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Abstract

We investigate the ground states for the focusing, subcritical nonlinear Schrodinger equation
with a point defect in dimension two, defined as the minimizers of the energy functional at
fixed mass. We prove that ground states exist for every positive mass and show a logarithmic
singularity at the defect. Moreover, up to a multiplication by a constant phase, they are
positive, radially symmetric, and decreasing along the radial direction. In order to overcome
the obstacles arising from the uncommon structure of the energy space, that complicates the
application of standard rearrangement theory, we move to the study of the minimizers of the
action functional on the Nehari manifold and then establish a connection with the original
problem. A refinement of a classical result on rearrangements is proved to obtain qualitative
features of the ground states.

Mathematics Subject Classification 35Q40 - 35Q55 - 35B07 - 35B09 - 35R99 - 49J40 -
49N15
1 Introduction

The Nonlinear Schrodinger Equation (NLSE) has provided for almost fifty years the effective
description of the evolution of the wave function of a Bose-Einstein condensate (BEC) in the
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Gross-Pitaevskii regime. More recently, interest has grown in the possibility of modeling a
BEC in the presence of defects or impurities by means of a NLSE with an additional pointwise
interaction located at the defect. If the spatial scale of the impurity is supposed to be much
smaller than the dispersion of the wave function, one can describe it by means of a Dirac’s
delta potential [29, 58, 59], obtaining the evolution equation

i% = (—A+ad)y +BIWIPHY,  aeR\{0), BeR\(0}, p>2, (1)
where the sign of B establishes the focusing or defocusing character of the equation, and,
correspondingly, the attractive or repulsive behaviour of the condensate.

A large part of the available results concerns the one-dimensional case, that models the
so-called cigar-shaped condensates. In particular, well-posedness was established in [12] for
the entire class of pointwise potentials, while existence and stability of standing waves were
shown in [11-13, 16, 37, 40, 50]. On the other hand, the well-posedness for the two and
three-dimensional models was established in [24]. Here we aim at discussing the existence
and the properties of ground states for the two-dimensional case in the focusing regime, i.e.
when B < 0.

In fact, Eq. (1) is just formal in dimension two. In order to state it rigorously, one has to
replace —A + a§p with a suitable self-adjoint operator H,, acting on L2(R?) (see Sect. 1.2
below). Such operator acts as the Laplacian far from the origin and its domain contains
functions that exhibit a logarithmic singularity at the origin, like the fundamental solution
of the Laplacian. As shown in [18], the operator H, can be also understood as the limit of
a sequence of Schrodinger operators —A + V., where, for every ¢ > 0, the potential V, is
regular, peaked, shrinking around the origin as ¢ — 0, and suitably renormalized: this is
expected from an operator that aims at embodying a delta interaction at the origin.

Incidentally, let us mention that the literature on the NLSE with a potential is much wider
than the corresponding one about NLSE with singular potentials: among the others, we
mention the seminal works [35, 57] and the papers [38, 39] for their results about stability
and instability of standing waves.

Moreover, the analysis of models with point interactions like (1) is strictly connected with
the study of singular solutions for elliptic equations, that traces back to the eighties [22, 29,
41,48, 52,54, 55, 60]. In particular, it is well-known that solutions to the focusing stationary
NLSE

—Au — |ul”"%u — wu =0,

that are regular in R?\ {0}, vanish at infinity and are singular at 0, behave like the fundamental
solution of the Laplacian at the origin.

Finally, we highlight that all results and proofs contained in the present paper concern the
space dimension two. In [2] we extend the results to the three-dimensional case.

1.1 Future developments

In our intention the present paper is the first step of a research programme devoted to the
study of the standing waves of the NLSE on multi-dimensional structures, that is domains
consisting of pieces of different space dimensions glued together through suitable boundary
conditions. Such structures are known in the literature as quantum hybrids and one of the
simplest models is provided by a plane attached to a half-line. It has been shown [27, 33, 34]
that the conditions to be imposed at the junction between the plane and the half-line prescribe
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a logarithmic singularity for the restriction of the wave function to the plane, exactly like
for the Schrodinger equation with a point interaction. Therefore, the present work lays the
foundations of our research plan towards nonlinear quantum hybrids.
A further branch of the same research project concerns a different family of singular

perturbation of the Laplacian, called concentrated nonlinearities, namely

Y p2

II—(—A—FTHM 30V, T eR\ {0}, p>2. 2)
The standard nonlinearity is no longer there, while a pointwise nonlinearity is present at the
defect. Specifically, this can be done by replacing the strength of the delta interaction « by a
nonlinear term that depends on the solution. As a particular choice, we took z||?~2. Such
equation has been studied in one [10, 17, 28, 45, 46], two [6, 7, 26] and three dimensions
[8,9, 14, 15]. It is, then, natural to investigate the dynamics of a system in the presence of
both types of nonlinearity. The one-dimensional case and the case of the star graphs have
been already addressed in [20] and [3], respectively, while high-dimensional cases are still
unexplored.

1.2 Setting and main results

Let us stress again that writing (1) is formal, as in two dimensions the delta interaction is
not a small perturbation of the Laplacian. It is well-known that a rigorous definition can be
given through the theory of self-adjoint extensions of hermitian operators. Eventually, one
finds [18] that there exists a family (Hy)yer of self-adjoint operators that realizes a nontrivial
point perturbation of —A.

The domains of such operators are

D(Hy) :={ve L* (R} :3g € C, » >0 stt.
v—qG, =: ¢, € H*(R?) and ¢,(0) = (@ +6,) q},
and the action reads
Hyv = —A¢; — qrGy, Vv e D(H,).
We denoted
log (4) +y

0, = ——=F— 3
7 o 3)

with y denoting the Euler-Mascheroni constant, and G, the Green’s function of —A + A,
namely

Ko(V/Ax)
27

| _
G (%) 1= 5—F Nk + 0 x = )

Here, K denotes the modified Bessel function of the second kind of order 0, also known as
Macdonald function (see [1, Section 9.6]), and F denotes the unitary Fourier transform. The
function G, has a singular behaviour at the origin, namely
log |x
Gr(x) = —% +o(og|x)), x—0

that prevents G;, from belonging to H!(R?).
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Functions in D(H,) consist then of a regular part ¢;, on which the operator acts as the
standard Laplacian, and a singular part gG,, on which the operator acts as the multiplication
by —A. The two components are connected by the boundary condition ¢, (0) = (¢ + 6,) g.
The strength ¢ of the singular part is called the charge. We highlight that X is a dumb parameter
as it does not affect neither the definition of H,, nor the charge ¢ (see Remark 2.1).

