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Abstract

We consider the forward Kolmogorov equation corresponding to measure-valued processes
stemming from a class of interacting particle systems in population dynamics, including
variations of the Bolker—Pacala—Dieckmann-Law model. Under the assumption of detailed
balance, we provide a rigorous generalized gradient structure, incorporating the fluxes arising
from the birth and death of the particles. Moreover, in the large population limit, we show
convergence of the forward Kolmogorov equation to a Liouville equation, which is a transport
equation associated with the mean-field limit of the underlying process. In addition, we show
convergence of the corresponding gradient structures in the sense of Energy-Dissipation
Principles, from which we establish a propagation of chaos result for the particle system and
derive a generalized gradient-flow formulation for the mean-field limit.
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1 Introduction

An important goal in theoretical biology and population dynamics is to derive macroscopic
equations from microscopic models [7, 14]. For many stochastic interacting particle systems
involving birth, mutation, and death, these connections have been made rigorous. One such
class of particle systems consists of spatially-structured models such as the Bolker—Pacala
and Dieckmann-Law (BPDL) model [5, 24]. The dynamics of these particle systems can
be described by jump processes on the space of finite positive measures and can be used to
derive macroscopic models.

The convergence of such measure-valued jump processes under a mean-field scaling to a
large-population limit is shown for example in [18] via martingale techniques, and in [14],
where an analytic approach to the convergence of rescaled moment equations is used. In both
approaches, the limiting evolution is governed by a non-local evolution equation given by

atut(x):/ m(y,X)uz(y)dy—uz(X)/ c(x, y)us(y)dy. (L.1)
R4 R4

We will refer to (1.1) as the mean-field equation. Here, u, represents the limiting density of
particles at time ¢, and the parameter functions m and c are continuous and bounded functions
stemming from birth, dispersal, and competition in the BPDL model.

Inrecent years, there has been considerable activity in studying the mean-field Eq. (1.1) and
the BPDL model in more general spaces, allowing for dynamics involving multiple species
and combinations of discrete and continuous traits. See for example [16] for an overview of
existing models, where instead of R? the underlying space is an arbitrary locally compact
Polish space. However, convergence in the large population limit is not considered.

Meanwhile, powerful variational tools have been developed in the last decade for studying
mean-field interacting jump processes and their limits under the assumption of detailed
balance. To highlight only a few: [11] studied mean-field limits for measure-dependent jump
processes; [12] proved the convergence of the spatially-homogeneous Kac-process to the
Boltzmann equation; [35] investigated the macroscopic limit of Becker-Doring models;
[21] showed hydrodynamic limits for zero-range and exclusion processes; [28] discussed
convergence and higher-order approximations for chemical reaction networks, an approach
that was subsequently used in the setting of discretized reaction-diffusion equations in [31].

In this work, we extend and apply these variational techniques to prove the mean-field
limit for population dynamics over arbitrary compact Polish spaces, with bounded measurable
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parameters m, ¢ satisfying a detailed balance condition. In addition, we establish entropic
propagation of chaos, which controls the discrepancy between the microscopic and macro-
scopic models in a precise sense. To the authors’ knowledge, this is the first convergence
result under such general assumptions.

To do so, we first introduce a new generalized gradient structure and rigorous variational
formulation for the forward Kolmogorov equation (FKE) corresponding to the BPDL model,
where the FKE describes the evolution of the law of the measure-valued process. Our formu-
lation incorporates not only the equation itself but tracks the birth and death fluxes as well.
This extends the generalized gradient-flow framework of [33] due to the unboundedness of
the underlying jump kernel, and the positivity of the fluxes.

We then show the convergence of these generalized gradient structures under a mean-
field scaling and the large-population limit in the sense of Energy Dissipation Principles
(EDPs) (see [25]). The limiting gradient flow is the Liouville equation corresponding to the
mean-field equation, namely a transport equation that describes the evolution of the law of a
process that follows deterministic dynamics described by (1.1) but for possibly random initial
conditions. This connection between the Liouville equation and the mean-field equation is
made rigorous with the help of a modification of the superposition principle of [1].

In particular, we deduce that the laws determined by the FKE equation concentrate around
the solution of the mean-field equation (1.1), which due to the convergence of the associated
free energies translates into an entropic propagation of chaos result, see Theorem 1.10.
Outline The rest of this section is devoted to giving a brief overview of our setting and
presenting the main results. In Sect.2 the mean-field equation and corresponding gradient
structure are introduced. We repeat this process in Sects. 3 and 4 for the forward Kolmogorov
equation and the Liouville equation respectively, with the proof of a modified superposition
principle delegated to “Appendix B”. Finally, in Sect. 5, we establish the EDP-convergence
of the gradient structures and prove both the convergence to the mean-field limit and the
propagation of chaos.

1.1 Measure-valued population dynamics and mean-field limits

We consider the forward Kolmogorov equation that corresponds to a generalized version
of the BPDL model. In its classical form, the Bolker-Pacala model is a purely spatially-
structured microscopic model for a population of plants involving the birth, dispersal, and
either natural death or death by competition for resources and can be modeled as a jump
process in the space of positive measures over R?. However, in certain models of adaptive
evolution, it is the mutation of traits that play a role, instead of spatial evolution (see [7, 8§,
24]). Moreover, if one wants to model multiple interacting species or marked configuration
spaces, more general spaces than R are needed [16, 22]).

Therefore, let the trait space be an arbitrary Polish space, denoted henceforth as 7. We
model the BPDL-dynamics at any time ¢ as an interacting particle system with particles with
labels A,l, AU A;v’ and traits th, R X,N’ € 7, where the number of particles N; at time ¢
is not fixed since particles can be removed from and added to the system.

Moreover, let b € BY(T), d,c € BT (T x T) be non-negative measurable functions,
n > 0 a positive parameter, and y € /\/llJ; .(T) a non-negative reference measure such that

/ d(x,y)y(dy) =1, forallx € 7.
T

Then the BPDL dynamics can be described as follows:
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e Each particle with trait x € 7 has two exponential clocks: a seed clock with rate b(x)
and a death clock with rate 1 ZlN:’] c(x, XH.

e If the death clock rings, the particle is deleted.

e If the seed clock rings, a new particle is added with trait y € 7 with probability
d(x,y)y(dy).

Alternatively, we can describe these dynamics in the form of reacting particles. Namely,
setting m(x, y) := b(x)d(x, y), then with a little of abuse of notation we have

Al AL+ AMF ith rate m(Xf,X,A/'Jrl)y(X,[le),
o ‘ o (1.2)
Al + A — A], withrate n~lc (X;, X{) .

We will refer to m as the mutation kernel, and c as the competition kernel. The parameter
n > 0 is called the system size, in the sense that that the scaling n~'¢ guarantees that if the
amount of particles in the system is of the order of n, the total rate of created or deleted
particles is of the same order.

Instead of looking at the individual traits of the particles, it is common to only consider
the measure-valued process v; determined by the rescaled empirical measure

N(t)

1
v = ;Z(SX;. (L.3)
i=1

Here, v, € T' := M™*(T) with M™(7) the space of finite non-negative measures. The
infinitesimal generator Q,, of this process is given for all F € C.(T") by

(0, F)(v) =n /T (F (v+18) — Fv)) kT [v](dx)
+n/T (F(v—18,) — Fv) k™ [v](dx),
where k*[v] € T are the measure-dependent birth/death-kernels
kT ](dx) = (/yETm(y,X)V(dy)) y(dx),  «[v](dx) = </yETC(x, y)V(dy)) v(dx).

The law of the process is now given by the corresponding forward Kolmogorov equation

9P = QPY, Py e P(I). (FKEyn)

Depending on the setting, this formulation can be made rigorous in various ways: for
example via an analytical approach on configuration spaces as done in [14], which in fact
models infinite configurations of particles over R, or via martingale techniques with 7 a
closed subset of R and y = 24| (see [18]). Moreover, in the latter, under the assumption
of continuous, bounded, and integrable mutation/competition kernels, it is also shown that
the process converges in the large-population limit n — oo to the mean-field Eq. (1.1), which
can be rewritten as

dve = kv ] — k[, vi=uy €T, (MF)

i.e. u, is the density of v, with respect to y.
While different choices of scalings are possible, the mean-field equation describes the
macroscopic properties of the measure-valued process when the population is large. An
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alternative way is to study the evolution of the moments, which form a hierarchy similar to
the BBGKY-hierarchy of correlation functions, and under the so-called Vlasov scaling the
first moment or correlation function converges to (MF). For the case of infinite configurations
over R? this has been established, see [15], and both propagation of chaos in the Vlasov limit
and the sub-Poissonian property have been established as well [17].

In this work, we do not consider the measure-valued process itself, but take the forward
Kolmogorov equation (FKER) as a starting point, and show convergence to the mean-field
equation in the sense that P} — §, narrowly on P(I") under suitable initial conditions.
Throughout we equip the space I" with the narrow topology, and assume the following:

Assumption 1.1 The trait space 7 is a compact Polish space, and moreover

yel (reference measure with finite mass)
m,c € BZF (T xT) (bounded rates)
c(x,x)=0 forallx € T (no natural death)
m(y,x) =c(x,y) forallx,y e T (mean-field detailed balance)

The assumption of no natural death means that particles can only be deleted due to competition
with other particles. Moreover, with a bit of abuse of notation, the two conditions ¢(x, x) = 0
for all x € 7 and m(y, x) = c(x, y) for all x,y € 7 together will be referred to as the
detailed balance condition, because they imply that the jump kernel «,, (defined in Sect. 3)
corresponding to the measure-valued process satisfies the detailed balance condition with
respect to an invariant measure I, i.e.

IT, (dv)’zn (V’ d)’]) =TI, (dﬂ)kn (T}, dv) (1 4)

Here I, is obtained as a push-forward of the Poisson measure r,, with

1 > N
N —_ - *,®N
P ]_[T 9”"'_eny(T)_1ZN!V ’
N=>1 N=1

under the rescaled empirical measure mapping determined by (1.3), see (3.2). This allows
us to write the forward Kolmogorov equation as a gradient flow of the relative entropy with
respect to IT,, and equip it with a corresponding variational structure, see Theorem 1.6.

However, the condition m(y, x) = c(x, y) for all x, y € 7 alone suffices to express the
mean-field equation as a gradient flow as (cf. Theorem 1.4), and will, therefore, be referred
to as the mean-field detailed balance condition.

In light of similar results in [11, 28] for mean-field jump processes on finite spaces and
finite chemical reaction networks, one expects (FKE,) to converge to the following Liouville
equation

3P +divr (P (kT[v] —«~[v])) =0, P, eP(). (Li)

It is a transport equation that can be interpreted as the lifting of mean-field dynamics in I
to evolutions in P(I") and describes the evolution of the law of random measures v, that all
satisfy (MF). In particular, if v; a solution of (MF) then P; := §,, is itself a solution of (Li).

It turns out that in our general setting, this convergence holds as well, as will be stated in
Theorem 1.9. Letting V[v] = kT [v] — k ~[v], we can therefore represent part of our results
in Fig. 1.

This convergence is a direct consequence of the convergence of the associated gradient
structures, which we will describe below.
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(FKE)) 9,P"=Q'P" —"=2 % (Li) 9,P, +div-(P,VV]) =0, PP, € P(I),
(MF) o, =VIvl, v, €l 1= M¥(T).

Fig. 1 Convergence in the large-population limit

1.2 Gradient-flow formulation

Our first main result concerns the variational formulation of the equations (FKE,), (MF),
(Li) and their specific gradient structure. Various gradient-flow formulations exist for jump
processes, mean-field jump processes, and chemical reaction networks [11, 12, 21, 28, 33].

In these works, a common starting point is to describe the relation between p;, representing
either law of some process or mean-field limits and generalized fluxes j; in the form of an
abstract continuity equation. For example, in the case of independent particles following a
common jump process over a graph, p; corresponds to the number of particles on a node at
time ¢, and a choice of flux j; can be the so-called net flux j;, which is related to the number
of particles going through an edge.

However, we propose a slightly different structure, namely one that tracks the effective
mass fluxes for both creation (arising from mutation) and annihilation (arising from compe-
tition) separately. The use of mass fluxes instead of usual particle fluxes ensures that in our
convergence results as n — oo we have both convergences of laws and fluxes (see Theorem
1.8).

Moreover, separating the effects of creation and annihilation (henceforth simply referred
to as birth and death) instead of their combined contribution allows us to incorporate more
information in our variational formulation. The downside is that we are forced to work
with positive fluxes, while the framework in the aforementioned examples involves either
quadratic or generalized structures for signed net fluxes. In this sense we are closer to the
variational representations stemming from large deviations, involving so-called one-way or
unidirectional fluxes, see for example [3, 30, 32, 34]. Indeed, our structure is motivated by
large deviation theory, as we will discuss briefly in “Appendix A”.

In all three cases, i.e. for (FKE,), (MF) and (Li), our proposed structure is similar to the
classical notion of a gradient flow in the sense that they all satisfy an abstract Energy-
Dissipation Balance. Since we will repeat the same concept three times on different levels
and for different spaces, let us make the general and abstract concepts clear:

Formal Definition 1.2 Given a free energy functional F(p), a dissipation potential R(p, j),
a Fisher information functional D(p), and a linear operator B with dual B*, we consider
pairs of curves (p, j) satisfying the continuity equation

9,0:—B*j: =0, forae.tel0,T], (CE)

and define the EDP-functional
T

T
Z(p, j) 22/ R(pr, ji)dt + F(pr) — F(po) +/ D(py) dr.
0 0
Moreover, a gradient-flow solution is a pair (p, J) satisfying (CE) with Z(p, j) = O.

Throughout we require the non-negativity of Z. For a deeper look at the mathematical
basis of this sort of setting, especially for generalized gradient systems incorporating net
fluxes, see [33].
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Table 1 Continuity equations

CE P i=0"07) BF
(MF) (€&) vel oty er? (F,—F)
(FKEp) (CEn) PePI) 0T ) eMp (T xT)? V" EY"TR) (16
(Li) (CExo) PeP) At ) e M (0 xT)? (gradp F, —gradpF) (1.7)

In all three examples the generalized fluxes j consist of two parts: j© and j~, correspond-
ing to birth and death. The continuity equations depend on the setting and are summarized
in Table 1, with ./\/ll'; . as the space of non-negative Radon measures.

Remark 1.3 Note that the gradient-flow solution (p, J) is the null-minimizer of Z, and satisfies
the energy-dissipation balance

T
Fpr) + /0 (R J0) +D(p0) dt = FGo).

Moreover, with (-, -) shorthand for appropriate dual pairings, one would expect for small T
that

F(pr) — F(po) = (9pF, 9 p) = (B3pF, j),
where we used the continuity equation (CE) and duality of B, B*, and therefore
I~RP, J)+ (], B,F)+D(p).

In light of the generalized gradient-flow framework of [33] and the relation to minimizing
movement schemes, a formal minimization procedure provides the gradient-flow solution

9 p—B*

~>
I

0
J=(0R")(p, —Bd,F),
and that along the solution,
D(p) = R*(p, =B 9,F). (1.5)

where R*(p, w) is the dual of the dissipation potential R. Finally, note that along the gradient-
flow solution the free energy F is non-increasing, i.e. F is a Lyapunov functional.

These (in)equalities indeed hold in our setting. See also “Appendix A”, where we compare
the relation to generalized gradient flows for net fluxes, which follow from the above after a
contraction argument, and the connection to the reversibility of the underlying process.

Let H (1, 2) be the Hellinger distance, see (2.2), and Ent(u1|u2) the relative entropy
of w1 with respect to u; for two (possible infinite) locally finite Borel measures (¢, pa:

dug .
¢ <7) dlLZ, lfﬂ] << M2,
Ent(ur|p2) == / dpa

+ oo, otherwise,

where

¢(s) =slogs —s+ 1.
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With the full technical details contained in Theorems 2.7, 3.8 and 4.7, we then have the
following triple of results below,

Theorem 1.4 (Mean-field, cf. Theorem 2.7) Consider triples (v, A+, 17), with v;, )»;JE erl,
satisfying the mean-field continuity equation

v = A — AL (€6)
Define the dissipation potential Ry, free energy Fy r and Fisher information Dy as
Ryr(w, AT, 17) = Ent(AT16,) + Ent(A7[6,),
Fur) = nt(ly),

Durr (o) - {2H2<x+[v],x—[v]), ifv <y,

+ o0, otherwise,
where 0, is the geometric mean of the expected birth and death fluxes, i.e.

0, :=+kt[vlk—[v].

Then the corresponding EDP-functional Ty given by

T T
Iyur(w, AT, A7) = / Rur e, A, A7) dt + Fayrr(vr) — Farr(vo) +/ Dur(vy)de,
0 0

is non-negative, and for any vy with Fyp(vo) < 00 a unique gradient-flow solution
(D, AT, A7) exists, with D; equal to the unique strong solution to (MF) and )»,i = kE[D]
for almost every t € [0, T].

As mentioned, although treating birth and death separately provides us with additional
information, this prohibits the use of some of the previous works for gradient structures
because of the positivity of the fluxes. However, there is still a strong connection to the
variational formulations for jump processes arising from the large deviations of fluxes as
seen in [32] and [3], see for example “Appendix A” on the equivalence of the EDP-functional
to the expected rate functional.

Remark 1.5 1t is straightforward to verify that if dv = udy
2
Ryr(W, v Fur, —0Fur) = / , Lyoysoc(x, y) (v u(x) — 1) y(dx)v(dy),
T

2
Dur) = [ ety (Vi =1) vy,

and hence it is not directly clear that the relation (1.5) holds. However, as will be shown for
Theorem 2.7, at least along the solution ¥, the equivalence holds for a.e. t € [0, T].

Theorem 1.6 (Forward Kolmogorov, cf. Theorem 3.8) Consider triples (P, J*, )7), withP, €
P() and JtjE S M,J; (' x T), satisfying the continuity equation

(F,0P) = (V" F 3N+ (V" "F.J7), VF e C.D), (CE,)
where

(?n’iF)(v, X):=n (F(v + %Sx) — F(v)) . (1.6)
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Define the n-dependent Fisher information D,, as stated in Definition 3.4, free energy
1
Fn(P) := —&nt(P|I1,),
2n
and dissipation potential
Ru(P,JT,17) = EntT|©p ™) + Ent(J7|OF ),

where, with a little abuse of notation (see (3.14)),

OpE v, x) = \/(P(u)xi[v]) (P + L5 ¥ 15,7).

Then the corresponding EDP-functional T, given by
T T
Zn(P,J+,J_) :=/ Rn(Pthj_th_)dt'i‘Fn(PT)_fn(P0)+/ Dn(Pt)dt»

is non- negatwe and for any Pg with F,,(Pg) < oo a umque gradient-flow solution (P Ji)
exists, with P, equal to a weak solution to (FKEy) and J, = PtKifOV almosteveryt € [0, T].

Similar to the mean-field case, the dissipation potential consists of relative entropies
with respect to geometric averages, now of forward and backward rates along a transition
v—> vt %8 +- Moreover, note that in contrast to the framework of [33], we employ fluxes JE
that are not finite measures. This is due to the unboundedness of «,, as the mass of v grows,
which implies that the underlying jump kernel over I' is itself unbounded as well, see Sect. 3.

For the Liouville equation, let us define Cyl.(I") as the space of compactly supported
smooth cylinder functions of the form

F)=g(Lv), (fi,v), ..o, (fmsv), g€ CTM™), meN,

where fi, ..., fin € Cp(7T), and grady is the distributional gradient defined by
gradp F(v,x) = (Vg) (L v), (1.0 oo (fne ) - (L A1), fnG) T (1)

Theorem 1.7 (Liouville, cf. Theorem 4.7) Consider triples (P, J*,J7), with P, € P(I),
€ Mipe(T x T), satisfying the continuity equation

(F,3P,) = (gradF,J) — (gradF,J7), VF € Cyl.(I). (CExo)
Define the Fisher information Do, as stated in Definition 4.4, free energy

Foo(P) := %fré’nt(\)h/)dP,

and dissipation potential
Roo(P,JT,J7) := Ent(JT|©5°) + Ent(J™|OF°), 2 (dv, dx) := 6, (dx)P(dv).

