 (Jwy + Ty =2 (@9 + 1)+ b7 + d) )
=215 (@) + ()Y 4 ()15 + (d@*)1/*)/9)
> ol ((as + 551 4 (5 + ds)"/”)l/q
= ((ah +65)"" + (e +dg)")

r r 1
= (/e + @) + (et + gy
1/r

1/s

/4

> ((ag + )/ + bg +dd) )
= (Jw +v) + Tw—v))"",

where we have used the triangular inequality for the a-norm in R? first with & = ¢ /s (from
the second to the third line) and then with « = r /g (from the fifth to the sixth line), and the
inequalities (5.2) and (5.3) to pass from the third to the fourth line. ]

Proposition 5.8 Let (X, d, m) be a Polish metric-measure space, let </ be a separating unital
subalgebra of Lip, (X, d) satisfying (2.12) and let q,r, s € (1, +00). If(pCEq)l/‘f satisfies
the (r, s)-(BI) in </, then ((E,)'/9 satisfies the (r,s)-(BI) in H" (X, d, m). If in addition
r’ <s < q <, then the Sobolev norm in HY(X,d, m) satisfies the (r, s)-(BI).

Proof The proof that (CEq)l/q satisfies the (r, s)-(BI) in H9(X, d, m) is the same of [12,
Theorem 2.15] for the case r = s = g = 2. If in addition we know that ¥’ < s < g < r,
then the L9 (X, m)-norm satisfies the (r, s)-(BI) in H"9(X, d, m) [6, Theorem 1] so that
we can apply Lemma 5.7 and conclude that the Sobolev norm satisfies the (r, s)-(BI) in
H%“(X,d, m). O

In the next Proposition 5.9 we show how to deduce the (r, s)-(BI) for the pre-Cheeger
energy from the same inequality for the LY (B, w; B*, || - ls+)) norm. Instead of stating our
hypothesis in terms of the validity of a Clarkson’s inequality in (B, || - ||), we state it directly
in terms of the (BI) in LY (B, u; B*, || - |l+)): the two notions are different in general, we
refer to [16] for the treatment of the relation between them.
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Proposition 5.9 Let (B, || - ||) be a separable Banach space and let m be a positive and
finite Borel measure on P,(B,d|.|); suppose that there exists (r,s) with 1 < s <
g < r such that the LP' (B, u; (B*, | - |lx))-norm satisfies the (r,s)-(BI) (cf. Defini-
tion 5.6) in LP (B, u; B*, || - |I+) for m-a.e. w € P, dy.). Then the functional
J: €(PB), CL(B)) — [0, +00) defined as

J(F): = (p&E,(F)'/4, F e ¢(P®B), Cy(B)).
satisfies the (r, s)-(BI) in €(P(B), C} (B)).

Proof LetF,G € Qﬁ(’P(IB), C}](IB%)). We denote by | - ||+, 7. the LY B, w; B*, || |l+))-norm
for u € P,(B, d.) and we set

Up():= DpF(.x), Vu@):=DpGu.x), (i.x) € Pp(B.dy) x B.
By hypothesis we have

r r 1/r 1/s' s s 1/s
(N0 Vil e+ 10 = Vil ) =2 (V0D + WV 1)

for m-a.e. © € P,(B, d).|). Computing the L7(P,(B, dj.|), m)-norm on both sides and
applying Minkowski inequalities in Lq/’(’Pp(IB%,dH.”),m) and in Lq/s(Pp(B,d”A”),m)
(notice that 0 < g/r <l andg/s > 1), we get

r/q r/q 1/r
f 10+ VillL e dmGo) |- / 10 = Villy ., dmG0)
Pp@.dy) Pp(B.d.p)
s/q s/q\ /s
<2 / NUL1E ), dm(u) ) + / IVl dm(w)
( Pp(]B,dI\«H) a s Pp(]B,dH.") " LI
ie.
(JF+GY + J(F = G))'" <21 (7P + 76)")
by Proposition 4.7. 0

Theorem 5.10 In the same hypotheses of Proposition 5.9, assume in addition that r’ < s.
Then the Sobolev norm in H%4 (PpB, dy.), Wy, 4., m) satisfies the (r, s)-(BI).

Proof This follows combining Proposition 5.8, Corollary 4.19 and Proposition 5.9. O

Corollary 5.11 IfB = R? forsomed € Nand |-| is the Euclidean norm, then the Sobolev norm
in H4(P,(R4, | - )), W) d.» m) satisfies the (r, s)-(BI) for every | <1’ <s <q,p’ <r.

Proof This follows by the fact that the LY (Rd, W (Rd, | - |))-norm satisfies the (r, s)-(BI)
forevery 1 < r’ <s < p’ <r and Theorem 5.10. O
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