Finally, we recall that the spectrum of H, is given by

0 (Hy) = {€a} U0, +00), with £g := —4e #7927 < (0 sole eigenvalue for any o € R.
(&)
The rigorous form of the focusing NLSE with a pointwise impurity (§-NLSE) is therefore
d
i By -, weR pe2 ©)

As proven in [24], the flow generated by (6) preserves the mass.

Remark 1.1 In getting (6) from (1), we fixed § = —1. No generality is lost since, given any
1
solution ¥ of (6), then yrg := (—p) P23 solves

0y _
i = Halp + BlVsl" Vs, @ €R. B <0.
In doing this, many relevant thresholds of the equation could a priori be affected, but this is
not actually the case since no threshold appears in the main results of the paper.
Standing waves are solutions to (6) of the form ¥ = ¢'®'u(x), with w € R. An easy

computation shows that i is a standing wave for (6) whenever u is a bound state, i.e.
u e D(Hy), @)
Hyu + ou — |u|P~u = 0. ®)
Among all the bound states, we focus on ground states. The proof that a ground state satisfies
(7) and (8) is straightforward and is reported in Appendix 1.

In order to give a precise definition of the ground states of (8), we first introduce the
quadratic form associated with H,, which has domain

D:={veLl*RY):3geC, »>0 st v—qG = ¢ € H R}, )

and action
Q) = [V l5 + A(llgnllz — IV]3) + (@ +62) g1>, Vv e D, (10)
where we denoted by (-, -) the hermitian product in L(R?) and by || - || p the usual norm in

LP(R?). As (10) is the quadratic form of the self-adjoint operator H,, it is independent of the
choice of A. Notice that, as expected when passing from operator to quadratic form, functions
in D have a rougher regular part than functions in D(Hy) (from H 2(R?) to H'(R?)), and
that in D there is no boundary condition linking the regular and the singular part. We observe
that Q(v) = (v, Hyv), whenever u € D(H,).

Let us introduce the main object of our study, the energy functional associated with the
8-NLSE, which is another quantity conserved by the flow generated by (6) ([24]).

Definition 1.2 Given « € R and p > 2, the §-NLS energy is the functional E : D — R
defined by

E( _1 1 p
v) '_EQ(U) - ;”U”p
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(o +6,)
—q?

1 A
=3 IVeal3 + S (1413 — Iol3) + =

1
— —llvlb. (11)
» P

Remark 1.3 As apeculiar feature of point interactions in dimensions two and three, the energy
space D is strictly larger than H!. Furthermore, if v belongs to H!, i.e. it has no charge, then
its energy reduces to the standard NLS energy defined by

1 1
E%v) := ~||Vu|3 — — ||},
@) := SlIVol; » vl
so that the §-NLS energy is an extension of the NLS energy.

We can now give the following fundamental definition.
Definition 1.4 Given p > 0, a function u belonging to the space
Dy :={veD:|v|}=upn.
and satisfying
E(u) = viengu E(v) =: €(w),
is a ground state at mass | for the NLSE with a point defect.

Thus, a ground state is a minimizer of the energy constrained to a submanifold of constant
mass u. It turns out that the whole set of ground states at mass p is orbitally stable for any
> 0: the result is proven by adapting the techniques introduced in [31] and is reported in
Appendix 1.

We can now state the main result of the paper.

Theorem 1.5 (§-NLS ground states) Let p € (2,4) and o € R. Then, for every u > 0,

(i) there exists a ground state for the §-NLS at mass 1,
(ii) if, fixed A > 0, u = ¢, + qGy. is a ground state, then:

(a) forany A > 0 both ¢, and q are not identically zero,

(b) u is positive, radially symmetric, and decreasing along the radial direction, up to
multiplication by a constant phase; moreover, ¢, is nonnegative if A = w, and positive
ifh > o, with = =" (Jull) — Q).

Remark 1.6 One can also see that if u is a ground state for the §-NLSE, then the associated
frequency w = ' (||u ||§ — Q(u)) is positive. Indeed, by the Lagrange Multiplier Theorem,
one has

(E'(w),v) + o{u,v) =0, VYveD,
so that, setting v = u and combining with (65), (10) and (11),
p—2

2E(u) — lullhy = —ollul?. (12)
Then, by Remark 1.3,
Ew) =& <&%mw := inf E°%v),
veH) (R?)

with H}(R?) := {v € H'(R?) : |[v]} = u}, which is negative whenever p € (2, 4) (see,
e.g., [53] or the proof of Proposition 3.3). Thus (12) implies that w > 0 .
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We stress that Theorem 1.5 treats power nonlinearities with p € (2,4) only, namely
the subcritical nonlinearities of the NLSE, since as in the standard case this is necessary to
establish boundedness from below of the constrained energy without prescriptions on the
mass u (see Proposition 3.1). In addition, also regarding existence, positivity, and symmetry,
Theorem 1.5 retraces the results on the NLSE. However, point (ii)(a) shows that §-NLS
ground states and NLS ground states cannot coincide as the singular part of the former ones
cannot vanish.

As a final remark, we highlight that, while point (i) of Theorem 1.5 is proved by mini-
mization of £ on D,,, point (ii) is proved through minimization of another functional, called
Action, constrained to a set called Nehari manifold. More precisely,

Definition 1.7 Fixed w € R, the §-NLS action at frequency w is the functional S, : D — R
defined by

w, 2
So(v) = E(v) + Ellvllz- (13)
We introduce the constraint

Definition 1.8 Fixed w € R, the Nehari manifold at frequency w associated to the §-NLS is
defined by

Ny :={v e D\ {0} : I,(v) = 0}, (14)
where 1, : D — R denotes the quantity
L,(v) := (S, (), v) = Vo3 + Allgall3 + (@ — DIvl3 + (@ +6) lg1> = llvlh. (15)

As a consequence, the minimizers of the §-NLS action at frequency w are all functions u € N,,
such that

Se(u) = d(w) := inf Sy, (v),
VEN,,
and, as showed in Appendix 1, they are bound states of the §-NLS.

Remark 1.9 We use the notation

00(v) := Q(v) + o|vli3, (16)
so that

1 1 » »
S0(v) = 7 Q0u(v) — ;Ilvllp and  1,(v) = Qo (v) — [[v][p. a7

The link between minimizers of the action and ground states is provided by the following
Lemma, whose proof is an adaptation of what established in [32] and [47] for the NLSE. We
report it in Appendix 1.

Lemma 1.10 Let p > 2, @ € Rand u > 0. If u is a ground state of mass ., then it is also a
minimizer of the action at the frequency @ = =" (||u ”Z — 0(u)).

We give the following result for the minimizers of the action functional.