Then the corresponding EDP-functional Zoo given by
T
Too(P, )7, 07) = Roo(Pta A )dt+foo(PT)—foo(Po)+/ Doo(Py) dt,

is non-negative, and for any Py with F,(Pg) < 00 a umque gradient-flow solution (P Ji)
exists, with P, equal to a weak solution to (FKEp) andJ, = Pt/cifor almost everyt € [0, T].
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Finally, for any (P, J*,)7) such that Io(P, )T, J7) < oo, there exists (with a little abuse
of notation) a Borel probability measure Q2 over curves satisfying the mean-field continuity
equation (¢'&) such that for all t the time marginals (e;)#$2 are equal to P;, and

Too (P, J+,J_):/IMF(V,A+, A7) dQ. (1.8)

The statement of (1.8) is the aforementioned superposition principle, which is a modified
version of the superposition principle [2] in metric measure spaces, and the ones used in [11],
[12]. It allows one to essentially jump back and forth between the Liouville equation and the
mean-field dynamics, and in particular, provides us with the non-negativity of Z, and the
uniqueness of gradient-flow solutions.

1.3 Convergence results

Our final and most important result is that the above gradient structures converge in the sense
of EDP-convergence (e.g. see [25, 34]), a generalization of the evolutionary I"-convergence
approach stated by [36, 37] and expanded on in [27], which implies convergence of the
gradient-flow solutions and their free energies.

We say that a sequence (P", J©*, J"~) e CE, converges to some (P,J",)7) € CEy
if for all + € [0, T'] the probability measures P} converge narrowly to P; in P(I"), and
Jf’i(dv, dx) dr converge vaguely to J,i(dv, dx)dt in M?;C([O, T] x I' x 7). Again post-
poning technicalities, see Theorem 5.1, we have the following lower semi-continuity and
compactness result:

Theorem 1.8 (cf. Theorem 5.1) The sequence of free energies F,, I'-converges to Foo.

Moreover, the sequence of Fisher-information functionals and dissipation potentials are
all sequentially lower semicontinuous for sequences of curves with bounded T,, and initial
Fy. In particular, for any sequence (P", )+, J»~) e CE, converging toa (P, )7, )7) € CEy
such that F,(P3) — Foo(Po) as well, we have

lim inf Z,, (P", )T, J57) > Too (P, J7, 7).
n—oo

Finally, for any sequence (P", )T, J»7) € CE, such that

lim sup F, (Py) < oo,
n—oo

lim sup Z,, (P", J= T, J"7) < oo,
n—oo

there exists a subsequence converging to some (P, )%, )7) € CEx.

Here the notion of EDP-convergence or evolutionary I"-convergence (where the I” is
not to be confused with our space of positive measures I') relates to the I"-convergence of
the free energies F;, and suitable liminf-estimates for the dissipation potentials and Fisher-
information functionals (or local slopes in a metric setting).

In certain applications or for certain notions of convergence (e.g. see [29]) one also estab-
lishes I'-convergence for the total dissipation R, + D, when written as functionals over
C([0, T]; P(I')). Moreover, I'-convergence of the functionals Z, over such path-spaces
are related to the large deviations of the underlying process [23], as we briefly discuss in
“Appendix A”. In our framework this would require that for every (P, J*,J7) € CEwo, we
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can find a sequence (P",J"*,J»~) e CE, that converges to (P, J",)7) and satisfies the
limsup-estimate

lim sup Z,, (P", J»F, J»7) < Too (P, JT, J7).

n—oo

However, in this paper we restrict ourselves only to the liminf-estimates, which is sufficient
to obtain convergence of the solutions, an approach also taken in [11, 12, 28]. Namely, by a
lower semicontinuity and compactness argument, Theorem 1.8 implies the convergence of
both the solutions and the free energies F,, if the initial data are well prepared.

Theorem 1.9 (cf. Theorem 5.3) Suppose that Py — P with F, (P§) — Foo(Po) as well. Then

for the sequence pr of gradient-flow solutions to (FKEy), and P the gradient-flow solution to
(Li), we have that for all t € [0, T]

I3;’ —~ P, narrowly, and lim fn(l?’;') = Foo(P)).
n—o0

In particular, if Py = 8, and ¥y is the solution to the mean-field problem (MF), then for all
te[0,T]

. 1 . .
P! — &, narrowly, and lim —&nt(P}|I1,) = Ent(D;|y).
n—oon

The second half of Theorem 1.9, on the concentration around mean-field solutions and con-
vergence of entropies, follows directly from the definition of F, and uniqueness.

For interacting particle systems where the number of particles is fixed at n € N the narrow
convergence P} — &;, is equivalent to the propagation of chaos in the sense of Sznitman [38],
and would imply narrow convergence of the k-particle marginals at time ¢ to U;X’k . However,
in our setting, this implies convergence of the k-correlation functions, see [4].

Moreover, the convergence of the free energies F,, implies the stronger notion of entropic
propagation of chaos if the initial condition is sufficiently regular.

Theorem 1.10 (cf. Theorem 5.4) Suppose that Py — &;, with C~! < dby/dy < C for some
C > 0. If the initial sequence Pjj is entropically chaotic in the sense that

1
lim —&nt(Py|IT, 5,) =0,
n—oon
then this is propagated along the solution, i.e.
R
lim —&nt(P}|I1, ) =0,  forallt >0,
n—oon

where I, , € P(I') stems from the Poisson measure 1, ,with intensity measure v, i.e.

! LAY
TTp,y = (D) _ 1 NZ] mv .

To the authors’ knowledge, this is the first entropic propagation of chaos result for bounded
competition kernels over compact Polish spaces, under the assumption of detailed balance.
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Comments

We have given an overview of the generalized gradient structures that we introduced for the
forward Kolmogorov equation of our underlying interacting particle system and alluded to
how this sequence of structures converges to a gradient structure induced by the mean-field
limit. Throughout, we assumed bounded measurable rates m, ¢ over acompact Polish space 7
satisfying the detailed balance condition m(x, y) = c¢(x, y) and c¢(x, x) = Oforallx, y € 7,
and we would like to briefly touch on possible relaxations of these assumptions.

First, for the limit inferior in Theorem 5.1, there is a technical issue concerning the possible
non-continuity of the competition kernel ¢, which we resolve by an approximation argument
from large deviation theory [19], see “Appendix C”. This argument can be straightforwardly
extended to unbounded rates m and ¢ under certain exponential integrability estimates with
respect to the reference measure y. However, the uniqueness of solutions and well-posed of
variational formulations would be less clear.

Moreover, it should be noted that, while we chose 7" to be compact for brevity and clarity
of the exposition, many of the listed results carry over to the case of 7 Polish with finite y,
under suitable choices of topologies and by bootstrapping from the tightness of y. However,
the classical case of 7 = R? with the merely locally finite reference measure y = £¢
(under suitable integrability estimates on m), as treated in for example [14, 18], is not easily
contained in our framework. Due to the necessity to control the entropy, any solution to this
problem would involve newly constructed estimates on the propagation of tightness.

A more fundamental restriction is the detailed balance assumption, which is necessary to
phrase the variational structures in terms of generalized gradient systems and the evolution
in terms of a gradient flow. However, there exist possible extensions and decompositions of
variational structures for jump processes that do not assume detailed balance or even complex
balance, see for example [20] for an overview. Therefore, in future work, the authors plan to
generalize the variational methods outlined here to more general evolutions.

1.4 Notation

Below we collect some of the notation used throughout this paper.

T Trait space, Assumption 1.1

m,c Mutation/competition kernel, Assumption 1.1

y Reference measure, Assumption 1.1

n System size, Assumption 1.1

Ent Relative entropy (2.3)

H Hellinger distance (2.2)

W, P Dual pair (2.6),(2.5)

MT Space of finite non-negative Borel measures, with narrow topology
M?{; C Space of non-negative Radon measures, with vague topology
[:= M™T(T) State space of measure-valued process

r,cr Space of positive atomic measures with common mass % (3.3)
K,ﬁt = Ki[l)] Measure-dependent birth/death kernels (2.1)

[ Geometric mean of «;f and «;, Definition 2.4

CE Continuity equation for mean-field (MF), Definition 2.1
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Ryr, Fmr.Dyr  Ingredients of EDP-functional 7y for (MF), Definition 2.4

On, O Generator and dual generator (3.1) of (FKEp)

Kn Jump kernel (3.4) corresponding to (FKEp)

Ly, Rescaled empirical measure map (3.2)

75, Iy Invariant measures for particle system (3.5) and measure-valued process (3.6)
™ E Creation/annihilation mappings (3.8)

Vn'i, divtE Discrete I'j;-gradient (3.9) and divergence (3.10)

ﬂ,;t Expected fluxes (3.12)

@g’i Geometric average 193: along transition, Definition (3.1)

CE, Continuity equation for (FKEp), Definition (3.1)

Ru,Fn,Dn Ingredients of EDP-functional Z,, for (FKEp), Definition 3.4

dry w, W Weighted total variation metric (3.18)/transportation metric (4.11) over P(I")
CExo Continuity equation for (Li), Definition 4.3

Roos Foo»r Doo Ingredients of EDP-functional Zno for (Li), Definition 4.4

2 Mean-field system

In this section, we will discuss the gradient-flow formulation of the mean-field equation
under the detailed balance condition. Let us first make precise the context of Theorem 1.4,
and embed it within the more general statement of Theorem 2.7 below.

Recall that the trait space 7 is a compact Polish space, and I' := M™(7) is the space
of finite non-negative measures over 7 equipped with the narrow topology. Fix a reference
measure y € I, and rates m, ¢ satisfying Assumption 1.1, i.e. m, ¢ € B;r(T x 7) with
m(x,y) =c(y,x) forall x,y € 7, and c¢(x, x) = 0 for all x € 7. The mean-field equation
then reads

dve = kT[] — k[, (MF)

with measure-dependent birth and death kernels «* : I' — I given by

kT v]dx) == /

yeT

c(x, y)ydxv(dy),  « [v](dx) = / . c(x, y)v(dx)v(dy).

. 2.1
Routinely, we will also adopt the shorthand notation K;t = kT [v]. Now, setting ¢, (x) 1=
J7c(x, y)v(dy), itis clear that that k;" = ¢,y, k,” = ¢, v, and the dynamics simplify to
dv(dx) = ¢y (x)(y (dx) — v(dx)).

Strong solutions to (MF) in either total variation or appropriate L' spaces follow straightfor-
wardly via classical methods, see Sect.2.2.
The total variation norm || - |7y on M(7) is defined as

Ty = sup {/deM 2 eBY(D) 1 flloo = 1}, n e M(T),
and the squared Hellinger distance H? is given by

2
2 _ 1/ [dv _ jdu
H (v, n) = 2 T( s P do, 2.2)

with o a measure dominating both  and v. Note that the definition (2.2) is independent of
the choice for the dominating measure o, and o = v + 1 is always admissible.
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Moreover, recall the entropy function ¢ : R>g — R>p and its Legendre dual ¢* : R — R
by

o(s) :=slogs —s+1, ¢*() =€ —1,
and the relative entropy of v with respect to p as

dv
-_— d N f b
Ent(v|p) = /T¢<du> o v 2.3)

+ 00, otherwise.
We will consider curves satisfying the continuity equation
dve =M — A, (€8)
in an appropriately weak sense.

Definition 2.1 (Mean-field continuity equation) A triple (v, AT, A7) satisfies the mean-field
continuity equation €& if

(1) the curve [0, T] > ¢ — v, € T is absolutely continuous with respect to || - [|7v,
(2) the Borel family (A:5),ej0,77 C T satisfies [if |4 ]l7y df < oo,
(3) foreverys,t €[0,T]andall f € Cp(7)

!
/fdvt—/fdvs:/ (/ fdkf—/fd)»,‘) dr, foralls,twithO <s,tr<T.
T T s T T

We will refer to A" = A+ — A~ as the net flux.

Remark 2.2 When seen as approximations of particle systems the birth/death fluxes )L,i rep-
resent the observed amount of mass being created/annihilated around a certain point, and v,
represents the density of the particles, while /(Ui correspond to the expected birth and death
fluxes of the BPDL model.

Remark 2.3 (Time-regularity) As we will see in Lemma 2.12, if there exist a common dom-
inating measure for {v, A,Jr, A }tefo,1) then the continuity equation holds in a strong sense:
V; is an a.e. differentiable map from [0, 7] to (T, || - [[7v) and

v =At—2a7,  forae.tel0,T]

Definition 2.4 Let 6, be the geometric average of Kj and k, i.e.

dic dicy
o, = | S K 4
do do

for any dominating measure o. We define the following objects:

e The dissipation potential Ry F : 3 = [0, +00],
Rur(, A1, 17) = Ent(AF16,) + Ent(A716,),

and the dual dissipation potential R}, : I’ x By (T )2 > R,

s owt w) ::/(ew+ - 1)d9,,+/ (e —1)ds,.
T T
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e The free energy Fyr : I' — [0, +00],
Fur©) = $Ent(v]y),
and Fisher information Dy : I' — [0, +00],

2H?(cf K)), ifv <y,

+ 00, otherwise.

Dyr(v) == [
e The EDP-functional Ty r : €& — [0, +00] for all curves with Fysr(vg) < 00

T T
Iur(, AT, 07) = / Rur (e, Af, A7) dt + F(ur) — F(vo) +/ Dyr(vy)dt.
0 0
24
Remark 2.5 Since 6,(7) < oo by Lemma 2.10 all objects above are well-defined, and it is

straightforward to verify via the dual representation of the entropy that Ry, R}, are truly
dual objects in the sense that

R, AT, A7) = sup {/ whdrt +/ wodAT — R*(v, wt, w_)} ,
wEeBy(T) WT T

and vice versa.

Remark2.6 1f v « y with dv = udy, note that d9, = c¢,/udy, and that the Fisher
information simplifies to

Dyr(v) = /TCV (Vu — 1)2 dy.

We are now able to fully state the variational characterization of strong solutions to the
mean-field equation (MF).

Theorem 2.7 Forany (v, AT, A7) € €& with Fyrr(vo) < 00, we have Ty p (v, AT, A7) >0
and

v;is the unique strong solution to (MF),

Iurw, AT, A7) =0
ur( ) { W= (cb) foraet €0, TI.

Moreover, whenever Fyr(vg) < 00 and Iy p(v, AT, A7) < oo the chain rule for Fyr
holds: Fyr(vy) is absolutely continuous and

dv.

d -
g Fmr () = %Llogd—y’d(x;*—x, ), foraet€l0,T]

The proof of Theorem 2.7 is postponed to Sect. 2.3, where we establish the main technical
ingredient, namely the chain rule for the entropy functional.

Remark 2.8 The results of this section do not depend on the no natural death condition

c(x,x) = 0 for all x € 7, but arise from the bounds on m, ¢ and depend crucially on the
mean-field detailed balance condition m(x, y) = c¢(y, x) forallx,y € 7.
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Remark 2.9 The non-negativity of Zy/r and the fact that null-minimizers are solutions to
(MF) is related to the formal equivalence

T
Imr(v, k+,)»_)=/ L, A, A7) dt,
0

where L is the so-called Lagrangian given by
LW, AT, A7) = Ent(A T i) + Ent(A 7 ).

Note that £ is non-negative and zero if only if AT = /cj[. Although we do not prove the
full equivalence in this work, it does play a role in the intuition and motivation behind the
EDP-functional Zy,r with the Lagrangian £ stemming from a large deviation perspective,
as seen in “Appendix A”.

2.1 A priori estimates

In this section, we will collect some elementary estimates and results that are either necessary
for the well-posedness of the mean-field equation and the corresponding gradient structure,
or necessary to do the same for the Liouville equation in Sect. 4.

Let W* be given as

W*(2) 1= 2(cosh(z) — 1) = &% + &% — 2, 2.5)
and its dual ¥ := (W*)*
N/
W(s) = s log <S+ZS+) Vv 442 2.6)

Lemma 2.10 Let M := ||c|loo(1 + Y (7). Then the following estimates hold:
(i) The measures lcvi and 6, are finite:
KE(T) < M(1+v(T)D). 2.7)
and
6,(T) < M(1 +v(T)%) 2.8)
(ii) Forany birth/death fluxes \* € M™*(T), net flux A" = A+ — A=, and w*, w € B(T),

/ lw*|dA* < Ent(AE16,) + / W (w) db, + 6,(7),
T T

/ |w] d|A™| SRMF(v,H,A‘)Jr/ W (w) db,.
T T
(iii) For any birth/death fluxes A\ € T,

¢<mvl>M<R (w, AT, 07) (2.9)
M +v(T)?) A '

Remark 2.11 Although the estimate for 6, can be made more precise, namely
0y(T) < llcllooy (D' 20(T)2,

we will not require it for our results.
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Proof (i) With 0, := +/dk; /do dk; /do o for any dominating measure o we have by

Holder’s inequality
0u(T) < i (D (T).

Note that Kj' (7) < lcllooy (THv(T),and k; (T) < llclloov(7)2, which provides (2.7). Since
z<1+4+z*forallz >0 (2.8) follows directly.

(ii) First, suppose that w € B, (7). Using the elementary inequality el < ¢ 4 ¢~
derive by duality of the entropy

4 we

/ [w|dAE §5nt(ki|9u)+/ @™ —1)de,
T T
< Ent(AF16,) +/ w*(w)do, + 6,(7).
T

Next, fix any measurable function w € B(7) and set its k-truncation wy := max{min{w, k},
—k}. Since W* is even and monotone, by monotone convergence applied to both sides, the
inequality holds for w as well, with both sides possibly equal to +o0c.

Next, note that for for any w € By (7T)

/ Dd(T — A7) < Ent(hT16,) + Ent(A16,) +f (" — 1)d6, +/ (e —1)do,
T T T

=Rmrv, A+,A‘)+/ W* (1) db,.
T

Substituting w := |w|lp — |w|1pc, with P, P¢ stemming from the Hahn decomposition for
ARt = A+ — )~ the desired inequality for A" now follow after another truncation argument.

(iii) Without loss of generality, suppose that Ry, is finite. Set a(v) := (1 + v(’T)z)_l,
and note that 0 < a(v) < 1. With qﬁ(s) := ¢ (s Vv 1) the monotone relaxation of ¢, we then
have the following chain of inequalities,

da*t - (dAT
/:rd’(deu )de” = f:rd’(deu )dg”
~ (d(a()A%)
/T é <7d @0 ) d(a(v)o,)

~ (aWAE(T)
¢ <W> a()6,(7),

%

A%

where the last inequality follows from Jensen’s inequality. By convexity of ¢ and ¢(0) = 0
the latter expression is monotone in 6,,(7"), and hence by (2.8) we find

( S >M<’R FV, AT, A7)
M(1+V(T)2) M ’ ’ ’
]

We will briefly state the improvement of regularity in time of v; if there exists a common
dominating measure. The proof is similar to Corollary 4.14 of [33] and therefore omitted
here.

Lemma2.12 Let (v, AT, A7) € €& and suppose that there exists a measure £ € T such that
v, AE < Lforallt €0, T).
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Then there exists an absolutely continuous and a.e. differentiable map u : [0, T] —
LY (T, ¢) and maps g* : [0, T]1 — L' (T, ) such that u, = dv,/d¢, g,jE = d)»ti/dﬁ and

dui(x) = g (x) — g, (x), foraetel0,Tl

In particular, the continuity equation holds in the strong sense, namely that v, is an a.e.
differentiable map from [0, T] to (I, || - ||Tv) and

v = A" — A, fora.e. t €0, T].

Next, we will list two results that are either necessary for the chain rule in Sect. 3.3 or the
superposition principle and well-posedness of the continuity equation in Sect. 4.