Theorem 1.11 (8-NLS action minimizers) Let p > 2 and « € R. Then,

(i) a minimizer of the action (13) at frequency w does exist if and only if w > wy ‘= —{q,
with £y defined in (5);
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(ii) if, fixed A, u = ¢;. + q Gy is a minimizer of the action (13) at frequency w > wy, then:

(a) forany A > 0 both ¢, and q are not identically zero,

(b) u is positive, radially symmetric, and decreasing along the radial direction, up to
multiplication by a constant phase factor; in particular, ¢, is nonnegative if A = w,
and positive if . > w.

First, we note that, in view of Lemma 1.10, point (ii) of Theorem 1.5 is a straightforward
consequence of Theorem 1.11. Indeed, if there exists a ground state of mass w, then by
Lemma 1.10 and point (i) of Theorem 1.11 it is also a minimizer of the action at frequency
® > wq. Hence, the conclusion follows by point (ii) of Theorem 1.11.

Furthermore, we mention that in order to establish (ii)(b) we use an equivalent formulation
of the problem of minimization of the action consisting in minimizing Q,, on the functions
in D with fixed L? norm. More details on this point are given at the beginning of Sect. 5
and in Remark 5.1. The technique relies on the minimality of the ground states only and is
different from other classical techniques, such as the moving planes introduced in [42], and
from more recent variational methods like [36, 47], where the Euler-Lagrange equation is
used to enhance the regularity of the minimizers.

During the final draft of the present paper we got acquainted that the results of The-
orem 1.11 had been proved independently in the contemporary work [36]. In particular,
except from the overlap of point (i)(a) of Theorem 1.11 with [36, Theorem 1.2], the proof of
point (ii)(b) of Theorem 1.11 relies on different techniques, as explained above. Moreover,
the goals of the two papers are different: while the present paper is mainly focused on the
study of ground states of the energy at fixed mass, [36] deals with the minimizers of the
action under the Nehari’s constraint, discussing their orbital stability for asymptotic regimes
of the frequency w.

Organization of the paper

— Sect. 2 introduces some preliminary results that are useful throughout the paper; more
precisely:

— in Sect. 2.1 we recall some well-known features of the Green’s function of —A + A,

— inSect. 2.2 we establish two extensions of the Gagliardo-Nirenberg inequality (Propo-
sition 2.2),

— in Sect. 2.3 we establish a rearrangement inequality for the L”-norms of the sum of
nonnegative functions (Proposition 2.4);

— Sect. 3 addresses the existence of ground states (Theorem 1.5—(1));

— Sect. 4 addresses the existence of action minimizers (Theorem 1.11-(i));

— Sect. 5 establishes the main features both of the §-NLS ground states and of the action
minimizers (Theorem 1.5 —(ii)/Theorem 1.11-(ii)).

Data availability statement

Data sharing not applicable to this article as no datasets were generated or analysed during
the current study.
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2 Preliminary results

In this section we collect some preliminary results, that will be exploited in the proofs of
Theorem 1.5 and Theorem 1.11.

2.1 Further properties of the green’s function

First, we recall that G;, € L2(R?)\ H'(R?), is positive, radially symmetric, decreasing along
the radial direction, has exponential decay at infinity, and is smooth up to the origin, where
it satisfies

1 py
Gr(x) = —— log (‘MX') + 2 4oy, as |x|—0
2 2 21

(see [1, Sec. 9.6] and [25, Eq. (1.5)]). Thus G, belongs to L” (]Rz), 2 < p < oo. Moreover,

”gl”p

5 1
IGill5=-— and [Gullh = 5

4 )

(18)

On the other hand, using (4), one can prove that G, — G, € H*(R?). Also, by direct compu-
tation,

o= (L, 1, 2Zlogv/d)
16: — Gl = 5 (ﬁ y 2loet/ ) (19
1 A 1 A
1Y@~ G = - (( V) Og(”/ ) 2>. (20)
Finally, we note that if v < A, then
Ko(W/A A
G.(x) = O(T\fx) =Gy <\/:X> <G, VxeR?\{0}. (21)

2.2 Extensions of the Gagliardo-Nirenberg inequality

We need a generalization of Gagliardo-Nirenberg inequality to the energy space D.
Let us recall the standard two-dimensional Gagliardo-Nirenberg inequality ([30, Theorem
1.3.7]): there exists C), > 0 such that

-2
ol < CplVulls " ol3, Vv e H'®R). (22)
First, the set of functions in the energy space with ¢ # 0 can be written as

D\H'R*) ={ueL*R?) :3g e C\ {0} st. u—qG o = ¢ € H'RH}. (23)

lul3

1g2

1 ”2 , where the

In other words, functions in D \ H'(R?) admit the decomposition with A =

right-hand side is well defined as the next remark shows.

Remark 2.1 (H, and ¢ do not depend on A > 0) Let us consider v € D(Hy). By definition,
there exist g € C and A > 0 such that v = ¢y + Gy, Ps € HZ(R?) and ¢, (0) = (« + 0,)q-
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Notice that

= 27 tim ™
1= xI—0 log |x|’

therefore ¢ does not depend on A. Moreover, choosing 0 < v # A, itis possible to decompose
the same function as v = ¢, + ¢G,,. Since, as mentioned in Sect. 2.1, G, — G, € Hz(Rz),
one gets that ¢, := ¢, + q(Gy — G,) belongs to H 2(R?%). Moreover, (4) also implies

(G = G)(0) = (4m) ™' log(v/), 24)
so that 0, + (G;. — G,)(0) = 6,, whence ¢, (0) = (« + 6,) g. Finally, by (4)
—A(G) — Gy) = vGy — A0y,
so —A¢;) —qrG, = —A¢, —qvG, and thus the decompositions with v and A are equivalent.
We can now state the following

Proposition 2.2 (Extended Gagliardo-Nirenberg inequalities) For every p > 2, there exists
K, > 0 such that

WI2 < K, (nvmn I6al2 + ﬂ) Vo=, 4qG.eD, YA>0. (25

Moreover, there exists M, > 0

-2 —
1wy < M, (19915 +1a172) I3, Yo=¢+4G,0 € D\H'R). (6)

vi3

Proof If we fix v = ¢, + qG, € D, for some A > 0, then (22) and (18) yield

lq1”
lvllp = éx +qGullp < 277" (I8l + lg1”1G:117) < K, <||V¢A|| g3 + qT

that is (25).
If we suppose, in addition, that ¢ # 0 and set A = A, := ‘}" :‘2, then by (18), (25) and the
triangle inequality there results

—2lql®  lgl? -2 -
||v||5sMp(||V¢|| 2013 + 19155 + 2 ) <, (1991572 +1g177 ) vl
q q

possibly redefining M ,, which concludes the proof. O

Remark 2.3 Note that, whenever g = 0,i.e.v € H' (IR2), (25) reduces to (22).

2.3 Arearrangement inequality in LP-spaces

Let us start by recalling the definition of radially symmetric nonincreasing rearrangement
of a function in R? and its main features (see e.g. [51, Chapter 3]). All the definitions and
the results in Sect. 2.3 are valid in every RY, withd > 2.