Lemma2.13 Forany0<a <1,z€eR
W (az) < @’V (). (2.10)
Moreover, for any net flux \™t € M(T),

< A" 7y

+ —
7M(1+U(T))>M5RMF(V’)\ LAT). (2.11)

Proof 1t is straightforward to check that W*(z)/z% is monotone increasing for z > 0, from
which the first statement follows.
Now, for the net flux, it is convenient to go through the dual representation. Set a(v) :=

(I +v(T) L By duality, for any w € B, (7)

Rur(, A1, 07) > a(v) / w(x) dA™ — / W*(a(v)w(x)) db,. (2.12)

T T

However, by (2.10),

[ wratwm)an, < [ wtwe)aw? @, < wv i,

T T

Taking the supremum over all w € B,(7) in (2.12) we find (2.11). m]

Lemma 2.14 Let {fi}ien C Cp(T) be a countable and dense set of bounded continuous
functions. Suppose (v, AT, A7) is such that

(i) the curve [0, T] > t +— v, € ' is narrowly continuous
(ii) (AE)ieqo.r1 C T is a Borel family with

T
/ Rumr e, A, A7) dt < o0
0

/Tf,-du,—fo,-dvs:/5t</:rﬁdxj—/7ﬁdx;>dr,

forall s, twith0 < s,t <T.

(iii) Foralli € N

Then (v, AT, A7) € €&, i.e. the triple satisfies the mean-field continuity equation.
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Proof Since v, is narrowly continuous its mass is uniformly bounded in time, hence let
C := sup,¢o,77 v+ (7). By (2.9) and monotonicity of ¢ (- v 1) we have for a.e. t € [0, T,

MH(T) .
¢ mvl M = Rmr(i, A, 2),

and therefore by convexity of ¢ (- Vv 1)

T
/ AE(T) < 0.
0

Since the measures Afc(dx) dt € M*([0, T] x I') are finite, by density of f; in C,(7) it is
clear that for all f € Cp(7)

t
/fdv,—/fde:/ (/ fd)»,*—/fdk,’)dr, forall s, twith0 < s, <T.
T T s T T

By a monotone class argument, this can be extended to all f € 3,(7") and we derive that v;
is indeed TV-absolutely continuous and (v, AT, A7) € €&. O

2.2 Strong solutions

Strong solutions to (MF) exist and are unique, and we list the most important properties here.
It should be noted that these arguments apply even without the detailed balance condition
m(x,y) = c(y, x) and only require both ||m ||~ and ||c||o to be finite, but for simplicity, we
will restrict ourselves to our framework. Moreover, in all results the time window 7' > 0 is
arbitrary.

Definition 2.15 A strong solution to (MF) is any TV-absolutely continuous and a.e. differen-
tiable mapping v : [0, T] — (T, || - ||7v) satisfying

drvr (dx) = K} (dx) — &, (dx) (2.13)

Recall that /cj'(dx) = cy(x)y(dx) and «, (dx) = cy(x)v(dx), where c,(x) =
J7e(x, y)v(dy).

Remark 2.16 Note that if v is a strong solution to (MF) automatically (v, I{j_ LK) ECE.

Vice versa, if (v, k7, k) € €& then v, is a strong solution. Namely, any TV-absolutely
continuous curve v; possesses a common dominating measure ¢ € I, which implies /cjf <
£ + y. By Lemma 2.12 the curve v is indeed a a.e. differentiable mapping to (T, || - ||I7v)

Lemma 2.17 Foranyv € T there exist a unique strong solution v, to (MF) such that vy = v.
Moreover, if v K y, then also v K y forallt € [0, T].

The proof is an adaptation from [18, Proposition 7.2], which is stated for Lebesgue abso-
lutely continuous measures over 7 = R<. In short, the linear dependence of the birth flux
on the mass of v gives a bound on this mass uniform in time, in which case both K;t are
Lipschitz in v on (', || - ||), and classical existence theory can be applied.

Proof First, note that for the linear case of

9 v (dx) = by (dx) — ¢;(x)vy (dx),
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with ¢; € Bp uniformly bounded and b, € T with fOT Ib¢llTy dt < oo with a common
dominating measure, it is easy to verify that a unique strong non-negative solution exists and
is given by

t t S
V= e7f0 cs(x)ds (/ bsefo r drds + \)()) .

0
We now set v,o :=v forall t € [0, T], and perform the implicit Picard iteration

3T (dx) = cp )y (o) — e Tde), gt =,

i.e. VAt = (Gv¥) with
1 ! S
(GV); (dx) 1= e~ Jocw @) ds ( / ey, (x)y (dx)elo cr @ drgg 4 ﬁ(dx)) .
0

It is straightforward to check that for all ¢ € [0, T']

sup v,k(T) < eI\Clloo)/(T)tD(T) < eIICIIooV(T)TI-)(T) —C.
k>1

We will show that G is contractive under a suitable metric on the space of curves with
initial data v and mass bounded by C. This implies there exists a 7'V -absolutely continuous
curve v such that

!
v,—vs=/ (/(j;—i—/(\;)dr, forall s,z withO <s,t <T.
N

Moreover, since in the iterations V¥ < 7+ for all v it is clear that we obtain strong solutions
in L'(» 4 y). In particular, for v < y we have v; < y forall ¢ € [0, T'] as well.

Now, note that (c(x, -), v) depends Lipschitzon v in (T, || - ||7v) due to the uniform bound
on mass. This implies that there exists a constant K such that for any two admissible curves
v, U

t
1Gv) — @)l < K / Ivs — Byllrv s, forallr € [0, 7).
0

Hence, by a Gronwall-type argument, we find that for any ¢ > O forall 7 € [0, T']

- _ K - _
1GV): — G llryve KT < ——— | sup vy — Dyllpve K5 |,
K + ¢ \sep0,7]

thus yielding the contraction required to apply the Banach fixed-point theorem. O
Finally, for the use in entropic propagation chaos of Theorem 5.4, it is convenient to
characterize the conditions for which u, is bounded from above and below. The following

statement follows directly from a Gronwall-type argument.

Lemma 2.18 Suppose v is such that C™' < dvy/dy (x) < C for some constant C > 0 and
all x € T. Then there exists a constant Ct > 0 such that for the corresponding solution

d
crl < dlyo(x) <Cr, forallx €T, forallt €0, T].
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2.3 Variational characterization

We will now prove the non-negativity of our EDP-functional Z;r and the characterization
of strong solutions to (MF) as minimizers of Z)sr. To do so we first need the prove the chain
rule for the free energy Fysr along curves with finite Zys .

There is an important technical issue concerning the Fisher information, in the sense that
on curves with finite Zy;r the chain rule inequality holds for the following replacement:

Dyr) = / P (1 logu) do, = / cy(x) (ﬁ— 1)2 dy,
T 2 u>0

for any v < y with u := dv/dy. Note that 0 < D,,(v) < Dyr(v) and D), , =

Ry Qv FuF).
We will see the same principle arise in Sect. 3 for the variational characterization of the
forward Kolmogorov equation, which is also observed in [33, Section 5].

Lemma 2.19 For any curve (v, A*, 17) € €& with Fyr(vo) < 0o and Ty (v, AT, A7) <
oo it holds that [0, T] > t > Fuyr(vy) is absolutely continuous and a.e. differentiable with

dvl

d 1
a}'Mp(u,) =3 ./‘Tlog (E) dAfe,  forae t€l0,T].

Moreover, for such a curve
+ - ! N dve et | o
IMrW AT, AT =Ty :=/ (RMF(U[,)\.Z A )+ E/Tloggdk?e +DMF(U[)> dr > 0.
0

Remark 2.20 1n fact, for such curves, for a.e. t both the terms

d
/ log (j> d)\f,
T dy
will be finite, and hence

d d d
/ log <&> dayet =/ log <ﬁ> dat —/ log <l> da,,
T dy T dy T dy

Remark 2.21 From Lemma 2.19, it is clear that an alternative approach would be to discard
the functional Z and only consider Z—, and relate minimizers to EDP-solutions, and so
forth. However, the reason for the introduction of Dy, and Zjsr by extension, is the lower
semicontinuity of Dy r and its Liouville-counterpart Do, (see Sect.4) and is related to the
fact that Zps r arises in the limit of the EDP-convergence of Sect. 5.

Proof Fix any curve (v, A*, A7) € €& with Fy;r(vy) < oo. We will show that whenever
Imr < oo the mapping ¢t — Ent(v;|y) is absolutely continuous and satisfies the chain rule,
ie.

d &nt d
M:/ log [ £ dAf — 1), forae.te[0,T].
dt T dy

Suppose that Zy/r < 0o. Since Ent is bounded from below, Ent(vg|y) < oo implies that
T T
/ Rur(vy, A;r, A;)dt < oo, / Dyr(vy)dt < oo.
0 0
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In particular for a.e. r € [0, T'] it holds that v; < y, )»ti < 6,,,and in turn 6,, < y. In fact,
due to TV-continuity of v;, we have v; < y for all ¢+ € [0, T]. Moreover, fOT )»;JE (7T) < o0
and sup; v;(7) < oo.

Setting u; := dv,/dy, we have

de,, = Cvr\/'/Tth,

and in particular 6, ({¢; = 0}) = 0. Similarly, kti < 0,, for a.e. t and hence u; > 0 for
k,j[, A}‘e‘-a.e. x for such ¢ as well. Furthermore, since for a.e. t we have A;JE L6, Ly we
find by Lemma 2.12 thatu : [0, T] — LT, y)is absolutely continuous and differentiable
atae.r € [0,T].

Consider any such r with Ry r (v, Aj, A7), Dyr(vy) < oo. By Lemma 2.10, for any
w € Bp(T),

‘ / w dAmt
T

Now let ¢, be the convex and uniformly Lipschitz regularizations of ¢ constructed by using
the truncations ¢, := [¢'],, = max{min{¢, m}, —m} and ¢ (s) = fls ¢, (z) dz. Note that
¢,, converges pointwise to ¢’, and both ¢, and |¢,,| converge monotonically to ¢ and |¢’|
respectively.

Moreover, note that ¢’(u,) = logu, is 6, -a.e. finite, and similarly )\;'E—a.e. as well.
Therefore, since W* is even and monotone on Rxo we derive

5/ |w|d|}»?et|SRMF(Vra)\j_,)L,_)-l-/ U*(w)dd,,.  (2.14)
T T

/ W (3¢, (1)) 6y, < / W (3¢ (ur)) A6y, = Dy (v).
T T
Recall that D}, (v,) < Dpyr(vr). By substituting w = %d),’n in (2.14) we find
1 1 _ _
3 /T¢,’n(ur)d>»?e‘ =3 /T |, [ AIAS ] < Ragp (v, A7, A7) + Dy (01,
and after a monotone convergence argument
1 1 _ _
§/T¢/(ur)d?~?el < 5[7 ¢ ) I < Rar (v, A A7) 4+ Dy p(vp). (2.15)
Note that for every m the function ¢,, is smooth and uniformly Lipschitz, thus the func-
tional f ¢m(uy)dy is || - |[rv-Lipschitz continuous and hence absolutely continuous by

TV-regularity of v,. Moreover, since )L;'E « y and u, is a.e. differentiable in LT, y) it is
straightforward to check that

t
/ Gm (uy) dy —/ Gm (us) dy =/ / ¢y () AT = 27)dr,  foralls,t € [0, T].
T T s JT

Therefore, since Ent(vg|y) is finite by assumption and the functionals f ¢m (ur) dy converge
monotonically to Ent(v,|y), we find

1 1 4
—‘/ ¢><u,)dy—f ¢<uo)dy‘_—hmsup/ f 16, )l dIF — A7 | dr
2\Jr T 2 m—>oo Jo JT

T
/ (Rur e, 15 00) + Dy (vp) dr
0

A

IA
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In particular Ent(v;|y) is finite for all + € [0, T'], and after repeating the argument for
s,t € [0, T] we conclude by a dominated convergence argument that

t
/‘N“z)dy—/ ¢(us>dy=/ / ¢ (uy) A1 dr,
T T  JT

and
! + 41— 1 / net
Iyr = RmrW, A A7) + 3 &' (u)dA;" +Dyr(vy) | dt
0 T

T 1 ,
= / (RMF(VM )h;r, A+ 5/ ¢ (Mz)d)»?e[ + D&p("t)) dr > 0.
0 T
O

We are now finally in a position to prove Theorem 2.7. With the chain rule above, all that
remains is on one hand showing that 7, (v, AT, A, ) = 0 implies that )Lti = K;—: for a.e. ¢,
and on the other hand, showing that if v is a strong solution it holds that 7, . (v, K:_ k) =0
and Dy, = Dy forae. t € [0, T]. The second part again involves proving a chain rule,
but now along the solution curve.

Proof of Theorem 2.7 First, consider any (v, AT, A7) € €& with Fyr(vg) < 0o,and Iy p =
0. By Lemma 2.19,

T 1 , B
/0 (RMp(vt,A,*,A;H §/T¢> (uy) dAf +DMF(w)> dr =0.

Now, recall that d9, = ¢, /u dy. Setting g,jE = dA;t/dGV, it holds that log(u,) gti < oo for
0y,-a.e. x and a.e. t, and by the inequality (2.15) that |logu,| |g,+ — g | is 6,,-integrable.
Therefore, by straightforward algebraic manipulations, we find that for a.e. ¢,

1 _
Rmr e, A A7) + 5/T¢>/(uz)dx?e‘+z>m(w)

= fT (¢(8) + 3 loglungi” + @™ (3 logus) + ¢(g7) — 3 logu)g; + @™ (—3 loguy)) doy,.
Due to the duality between ¢ and ¢* this expression is zero if only if 6,,-a.e.
g = @) (F5 loguy).
Recalling that 6, = ¢,/uy, Kj = ¢,y and k= c,uy we find that indeed for a.e. 1,
)L,i = K‘f.

Vice versa, assume that v, is a strong solution with Fysr (vp) < oo. Recall that v, < y for
allt € [0, T]by Lemma2.17, and hence Ki: « y as well. Therefore we can again write u; :=

dv/dy, k) = cyy, &, = cyuy and 6, = cy/uy. Moreover, u : [0, T] — L' (T,y)is
absolutely continuous and a.e. differentiable, and thus for every regularized entropy function:

T
/¢m(ur)dy—/ ¢m(uo)dy=/ /cu,aﬁﬁ,,(uz)(l—uz)dydt-
T T 0 T

Note that the latter expression is non-positive since ¢/, (z)(z — 1) is non-negative, due to the
convexity of ¢, and ¢,, (1) = 0. Moreover, recall that the regularized entropies converge for
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every v, are non-negative, and Ent(vg|y) < oo by assumption. Therefore

T
lim sup/ / Co, O () (u, — 1) dy dt < Ent(vply) < oo.
o JT

m— 00
It is clear that to obtain Zysr = 0 it is sufficient to prove that for any v with v < y,
1 . _
L jim f ey @) — 1) dy = Rygp (v, ki, 67) + Dot ().
2 m—o0 T
By non-negativity of the integrand both

lim ey, (u)(u — 1)dy < oo.
0

m—>00 J, _
and
lim ey, (u)(u — 1) dy < oo.
m—00 u>0
Since ¢, (0) = —m this implies that in fact for all m

/ ey, (u)(u —1)dy = m/ ¢y dy,
u=0

u=0
but since the former is finite after taking the limit m — oo, we deduce that

/ cydy =0,
u=0

and hence y ({v = 0, ¢, > 0}) = 0. Moreover, by monotone convergence we have

/ cylog(u)(u — 1)dy = lim / coey, () (u — 1)dy.
u>0 m=>00 Jyu=0
Note by straightforward algebraic manipulation that

Hog@)(z = 1) = ¢(VVz+ (/D + (Vz—1?  forallz > 0.

Therefore

1
3 evtostow—nay = [ e (6 (V) i+ 6 (1/30) Vi + (Vi = 17) dy

dkj) de, (dx;) de, 2)
= — + — 4+ op(Vu— 1" | dy.
/M, (20 (¢ ( a6, ) ay T\, ) o T v

Since all terms are non-negative we can separate terms and reduce the expression to

! f e log(u)(u — Ddy = Ryr(v. k7 k7) + Dyt (v).
u>0
Here the equality follows from the fact that y ({u = 0, ¢, > 0}) = 0 and hence

/ o(Vu— 1)y = / ov(Vu — D2y = Dyr(v),
u>0, c,>0 T

i.e. Dy, p(v) = Dyr(v), and

deE\ do
/ P ( all ) 4y = entcE16,).
u>0,c,>0 dev d)/
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3 Forward Kolmogorov equation

In the Introduction, we discussed how the BPDL model describes a measure-valued process
v/ in I' involving particles being created and annihilated, with the corresponding Forward
Kolmogorov equation

3P = Q)P;, (FKER)

where P, € P(I') forall ¢ € [0, T]and Q; is the dual of the infinitesimal generator Q, with
(OnF)(v) =n /T (Fv+ %5,6) — F) &;f (dx) +n /T (Fv— %39 — F(1)) k; (dx),

3.1

for all F € C.(I"). Throughout this section, the parameter n > 0 will be fixed.

In the case of 7 = R it is shown in [18] that a measure-valued process with generator 0,
exists, and is in fact a jump process in I" corresponding to the jump kernel k,, shown below.
However, for our general setting with 7 a compact Polish space, we will take (FKE,) simply
as a starting point, and do not consider the existence or convergence of the measure-valued
process v} itself—even though we will sometimes borrow the language of jump processes
for illustration purposes.

In this section, we will state the general version of Theorem 1.6, by showing that a detailed
balance condition holds, establishing a generalized gradient structure for the Forward-
Kolmogorov equation, and characterizing the solutions as minimizers of corresponding
EDP-functionals. Similar to Sect.2 we first give an overview of the ingredients to state
the main results and then leave the proofs for the existence of solutions and the variational
characterization to Sects.3.2 and 3.3.

Note that since

sup Kf(’]’) = +o00,

vell
the operator Q,, is not bounded on 5, (I"). If it were, suitable solutions and possible variational
formulation would fall into the framework of [33], where triples (V, , k) are considered,
with V' a Polish space, 7 a finite measure, and « (x, dy) a jump kernel satisfying a detailed
balance condition with respect to 7 and the boundedness condition

sup/ k(x,dy) < oo.
x Jv

They construct solutions to the forward Kolmogorov equation that are absolutely continuous
to v and characterize them as minimizers of a suitable EDP functional involving the net flux.
In this section, we generalize part of this framework to unbounded kernels and so-called
one-way or uni-directional fluxes and tailor it to our setting of interacting particle systems.
Namely, let the rescaled empirical measure mapping L, : [ [y~ 7 N — T be given as

N
1
Ly(x1,...,xy) = ;Zaxi. (3.2)
i=1
and let I';, C I" be the space of finite positive discrete measures with common unit weight

1 -
P 1.€.

T, =L, ]_[ TV |. (3.3)
N>1
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Note that the operators Q,, O} can be represented as
(QnF)(v) = / (F(n) — F(v) k(v,dn),
Fﬂ

(Q1P)(dv) = /

nelry

P, (n. dv) — P(dv) / %0 (v, i,
nely

where i, (v, -) € MT(T",) for all v € T',, is a jump kernel over I';, given by
kn(v,dn) = n/ d 1. dn) Kj(dx) —I—n/ 1. (dn)k, (dx). (3.4)
T v+n6x T v—néx

Moreover, we consider Poisson measures I1,, € P(I",;) induced by the reference measure y.
Namely, with the measure 7, € P([ [y~ 7 Ny given by

1 > nN

o n®N
T = > LA (3.5)
N=1
we define
I, := (Ly)smy. 3.6)

We will show in Lemma 3.12 that the measures IT,, are invariant measures of (FKE,,) and that
kn satisfies the detailed balance condition with respect to I1,,, i.e. we have the symmetry

1, (dv)k, (v, dn) = I1,,(dn)k, (v, dv). 3.7

It is straightforward to check that even though k,, is unbounded, we still have the weighted
integrability condition

sup {(1 + v(T)*Z)/ Eu(v,dr;)} < +o0.
vely, I
Therefore we can still bootstrap from gradient-flow solutions in the sense of [33] for regu-
larized triples (I',, I1,,, k5), after passing from a net flux to a one-way flux formulation, see
“Appendix A”, to obtain unique gradient-flow solutions as defined in Sect.3.2.