First, given a measurable A C R? with finite Lebesgue measure, we denote by A* the
open ball centred at zero with Lebesgue measure equal to | A|, that is

A* = {x e R?: 7|x)? < |A]}.
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Now, let f : R> — R be a nonnegative measurable function vanishing at infinity, i.e.
{f > 1} :=|{x e R?: f(x) > 1}]| < 400, for every t > 0. We call the radially symmetric
nonincreasing rearrangement of f the function f* : R — R defined by

ro= [, e
with 1 ¢~ the characteristic function of { f > ¢}*. Definition (27) clearly implies
Hf>tl=1f">t1 and {f>0}"={f">1} (28)
and
T = La=, for every measurable A C R, |A] < +o00. (29)

One can also check that

(®o f¥=do [, for every nondecreasing @ : Rt — R* (30)
and that (28) yields
L Iy =1Fp  YfeLP®R?), f20, Vp>1. €1y}

Another well known property of rearrangements is the Hardy-Littlewood inequality, which
states that, given two nonnegative measurable functions f, g : R — R vanishing at infinity,
there results

| rwsmax= [ rroog oy ()

and, if f is radially symmetric and decreasing, then the equality holds in (32) if and only if
g = g*ae.onRZ

We also need to compare || f + gll, and || f* + g*||, and a related result is stated in the
next Proposition. The first statement is actually a special case of a well known result proved
in [19, Theorem 2.2]. The second statement is a refinement of that result and, as far as we
know, no proof of it is present in the literature. Our proof adapts the arguments used in [51,
Theorems 3.4 and 3.5].

Proposition 2.4 (Rearrangement inequality) For every pair of nonnegative functions f, g €
LP(R?), with p > 1, there results

[rvaraxs [ 15+ g (3

Moreover, if f is radially symmetric and strictly decreasing, then the equality in (33) implies
that g = g* a.e. on R

Proof First, we introduce the function

J(t) if >0,

. with  J(¢t) := [¢|”.
0 if t<0,

Ji(t) = :

It is straightforward that J., is of class C!, with J. | nonnegative and nondecreasing in R and,
in particular, positive and increasing in R™. Therefore,

g(x)

|f(x) +gX)I” = J+(f(X)+g(X))=/ )Jﬁr(f(X)+S)dS
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+0o0
= f er(f(X) + S)]l{g>5}(X) ds,

—00

whence, integrating over R? and using Tonelli’s theorem, we get

/ 1f®) + ()17 dx
RZ

+0o0

=f J+(f(X)+g(X))dx:/
RZ

—0o0

</ J_/'_(f(X) + S)l{g>x}(x) dX) ds
R2

“+00 “+00
:/ /Jﬁf(x)—s)dxdsjt/ /J;(f(x)+s)1{g>x}(x)dxds (34)
0 R2 0 R2

=:1 =:I

where we used the fact that 1,- ) = 1 forevery s > 0. Now, combining (28) and (30) with
®(-) = JL(- — 5), one sees that

+00
I :/ / T (f*(x) — 5) dxds. (35)
0 R?

On the other hand, combining (28), (29), (30) with ®(-) = J,(- +5) — J{(s) and (32), one
sees that

/1;2 J.:,_(f(x) + 5)L{g>s5)(X) dx
= /R (VL (f 00 +8) = JL(9)) g () dx + TL(){g > s}
< /R L +5) = T4 0) Ty ) dx + L) l{g" > 1]
= fR (JH(F7 00 +) = JL(9) Ligros) () dx + JL(9)l{g" > )]
= /2 JL(f" 4 (%) + 5)Lgrss)(X) dX, (36)
R
so that
+00
I g/ /2J_/F(f*+(x)+s)]l{g*>s}(x)dxds. 37
0 R
Hence, in view of (34), (35) and (37) one easily finds that (33) is satisfied.
It is left to prove that, if f is radially symmetric decreasing and the equality is fulfilled
in (33), then g = g* a.e. on R2. To this aim, fix f radially symmetric and decreasing and

assume that the equality in (33) holds. Then, one can check that f = f* a.e. on R? and that,
by (36),

/2 JL(f(X) + 9)L{g=g}(X) dX = fz JL(f(X) 4+ 9) g5y (x)dx,  forae. s>0.
R R
(38)

Since J| is increasing on R* and and f is radially symmetric decreasing, J| (f(-) + s) is
radially symmetric decreasing too. Hence there exists a continuous bijection  : Rt — R™
such that {x € R? : JL(f(X) 4+ 5) — JL(s) > t} = By»(0), namely the centered ball of
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radius r(¢). In addition, by dominated converge, the function
Fe(r) := /RZ 18,0 X) Lc(X) dx = [By1(0) N C|

is continuous on R* for any measurable C C R? fixed.

Now, fix s > 0 such that (38) holds and set C = {x € R? : g(x) > s}. Arguing as before,
one can find that F¢ () < Fc+(t). From (36) and (38), using the layer-cake representation,
one obtains that fooo Fc(t)dt = fooo Fcx (1) dt and, hence, Fc (t) = F/ (1) for every ¢ > 0.
As C* is a centered ball too, this implies that for every » > 0 either C, C* C B,(0) or
C, C* D B (0) up to sets of zero Lebesgue measure, so that C = C*. Finally, as this is valid
for every s > 0, using again (28) and the layer-cake representation, there results that g = g*
a.e. on R2. O

Remark 2.5 Up to some minor modifications, in order to prove the first part of Proposition 2.4
it suffices the simple convexity of J, the strict convexity being necessary for the sole second
part. Hence, (33) holds also for p = 1.

Before concluding the section, we also mention another well known result on rearrange-
ments that will be used in the sequel: if f € H I(R?), then f* € H'(R?) and in particular

IV £l < IV £l (39)

Equation (39) is usually called the Polya-Szegd inequality.

3 Ground states existence: proof of theorem 1.5-(i)

In this section, we prove point (i) of Theorem 1.5, that is the existence of §-NLS ground
states of mass u for every p > 0.

To this aim, the first step is to establish boundedness from below of E, Dy in the L2(R?)-
subcritical case. Preliminarily, it is convenient to write the functional E as

E(u) =
lg]
1 lg1* 19113 log(zuu||2)+V lg1*  llully
Vol + —2 (e -1+ —2L V2 TP ity e D\ H'(RY),
SIvels 2l o 5 ) \ H'(R?)
1
3 IVulls = iy, ifue H'®?),

(40)

where we use the decompositionu = ¢+qG 2 introducedin (23), foreveryu € D\H L(R?).
llul3

Proposition 3.1 Let p € (2,4) and o € R. Then E(u) > —o0, for every u > 0.