To discuss the continuity equation and the dissipation potentials properly, we need to
introduce some additional notation. We define the following creation and annihilation oper-

ators:
Tt ., xT >, xT, T (w,x) = v+ %SX,x) = (T v, x), 3.8
T Ty xT =Ty xT, TV (nx)=@— L8, 0) =T v x), '

with the convention that T~ (v, x) = (v, x) if x ¢ supp(v). Note that T"~ o T*+ = Id
always holds, and 7"+ o T~ (v, x) = (v, x) whenever x € supp(v).
We further define the discrete I',,-gradients gn’i C.(Ty) — Co (TN, xT):

V" F) v, x) = n(FT"%v) — F)), (3.9)

and the corresponding I',-divergence avT M Ty x T) = Mioe(Ty), dual to ?"’i,
given by

@'ty =n (pgnJ — "o T”i)#J) , (3.10)

I

where p' " : I';; x T — I, denotes the projection to the first variable.

@ Springer



Generalized gradient structures for measure-valued population... Page 27 of 72 158

We consider the families of curves satisfying

8P+ @I + @V =0 (CEn)
in the following appropriate distributional sense.

Definition 3.1 (Continuity equation)
A triple (P, JT, J7) satisfies the continuity equation CE,, if

(1) thecurve [0, T] >t — P; € P(I',) is narrowly continuous,
(2) the Borel family (J,i),e[oyr] € M,J;C(F,, x 7)) satisfies

supp(J;) S {(v.x) 1 v(T) = 2, x € supp(v)},

(&) foT frnXT(l + (M) dEdr < oo,
(4) foreverys,t € [0, T]and all F € C.(I"y)

t
/ F(v)dP,—/ F(v) dPy :/ / ((V”'*F)dJ,ﬂr(V”"F)dJ;) dr.
n 'y K v
(3.11)

Throughout we will call arbitrary measures J* € Mfo (U x T) admissible if

supp(J7) € {(v.x) : v(T) = 2, x € supp(v)}

and
/ A+ vt < c0.
Iy xT

Moreover, since I',, is a closed subspace of the Polish space I', the extension of P to P(I")
and the extension of J* to M;ZC(F x T) are well-defined. For simplicity, we will simply
refer to them as P, J* as well, and drop the n-dependence in most arguments.

It is also clear that for any admissible J*
(?n’iF)(v, X):=n (F(v + %(Sx) — F(v)) , (v,x) € supp(Ji)

and in particular (3.11) is equivalent to

/ F(v)dP, —/ F(v)dPy
r r
t
= / / (n(F(v + 180 — F)dJf +n(Fv —18,) — F(v)) dJ;) dr.
s JI'xT

for all F € C.(I"). Note that this can again be extended to all F € B.(I") via a monotone
class argument.

Remark 3.2 Condition (2) represents the restriction that particles can only be deleted if there
are at least two particles in the system, consistent with the fact that P € P(I",;) and hence the
underlying process never attains v = 0.

Moreover, condition (3) reflects the unboundedness of the observed fluxes J*, which stems
from the unboundedness of the birth/death kernels K;t in v.
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Remark 3.3 Whenever J* are of the form
JE(dv, dx) = P;(dv)A*[zr, v](dx)

with A% [z, v] € MT(T)forallv € Tandt € [0, T], the continuity equation (3.11) describes
the forward Kolmogorov equation corresponding to an interacting birth/death process with
the birth/death kernels A* [z, v] depending on both time and the empirical measure of the
particles v. The time-dependent jump kernel is then given by

En,t(dv,dn)=n<v/ s 1 dn) A 1[e, v](dx)—i—/ § 1 (dn)A‘[t,v](dx)).
T U+”5X T V*nsx

To define the dissipation potentials, let us introduce the measures 1?5E € M;g (xT)

95 (dv dx) 1= P(dv)xiE (dx). (3.12)
Note that for any curve (P;);c[0, 7] the measures J,i = ﬁpit satisfy the conditions (2) and (3),

where the former holds because c(x, x) = 0.
Moreover, as will be shown in Lemma 3.12, we have the following symmetry

o, =Ty o (3.13)
from which the detailed balance condition (3.7) directly follows.

Definition 3.4 Let @g’i € Myoe(T x T) be the geometric average of z?SE and Ty T, de.

Aoy d(TrToh)

nt —
Op (v, dr) = =

dx, (3.14)

for any dominating measure X.
The dissipation potential R,, : P(I") x MIJ;C(F x T)? = [0, +00] and dual dissipation
potential R} : P(I') x B.(I' x T)? are given by

Ru(P,Jt,J7) = EntT|Op ) + Ent(J7|O) ),

REP, 0t 07) = /

T(ew+ —dept +/ (€ —1)der™
I'x

I'xT

For the free energy F, : P(I') — [0, +o0] and Fisher information D, : P(I') —
[0, +o0]

Fu(P) := 5-Ent(P|T1,)
DoP) H* ) Ty ™95 + H2 95 . Ty o) if P < T1,,
+ 00 otherwise.
For the EDP-functional Z,, : CE,, — [0, +o0] for all curves with 7, (Pp) < oo
T T
In(P7J+»J_) = / Rn(PhJj_aJt_)dt'i'-,Fn(PT) _Fn(P0)+/ Dn(Pl‘)dt-
0 0

Remark 3.5 The definition of @g’i is independent of the dominating measure X. Moreover,
formally

OF (v, x) = /PO PO + Ls v + L,1),
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i.e. it represents the geometric mean of the expected fluxes going forwards and backwards
along the transition v <> v 4 %(Sx.

In addition, due to the symmetry (3.13) the measures @;’i simplify whenever P « TI1,,,
i.e. if dP = UdII,, we have

G)';’i(dv, dx) =,/ UW)U( £ %Sx) 1913[: (dv, dx).

Remark 3.6 Note that D,, is a jointly convex function in (z?i, T;;l?;'E ), and lower semicon-
tinuous if F,, is bounded. Moreover, it is straightforward to check that whenever P < IT,
with dP = UTI,, it holds

D, (P VU + 5 —vU dot
= /I:XT< v ) (U> f
-l <‘/U<v_la>_m) ary,
'xT
/ (,/U(v:l: 5)—\/U(v) dl?n
'xT

Finally, for technical purposes, we also introduce a version for net fluxes.
Definition 3.7 The upward net flux J" is defined as
=)t Ty

Note that J™ (v, x) can be interpreted as the net flux along the jump v <> v + %(Sx.
The continuity equation for the net flux reduces to

/F(u)dP,—/ F(v) dP; _/ f n(F+ 180 — Fv)) dtdr
r I'xT

We are now in a position to give the general version of Theorem 1.6.
Theorem 3.8 For any (P,J*,)7) e CE, with F,(Py) < oo we have Z,(P,JT,J7) > 0,

P;is a weak solution to(FKE,)

3.15
JE =Pt foraetel0,T], ©.15)

(P, JT, ) =0 = {

and there exist a unique gradient-flow solution, i.e. a curve (P) such that Z,, (P, P,K P =
0.

Moreover, whenever F,(Py) < oo and I,,(P, J*,)7) < oo, the chain rule for F, and the
net flux holds holds: F, (P;) is absolutely continuous and

d
E“T" Py = % / T(log U+ %6)() —logU(v)) dJ;‘et, fora.e. t €[0,T].
I'x

The proof of Theorem 3.8 is postponed to Sect.3.3 and follows from the existence of a
gradient-flow solution via EDP-convergence of a sequence of regularized problems estab-
lished in Sect. 3.2, and its uniqueness via a convexity argument.

Remark 3.9 Similar to the mean-field case, the non-negativity of Z,, and the identification of
solutions to (MF) as null-minimizers of Z,, is related to the formal equivalence

T
In(P,JJr,J*):/ L, (P, 3,07 dt,
0
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where £, is the so-called Lagrangian given by
L,(P,JT,)7) = EntJ TIPS + Ent(J™ |Pk;)).
We discuss the implication of this relation in “Appendix A”.

Remark 3.10 (Net flux) To show the existence of gradient-flow solutions in the sense of null-
minimizers of Z, we will have to jump from gradient-flow solutions in the sense of [33], see
Theorem 3.20. The expressions for net fluxes are in fact contractions of those for one-way or
uni-directional fluxes, as discussed in Section A, which we use to show that the two notions
of gradient-flow solutions are equivalent.

3.1 A priori estimates

Below we will state the estimates and identities necessary to prove the chain rule and establish
the existence of solutions.

Recall that 19Pi satisfies the same restrictions (Conditions (2) and (3)) as the fluxes
This is easily verified, but since we will use it repeatedly let us state it here precisely.

J=E

Lemma 3.11 For any P € P(I'y,)
supp(P5) S {(v,x) : v(T) = 2, x € supp(v)} .
In particular, for any w € C.(I' x T)

/ w(v,x)d(Tz’iﬂPi):/ o+ s, x)doF,
I'xT I'xT

and
T o Tp oF = 0F.
Finally,
n,+nEt _ on,F
Ty 0" =0T,
The above identities allow us to prove the symmetry condition that implies the detailed
balance condition (3.7).
Lemma 3.12 (Detailed balance)
+ _ yn.F
O, =Ty 04 -

Proof Fix an arbitrary w € C.(I" x T), and for any ordered collection of N variables in 7°
set xV := (x1,...,xy) € TVN. We then have the following.

/ (v, x) dﬁlf[r
I'xT "

1 2 pN

n
= w1 NX::I N LN (/;_a) (Ln(XN),x) ra [Ln(xN)] (dx)) y&N (axV),

/ oW, x)dTy 97)
'xT "

1 O N _
_ env<’f>—1NZ=:lN'/TN (Lw(Ln(xN)—%Sx,x)K [Ln(xN)] (dx)) yON (dxN).
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Since Kk~ [%8 y] = 0forany y € 7, the sum in the right-hand side of the last expression starts
from N = 2, thus reducing the expression to

1 s aN+1 N
+y_ 1 - N+l
enV<T)—1NZI(N+1)!LNH (L”(L”(X ) n‘s)"x)" [L"(X )](dx)>
y®(N+l)(de+1)’

It is clear that, for our desired equality, it is enough to show that for every N,

1 [ (o (B = o) ) L) 2aar,d) ) 754D ax )
TN+ T2

=(N+1) ( | o (L) c(x,yw(dx)Ln(xN)(dy)) 7N (ax).
TN T2
To do so, note that since c(x, x) = 0,

n/TZw(L,,(XNH) - 5ax,x) c(x, y) Ly H®2(dx, dy)

N+l

= Y o (BN — o) et )
i=1 j#i
N+1

= Z/ (LM = 280 ) e ) (Lo = Lo, ) @),

Hence, by symmetry of y®V+D  we obtain

N+1

[ (Z [ (1 = ) et (La eV - l%)(dy)) BVED @xN+)
TN+
=N+ 1) / ( / L), x) eCr, 1)y (@0 Ln(x )(dy)) OV (ax™),

as desired. O

Recall from Lemma 2.10 that that
K (T) < M(1+v(T)P),
where M := (1 + y(7))||¢llco. Now let
M, = max{l + 2/n2, 2}M

and the jointly convex and lower semicontinuous function Y : ]R3>0 — [0, +o0] given by

Juv ifw=0,
T(w, u,v) = ¢(\/%) Juv  ifu,v >0,
+00 if w > 0, and eitheru = 0 orv = 0.

We then have the following result.

Lemma 3.13 The following statements hold:
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(i) Forall P

f (1+v(T) > O F(dvdy) < f (1+ (D))~ OpFdvdy) < M,
I'xT

I'xT

(ii) For any P, admissible J*, and net flux J*¢t = J+ — Tz’_J’, w € BT x T), we have

/ || d[J"] §Rn(P,J+,J’)+/ W (w)depT.
I'x7T I'x7T

Moreover,

o (1 v L A+ v~ E, dx)> M, <R,(P, I, 1), (3.16a)
Mn I'xT

Y (L / a1+ v(’T))_1 [J7¢t| (dv, dx)) M, <R,(P,JT, 7). (3.16b)
Mn I'x7T

(iii) For all admissible P, J*,

Ent(Jr|emt) = / (3.17)

I'xT

dJF dvy AT o) i
dz’ dx’ dz ’

for any common dominating measure . Moreover, if dP = UdI1,,

dJ*
+ n,ky _ 1 +
Ent(J*|© )_/FXTT<dﬁPi,U(U),U(vd:n8x)) dv,.

Remark 3.14 Since M,, < 3 M for all n > 1 the estimates (3.16) are uniform in n, which
we will use in the EDP-convergence to establish tightness of sequences J~* under bound on
Z,. Moreover, the representation (3.17) is used to deduce the lower-semicontinuity of Z,, for
sequences of curves.

Proof (i) Forany x* € 7, v € I', we have
max (i (T), k=T )I(T)) < M max [1 + (D2 1+ T D@2 1+ (T;';_(V))(T)Z]
< Mp(1+v(T)%)
due to the inequality
I+ (@427 <1+ 35427  forallz >0.

In particular,

max” ¢! —l—v(T)z)_ldz?Pi,/ a +v(T)2)_1dTZ’]F7§*§E} < M,,
I'x7T I'x7T

and hence the desired statement follows after applying Jensen’s inequality.
(ii) By duality we have for any w € B.(I" x 7),

/ a)+dJ++/ w”d)” SRn(P,J+,J_)+/ " —1depT
I'x7T I'xT 'xT

+/ (e’ —1)dep .
I'x7T
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Substituting w* = w, @~ = —w o "~ and using the fact that T~ @'~ = O " we derive

/ de“e‘an(P,J+,J_)+/ U*(w)depT.
'xT I'xT

Since W* is even we can replace w and J by their absolutes in the inequality, after substituting
for w appropriately, and we conclude with a monotone convergence argument. The inequal-
ities (3.16a) and (3.16b) now follow similarly as in Lemma 2.10 via respectively Jensen’s
inequality and a dual approach.

(iii) Let us only consider J*, ®"% (the case for J=, ®"~ is similar). Suppose
Ent(JT|®™T) < oo and recall that

do; ATy~ o5)

" (dv, dx) :=
P (dv.dv) > dx

dx,

where ¥ is a dominating measure, e.g £ = 95 + Ty "9, . Then J* < ©pF « %, and
it follows that JT-a.e. d9;/d%, d(Ty' " 95 )/dS > 0, from which one can easily verifies
(.17).

Vice versa, suppose that

Ut doS ATy,
/ (G5 A Ay Pe) ) o
IxT d¥  dx dx
for some dominating measure 2.ThenagainJ“‘—a.e.Wehavethatdﬁ‘;'/dZ,d(Tz’fﬁP_)/dE >

0, and by super-linearity of ¢ deduce that in fact J* « 3 for any dominating measure of 19;r
and T}~ 95, which together implies J* < ©j'* and the result follows similarly as above. 0

Finally, we discuss the time-regularity of P, for admissible curves and state the analog of
Lemma 2.12. Let the weighted total variation metric drvy ., be given as

dry (P!, P?) = /(1+v(7)2)—‘d|P1 — P2 (3.18)
r

Note that dry ., is lower semicontinuous with respect to the narrow topology, and while
convergence in dry ,, does not directly imply narrow convergence, it does so on narrowly
pre-compact sets.

Lemma3.15 Forany (P,J%,J7) € CE, we have foralls,t € [0, T]:
t
drv.u®s.Py) < dnmax{1 + n%z}/ f A+ v + 7)) dr. (3.19)
s JIxT

Suppose in addition that P, < T1,,, J;JE < ﬁ%ﬂ forallt € [0, T] and set
=1 +v(DH ', T =1+ v(D) g

Then there exists an absolutely continuous and a.e. differentiable map U : [a,b] —
LY (P("), £) and maps G* : [0, T] — L' (%) such that U, = dP, /dI1,, G = dJi/cwﬁn,
and

U (v) = n/ (Gy v+ 18, x) — G (v, ) k) (dx)
7 (3.20)
+ n/ (G =18, x) — G; (v, %)) k) (dx).
T
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Alternatively, in terms of the net-flux " = GO with G™' :== GT — G~ o T T,

U, (v) = n/ Gr®'(v— 15, x) K, (dx) — n/ G (v, x) K} (dx).
T T

Remark 3.16 Note that the estimate (3.19) for the weighted total variation metric blows
up as n — oo. For the proof of EDP-convergence we instead use a weaker metric, the
transportation-like metric W defined by (4.4), which does behave uniform-in-n for a sequence
of curves with finite lim sup,,_, ., Z,.

Proof Due to the continuity equation and after a monotone class argument, we have the crude
estimate

/ Fd(P, —P)
r

t
- n/ [/ (F+ o0l + FO) dif
s I'x7T

[ aro-tsor+ |F<v>|)cu;} dr,
'xT
for any F € B.(I"). Now fix F € B.(I'), and let K := sup . F(v)(1 + v(7)?). Note that
by the bounds of Lemma 3.13 for any v € '), we have the following estimates
IFI) < KA +v(T))!
IFIo+ 150 < K1+ +v@)?) ™ < kKA +v(H7",
IFIv = L6 < K(1+ (G +v(T)?) 7" < Kmax{1+ 2,2} +v(D)) 7",

and therefore

‘/ Fd(P; —Py)
r

Taking the supremum over all F' € B.(I") with sup . F(v)(1 + v(T)z) < 1 we conclude
that

t
< 4nKmax[1 +3, 2] / / L0+ w2 dUF + 1) dr.
s JI'x

drv,wPs,P) = /(1 +v(T)»)~d|p! — P
r
t
= 4n max{l + 2 2] / A+ (DD~ dS + ) dr.
S

Next, suppose that P, <« I1,,, J,i < 191#” for all t € [0, T]. Let U; = dP,/dIl,, G,i =
dJE / dﬁﬁn . Note that by the absolute continuity of P; with respectto drvy 4, the map t — U;

is absolutely continuous in L!(£). Moreover, for every F € B.(I") the continuity equation
reads as

t
[ rwi-voan, = [ [ e+ ts) - FonGro.n av, o
r s JI'xT

t
+ / / (F(v — L) = FO)G; (v, ) dogy dr.
s JIxT

But due to Lemma 3.12, the integrands can be rewritten as follows

/ Fo=£1s)GEw, x)dog =/
I'xT !

I'x

FO)GE F 18, 0 dTyoof )
T

=/ FWGF (v F 18, x)dof |
I'xT

@ Springer



Generalized gradient structures for measure-valued population... Page350f72 158

and therefore

t
/ F(U, — Uy)dIl, = / / F)(Gy (v + 18, x) — G (v, x))kf (dx) dTT, (dv) dr
r s JIXT

t
+ / / F(u)(G;"(v — %(Sx,x) — G, (v, x)) K, (dx)dII,(dv)dr,
K I'x7T

which is the weak formulation of (3.20). Putting in the pre-factors (1 + v(7° 12)~1 to state
the expression in terms of the finite measures ¢ and ¥, and noting that due to time-regularity
1+ v, is TV-regular, we can proceed as in Corollary 4.14 of [33] and conclude
the proof after redefining U, G* on negligible sets. O

3.2 Weak solutions

In this section, we will discuss the existence of weak solutions to (FKE,), i.e. solutions to
P = aiv" "oy +div" oy,

in appropriate weak form, but with the property that Z,, (P, o, ¥p ) < 0. In the next section,
we will show that Z,, > 0 and that gradient-flow solutions, i.e. those with Z,, = 0, are unique.

Definition 3.17 A curve (P;);c[0,7] is a weak solution to (FKEp) if suppP; € I', for all
t € [0, T'],P; is continuous in the narrow topology and forall s, ¢t € [0, T],andall F € C.(T"),

t
/F(v)dP,—/ F(v)dP, =/ / (ﬁ”’*F)dﬁ;jJrﬁ""F)dﬁ,;) dr.
I r K I'xT

Remark 3.18 Recall that f (1+v(7)? dﬁgf < M, independently of P;. Hence it is easy to
check that (P) is a weak solution if and only if (P, O, Up ) € CEy.

Moreover, under some additional assumptions, solutions turn out to inherit polynomial
mass-estimates from the initial datum, see e.g. Theorem 3.1 of [18] for the case in R4, While
throughout this article we do not assume more from the initial data than having finite relative
entropy with respect to I, (which does imply the finiteness of the first moment), we provide
the higher-moment estimates here for completeness.

Lemma3.19 Fix any p > 0, and assume that (P) is a weak solution with initial datum
satisfying

f v(T)P Py(dv) < oo,
r
and such that for any F € By(I"), s,t € [0, T] we have the inequality
t
/ F(v) dP, —/ F(v)dP, < / / (V" F)ydog + (T Py dog,) dr.
r r s JIxT ! !

(3.21)
Then

sup / v(T)? P,(dv) < oo.
1e[0,71JT
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The condition (3.21) is necessary to show the propagation of mass-moments, but can
itself be shown to hold if the first moment is uniformly bounded in time (and in particular if
the relative entropy with respect to I1,, is uniformly bounded in time), using the compactly
supported multipliers y,, of Sect.3.3.

Proof Set F(v) := f(v(7)) with f(z) := z” and let f;(z) = min{z, k}? be its sequence of
truncations. Setting Fi(v) := fix(v(7)), we have for every k > 1,

t
f Fy d(P, — Py)< / ( f V" Ry dod + f V" Fo+ dﬁ;) dr
r 0 'xT ! 'xT "

t
< /0 fr (RO + 5 = @) k@0 P @) dr

where we used the fact that f is non-decreasing, thus implying V' F <o0. Recalling that
1 (T) < llelleoy (THV(T),

and using that z( fx (z+ %)— Ji(@)) < Cp n(1+ f(2)) for asuitable constant C, , independent
of k, we can apply a standard Gronwall argument to obtain

f Fe(v)dP, < eCralelor (D (c,,,n||c||ooy(7>r+ f Fk(”)dPO>-
r r

Taking k — oo we derive the desired inequality by monotone convergence. O

We can now state the existence result of a weak solution satisfying one-half of the Energy-
Dissipation principle, which is complemented by the chain rule proved in Sect.3.3. The
existence proof is one of EDP-convergence (see also Sect.5), bootstrapping from problems
with bounded kernels and the results of [33].

Theorem 3.20 Suppose that
Ent(P|T1,) < oo.

Then there exist a weak solution (P) with initial datum P such that
T T
f Ru(Py. O3, 957) di + F(Pr) — Fu(Po) + / D, (P dr < 0.
0 0

Proof Fix any P with Ent(P|T1,) < co. We proceed by approximating the unbounded kernel
i, with bounded ones. For every ¢ > 0, we introduce the regularized jump kernel «;; (v, dn)
over I" defined by

e L 1 _
k,(v,dn) = TF oo o (Tn(T) in (v, dn).

In terms of birth/death kernels, this can be rewritten as

7o (v, dn) =n /T 8,1, (@)K F(dx) +n /7 5, 1, (@i (dx),
n°r n°r

where

1
/cf’g = ; /cf.
1+ ev(T)(W(T) + 1)
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Note that

supkTE(T) < oo foralle > 0. (3.22)

vel

Correspondingly, we denote 0?’8, @g’i’s, Oner Qi o» Ruer Dner Iner (FKE, ) as the
relevant quantities, operators, functionals and forward Kolmogorov equations induced by
Kf"’" . We will first show the existence of gradient-flow solutions for the regularized problems,
i.e. curves such that Z,, . = 0, and then construct an appropriate limit curve as ¢ — 0.
Thus, fix any ¢ > 0. Due to the bound (3.22) it is clear that O, . is a bounded operator

since

sup/ k5 (v, dn) < oo.
r

vel

Moreover, since the prefactor v(7)n(7) is symmetric under swapping of v and 7, it straight-
forward to verify that i is still reversible with respect to the same invariant measure I, i.e.
we have

I, (dv)ic, (v, dn) = IT,, (dn)&;,, (1, dv).

The triple (I', I1,, k%) therefore satisfies the assumptions of [33]. Keeping in mind the differ-
ence in definitions of W* due to the extra factor 2, by [33, Theorem 6.6] there exist a unique
curve U¢ € C1([0, T1, LY (T, T1,,)) such that Uy = dP/dIl,, and

0 Ur (v) = / (U () = U )R5 (v d), forae. 1 € [0, T,
r
T
Ent(Po|Ty) — Ent(Pr|TTy) = /0 fr W W) = Ur) VT )1 () Tha () 5 v, o

2
[ (VO = VO @) e dn dr,

rxr

with P, := U,TIl, as usual. In particular the entropy Ent(P|IT,,) decreases along the solution
and hence

sup Ent(P;|T1,) < Ent(P|T1,,).
t€(0,T]

By evenness of W, symmetry of I,k and the identity (A.2), we can express for any U
after substituting for 5 (v, dn)

1
E/r F‘P(U(n) —UW)VUWU @) My (dv) iy (v, dp)

-/ 9 (VUO/U@) VUDU ) Madv) &5 (v, d)
Un)>0,U(v)>0

+,&
dl?P 1 +.,&
= ) s | VU@ + 38U W) I (dv) 6,77 (dx)
U@4n=18,)>0,U(v)>0 dey ™
dl?P ) 1 —&
+ ¢ s | VU@ = 580U W) Iy (dv) k" (dx)
Uw—n=18;)>0,U(v)>0 d@P’ ’

= Rae (P05, 05).
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Moreover, it is straightforward to check that

2
[ (V0 = V6)) @) 0. dn) = Dy,

I'xT
and therefore with J* := 15‘;” we conclude
Zne(P,JT,J7)=0.
Finally, note that by Lemma 3.13 and Remark 3.6
ent (11054 = / . (dzﬁ’a , vy | d(T;»:FﬁSE’E)) ix.
I'xT dx dx dz
Dye = 2H> (9575, Ty Fo50),

for any dominating measure ¥, which are both non-negative, convex, and vaguely lower-
semicontinuous functionals of z?,it’g, Ty 705 % in Myoe(I" x T), see [6, Theorem 3.4.3].

Next, we consider the sequence of pairs (P?, J*-¢) stemming from the regularized problems
above, satisfying

T, e(PEOTE )78 =0 foralle > 0.
As for a priori estimates, we have

sup  Ent(P¢|TT,) < Ent(P|TI,), (3.23)
&,t€[0,T]

and
kES(T) <kE(T) foralle > 0.

From the latter, it can be shown similarly as in Lemma 3.15 that we have the equicontinuity
result

drv w(P7, P < 2nmax{l + n%, 24t — s|.

Here drv ,, is the weighted total variation-metric defined in (3.18) as
drv w(P;,P5) == /(1 +v(T)>)™! d|Pf — P|, foralle > 0, foralls,s e [0, T].
r

Recall that d is lower semicontinuous with respect to the narrow topology and convergence in
d implies narrow convergence on narrowly pre-compact sets. Since Ent(P$|I1,) is bounded
uniformly in € and ¢ and Ent(-|I1,,) is narrowly coercive we obtain by a standard Arzeld-Ascoli
argument, up to choosing a subsequence, the existence of a curve ¢ +— P; such that

P — P; narrowly forall 7 € [0, T].

Note that by the estimate (3.23) and lower-semicontinuity of the entropy, we have that for
every t € [0, T'], the sequence of measures P converge setwise to P; and Ent(P;|I1,) <
&nt(P|T1,,) < co. Moreover, ICS:’S S IC;E ase — Oforevery v, and hence setwise convergence
of P{ implies setwise convergence on pre-compact sets of I' x 7 for

ﬁpﬂ;‘?(dv, dx) = P2 (dv)c™*[v](dx),
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see e.g. [33, Lemma 2.4] for the case of set-wise convergence for bounded jump kernels. In
particular, we have the vague convergence
+,e + n,x qt,e n,x q+
ﬁPf - Up Ty l?Pf — Ty 0p .

It is straightforward to check that we can pass to the limit in the continuity Eq. (3.11), and in
particular, derive that P is a weak solution to the unregularized problem.

Finally, recall that 7, (P%) is convex in and narrowly lower semicontinuous in P4, and as
shown above the action R;, is jointly convex and lower semicontinuous in (0;?8, Tz?z?;z’g).

Proceeding as in Remark 3.6, we also find that the Fisher information is jointly convex

. . . + . . .
and lower semicontinuous in (ﬂpg’g, TZ’]Fﬂ;Fg"E) if P¢ are contained in sub-level sets of F,.

Therefore, we conclude that
T ~ T
Z,(P) < lim i(I)lf (/ R e (PE, 375, 07°%) dt + Fy (P) — Fu(P) +/ Dn,s(Pf)dt)
E—> 0 0

= liminfZ, . (P®, )T, J7%) = 0,
e—0

thus establishing the claim. O

3.3 Variational characterization

We will now present the chain rule for the entropy. The strategy of the proof is similar to
the mean-field case and the proof for jump processes of [33], with the difference that due
to the unboundedness of «k, we need a two-fold regularization of the entropy, namely via
truncations and compactly supported multipliers.

Theorem 3.21 Forany (P, )", J7) € CE, with F,,(Pg) < coand T, (P, )", ™) < oo, it holds
that t — F,(P;) is absolutely continuous and

d
—]—'n(P,)=f (logU +68,) —logU(v))dJi®,  forae 1 €[0,T].
dr I'x7T

Moreover, T, > 0, and if 7, = 0 we have

JE =Pt  foraerel0,T].

Proof For any curve P with P <« IT,, for all # € [0, T] we will use

Szk’m ::/¢k,m(Ut)dH}17 S[m ::/‘bm(Ut)dnnv
r r

where ¢k (U, v) = xx(V)pm(U), k,m € N with ¢, the previously defined regularized
entropy functions, and xx := fx(v(7)) € C.(I') compactly supported multipliers defined
via

L, 0<z<k,
Z

fi(@) = 2—%, k <z <2k,
0, z > 2k.

Note that | fx| < 1, | fk’ (z)|z < 2 uniformly in &, f; converges monotonically to 1, and
|V”’+“§k|(v, x) <3/(1 4+ v(7)) if k > 1. In addition, recall that ¢, converges pointwise to
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¢’ and |¢,,|, ¢m converge monotonically to |¢'|, ¢ respectively, and in particular,
Jim. skm—gm, Jim S} = Ent(Py|TT,,).
Moreover, let the distributional derivatives with respect to P be defined as
DS (W) = xxk (W, U (), DS"(v) = ¢, (Up(v))

Note that pointwise limg_, oo ?n’iDS,k’m = Vn’iDStm and limmﬁoovn'iDS,’” =
V' Uy,

Now, consider a curve (P, JT,J7) e CE, with F,(Py) < oo and Z,, < oo. Since Ent is
bounded from below

T T
f Ru(Pr, I, J7) dt < o0, / D,(P)dt < o0,
0 0

and therefore P; « I1,,, J,i < ®g;i < ﬁﬁn for a.e. t € [0, T], with

Op*(dv, dx) = /Uy ()U; (v £ L50) 0 (v, d).

In particular U, (v), U, (v £ %BX) > 0 for Ji, @g;i—a.e. v, X.
Moreover, set Ji = GEoE | Jit = G0} (or G} := G — G; oT"*), and

C=1+v(DH ', TF =04+ v g

By Lemma 3.15, the map ¢+ — U, is absolutely continuous and a.e. differentiable in
LY(P("), £) with

U, (v) = n/ (G (v + 184, x) — G (v, x) k)f (dx)
T

+n/ (G =18, x) — G; (v, x) k) (dx),
A
or in terms of the net flux,
U (v) = n/ Gr'(v — L8, x) Ky (dx) — n/ G (v, x) k;f (dx).
T T

Therefore, since (1 + v(T)z) is bounded from above and below on the support of &, it is
clear that for every m, n the maps ¢ +— Sf " are Lipschitz, absolutely continuous and for a.e.
tel0,T]

d
aS,"»’" =n /T DS (MG (W — 18, x) iy (dx) —n [, DSF™ ()G (v, x) kf (dx)

- / V" pskmay,,
I'x7T

and in particular, for all s, # € [0, T,

t
str-sin= [T ot 629
s I'x7T

Recall that the following convergences hold pointwisely:
lim lim V' DS =V" ¢/ (U,), and  lim V" 'g =0.
k— 00

m—00 k— 00
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Moreover, the following estimate holds for every (v, x):

ot S+ o+

V"I DS (v, %) < 1k lool V" DS (v, %) + 1), lloo V" &kl (v, x)
< V" DS™|(v, x) + 3m(1 +v(T))"!
< V" WU, x) + 3m(1 +v(T) ",

where the final inequality follows from the truncation inequality for discrete derivatives, i.e.
[dm (M) — P (V)| < |¢p(n) — $(v)|. Note that by Lemma 3.13, for any P, J* with finite R,
that

/ (1 +v(T) '™ < oo,
I'x7T
and moreover
_ 1 —,
— V"' @) A < Ra(P I, 07 + / v (—V"’W(U)) dep™,
2n Jrxt I'xT 2n
with
~(P) := (L9 tyw)) dont
D, (P) = FXT\IJ %V @' (U) P
W (logU(v + £8,) — U() /U + 28U (v) dv
2
<,/U(v + 15— ,/U(u)) dof

/l‘/(v+n’léx)>0,l](v)>0

/U(v+n*1(§x)>O,U(v)>0
< Du(P).

Therefore, since Ent(Pg|I1,) < oo we find by a dominated convergence argument and taking
subsequent limits in k and m in (3.24) that Ent(P;|I1,) < oo for all ¢ € [0, T],

t
Ent(P;) — Ent(Py) = / f " e (U, dtdr, 5,1t €[0,T]
K I'x7T
/ V" WD < Ry(Py, I, 00 + Dy (P, 1 €10, T,
I'xT
and
T T
I, 2/ Ru (P, 31, 37) dt + 5= (Ent(Pr) — Ent(Py)) +/ D, (P;)dt = 0.
0 0
Next, assume that Z,, = 0. Then the above arguments imply that for a.e. t € [0, T'],

1 _

Ru(Pr, I, 07) + — Vel ) )t + D, (P) = 0. (3.25)
2n

'xT
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To simplify manipulations, let Ur(w,x) := Uo T;"i = U@ =% %Sx). Note that for the
actions,

Entt|Op ™) = / JRUASL (GTuut)vuutdef
I'x

Ent(J7|Op ) = / lyy--09 (G"UT/U)VUU~dog,

'xT

= / lyu+r=0¢ (G-UT/U)VUUFdO] ,
I'x7T
for the modified Fisher information D, ,
2
Dy = [ tuueno (VOF - VD) @,
I'x7T
and finally

V' ey dl = %/

I'x

— @ U —¢'W))(GT -G 0T ) do
2n Jrxr T "

which due to J* « @ﬁ’i is equal to

1 —_ p—

2 / 1p,u+0@' (U = ¢' (UG = G oT"7)dig .

2 I'x7T

Therefore, after some cumbersome rewriting, the integrands of the left-hand side of (3.25)

reads as the indicator functions over {U, U™ > 0} multiplied by the terms
¢ (GTU/UN)VUUT + 3" UN) — ¢/ UNG +¢* (—3(¢'UT) —¢'(U))
+ ¢ (G- o Ut/ U)VUUT — L' (UT) —¢'(U)G™ o T"F
+o* (5@’ UT) —¢'U)),
since
¢* (—3@ (U —¢'(U)) =U -VUUT, ¢* (@' W) -¢'U))=U"-VUUT.

By duality of ¢, ¢* we have G = U and G~ o T®* = U™, hence G~ = U as well.
Subsequently we can conclude that Z,, = 0 if and only if JljE = ﬁpf fora.e.t € [0, T] and
a.e. v, x. O

Together, Theorems 3.21 and 3.20 provide a proof of the variational characterization for
the forward Kolmogorov equation.

Proof of Theorem 3.8 Under the assumption of F,(Py) < oo we have by Theorem 3.21 a
chain rule for the entropy, the inequality Z, > 0, and the statement that Z,(P, JT,J7) = 0
implies that P is a weak solution. Moreover, due to Theorem 3.20 there exists a weak solution
with Z, < 0.

It remains to show that gradient-flow solutions are unique, which is a classical argument
using the strict convexity of 7, e.g. see Theorem 5.9 of [33]. Suppose that there exist two
curves P!, P2 such that Py = P§ = P, Z,(P', 9./, #,,) and Z, (P2, 9., #,,) = 0. Applying
the chain rule it is straightforward to verify that for a gradient-flow solution Z!, = 0 for every
t € [0, T], where

t t
I;;(P,J+;J7) ::/0 Rn(PhJ;LsJ;)dr"_}—n(Pt)_-/Tn(P)"i“/o Dy (Py)dr,
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and that Z! > 0 for arbitrary curves with initial condition P.
Now, define P, = 4P! + 1P? and note that (P, 19;, 95) € CEy as well, and

+ 1ot | 1q%
93 = 305 + 305

Fix any ¢ € [0, T] and suppose that P! # P2. Then by convexity of R,, and D,, and strict
convexity of F,,, we have
- t - - _ t
I,(P. 95 00) = f R (Pr, 03, 05 ) dr + Fu(Py) — F(P) + f D (Py) dr
0 ro 0
< 3TL(PY. 03, Vo) + 3TH(PP. 0. ¥) =0,

which leads to a contradiction, and hence Pt1 = P,2 foralltr € [0, T]. O

4 Liouville equation and lifted dynamics

In this section, we will consider the variational formulation for our proposed limit of the
forward Kolmogorov equation (FKEy), namely the Liouville equation

3P + divp (P, (kT — k7)) =0. (Li)

It can be interpreted as a transport equation lifted from the mean-field dynamics, in the sense
that it describes the evolution of the law of a deterministic process satisfying the mean-field
equation but with possibly random initial conditions. We will consider the same ingredients
as in previous sections, namely a non-negative EDP functional consisting of an action term, a
difference of free energies, and a corresponding Fisher information term. The main technical
tool that we use is a new superposition principle, which allows us to prove the chain rule via
the results on mean-field curves of Sect. 2.
Solutions to (Li) are defined as appropriate weak solutions to

P = Q% Py,

where P; € P(T") for all ¢t € [0, T'] and the operator Q7 is the dual of O, given by

(QooF)(v)=/T(gradrF)(v,x)V[v](dx),
Vvl :=« vl =« [v],

forall F € Cyl.(I'). Here Cyl.(I") is the space of all compactly supported smooth cylinder
functions, i.e. those of the form

F(U) = g(<17v>7 (fl! U)a MR (fm7v>)a

where g € C°(R™) withm € N, and fi, ..., fin € C»(7), and grady- is the distributional
gradient defined by

gradr F(U,.X) = (Vg) ((17 \)), <f1’ U), M) <fmv \))) N (1! fl(-x)v e fm(x))T-

To be precise, we consider the following type of solutions.
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Definition 4.1 A curve (P;);¢c[0,7] is a weak solution to (Li) if P; is continuous in the narrow
topology and for all s, # € [0, T'], and all F' € Cyl.(I"),

t
/F(v)dP,—/ F(v)dP; :/ / (gradp F) (v, x) V[v](dx)P;(dv)dr. (4.1)
r r s JI'xT

Remark 4.2 Note that (Li) is the transport equation associated with the measure-valued vector
field V[v]. Now let the flow G : [0, T] x I' — T be the unique strong solution to the mean-
field equation, i.e. with

9:G¢[v] = VIG[v]]. 4.2)

As will be shown in Sect.4.2, P, := (G,)#I_D is a weak solution to (Li) for any initial data
P € P(I'). In particular, if v; is a solution to (MF) than P; := §,, is a weak solution to (Li).

Instead of the solution to (Li), we will now consider arbitrary curves satisfying
3P +divr (J;7 = J7) =0, (CExo)
in the following appropriate distributional sense.

Definition 4.3 (Continuity equation) A triple (P, J*,J7) satisfies the continuity equation
CEw, if

(1) the curve [0, T] > ¢t — P; € P(I') is narrowly continuous,
(2) the Borel family (J;t),e[oj] € MI'ZC(I‘ x T) satisfies

T
/ / A+ v dFdr < oo,
0 'xT

(3) foreverys,t € [0, T]and all F € Cyl.(I")

t
/F(v)dP,—/ F(v)dPs:/ / gradp F (dJF — dJy)dr.
r r s JIXT

Moreover, let us introduce the EDP-functional. Recall from Sect.3 the notation
95 (dv, dx) 1= k= [v](dx)P(dv).