Proof Letu € D,,. Assume, first, that u € H;L (R?). Therefore, (22) entails
1 , C 2
E(u) > EIIVMIIZ - fIIVullf M,
so that E is bounded from below on Hli (R?) since 2 < p <4
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Then, assume that u € D, \ Hj (R?). By (26)

1 M - lq*llo 13

E > Ziven2 — Z2iven? Al

(u)_<2|| o3 . IV5 u)+ 2
lq1

log (2%) VY M

-1 TPy 02 , 41
+||a=-1+ = > plql jz 41)

and here again E is bounded from below in D, \ H,ﬁ (R?) since 2 < p < 4 (note that

the log(|¢|)|¢|* term balances the negatively diverging |¢|? term). Summing up, E is lower
bounded on the whole D,. O

Further than boundedness from below, it is also useful to establish a comparison between
the §-NLS energy infimum and the NLS energy infimum.

Proposition 3.2 Let p € (2,4) and o € R. Then,
E(w) < &%) <0, Vu>0. (42)

In order to prove this, we preliminarily recall without proof a well known result about
NLS ground states (see [53, Theorem II.5] for a proof of the existence part, while the proof
of the properties satisfied by the ground states is a consequence of [43, Theorem 2]).

Proposition 3.3 Let p € (2,4) and . > 0. Then, there exists a NLS ground state of mass |,
ie.ue Hli (R?) such that E®(u) = E°(i). Moreover, such minimizer is unique, positive and
radially symmetric decreasing, up to multiplication by a constant phase and translation.

The positive minimizer of the two-dimensional standard NLS functional at mass p is usually
called two-dimensional soliton and in the following it will be denoted by S,,.

Proof of Proposition 3.2 Fix + > 0 and let S, be the unique NLS ground state of mass u
mentioned in Proposition 3.3. First, note that, as S, is positive, it cannot be a §-NLS ground
state of mass . Indeed, if S, is a §-NLS ground state, then S, has to satisfy (7) and, in
particular, ¢, (0) = (o + 65)q. However, as mentioned in Sect. 2.2, §;, € H L(R?) implies
q = 0, so that S, = ¢;, and ¢, (0) = 0. Hence, S, (0) = 0, which contradicts its positivity.
Summing up, S, is not a -NLS ground state at mass x and, thus, there exists v € D,, such
that E(v) < E(Sy) = &%), which proves the left inequality in (42).

Concerning the right inequality, fix again & > 0, and consider v € H ; (R?). Now, using
the mass-preserving transformation

Vs (X) = ov(ox),

there results

2 P
o o
E%v,) = 7||Vv||% - o)l

However, as p € (2, 4), this immediately entails that So(u) < EY%w,) < 0, for everyo < 1,
which completes the proof. O

The second step of the proof of point (i) in Theorem 1.5 consists in a characterization of
thed -NLS energy minimizing sequences of mass [, 1.e. sequences

(Un)n C Dy such that  E(u,) — £(u), asn — 400.

This is provided by the next two lemmas.
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195 Page 14 of 32 R. Adami et al.

Lemma3.4 Letp € 2,4),a € Rand i > 0. If up = ¢y n + qnG). is a minimizing sequence
for the 8-NLS energy, then there exists n € N and a constant C > 0, such that |g,| > C for
everyn > n.

Proof We proceed by contradiction. Suppose that there exists a subsequence of g,,, that we do
not rename, such that g, — 0. Then, ||$; ||% is bounded since it converges to p. Moreover,
applying Gagliardo-Nirenberg inequality (25) to definition (11) one obtains

1 A (o +65)
EGun) > SIVinl3 + 5 (lbnall3 — ) + Tﬂqﬁ
Cp - ik
—_ZP (v p 2, 4t
p (n Srnlly bnnl3 + =
1 A (o +65)
= 51Vern I3 + 5(||¢A,n||% — )+ Tmﬁ +o(1)

that guarantees the boundedness of || V¢, 1|2, since E (u,) is bounded from above and p < 4.
We introduce the sequence &, = %dmn, such that ||“§n||% = u and ||V$,,||% =

W V. .n II% is bounded. Then, using that and the fact that g, — 0 and ¢, , — u, — 0
nlly

strongly in every space L”(R?) with 2 < p < 0o, one obtains

E(un) = E%¢sn) +0(1) = E°&) +o(1)
> E%S,) +o(l), as n— oo,

where S, is a ground state for E° at mass . So, passing to the limit,

E) = &%),

that contradicts Proposition 3.2 and then g, cannot converge to zero. This conclusion holds
for every subsequence of a minimizing sequence for E, therefore limit points of the complex
sequence ¢, must be separated from zero, and the proof is complete. O

Lemma3.5 Let p € (2,4), « € Rand i > 0. Let also (uy,), be a §-NLS energy minimizing
sequence of mass . Then, it is bounded in L"(R?), for every r > 2, and there exists
u € D\ H'(R?) such that, up to subsequences,

o u,—uin L2(R?),
o u, —> uae inR?
asn — 4-o00. In particular, if one fixes A > 0 and the decomposition u, = ¢, + qn Gy, then

(n.2)n and (gn)n are bounded in H L(R?) and C, respectively, and there exist ¢, € H'(R?)
and q € C\ {0} such that u = ¢, + qG,. and, up to subsequences,

o ¢ui—y in L2(R?),
o Vu—Vey in L2(R?),
e gy —> qinC,

asn — +o0.
Proof Let (u,), be a §-NLS energy minimizing sequence of mass . By Banach-Alaoglu

Theorem, u,—u in L*(R?) up to subsequences. Moreover, owing to Lemma 3.4 we can
suppose without loss of generality that for every n the charge g, satisfies |g,| > C > 0, then
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we canrely on the decomposition introduced in (23) and used in (26), namely u,, = ¢,+g,G.,

19| 2
llunll3

with v, 1= . This decomposition guarantees

1
n n n v, 1 AN =
Pnll2 < llunll2 + 1galllGy, ll2 < ( + Zﬁ)«/ﬁ

for every n, so that the sequence ¢, is bounded in L?(R?).
Using (40) and (41), we have

1 M ) |gn %l n 113
E(u,) > (EHV%H% - 7pﬂ||v¢n||§ ) + #
43)
log( 1gn| + y) 2 M (
+loe—1+ 20 lanl” _ =L 11 gal P2,

2 2

for a suitable M, > 0. First, we note by (43) that (V¢y), is bounded in L2(R?) and (gn)n is
bounded in C, so that, up to subsequences, g, — ¢ and g # 0 since |g,| > C > 0.