Definition 4.4 Let (H)So € Mioc(I' x T) be the geometric average of 19; and ¥y, i.e.

do; dv,
O (dv, dx) ==/ —&—F dx,
dy dz

for any dominating measure X. We define the following objects:
e The dissipation potential R, : P(I') x M?;C(F x T)2 = [0, +0o0],
Roo(P,JT,17) 1= Ent(T105°) + Ent(J7|OF).
e The dual dissipation potential R}, : P(I') x B.(I" x 7?2 > R,
RiE P, 0T, w7) = /

I'xT
e The free energy Foo : P(I') — [0, +00],

(€ —1)dey +/ (€ —1)de.
I'xT

Foo(P) := /FFMF(V) P(dv).

@ Springer



Generalized gradient structures for measure-valued population... Page450f72 158

e The Fisher information Dy, : P(I') — [0, +00],
Doo(P) := / Dy r(v) P(dv).
r

e The EDP-functional T, : CEoc — [0, 400] for all curves with Fo (Pg) < 00,
T T
Zoo(P,JF,J7) :=/ Roo(Pr. ;7. J7) df + Foo(Pr) — Foo(Po) +/ Doo(Py) dr.
0 0

Remark 4.5 Recall from Sect.2 that Fp p(v) 1= %Ent(vly) and

2H? (i f, K)), ifv <y,

+ o0, otherwise.

Dur(v) = {
In particular, if 7o, (P) < co we have
Do (P) = 2/ H? (], 1)) P(dv) = 2H? (93, 9,).
r

Remark 4.6 Note that ©5°(dv, dx) = P(dv)f,(dx). Moreover, if Ent(J,iIGEj’) is finite, we
can set

+

dJ
AF](dx) = d@)‘g? (v, x) 6, (dx),

and it is straightforward to verify that we have the disintegration
JE(dv, dx) = AE[v](dx)P, (dv),

and the equivalence
EntUF10F) = / Ent(AE[v]16,) dP;. (4.3)
r

Together with the definitions of Fo, and Dy, this implies that if Z, (P, J*, J7) is finite then
the kfc[v] are well-defined for a.e. € [0, T'], and

Too(P,J",07) = fr Farr ()P (dv) — /F Farr (0)Po(dv)

T
[ [ Ruar s 0137100 + D) P .
o Jr
Throughout the rest of this section we will simply write Af‘, = Ati [v].

We will show the following equivalence, which subsumes Theorem (1.7).

Theorem 4.7 Forany (P, )T, J7) € CExo with Foo(Pg) < 00, the EDP-functional I, is finite
if and only if there exists a Borel probability measure Q over C([0, T]; ") such that

(1) for the time-evaluations e; we have (e;)4Q = P; forallt € [0, T],
(2) the measure Q is concentrated on the family of curvesv € AC([0, T]; (I, || lTv)) such
that (v, A}, L)) € €&, where A is defined via the disintegration

JF (v, dx) = A, (dx)Pi(dv)  forae t €[0, T,
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(3) we have the representation
Too(P,J*,)7) = /IMF (v, A7, 4,)dO,

with the latter term finite.
In particular, T, > 0, and

P; is the weak solution to (Li) with P, = (G;)#Pg

Too(P, )T, 7)) =0
oo ) { J;JE = Pt/c,fE forae.t €0, T]

Here G; : I' — I" maps v to the unique mean-field solution v; at time ¢, see Remark 4.2.
It is determined by

3 G/[v] = VIG:[v]].

We do not have a priori uniqueness of the Liouville equation. However, we do have the
uniqueness of weak solutions for which a superposition holds, in particular for curves with
finite Z,. Therefore gradient-flow solutions (null-minimizers of Z,) are unique.

In the case of P, := §,, with v, the solution to the mean-field equation there is a trivial
superposition principle, and we have the following consequence.

Corollary 4.8 Suppose Py = &, with Fpyr(vo) < 0o. Then

P, =8,,, Vv is the unique strong solution to (MF)

TP It 7)) =0 =
oo ) Jti = P,Kj: fora.e. t €[0,T]

4.1 A priori estimates

Due to the representation (4.3) of the dissipation potential in terms of mean-field objects, we

can directly derive the following estimates from Lemma’s 2.10 and 2.13.

Corollary 4.9 LetP € P(T), e M;;C(I‘ x T) be such that Roo(P, J*,J7) < 00, and set
A=A — Ay

Then the following estimates hold:

/qu (Mi(T) v 1) P(dv) < Reo(P,JT,J7)
r M(1 + v(T)?) ST

net
/ MY <M> P(dv) < Reo (P, JF, 7).
r M(1+v(T))

Moreover, the following equivalence follows straightforwardly from Lemma 3.13.

Corollary 4.10 Forany P € P(I'),J* € M}t (' x T)

loc

dJE dot do,
Snt(Ji|®$°):/ T =&, -2 )dz,
rxr  \dT’dz dz

for any common dominating measure X.

Finally, we consider the time regularity for arbitrary curves, with respect to the following
metric.
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Definition 4.11 We define the following metric:

W (P!, P?) := sup {/ FdpP' — PZ)}, Pl P2 ¢ P(I), (4.4)
FelF r

where
F .= {F € Cyl, (1) & (1+ v(T)?) |(grad- F)(v, x)| < 1, forallx € T,v e r}.
Note that W is narrowly lower semicontinuous. Moreover, we have that

sup (14 v(T)2)|(gradF F)(v,x)|] < o0 for any F' € Cyl.(I'),
(w,x)el'xT

and hence by a density argument, it is straightforward to verify that convergence in W implies
vague convergence on I, and therefore narrow convergence on narrowly pre-compact subsets.

Remark 4.12 Formally, one can represent W as a transport distance, in the sense that
W', P?) = W (P, P,
where Wy, is the 1-Wasserstein metric on P(I") induced by the metric dr over I' given by

1 .
. [VelTy 0 2
dr(vl,vz):= inf {/ ————dr s vg=v", vy =V},
woreroy [Jo 14+ v (T)2

However, we do not require such representations in this current work.

Lemma4.13 For any (P,J%,)7) € CEoo we have
t
W (P, P;) < 2/ / (I 4+v(D> AU +I7)dr,  foralls,t €10, T).
s JIxT

Proof This follows directly from the continuity equation, since for any F € F, s, ¢ € [0, T]:

V F(v)dP,—/ F(v) dPs
r r

t
5// ‘(1+V(T)2)gradrF A+~ dUF +dI) dr
s JIxT

t
5// (1 +v(D>H AU +diy)dr.
s JI'xT

Taking the supremum over all F € F we obtain the desired statement. O

4.2 Weak solutions
Here we briefly consider the existence and representations for solutions to the Liouville
equation.
Lemma 4.14 For any P, € P(I') there exists a solution P to (Li) with initial data P.
Proof Recall the flow G : [0, T] x I' — I' determined by
9:G[v] = VIG,[v]],

Set P; := (G,)#I5. We will show that P; is a weak solution in the sense of (4.1). Namely,
consider any F € Cyl.(I'). Due to the strong regularity of solutions to the mean-field
equation, it is straightforward to show that for all s, r € [0, T] we have the chain rule

t
FoG;(v)— F@) = / (gradr F)(G, o v, x)dV[G, o v]dr,
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and hence

t
/ FdP; —/ FdP; = </ (grad F)(G, o v, x) V[G,[v]](dx) dt) f’(dv)
r r s

t
= / / (gradp F) (v, x) V[v](dx)P,(dv) dt,
s JIxT

and thus P; is indeed a weak solution. O

4.3 Superposition principle

One of our main tools in proving the chain rule, uniqueness of solutions, and the variational
representation of Theorem 4.7 is the superposition principle. It guarantees that we can rep-
resent the action as an expectation of the mean-field action under some measure over curves
in ¥ &, and allows us to use the theory on mean-field dynamics of Sect. 2. In this section, we
will make this notion precise.

Theorem 4.15 Let (P,J*,)7) € CEy with

T
/ Roo(Ps, I, J7) dt < o0.
0

Then there exists a Borel probability measure Q € P(C([0, T]; I')) satisfying (e;)4 Q = P;
for all t € [0,T], and concentrated on curves v € AC([0,T]; (I, || - llrv)), for which
(v, )\j', A,) € €&. Moreover,

T T
/ROO(P,,J;r,J,—)dt:f </ Rur (vio M0 A7) dt) o(dv). (4.5)
0 c((o.71:1) \Jo

Conversely, if there is a Borel probability measure Q € P(C([0, T]; I')) concentrated on
curvesv € AC([0, T]; (T, || - l7v)) and a Borel family {)»;Jf,,},for which (v, Aj, A)) ECE,

with
T
/ </ RmrF (Vz, Kiv, )»ZV) dt> Q(dv) < oo,
C([0,T];T) \JO

then (P, JT,J7) € CEx for Py := ()40, J,i = P,A;va, and (4.5) holds as well.

The inspiration for using a superposition principle stems from similar approaches in
[11], [12], where it is applied to transport equations lifted from the Boltzmann-equation or
mean-field jump dynamics respectively, and the main ingredient is the abstract superposition
principle over RN of [2]. However, these results are not directly applicable to our setting, since
the mass of v;(7") for a mean-field curve is not fixed, and V[v](7) is finite but unbounded
over I'. We remedy this by combining two known superposition principles: on the one hand,
the abstract superposition principle over RN of [2], and on the other hand one for finite-
dimensional vector fields with linear growth, found in [1]. Our result is stated in Theorem
B.1.

Proof Consider any (P, JT,J7) € CE,, with finite R, and for a.e. t € [0, T] set )\?ﬁf =
)\?"v — A, By Corollary 4.9,

1A Iy R
/FM\y (W) P[(dV) < ROO(P[aJ[ 7J[ ). (4.6)
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Now, take a countable and dense set f1, f2,... € Cp(7),with f1 = 1, || fillco < 1,i > 2,

and define T : I — RN
Tw) := (/ fldv,/fzdv...>.
T T

Note that T(v) is injective, continuous when I is equipped with the narrow topology and
RN with product topology, and is an isometry between (', || - ||7v) and (T(I"), | - |o0), Where
| - |oo is the uniform norm over RY. We set o; := TyP; € P(RY), and for a.e. r € [0, T]
define the vector field W, : RN — RN via its components

Wit 2) = /X Fito) A1, ().

Note that the support of W, is in T(I"), that |W;(2) oo < ”)‘?61{‘*1(2) lry and (T(v)); = v(7).
Therefore, by (4.6) we have the estimate

LAGIS r -
/ Lo <M(1+|ZI|)>"’(dZ)dfffo Roo (P, I J7) dr < oo,

Moreover, (o, W) satisfy the continuity equation, in the sense that for all g € Cyl. RY),
we have

t
/ g do; —/ gdos = / / (W,,Vg)do,.dr foreverys,t € [0, T].
RN RN s JRN

Indeed, take any g € Cyl, (RY) and define F := g o T, i.e.

F(U) :g(<f17 V), ceey (fmv U)).
Note that F' € Cyl.(I'), and therefore since (P, JT,)7) € CEo,

/ g(z)az(dz)—f g(z)ffs(dz)szsz—/ FdPy
RN RN r r

t
:/ / (gradp F)(v, x)(J; — J7)(dv, dx) dr
s JIXT
t
= / / > (@i8)(T(w)) ( / f,-(x)k“*“(dx)> Pr(dv)dr
s JT i T

t
= / / Vg(z) - W, (z) or(dz) dr.
s JRN

Thus, we are now in a position to apply Theorem B.1, and obtain a Borel probability
measure 2 over C([0, T]; RY) satisfying (e;)#2 = oy for all + € [0, T'], and which is
concentrated on the family of curves z € AC([0, T]; RY) that are solutions to the ODE

zr = Wi(z;)  for almostevery ¢t € [0, T].

Note that since supp(o) < T(I'), we have supp(Q) AC([0, T]; T(T")). Now let T :
Cc(o0,T];T) —» C((0,T]; RN) be defined via (T(v)); := T(v;). Similar as for T, ']Tlsmjec-
tive and an isometry when seen as amap’}I‘ AC([O T (T, - llrv) = AC(0, T1; (RY, |-
loo)). Therefore, it is clear the measure Q := T Qe P(C([0, T]; T)) is well defined, sat-
isfies P, = (e;)# Q and is concentrated on the famlly of curvesv € AC([0, T1; (I, || - lITv)),
for which

t
/ f,-dut—/ f,»dv5=/ fidGyh, —af)dr foralls,r € [0,T]i € N.
T T K
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Moreover,

T
/ (/ Rmr (v, A0 A) dt) Q(dv) = / / Rur(, A, A7,) Pr(dv) di
C([0.T]:T) o Jr

T
:/ ROO(PIaJ;r7J[7)dt7
0

where the latter is finite by assumption, and hence, by Lemma 2.14, we deduce that
(v, MF, A7) € €& Q-almost everywhere.
The reverse statement can be derived straightforwardly and we omit the proof. O

4.4 Variational characterization

Having all the ingredients at hand, we can now prove the variational characterization for the
Liouville equation, namely Theorem 4.7.

Proof of Theorem 4.7 Suppose (P, J*,J7) is such that Fo,(Pg) < 00 and Zo, < 00. Since
Foo 1s non-negative we have in particular that

T T
/ Roo(Pr, I, )7)dt < 00, FoolPT) < 00, / Doo(P) dt < 00.
0 0

Hence, from the superposition principle of Theorem 4.15, we obtain a Borel probability
measure Q over C([0, T]; I') satisfying (e;)#Q = P; for all t € [0, T'] and concentrated on
the family of curves v € AC([0, T']; (T, || - |[7v)) for which (v, Aj, A, ) € €&. Moreover,

T T
/ (/ Rur (v, A, A;U)dt> 0(dv) :/ Roo (P, S, 7)) dt < o0.
c(o,71;rH \Jo ' ' 0

Since Foo(Pg) < oo we have that for Q-a.e. curve Fyr(vg) < 00. Moreover, since both
Foo and Dy are simply their mean-field counterparts integrated by P, we find

/ Iyr (v, 25, 257) O(dv)
C([0,T];I)

= / (/ RumF (Vt’ M )df + Fymr () — Fpyr(vo) +/ DMF(Vz)dl) Q(dv)
C([0,T];I")

=/ (/ Rur (w,ximzv)dr> Q(dv)+foo<PT)—foo<Po>+f Deo(Py) di
C([0,T];T) 0 0

=T (P.JT.07),

where the second equality follows from Fubini-Tonelli and the fact that Rysr, Dyr, Fur >
0 and Foo(Pg) < oo. In particular, by the non-negativeness of Zy r it holds that Z, > 0.

Moreover, since Zy r = 0 if and only if v is the unique strong solution for an initial
datum v with Ent(v|y) < oo, we derive by non-negativeness of Zysr that Zo, = 0 if and
only if Q is concentrated on the unique solutions of the mean-field equation. In this case, Q
is characterized by

0 = GyPo,

where G, : ' — T deﬁned by (4.2) maps any v to the uniqu~e solution to (MF) for initial
condition vy = vand G : I' — C([0, T'], I') is defined via (G (vp)); := G,(vg). Note that
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P; = (G,)#Po, Jti = P,/cjE for almost every ¢ € [0, T'], and in particular P, is a weak solution
to (Li).
Vice versa, if P is a weak solution such that P; = (G;)#Pg, we simply set

0 :=GsPy, AT:=«F forallz €[0,T].

Since F(Pp) < oo, we still have Ent(v]y) < oo for Pp-almost every v, and we repeat the
same calculations to conclude that indeed Zo, = 0. O

5 EDP-convergence

In the previous sections, we have established variational formulations for the solution to
the forward Kolmogorov equation of the interacting particle system, for the solutions to the
mean-field equation, and for the corresponding Liouville equation. Moreover, for the latter,
we have shown how the corresponding EDP-functional can be represented as the expectation
over a functional of mean-field paths.

We are now in a position to rigorously discuss the convergence of the forward Kolmogorov
equation to the Liouville equation, in terms of the EDP-convergence of their gradient struc-
tures. Namely, let us denote a sequence of curves (P, )T, J"~) ¢ CE, converging to a
curve (P, J*,J7), denoted by lim,,_, oo (P", J© T, J©7) = (P, J*, J7), if the following holds:

e P! — P, narrowly forall ¢ € [0, T'],
° J;"i(dv, dx)dt — J,i(dv, dx) dr vaguely on M;;C(F x 7T x [0, T]).

Theorem 5.1 Suppose that a sequence (P", )"+, %) € CE,, n > 1, is such that

limsup 7, (P{) < oo,  limsupZ,(P", )", J»7) < oo,
n—o0 n—o0

then the family of curves {(P;)ic(0,11}n is W-equicontinuous (4.4), and there exists a (not
relabelled) subsequence (P", Y»*, )" 7Y and a (P, )", ™) € CEy such that

lim (P", )%, J"7) = (P, J",)7),
n—o00
Moreover; for any such converging sequence

lim inf 7, (P}) > Foo (Py), forallt € [0, T],

n—oQo

T T
lim inf/ Ra(Py 3P 00Ty de > / Reo(Py, JF, 07 dr, (5.1)
0 0 ’

n—0oQ0

T T
liminf/ D,,(P;')dzz/ Doo(P}) dt.
0 0

n—oo

Remark 5.2 The compactness resultis slightly stronger. As shown in the proof of Theorem 5.1
the measures Jf’i(dv, dx) dr converge vaguely on M (T'x T x[s, t]) for anys,t € [0, T].

loc
Note that if in addition, the initial data is well-prepared, in the sense that
lim 7, (Pj) = Foo(Po),
n—oo
then for any converging subsequence, we have the liminf-estimate

lim inf Z,, (P, J*F, J7) > T o (P, J*, J7), (5.2)
n—oo
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or in other words, obtain evolutionary I"-convergence of Z,, t0 Zno.

Now, recall by Theorem 3.8 that unique gradient-flow solutions to the forward Kolmogorov
equations (FKE,) exist, and similarly, gradient-flow solutions to the Liouville equation (Li)
are unique by Theorem 4.7. Therefore, modifying classical arguments from [36, 37], we can
directly conclude the following convergence for the sequence of solutions.

Theorem 5.3 Consider a converging sequence P(I'y) > P — P € P(I') such that

Jim 7 (P") = Foo(P), (5.3)

and for each n > 0 let P} be the unique gradient-flow solution to (FKEy) with initial data P,
Then there exists a unique gradient-flow solution P to (Li) with initial data P. Moreover, we
have the convergence

. 1 + — _ + J—
Jim (P", Dp,, Dp) = (P, 957, 9p)
lim F,(P!) = Foo(Py),  forallt €10, T].
n—oo

Proof Recall that Z,(P", 1‘/‘;,, Upn) = 0 for all n > 0. Therefore, by (5.3) and Theorem 5.1
we have for any subsequence indexed by n’ converging to a (P, J*,J7) € CEy, that (5.2)
holds, and hence
0 = liminf Z,, (P", 9+, 9") > Too (P, J*,J7),
n’— 00 pr P
and thus Zo (P, JT, J7) = 0, which implies that P is the unique gradient-flow solution to (Li)

and J,ﬂE = 1935 for a.e. t € [0, T']. The convergence of P} now follows from a compactness
argument, and by lower semicontinuity, we conclude that for every ¢ € [0, T'],

lim inf F, (P})> Foo (Py),
n—o00o

n—oo

t
limsup 7, (P}) = lim F, (P}) —liminf/ (Ru(P", O Opn) + Du(P)) dt
n—o0 n—oo 0

'
=< Foo(Po) —/ (Roo (P, 97, 95) + Doo(P)) d = Foo (Py),
0
and therefore liminf,,_, oo 7, (P}) = Foo (P;). O

Now suppose that in addition, the initial sequence of measures P" is chaotic, in the sense
that

P" — 83 narrowly for some v € T'.
Then, as a consequence of Theorem 5.3, we have the propagation of chaos result, namely
LN 83, narrowly forall ¢ € [0, T'],

where v; is the unique solution to the mean-field equation (2.13) with initial datum v. As
mentioned in the introduction, for interacting particle systems with the number of particles
fixed atn € N, this would imply narrow convergence of the k-marginals at time ¢ to v?k (e.g.
see [38]), in our setting this implies convergence of the k-correlation functions [4].
Moreover, note that we have a stronger notion of convergence since the free energies
Fn converge as well. Under appropriate conditions on the initial datum v, this guarantees
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a version of propagation of entropic chaoticity. Namely, for any v we define the rescaled
Poisson measures
© N

1 n
. . ®N
I,y = (Ly)#mn,, where  m,, = (D) — ] NE : N v,

It is straightforward to check that IT,, ,+ — &, narrowly. We then have the following result.

Theorem 5.4 (Propagation of chaos) Consider the setting of Theorem 5.3 and assume addi-
tionally that P = 85 for some v € T" with Ent(V|y) < oo. Let vy be the unique solution to
(2.13) with initial datum v. Then for all t € [0, T],

Py — 8, narrowly,  and lim &Ent(P}|I1,) = Ent(v]y).
n—o0
If additionally there exists a constant C > 1 such that C~' < dv/dy < C then
lim &Ent(P}|I1, ) =0, forallt €0, T].
n—00
Theorems 5.1 and 5.4 are proved in Sect.5.3. However, first, we show I'-convergence of

the free energies in Sect. 5.1 and establish the necessary estimates in Sect.5.2.

5.1 [-convergence of F,

While only the liminf-estimates for the free energy 7, are necessary for the proof of Theorem
5.1 and the convergence of solutions, we provide here the full I"-convergence result. We rely
strongly on the characterization of [26], which connects a large deviation principle with rate
function 7 to the fact that

1
r-lim —Ent(P|I1") = / I1(v)P(dv),
n—-oo n r

and provides useful sufficient conditions for both.
Recall in our setting that

Fa(P) = ié‘nt(PH’In), Foo(P) = %/rf,'nt(vh/) P(dv).

We then have the following result, which we prove after Lemma 5.6 below.

Theorem 5.5 The family {F,},>1 is equicoercive and I"-converges to Fo, in the sense that
e for any converging sequence P" — P € P(I"):

Foo(P) < liminf F, (P"),
n—o00

e foranyP € P(I") with Fso(P) < 00 there exists a sequence P" € T converging to P such
that

lim F,(P") = Foo(P).
n—00

By the results of [26, Theorems 3.4, 3.5] it is sufficient to merely show the corresponding
bounds or limits for any P of the form P = §,, for some v € I'. Because of this reduction, we
can make use of the so-called cumulant generating functionals G,, given by

1 X
G,(f) = ;log/ "V T, (dv),
r
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forany f € B (I"), and their limit counterpart

G(f) ::/(ef—l)dy.
T

Note that by Legendre duality of the entropy functional, we have for all n > 0 the inequality

1
/(f, v)dP < ;Ent(Plnn) +Gu(f), 54
r
and for the Legendre dual of G, we have

G*) = swp {(f.v) —G(H) = Ent(yv).
1eCu(T)

We will first simplify G, and show that it indeed converges to G.

Lemma 5.6 Let f € By(7T). Then for eachn > 0

1 -
Glf) = }log — s —
In particular

Tim G(f) = G(/).

Proof Using the representation for the rescaled Poisson measure IT,, we have

1 >, N N
T (dy) = —— i doiny f(xi) g, ®N
\/lie n( U) eny(T) -1 IVX::I N! N e Y

1 onN (frefdy)" el -
_e"V(T)—lA]X_:l N! e 1

and after taking logarithms and dividing by n we obtain the desired statement. Moreover,
recall that by assumption y(7") > 0 and note that by the boundedness of f,

0< / ef dy < oo.
T
Hence we can take limit n — oo to deduce
1 o 1
lim G,(f) = lim - log (e"/Tfde - 1) ~ log (e"V<T> - 1)
n—o00 n—oon n
= / efdy —y(T) = G(f),
T
thereby concluding the proof. O
Next, we establish convergence for suitable linear functionals of v. In “Appendix C”, we
will even prove convergence for quadratic functionals if the mass of v(7) is appropriately

controlled.

Lemma 5.7 Suppose that the sequence P" converges narrowly and

lim sup Ent(P"|I1,) < oo.

n—o0
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Then for any [ € Byp(7) it holds that

lim | (f,v)dP" = / (f,v)dP. (5.5)
n—00 l" l"

Proof First, let us consider f € Cp(7), and introduce the functions F(v) := (f, v) and
its truncation Fr(v) := ar (v(7)){f,v), where oy (z) := a(z — L) with @ € Cp(R) a
continuous non-increasing function such that 0 < a(z) < 1 forall z, a(z) = 1 forz < 0,
and a(z) = 0 forall z > 1.

Note that Fy(v) 1+ F(v) as L — oo and that Fy, is continuous and bounded for every
L > 0. Hence,

lim /FL P”(dv):/ Fr dP, lim [ Fp dP=/(f, v) dP.
n—o0 Jr r L—oco Jr r

We will show that

1
lim sup lim sup — log / MPIFL=Flam, =0,  forall g > 0. (5.6)
r

L—oo n—oo N

From this we can obtain (5.5) since by duality,
n 1 n 1 nB|FL—F|
|Fp — F|(v)dP" < E Ent(P*|I1,) + —log | £"P"L=11dIl, ), forevery B, L > 0.
r n r
Taking subsequent limits in z#, L and B to infinity, we deduce
lim sup lim sup/ |Fp — F|dP" =0,

L—oco n—o0

thus proving the desired equality (5.5).
Now, to establish (5.6), first note that | Fr, — F|(v) < |ap(N/n)—1|(] f], v), and therefore

0 N
/eanrmdnn o 3 L/ HPleL /=1 1£1G) g, ON
r 1N:1 N! J7N

— env(T) —
__1 i n </ eﬁIaL(N/n)—lHf\(X)y(dx))N
env(T) _ 1 ot N!' \JT
_ i AP i ﬂ(/ eﬂllfllooy(dx)>N
T 1 = N env(T) — N VUNT

1 © N

_ N

=1+ env(T) _ 1 Z NI Cﬂ ?
N=|nL]|

with Cg = ePllf ey, (T). Suppose X, is a Poisson variable with mean nC - Then the second
term in the previous estimate can be expressed as

1 = nV N 1 1
=G > VG =Prob (1x, > L |nL)).
N=|nL]

Itis clear that %X n — Cp almost surely as n — oo. Moreover, by elementary large deviation
results, e.g. as in Cramer’s theorem [10, Theorem 2.2.3], it satisfies a large deviation principle
with the rate n and rate function /g(z) := zlog(z/Cpg) — z + Cg, which implies

. 1 1 .
lim sup — log Prob (+ X, > a) < —;gg Ig(2).

n—oo N

@ Springer



158 Page 56 of 72 J. Hoeksema, O. Tse

Note that inf,~, Ig(z) = Ig(a) fora > Cg, and hence for L > Cg we obtain the bound

limsupllog/ SPIFL=Flgn <limsupllogmax 1 ﬂeﬂlcﬂ i ﬂCN
n—oo N r RN Teny(T) — 1 N=nL) NP

<max {0, (Cg — y(T)) — Ig(L)}.

Letting L — oo, we deduce
1
lim sup lim sup — log/ e"PIFL=F] dI1, < max {O, (Cg — y(7)) — liminf Iﬁ(L)} =0.
L—o0 n—oo N r L—00
Finally, let us now consider f € Bj. Using a similar density approach as above it is

sufficient to show that there exists a sequence of bounded continuous functions fi, such that

1
lim sup lim sup — logf nBUS=Jelv) dr, = 0, forall 8 > 0,

k—oo n—oo N

but, by Lemma 5.6, we have

1 n — —
; B = fiel.v) — Blf = fil
nhm log/re dIl, = / (e l) dy.

Similar to density statements in L” (y), one can find a sequence such that the above integrals
vanish as k — o0, see for example [19, Theorem C.5]. O

Proof of Theorem 5.5 First, we will show that the family {F,},> is equicoercive, by estab-
lishing a first moment bound for P in terms of the mass v(7). Namely, setting f = 1in (5.4)
we have for any P € P(I'), n > 1, the inequality

eney(T) -1

1 1

where the final term is bounded from above independently of P.
Next, for the limit inferior, consider a narrowly converging sequence P* — P = §; for
some v € I'. Fix any f € Cp(7). By duality, we have for every n,

1 1 .
—Ent(P"|1,) > /(f, ) dP" — flog/ ") dr,,
n r n r
and due to Lemmas 5.6 and 5.7 and,
1 1
lim inf —Ent(P"|I1,,) > liminf/(f, v)dP" — flog/ ') ar,
n—oo n n—-oo  Jp n r

=(f. V) = G(f).
Taking the supremum over all f € C(7) we find
1
Foo(83) = =Ent(v]y) < liminf F, (P").
2 n—o00
Finally, consider an arbitrary v € I" with Ent(v]y) < oo and set P = §;. We will construct

a sequence of measures P" that locally consists of Poisson measures induced by v. Namely,
set

%)
. l’l
Hnj = (Ln)#ﬂn’f), with T,y = env(T) X_: F s
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and consider the sequence P" := I, ;. It is straightforward to verify that indeed P" — &;.
Moreover, note that although L, is not bijective, we do have the equality

Ent(P"|I1,) = Ent(7n,pl7n),
due to the symmetry of the N-particle distributions v®Y, y®¥  Therefore, we derive

Ent(P"|I1,) = Ent(my, 5|mn)

1 o] nN eny(T) -1 dl_J®N N
= e 1 =~ . o a7 D
(1) _ | NZ=:1 N /TN B\ (M) — 1 4y ®N dv

1 N i\ .y @

enﬁ(T) dv _ e"}’(T) -1
= nieni(T) — /T log (E) dv + log o 1
Rescaling and taking the limit n — oo, we obtain

1 d
lim —&nt(P*|I1,) = / log (—v> dv —v(7T) +y(7) = Ent(v]y),
n—oon T dy

therewith concluding the proof. O

5.2 Uniform estimates

In Sect. 3.1 we provided uniform-in-n estimates for the flux. Namely, from Lemma 3.13, we
directly have the following.

Corollary 5.8 Consider a sequence (P", )T, J»~) e CE, such that

T
lim sup/ Ru(PP I I0T) < 0.
0

n—oQ

Then

ro /1
limsup/ 3IM (7/ (1 +v(7)2)—1J;’i(du,dx)) dr < oo,
0 3M JrxT

n—oo

where M := (1 + y (7))l |l co-

However, the weighted total variation metric drv ,, that was introduced is not appropriate
for taking limits, and instead, we take the weaker metric defined in (4.4),

WP, P?) = sup {/ FdpP' — PZ)} ,
r

FeF

where
F:={F e Cyl.() : (1 +v(7)?) |(grad( F)(v,x)| < 1, forallx € 7,v € T'}.

Recall that W is narrowly lower semicontinuous and implies narrow convergence on narrowly
pre-compact subsets. We now have the following equicontinuity result.
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Lemma 5.9 Consider a sequence (P", J»*, J*~) e CE, such that

T
limsup/ Ru(P?, I 7Y dr < 0.
0

n—oo

Then

limsup/chB ||5;’|w < 00,
n—o00 0 12M

where |I5’t|W is the W-metric speed and q;(s) = ¢ (s V 1) is the monotone relaxation of ¢.
Proof The proof is similar to Lemmas 3.15 and 4.13, now for the distance W instead of the

weighted total variation metric dry ,,. Namely, fix n > 0 and consider a curve (P, J*,J7) €
CE,,. Then we have for any s, ¢ € [0, T] and any F € C.(I"),

t t
’/ Fd(P, — Py) 5/ / |V”‘+F(u,x)|cu,+dr+/ / V" F(v,x)|dJ; dr.
r s JIxT s JIXT

Substituting any F € I it is straightforward to verify that

V" F 0l =nlF+ 160 = Fo)l = (1 +v(1)) ™!
V" F@. 0 =nlF ) — FO = 15 < (14+ 0(T) = D)™ <200+ w07,

for sufficiently large n, and therefore

‘/ Fd(P; —Py)
r

Taking the supremum over F' € I, we find that (P;);¢[0,7] is absolutely continuous w.r.t. W
with

t
= 2/ / (L + v + 7)) dr.
s JIxT

|Pt|W§2/ (A +v@DH U +J7)  forae.r €0, 7],
I'x7T

where |l5;1|w is the W-metric speed. Applying the estimates in Lemma 3.13 concludes the
proof. O

5.3 Proof of main results

We finally conclude the manuscript with the proof of the main results.

Proof of Theorem 5.1 We will first establish the liminf-estimates. Namely, consider a
sequence (P, J»*,J»~) e CE, that converges to the curve (P,J*,)J7) € CEu. In par-
ticular P} — P; for all ¢ € [0, T], and hence by Theorem 5.5 on the I'-convergence of F;,
we immediately obtain

lim inf 7, (P}) > Foo(Py), forallt € [0, T].
n—oo
Now suppose that

limsup 7, (P}) < oo,  limsupZ,(P", )" T, J"7) < o0.
n—0o0 n—00
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In particular we have the bounds
T T
lim sup/ Ry (PP I+ J-7ydt < 00, lim sup/ D, (P})dt < o0. (5.7)
n—o00 0 n—o00o 0

Due to the chain rule and the assumption on ;, (Pj;), we obtain

limsup sup F,(P}) < oo. (5.8)

n—00 tel0,T]

The latter guarantees, by Corollary C.3, that we have the vague convergence
. + _ gt . nE o+t _ of
Jm 93 =05 Jim Ty0g; =05,

Recall that from Lemma 3.13 and Remark 3.6 we have for each n > 1:

et doE dTrTol)
5nt<Jf’i|(~)g’+):f T( A S5
I'x7T

dr ’ dx’ dx
Du(P) = 2H (0, Ty T o),

for any dominating measure X, and similarly, from Corollary 4.10 and Remark 4.5 that

Aoy doy doF
gnt(Jﬁ@;):/ T( A P‘)dE,

xT dr ' d¥ 4z
Deo(Pr) = 2H* (9, OF).
By the convexity and lower semi-continuity of Y and H we conclude by standard semi-
continuity results (e.g. see [6, Theorem 3.4.3]) that for each ¢ € [0, T'],
lim inf R, (P, J;”Jr, BTy > Ru(Pr, 3,00, liminf D, (P}) > D, (P,),
n—oo n—oo

from which (5.1) directly follows after applying the Fatou lemma.
Next, we consider the question of compactness. As in the previous part, let us consider a
sequence (P", J©%+, J=~) e CE, with

limsup 7, (P}) < oo,  limsupZ,(P", )", J"7) < oo,
n—0o0 n—00

which imply that the estimates (5.7) and (5.8) still hold. The bound on the free energy ensures

by Theorem 5.5 that {P} };c[0,7],n>1 is pre-compact. Moreover, due to the bound on the action
R, we have by the results of Corollary (5.8) and Lemma (5.9) that

r_/1
lim sup/ ¢ (—/ a1+ v(’]’)z)_1 Jf’i(dv, dx)) dt < oo, 5.9
n—oo JO 3IM I'x7T
lim su /TqB P 1w dt < oo (5.10)
o Jo P\ 12m ’ '

where |I5;’|W is again the W-metric speed. From (5.9), we thel} conclude from the non-
decreasing, convex, and super-linear at infinity property of ¢ that, up to choosing a
subsequence n’, there exists a family {J,i},e[o,r] IS M;;C(F x T) such that for all s, ¢ the

sequence of measures Jf/’i(dv, dx) dr converges to J;E(dv, dx)dr in M, (' X T x [s,t]),
and

/TJ) i/ A+ v " Edv, dx) ) df < 0
0 3M Jrxt P '
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Similarly, since the metric W is narrowly lower semicontinuous and induces narrow con-
vergence on narrowly pre-compact subsets, we find by an Arzela-Ascoli argument and the
estimate (5.10) that, up to choosing a subsequence n”, there exist a narrowly continuous
curve (P;);ef0,7] such that P’,’U converges to P; for all r € [0, T'].

All that remains is showing that (P, JT,J7) € CEw.. Therefore, fix any s, ¢ € [0, T] and
F € Cyl.(I). It is straightforward to verify that there exist constants Ky and Cr such that
the following Taylor approximation holds:
|grad1~(v X)Fn (F(u:l: 8x) — F(U)) o Lomy<kp (v, x), forallvel, xe7.

- n

Thus, we can take the limit in the continuity equation CE,,, to conclude that

/F(v)dp,—/ F(v)dPs = lim F(u)dp;’”—/ F(v)dP"”
r r r r

n—oo

t " 7 —_n! _ "
= lim / (/ VTR At + TR A **) dr
n—=00 Js I'xT

t
/ ( / (grad F) dJ — (grad, F) dJ,.—) dr
s I'xT

thereby concluding the proof. O

Proof of Theorem 5.4 Suppose that P* — P = §; with
. - 1 _
lim F,(P") = =&nt(v]y).
n—o00 2

For each n € N let P} be the unique gradient-flow solution to (FKE) with initial data pr,
Moreover, let v; be the unique solution to (2.13) with initial data v, and set P; := §,,, which
is the unique gradient-flow solution to the Liouville equation (Li) with initial data P. Then by
Theorem 5.3 we have for every ¢ € [0, T'] that P} — P;, and

. 1
lim 7, (P}) = Foo(P) = S&Ent(v]y).
n—oo 2

Next, suppose that in addition there exists a constant C > 1 such that C~! < dv/dy < C.
By Lemma 2.18 there exists a C’ < oo with

sup [logusllee < C',  uy :=dvy/dy.
tel0,T]

Now fix any ¢ € [0, T'], and recall that

! LAY
envm_lNZ]ﬁ"f '

It is straightforward to check that IT, « Il,.,, <« II, and hence for any I';, > I', =
Ly(xt,...,xNn),

dl_[n vy e”V(T) —1 dl)t®N ny(T) —1
1og< am, >(") = log (env,(T)_ldy@v =log | =" — +Zlogu,(xl
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with all terms finite, and | ) log u;(x;)| < NC’. Therefore, by Lemma 5.7 we derive

li ! 1 Lnn’vt dP? = 1i ! 1 7%’?’(7) - ! li 1 dp?
nl*rncl)o ; r o8 dIT, ! ningo ; o8 emvi(T) _ 1 + ningo I-< ogur, V) !

y(T) —vi(T) + (loguy, vr)
= &nt(v]y).

Subsequently, we can compute as follows:

_ . 1 dpz
lim Ent(PIT,) = — [ ¢ (-=2) dl,
n—0o0 r

n dIi,
1 dp” 1
= lim f/ <log< 0 )+1og (ﬁ» dpa
n—oon Jr dIT;, dIT,
= Ent(voly),

and hence the initial data are well-prepared. Therefore, we can conclude for all ¢ € [0, T']

lim Ent(P} |11 = ! dpy dIl
ngrolo nt(P [ITy,y,) = ; F¢ A, n,v

1 dpr dn
i 1 ! 1 n dp?
o /F <°g (dnn>+ % (dn,w,)) ¢

Ent(v;|y) — Ent(ve|y) =0,

Il
3
I

thus establishing the entropic propagation of chaos result. O
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Appendix A: Motivation from large deviations

In Sect.3, we introduced a new generalized gradient structure for the forward Kolmogorov
equation and later showed convergence in the large-population limit to a structure that was
lifted from the mean-field dynamics. Here we briefly discuss the relation between existing
variational structures, and their connection to the asymptotic probabilities of the underlying
process as treated in large deviation theory. All calculations are purely formal and are meant
for illustratory purposes.