Fix A > € with Cy = 14sup,, |g,| and consider the decomposition of each u,, according
to A, thatis u,, = ¢y ) + g G With ¢y, 1= ¢ + g, (Gy, — Ga). Exploiting (19) and (20) and
the estimates on ¢, and g,, one finds that there exists M1, M, > 0 such that foreveryn > n

1 [ Igal? log & + log(1t) — 210g(1qnl)
Ionil3 <2 [ lgnll? + — (225 4 o + 21g, P22 T 08 BN | < my
4 A Uy — A

and

19a 19a 2 log . + log() — 2log(laul)
||V¢M||zsz[||wn||2+ o ((H T I e | LY
—VYn

Hence (¢n.3.)n, (V¢n.3)n are bounded in L?(RR?), which implies, via the Banach-Alaoglu
theorem, that ¢, y —¢1, V¢, 1 — V@, in L2(R2) up to subsequences, and thatu = ¢, +gG,.
Furthermore, by Rellich-Kondrakov theorem, ¢, ; — ¢, in Lj,. (R?), for every r > 2, so
that u, — u a.e. in R2.

It is then left to prove that (¢, 1)n, (V@,.1)n are bounded in LZ(RZ) also when the
decomposition parameter is smaller than % To this aim, let 0 < X < 7 We can use the

decomposition u, = ¢, 5 +qn G5, where ¢, 5 = ¢n 5. +qn(Gs. — G3), with A > 72 However,

arguing as before, one can see that ¢, (G, — G3) is bounded in H 1(R?%), which concludes the
proof. O

Finally, we have all the tools to prove the existence part of Theorem 1.5

Proof of Theorem 1.5-(i) Let (u,), be a §-NLS energy minimizing sequence of mass u.
Assume also, without loss of generality, that it is a subset of D, \ H L(R?), so that we
can write u, = ¢p ) + ¢,Gy, with g, # 0 and A > 0. As a consequence, all the results of
Lemma 3.5 hold and all the following limits hold up to subsequences.

Setm := ||u||§. By weak lower semicontinuity of the L>(R?)-norm, m < 1. Moreover,
as g # 0, m # 0. Assume, then, by contradiction, that 0 < m < . Note that, since u,—u
in L2(R?), |luy — u||% =pu —m+o(l),as n — +o00. On the one hand, since p > 2 and
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> > 1 for n sufficiently large, there results that

llun— ””2
" 1
ew<E( [—"—w—w)=5—"— 0w, —u
llup — ullz T2 IIMn—MII
g
1 1z
("5 =l
p (nun —u||§> o
B —w
lluy _””2
and thus

“ e, (44)

lim inf E Gy — 1) > &
n

On the other hand, a similar computation yields

m
& <E —_—
= (\/ ||u||§"> T

Ew) > Zeq). (45)
w

so that

In addition, we can also prove that

E(w,) = E(w, —u)+ Em)+o(l) as n— 4+ (46)
Indeed, since, u,—u, ¢pr—¢r, Vo 1, —V¢; in L*(R?) and qn — ¢q, we have that

Qup —u) = Q(up) — Q) +o(l), n— +o0,

while ||u, ||$ < C and u,, — u a.e. on R2, enable one to use the well known Brezis-Lieb
lemma ([21]) in order to get

lunllpy = llun — ullp + llullp +o(1), 1 — +oo.

Combining (44), (45) and (46), one can see that

Eu) = lim inf E(u,) = lim inf E(u, — u) + E(u) > =M e + %5(@ — (),

which is a contradiction. Therefore, m = u, so that u € D, and, in particular, u, — u in

L*(R?) and ¢, 5 — ¢, in L2(R?).
It is, then, left to show that

E(u) < limninf E(up) = E(W). 47)

However, by all the limits obtained before, it suffices to prove that u, — u in LP(R?), in
order to get (47). Now, from (25),

lgn — ql?
lun —ullpy < Kp (”V(z’n,)\ —Vully~ *lpn,p — il + T

and then since ||V, 5, — V|2 is bounded, ¢, » — ¢ in L2(R?) and gn — q in C, the
claim is proved. o
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4 Action minimizers existence: proof of theorem 1.11 - (i)

The aim of this section is proving point (i) of Theorem 1.11, thatis the existence/nonexistence
of §-NLS action minimizers at frequency .

Preliminarily, we recall that, in the standard case, NLS-action minimizers are those func-
tions u € Ng such that Sg(v) = d%w), with

d’(w) == inf §%(v),

veN)
0 0 w 2
So() = E'@) + S |lvll3,
N i=(ve H'®RH\ (0} : I2(v) =0},  IO(v) := | Vul} + wllv]3 — [vlIb.
‘We also note that
S,(v) =S@) >0, YveN,, (48)

with S, and N, given by (13) and (14), respectively, and

~ p— 2
S() := T||v||§.
Hence, combining with the fact that Slel(]R2) = Sg and N, N H'(R?) = Ng, it is straight-
forward that
0<dw) <d’w), Vwek. (49)

In addition, since d°(w) = 0, for every w < 0 (see, e.g., [32, Lemma 2.4 and Remark 2.5]),
one immediately sees that d(w) = 0, for every @ < 0, which entails that there cannot be
any §-NLS action minimizer at frequency @ whenever w < 0. In view of this we will focus
throughout only on the case w > 0.

Now, the first step of our discussion is to detect for which @ > 0 the two inequalities in
(49) are strict. To this aim let us introduce the set

No:=1{qG.: 2 >0, g € C\ {0}, 1,(qG) = 0},

which is the subset of N, containing those functions admitting a decomposition with the sole
singular part for at least one value of A > 0. The next two lemmas characterize the set N,
on varying w > 0.

Lemmad4.1 Let p > 2, « € Rand o > 0. Then, qG, € ﬁa, if and only if . > 0 and
q € C\ {0} satisfy

w— A
——— 4+ A(@+6,)>0 (50)
4
(with 6, defined by (3)) and
I ks . 51)
N=%, | an G

P

with K = 1G1ll 5~
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Proof Fix yr = qG, with g # 0 and A > 0. By (18), I,(¢) = 0 if and only if
w—A
4 )

with K := ||G; ||§, which entails

K
1> + (@ + 6) Ig1* — —lai” =0,

72 = L1 @t
a K 4 M

Since |q|1’_2 > 0, (50) and (51) follow. ]

Let us define, now,
wp = —Lg, (52)
with £, defined by (5).
Lemma4.2 Let p > 2, a € R, w > 0 and wq as in (52). Therefore:
(i) if w € (0, wg), then
ﬁw =1{qG) : 2 € (0, A1 (w)) U (M2(w), +00), g € C\ {0} and satisfies (51)},
with A (w) € (0, wo) and A2 (w) > wy the sole solutions of the equation

w— A
—— +A(x+6,) =0;
4

(ii) if w = wy, then
N, = {gGy. : A >0, A # wp, q € C\ {0} and satisfies (51)};
(iii) if w > wy, then
ﬁw ={qG,. : » >0, g € C\ {0} and satisfies(51)}
Proof Let w > 0 and introduce the function

w— A
g)i=——+A(x+6)).
4

Recall that, in view of Lemma 4.1, ¢G, € ﬁw if and only if g(1) > 0 and ¢ satisfies (51),
1
namely |g| = K;] g772(A). Now, it is straightforward (by (3)) that

lim g) = — >0, lim g(A) = oo
A—=071 4 A——+00

and
g0 =a+6,.

Hence, one can easily see that g is decreasing for A < wp and increasing for A > wy, has
a global minimizer at A = wg and g(wp) = “’Z;’O. Therefore, if @ > wq, then condition
(50) can be satisfied for every A > 0. On the contrary, if @ = wq, then (50) can be satisfied
provided that A > 0 and A # wy. Finally, if ® < w, then g(wp) < 0 and this implies that
there exist A1 (w), Az(w) > 0 such that (50) does not hold if and only if A € [A1(w), A2 (w)].

Note that A1 (w) and X, (w) are the only values of A > 0 for which g vanishes. O

After this characterization of the set ﬁw, we can estimate the value of d (w) forw € (0, wp].
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Proposition 4.3 Let p > 2, o € R. Then, d(w) = 0, for every w € (0, wg].

Proof Let us discuss separately the cases w € (0, wp) and @ = wy. If w € (0, wp), then in
view of Lemma 4.2 one can check that

1
. . 1 [w-— p=2
lim |¢g|= Ilm —|—— —|—A(a+9)\) =0.
A=A (@), A= (@)~ Kp 4
quer

Hence, recalling and (48) and (18),

0=d(w) = glnf Sw(qGr) < lim  S,(qGy)

qG).€Ny, A=A (@)
quGNm
) ~ . plql
= lim S(@@G) = Ilim 7”9 I =0.
A=A (@), A=A (@)™
qGiE€Ny qG).€Ny

If, on the contrary, w = wo, then one obtains the same result, just arguing as before and
replacing the limits for A — A1 (@)~ with the limits for A — wy. O

This result has an immediate consequence on the existence of the §-NLS action minimizers
below wy.

Corollary 4.4 Let p > 2, a € R. Then, there exists no §-NLS action minimizer at frequency
w, for every w € (0, wo].

Proof The claim follows by Proposition 4.3 and (48). O

On the other hand, in order to discuss the behavior of d (w) when @ > wy, itis preliminarily
necessary to further investigate the relation between S, and S.

Lemma4.5 Let p > 2, o € Rand w > wg. Then

d(w) = inf S(v), (53)

veN,
with
Ny :=1{v e D\ {0} : I,(v) <0}
(and 1, defined by (15)). Moreover, for any function u € D \ {0},

{ Su) = d(w) Spu) = d(w)

To(u) <0 Io(u) = 0. (54)

{
Remark 4.6 In view of this lemma, searching for 6-NLS action minimizers is equivalent to
searching for

ueN, suchthat Su)= inf S@)=d(w).

veN,,

Proof of Lemma 4.5 We divide in proof in two parts. _
Part (i): proof of (53). On the one hand, if u € N, then S, (u) = S(u), so that

inf S(v) < d(),

VEN,,

@ Springer



195 Page 20 of 32 R. Adami et al.

as N, O N,. On the other hand, fix u € D \ {0} such that I,(u) < 0 (i.e. u € Ny \ Ny).
Now, for any fixed g > 0

Ly(Bu) = B* Q0 (u) — B ull},
(see (16) for the definition of Q,,), and thus /,(Bu) = 0 (i.e. u € N,,) if and only

Qw(u)>m

P
llullp

B = Bu) = (

(where we also used that Q,,(u) > 0, for every u € D \ {0}, whenever ® > wq). Moreover,
since I, (1) < 0, B(u) < 1 and hence

So(Bau) = S(Bwu) = Bw)PSwu) < S(u).
AS a consequence

d(w) < inf S(v),

veN,,

which completes the proof.

Part (ii): proof of (54).1fu € N, and S, (#) = d(w), then clearly u € ]\le and (by (48))
§(u) = d(w). On the contrary, assume by contradiction that u € I\NJw \ Ny. If g(u) =d(w),
then, arguing as before, one obtains that S(u)u € N, and

Sw(Buu) < d(w),
which is impossible. Hence, if u € ﬁw and §(u) =d(w),thenu € N, and S,,(u) = d(w). O
We can now prove that the left inequality of (49) is strict.
Proposition 4.7 Let p > 2, o € R. Then, d(w) > 0, for every w > wy.

Proof First, letu € N, N H'(R?). By Sobolev inequality, for any p € (1, 400) there exists
C, > 0, depending only on p, such that

0> I,) = [Vul3 + ollul3 — lully = Cpllully, + ollulls — lullly = Cplluls — llull.
Hence, ||u||g_2 > C) and so
~ -2 -z
Sw = L—=c]7,
2p
whence

. ~ P—2 %4
_ inf S) > ———C, " >0 (55)
veN,NH (R2) 2p

Consider now a function u = ¢, + gGy € ﬁw \ H'(R?) (so that g # 0) and fix A € (wp, w).
Clearly (o + 65) > 0, and thus there exists a constant C > 0 such that

IV l3 + Algall3 + (@ — W lull3 + lg1* (@ +6:) = C (Igall3 + 1g*).  (56)

Moreover, by Sobolev inequality we have that

(SIS]

lully < Cp (Ially +1917) = €, (16215 +1a1”) = Cp (2131 +1a1%)?
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which implies
1
@l + lal® = lullp- (57)
P
Then, combining (56) and (57),

C
0= I,) = C (gall5 + lgl?) = llullhy = ——lull — llulf

Cp
and so, arguing as before, there exists K, > 0, depending only on p, such that
Sw > K,
and, consequently,
inf  S()>K,>0. (58)

veN, \H (R2)

Finally, combining (55) and (58), we obtain the claim. m]

For what concerns the right inequality in (49), we need to recall preliminarily some of the
main properties of the NLS action minimizers at frequency w, that is functions u € N, 2 such
that SO(u) = d°(w) (see Theorem 8.1.5 in [30]).

Proposition 4.8 Let p > 2 and w > 0. Then, there exists at least an NLS action minimizer
at frequency w. In particular, such minimizer u is unique, positive and radially symmetric
decreasing, up to gauge and translations invariances.

Then, we can prove that also the right inequality of (49) is strict.
Proposition4.9 Let p > 2, o € R. Then, d(w) < d°(w), for every o > wy.