Throughout, for simplicity, let 7 be a finite set. Recall the reacting particle system formula-

tion described by (1.2), i.e. as particles with labels Al Agvt and traits Xll, R X,N’ eT,
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and with
Al AL AN ithrate m (X;, XZNIH) y (X,]V‘H) ,
Al Al > A with rate e (X;', X,j).
Let L} be the rescaled empirical measure
N;
Ly(x) =) 8yi(x),
i=1
and W' * the integrated birth/death fluxes:
1
WE(x) == 7#{Number of births (+)/ deaths(—)with traitxin the time-window]0, t)}.
n
Moreover, assume that the particles are initially distributed at time = 0 as m,. Then by
the work of [32], one can derive under suitable assumptions that the triple (L%, W,”’i) is a

well-defined Markov process and satisfies a large-deviation principle as n — oo with rate
function Z(v, A+, A7) in the sense that asymptotically (as n — 00)

t
Prob <L:’ A vy, W,"’i ~ / 2 ds, vr €0, T]) = (T 00FTWAT27))
b
where Z°(v) := Ent(v]y) and
T
T, At A7) ::f Lyr e, AT A7) de, Lyr, A1, 07) = Ent( T ) + Ent(A ™ |k;)).
0
Now, under the mean-field detailed balance assumption m(x, y) = c¢(y, x) forall x, y €

T, one can show that if Fy r(vo) < oo the rate function Z is precisely the mean-field
EDP-functional defined in (2.4):

I, AT A7) =Ty r, AT, 07).

This can be seen via symmetrization under time-reversal. Note that for any curve
(v, AT, A7) € €& the ‘reversed’ curve (vr—;, Ar_sr )\JTF_t) is still contained in €&, and

T T
i, AT, 27) = /O LOT—¢, Ay A )dt = /0 L(ve, A7, A1) dr.
Then for suitable curves we have the decomposition

1 . T

3 (ZW, AT 27+, aT, 7)) = / (Rmr e, AT A7) + Duyp(vy)) dt,
0

1

5 (0,257 = ', AT, A7) = Fur(vr) — Fur(vo),

which follows from the fact that if £(v;, }L;", A7) and L(ve, A, k;") are finite

[y

5 (Lyr vy, MOAD) + Lur o, Ay, AD) = Rur i, A A7) 4+ Dur(v),

1 L. - 1
5 (‘CMF(Utv )"[ s)\'[ ) - ‘CMF(va )"t s)‘-[ )) = Eal gnt(uth/)-

@ Springer



Generalized gradient structures for measure-valued population... Page 630f72 158

The splitting above is a direct consequence of the fact that under the assumption of
c(x,x) =0,m(x,y) = c(y, x)forallx, y € T, the underlying jump process L} is reversible,
i.e., k, satisfies the detailed balance condition IT, (dv)k,(dv,dn) = I, (dn)k,(dn, dv).
Namely, consider the functional Z,, given by

T
(P, J) == / Ln(Py, jyde,  Ly(Py, ji) := Ent(jiPricn),
0

where j(dv,dn) € MT (" x I') and (P;k,) is short-hand for the measure P(dv)i, (dv, dn).
Let jT(dv, dn) := j(dn, dv), which again corresponds to a time-reversal procedure. We then
have for suitable (P, j) the following decomposition

5 (€aPre o)+ £4(Pr. ) ) = EntGi1BR,) + 2H2 (i P,

1 + 1
5 (P = £a(Pr ) = S00 Ent(PiITL,),

where

Op =/ (Pkn) (knP),

and (i, P) is short-hand for the measure P(dn)k, (dn, dv). Now substituting

Ji(dv,dn) := n/ 1) 1y (dn) Jf(dv, dx) + n/

§ 1. (dnp)J/(dv,dx),
xeT Vo 18~‘ !

xeT 1

we find that
Ly(P, j) =nént(ji|Pikn),  Ly(P, j) =nZL,(P, I, J7). (A.1)

And as we have shown, in the large-population limit of n — oo, Z, EDP-converges to a
functional that is lifted from Zr, establishing the microscopic origin of the splitting for
IMF-

This decomposition for reversible processes is well-known in the net-flux representation.
Namely, one can show via a minimization approach that

_ 1 djnet _
inf {1 Ent(j|OF) : / i(dv, dn) — j(dn, dv)) =" (dv } = 7/ v —— | der,
; { (j1©p) o (U« n — j(dn, dv)) =j""(dv) 3 ) 460 P

using a dualization argument and the elementary equality
Wt —e %) =¢(e®) + e ), forall z € R. (A2)

Thus Z, is simply the EDP-functional for jump processes of [33]. The works [20, 30, 34]
contain an extensive overview and discussion on how 7, is the expected rate functional
for a large-deviation principle for the empirical measures of independent jump processes,
how the reversibility of the process ensures a possible splitting in both the interacting and
non-interacting case, and how for complex-balanced systems this can even be done in the irre-
versible setting. Moreover, for an implicit decomposition using measure-dependent Dirichlet
forms in the case of the homogeneous Boltzmann equation and the underlying process, see
[3]. B

Onafinal note, dueto (A.1) and the origin of Z,, in large deviations for independent particles
(or via variational representations as found in [9]), one would expect that if F; € Cp(I") for
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all t € [0, T], we would have for all n > 0 the following representation formula for the
expectation:

L ogE [e”’ fy FeLyy dr]
n

T 1

= inf {/ / F,(v)P;(dv) dt + —Ent(Py|T1,,) + Z, (P, JT, J_)} .
PJ+ 1) LJo r n

On the other hand, by the large deviation principle of (L, W,"’i) asn — 00, and Varadhan’s

Lemma (see [10]), it holds that

— lim l10g]E[e—nfoT F,(Lmt]

n—-oon

T
= inf {/ F(v,)dt—i—Snt(voly)+IMF(U,A+,A_)}.
wata) Lo

Consequently,

n—oo (P’J‘F,J*)

T 1
lim inf {/ /F,(v,)P,(dv)dt—i—fEnt(Po|1'I,,)+I,,(P,J+,J*)}
0 r n

T

= inf {/ F(vy)dt + Ent(vly) + Iy r (v, ﬁ,r)}.
w2 LJo

Note that the lower bound of this equality follows from Theorem 5.1 and the superposition

principle in Theorem 4.7. Moreover, we expect that the large-deviation principle implies

evolutionary I"-convergence of Z, in a suitable topology—an implication studied in [23] in

a general setting.

It then begs the question if one can reverse this procedure, namely using evolutionary
I'-convergence to establish large-deviation principles similar to the non-evolutionary setting
of [26]. This approach was successfully applied in the case of certain diffusion processes
[13] and discussed for more general processes in [21].

Appendix B: Superposition principle in RY

In this section, we present a superposition principle for continuity equations over RY with
an additional weighted integrability condition on the associated vector fields.

Following [2, Section 7], we equip RY with the product topology, and 7, := (p1, ..., pn)
the canonical projections. The space AC,, ([0, T']; RY) consists of curves nsuchthat pjon €
ACJO0, T] for all i € N. Note that both RY and C (10, T1; RN) are Polish spaces. Moreover,
let | - |oo be the uniform norm on RY.

Smooth n-cylindrical functions with compact support f : RN — R are given in the form
of

f@) =) = (P10, ... pa)).  x €RY,
with ¢ € C2°(R" — R), and define their gradient by

a a
Vfx):= <8—Z(nn(x)), R %(nn(x)), 0,0,. > .

We set Cyl, (RY) as the union over n € N of all smooth n-cylindrical functions with compact
support.
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In the following, we consider pairs (v, ¢), where (v;)sc[0,7] C P@RY) is a weakly con-
tinuous family of probability measures and ¢ : [0, T] x RY — RN is a Borel vector field
satisfying

t
/ fdv; —/ f dvg =[ / (¢r, Vf)dv.dr forall f e Cle(RN),
RN RN s JRN
andall0<s <r<T.
We then have the following result.

Theorem B.1 Let (v, ¢) be as above. Furthermore, suppose that for some M > 0

/ / ( letloo > dv; df < oo.
RN M1+ |p1])

Then there exists a Borel probability measure ) over C([0, T1; RY) satisfying (e))sr = v
for all t € [0, T), and is concentrated on the family of curves y € AC([0, T1; RY) that

satisfy
y =c¢:(y), foralmosteveryt € [0,T].

The proof of Theorem B.1 combines a slight adaptation of the proof for the superposition
principle in RN found in [2, Theorem 7.1], developed for use in metric measure spaces, with
a finite-dimensional result for vector fields over R” found in [1, Theorem 4.4]. Due to the
strong similarities with the proof found in [2], we merely give a brief sketch.

Proof By tightness of vy, we can choose a sequence of coercive functionals ®; such that
fcbi(pi (x))dvg <277, foralli € N,

and consider the functional A : C([0, T]; RY) — [0, +00] given by

o]

T .

[1(t)]oo . N

D; (p; 0 +/ MW(—)dt f ACy ([0, T]; RY),

At ;( i(pi on(O) + | M+ pL o 7DD if n € ACy ([0, T]: RY)
+ 00 otherwise.

It is clear that A is coercive in C([0, T']; RN), and its sublevel sets contain curves that are

absolutely continuous with respect to | - [oo. This follows from the fact that sup, o 77 [P1 © 7]
is bounded on the sublevel sets of the functional

T (p1 o) ()] ) )
® 0 MY dr).
( 1(pr o >>+/0 <M(1+|p10n(t)|) t

Now, forevery n € N, we define the marginals P(R") 5 v} := (7, )4V, and corresponding
vector fields ¢ : R" — R" by

n . d@)s ((pioe) Vt)
piocC, == dv’
t

Note that (v, ¢") satisfies the continuity equation in R”. By Jensen’s inequality, and the fact
that |z1] < |z] £ n|z|so, for z = (x1, ..., x,) € R", we have that

( /f let] dv,dt><T\IJ(// [€tloo dv,dt)
nMT (14 [x1D) MT (1 + |x1])
// ( letloo >dv,dt.
M1+ |x1])
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and in particular

/ f let] dv; dr < o0.
(1 + |x10)

Hence, we can apply the finite-dimensional version of [1, Theorem 4.4]. Embedding this
into RY, we obtain the probability measure A, over C ([0, T], RY), concentrated on absolutely
continuous curves satisfying y = ¢} (y), and such that (e;)#A, = v;'. We immediately see
that

sup / A(y) day () < oo,
neN
which yields the tightness of A".

Consider any converging sequence A" (up to renumbering) and its limit A € P
cqo, Ty, RN)). Since the sequence (V}'),en clearly converges to v; 1= (e;)#A in P(RN) for
every ¢ € [0, T], it remains to show that A is concentrated on solutions of y = ¢,(y). In fact,
we will show that

pioy®) —pioy(s)— [l pioe,(y(r)dr
/ 1+ lp1oylso

foreachi e Nandany0 <s <t <T.

Ady)=0

Note that it suffices to show that for any vector field d : [0, T] x RN — R with d, being
k-cylindrical for every ¢ € [0, T], we have that

pioy()—pioy(s)— [l d(y(r)dr

/ ° A(d)/)</ / pioer = r|dv,dr,
I+ ]p1ovleo 1+ |x1]
(B.1)

since then we can use the density of time-dependent cylindrical functions in L'((1 +
lx1]) " g ds) and the fact that for all s it holds that | p1 o ¥ (s)| < [|p1 © ¥ llcc-

To prove (B.1), recall that A" is concentrated on absolutely continuous solutions of y; =
¢! (ys). Hence,

piov(D) = pioy(©) — [y di(y () ds|

Atd
/ P T (@)

i (pi 0 iy () = dy(y (57)) ds

=/ a(dy)
1+|Ip101/||oo
pioc —dl(y(s) .,
ds A" (d
// T+ ipoey  SHE)

// [pi o = |dv?ds.
rY 14 |xq] |

Note that the integrand on the left-hand side is continuous in y. Therefore, since for n > k

(pi o c? - ds)‘);l = () ((pi 0 €5 — ds)vy),

the result then follows after taking the limit n — oo. O
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Remark B.2 1f one is only interested in curves in AC, ([0, T']; RYN), the theorem also holds
whenever

T

i (¢

/ |pien)] dv, dt < o0, foralli € N.
0 I+ |xq]

The finite dimensional analog of this statement, set in R” with the prefactor (1 + lxD~L, is

presented in [1, Theorem 4.4]. Moreover, for RN, in [2, Theorem 7.1] the condition reads as

T
/ f|Pi(Cr)|dvz dt < oo, foralli € N.
0

Appendix C: Non-continuous competition kernel

In the proof of Theorem 5.1 we require the vague convergence of z?Pi,z and T;’iﬂsﬁ under the
assumption of narrow convergence of P" and equiboundedness of the free energy functionals
Fn, where

ﬁ;(dv, dx) = / c(x, y)y(dx)v(dy)P(dv)

yeT

Up (dv, dx) = / c(x, y)v(dx)v(dy)P(dv).
yeT

If the competition kernel ¢ is continuous, the desired statement would follow directly from

the narrow convergence of P”. The case of merely bounded measurable ¢ is however less

trivial. Note that the strategy we employed in the proof of Theorem 3.20 is not possible,

since although for every fixed n the sub-levels of F, are sequentially compact with respect

to setwise convergence, this is not the case for equibounded sets of {F },>1.

Fortunately, due to the connection between I"-convergence of 7, and large deviations as
discussed in Section A, we can modify results from the authors’ earlier work on large devia-
tions for interacting systems induced by singular or irregular functionals [19]. In particular,
we obtain the following convergence statement.

Theorem C.1 Let {P"},>1 C P(I') be a sequence narrowly converging to P € P(I") with

lim sup F,, (P") < oc.
n—0o0

Then for any w € Co(T x T) and g € Byp(T?)

lim g(x, y)o (v, x)v(dx)v(dy)P" (dv) = / g(x, Yo (v, x)v(dx)v(dy)P(dv),
=00 Jr2xr T2xT

lim g(x, y)o(v, x)y (dx)v(dy)P"(dv) = / g(x, y)o (v, x)y (dx)v(dy)P(dv).
=00 Jr2xr T2xT

Remark C.2 The result can be easily generalized to bounded measurable functions g €
By (T*) for finite k € N, but we restrict ourselves to the case k = 2.

Corollary C.3 Let {P"},>1 C P(I") be a sequence narrowly converging to P € P(I") such
that

lim sup F, (P") < oo.
n—0o0
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Then vaguely

. + + . n,& o+ +
A, Upn = Do I Ty 0 = D (C.1)

Proof The first statement of (C.1) follows directly from Theorem C.1 by substituting g := c.
Moreover, by the uniform continuity and compact support of any w € C.(I" x 7)) we have

lim/ wdTy T o
T xI'

n—0o0o

lim / o+ 18, %) 95, (dv, dx)
TxI'

n—o0o

= lim gx, y)o(v + %(Sx, x)v(dx)v(dy) P"(dv)
r

n—oo T2x

/ g(x, o (v, x)y(dx)v(dy) P(dv),
T2xT

and a similar approach works for T;’_ﬁp_n. O

For the proof of Theorem (C.1) we will need some a priori bounds. Namely, recall from
Sect.5.1 the generating functionals and their limit

Gn(f) = %log/re"(f‘”) ,(dv), G(f):= /T(ef— 1) dy.

For the “interacting” case, namely functionals of the form

1
;log/ (802 I, (dv),
r

there is however a problem with the unboundedness of the mass of v. Nevertheless, upon
controlling the mass we can provide the following technical estimate.

LemmaC.4 Let F(v) := h(v(T))(g, v®%) with supp(h) € [0, K] and g € By(T>). Then

12
%log/ SFldn, < </ e4K||hHoo|g\(x,y)dy®z>
r T2

1
+— (KliglloclIhlloc = log(e"” ™ = 1)), €2

and in particular
1 1/2
lim sup flog/ SFlarm, < (/ eZKIIhHoch\(x.,y)dy@) )
n—oo N r - T2
Proof Suppose that
lim sup 7, (P") =: C < oo,

n—oo

and let us consider the following interaction energy functional:

1
EY(x1,....xy) = vz Z lgl(xi, xj).
i, j#i
From a Hoeffding’s decomposition argument, see [ 19, Lemma 3.8], we have forevery N > 2,
o > 0 the estimate

llOg;N/ eaNEf;’(xl ,,,,, xN)dy®N§llog< 1 2/ e%\g|(x,y)dy®2)-
N Ty Jrv y(D)? Jrur
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Moreover, since N/(N — 1) <2 for N > 2, and

PHEENEDY |g|(x,,x,)+2|g|<x,,xl) < > 18l x)) + Nliglloo:
i,j i,j#i i,j#i

ilOg ! / N 2 \g|(Xi,xj)dy®N
N y(DN Jrv

1 1 : g lloo
- ,log< / e4a|g\(x,>>dy®z) N .
2 v(I)? Jrxr N

Recall that L, (x1,...,xy) = %ZSXI.. Since the mass L,(x1,...,xy)(7) = N/n is
bounded by K on the support of F' we have for N > 2:

we find that

Koo
FILa) < DL (T 3 gl ) = Z|g|<x,,x,)

i,

while for N = 1 we have the trivial estimate |F|(L,) < % 1M lsoll€llco, and hence for all
N >1,

1 1 N/2

S /TN MEILN) Gy ON < oKllglioollhlos (W /Tz e41<uhnoo|g|(x,y>dy®z)

Using the representation for I, we can therefore estimate

1 — (y(@)N
nFl g, = nlFl g, ®N 1, c7\N
[Lenrtam, P [ ey

N/2
o1 Z("V(TD Kllgloollhlloo (1 / AKlhloolg1(x.y) g,y ©2
~enr(T) | N! y(T1)2 12

K“S”oo”hHoo 1/2
- 67 4K |7 lsolgl(x. ) 4, ®2
en)/(T) — exp inV(T) ( (T)2 /TZ dy s

which proves (C.2). The final desired statement follows directly after taking limits. O

With the above estimate in hand, we can now prove our convergence statement by approx-
imating g with a sequence of continuous g, such that

lim [ ePle=glegy®2 =0 forall g > 0. (C.3)

e—0 J72
The existence of such a sequence follows similarly as for density statements in L (y), see
for example [19][Theorem C.5].

Proof of Theorem C.1 Consider a g € B,(T?) and let {g.}e~0 C C»(7?) be a sequence
approximating g in the sense of (C.3). Note that by the narrow convergence of P" we have
forany w € C.(I' x 7) and any ¢ > O that

lim gs(x,y)w(v,X)V(dX)V(dy)P"(dV)2/2 8e(x, y)w(v, x)v(dx)v(dy)P(dv),
T T°xT

n—o0 ZXF
lim ge(x, Yo (v, x)y (dx)v(dy)P" (dv) = / 8 (x, y)o(v, x)y (dx)v(dy)P(dv).
n—oo [ra T2xD
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Note that by the compact support of w, it suffices to show that for every K > 0:

lim lim sup / ( / 18 — gel(x, y)v(dx)v(dy)) P"(dv) = 0,
v(7T)<K T2

e=>0 p—o0

lim lim sup/ </ lg — gel(x, y)y(dx)v(dy)) P*(dv) = 0.
w(T)<k \JT2

e=>0 pn—oo

Let us consider (C.4a), and set

Fe g (v) = Ly1)<k /7'2 lg — gel(x, y)v(dx)v(dy).

(C4a)

(C.4b)

By duality of the entropy and Lemma C.4, we have for everyn > 1,¢ > 0, K > 0, and

B >0,

1 1
/ Fox WP (dv) < — Ent(P"|T1,) + —1og/ "PFek 4T,
r Bn Bn r

1 1 1/2
< —&nt(P"|,) + — (/ e4ﬁK|gfgsl(x,y)dy®2)
IBn 5 T2

1
+ - (KBlg — gl — log(e™” ™ — 1))
Bn

Taking subsequently the limits n — oo and ¢ — 0, we deduce

C
lim sup lim sup/ Fe gk (v)P'(dv) < 3
r

g—0 n—o0o

But, since B > 0 was arbitrary, we conclude that the right-hand side reduces to zero.

Similarly, for (C.4b), let

£ :=/ g — gl ydy). ) :=/ o) v(d).
T T

Then by duality and Lemma 5.6 we obtain

C C
lim sup/ Fe gk WP (dv) < — —}—/ (™ _1dy < =
r B Jr B

n—oo
1

T eﬁy(T)Igfgsl(x,y)dy@Z,
v(T) Jr2

where the last inequality follows by applying Jensen’s inequality inside the exponential.

Again taking the limit ¢ — 0 and thereafter § — oo, we conclude the proof.
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