Proof For a fixed w > wy, let u be the unique positive NLS action minimizer at frequency w
provided by Proposition 4.8. Then, u cannot be also a §-NLS action minimizer at frequency
w. Indeed, if u were a §-NLS action minimizer at frequency w, then u would have to satisfy
(7) and, in particular, ¢, (0) = (@ + 6,)q, but this can be proved to be a contradiction
with the positivity of u by arguing as in the proof of Proposition 3.2. Hence, there exists
v e N, \ H'(R?) such that S, (v) < S, () = d°(w), which concludes the proof. ]

Finally, we have all the tools to prove the existence part of Theorem 1.11.

Proof of Theorem 1.11-(i) The case w < wg has been already proved by the remarks at the
beginning of the section and by Corollary 4.4. On the contrary, it is convenient to divide
the proof of the case w > wp in four steps. We also note that, as in the proof of point (i) of
Theorem 1.5, many of the following limits has to be meant as valid up to subsequences. We do
not repeat it for the sake of simplicity and since this does not give rise to misunderstandings.

Step 1: weak convergence of the minimizing sequences. Fix w > wq and let (u,), be
a 8-NLS action minimizing sequence at frequency w, that is (by Remark 4.6) (u,), C ﬁw
and g(un) — d(w), as n — 4-o00. In addition, for any fixed A > O we can use for u, the
decomposition u, = ¢, + g,Gx. First, we see that, since ||u,,||£ — %d(a)), (up)y 1s

bounded in LP(RZ). Moreover, as 1, (u,) < 0, we get

VG113 + A uill3 + (@ — Dl + (@ +60) Ignl? < llunllh.

@ Springer



195 Page 22 of 32 R. Adami et al.

Now, if one sets A = %, then the three constants in front of ||¢, » ||§, llun ||§ and |g,|* are
all strictly positive. Hence, (V¢ 1), (¢n..)n and (uy), are bounded in L?(R?) and (g,),, is
bounded in C. Thus, there exists ¢, € H(R?), q € Cand u € D such that u = ¢, + qGa

and
Vn,—~Vér, ¢ni—¢. u,—u in L*R*» and ¢, —>gq in C.

Step 2: u € D\ H'(R?). Assume, by contradiction, that u € H'(R?), namely that ¢ = 0,
and define the sequence w, := 0,¢,., € H'(R?), with

1
oo [ 14 Toln) = @+ 6) lgn > + (unlly = lldn D) + (@ — D Ugnall3 — llunl3) \ 77
" lfn. I} ’

so that 18 (04¢n.5.) = 0. Note that o, is well defined since there exists C > 0 such that
li¢n, 2]l = C for every n € N. Indeed, by Proposition 4.7, ||lu,||}, is uniformly bounded
away from zero and g, — 0. On the other hand, since lgn|?> — 0, it follows that both
w213 — leall3 — O and

|||un||§ - ||¢nk||£| <Ci |||“n||p - ||¢n,k||p| < Callug — dnillp — 0.

As a consequence, since I, (u,) < 0, (o), is bounded from above by a sequence (a;),

converging to 1. Thus, as Ig(w,,) =0and S(u,) — d(w),
d°@) +o(1) = Swy) = oS (¢n,1) < an (Sp) +0(1)) = Swy) + o(1) = d(@) + o(D),

that implies that d (w) > d%(w), which contradicts Proposition 4.9.

Step3:u € ﬁw.lnview of Step 2, itis left to prove that 7, (1) < 0. Assume by contradiction
that 7,,(#) > 0. From boundedness of ¢, in H'(R?) and gn — ¢, one sees that u, — u
in L{Z)C(Rz) and hence u, — u ae. in RZ. As (up), is bounded in L”(R?), one can use
Brezis-Lieb lemma to get [[u, || — llun — ull, — |, — 0, and thus

Sup) — Sy —u) — S(u) — 0. (59)

Since, in addition, ¢, — ¢q, V¢, 2, —Vor, ¢pr—¢, and u,—u in Lz(]Rz) and Q,, is
quadratic, one can also check that

Loy (up) — Lo (up — u) — I (u) — 0. (60)

Let us prove now that /(1) — 0. Assume by contradiction that 1, (u#,) # 0. As ||u, ||£ <
C, for some C > 0,

—C < 1y(uy) 0.

Hence, without loss of generality, we can suppose that 1, (u,) — —f8, with 8 > 0. Consider,
then, the sequence v, := 0,u,, with

1

I P

6, =1+ w(unp) ’
”un”p

so that /,,(v,) = 0. Thus, an easy computation shows that

0, > 1 := <l—m>m < 1.
2pd(w)
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As a consequence,
S(n) = SOnutn) = 67 S(uy) — 1Pd(w) < d(w),

which is a contradiction. Hence 7, («,,) — 0. Finally, looking back at (60), since 1, (#) > 0
and I, (u,) — 0,

I —u) = Iy(up) — Ipw) +o(1) = —1,(u) + o(1),

entailing that 1,,(u,, — u) - —I,(u) < 0. Choose then, n such that 7,,(u,, — u) < O for
every n > n. Since d(w) < S(un —u) and S(u) > 0, (59) yields

d(w) < hm S(u,, —u) =d(w) — S(u) < d(w),
which is again a contradiction and entails 7, (u) < 0

Step 4: conclusion. As boundedness in L? (R?) entails that u,—u in L?(R?), by weak
lower semicontinuity

S(u) < liminf S(u,) = d(w),
n——+00

which concludes the proof. O

5 Further properties: proof of point (ii) of theorems 1.5 and 1.11

In this section we prove point (ii) in Theorem 1.5 and Theorem 1.11, that concern the features
of §-NLS ground states and §-NLS action minimizers. We point out that, by Lemma 1.10,
proving Theorem 1.11 implies the conclusion of Theorem 1.5.

Before proving (ii) of Theorem 1.11, let us give an informal description of the strategy.
First, we establish that ground states minimize the functional Q, defined in (16) on the
constraint

D’ :={veD:||v||£=%d(a))}. 61)

Second, given a minimizer u of such a problem without the required property (i.e., positivity
and radially symmetric monotonicity), we exhibit through rearrangement a function u such
that

l@llp > lullp, and  Qu@) < Qu(u).
Moreover, noting that there exists 8 < 1 such that
I8, = llully and Qu(Bi) < Qu(@),
we find a better competitor with respect to the minimizer, and obtain a contradiction.

Remark 5.1 Unfortunately, such a strategy is not applicable directly to the minimizers of the
energy E or of the action S,,. More in detail, applying to E the method described above, we
obtain

&l > |lull, forevery r >2 and E() < E(u).

However, since the mass constraint is not fulfilled by i, we note that there exists 8 < 1 such
that [|Bil|3 = [|u||3, but here, since 8 > B and E(i1) < 0, this yields

1 - 1 - ~
E(BH) = 5ﬂQQ(u) - ;ﬁ"llullﬁ > BPE(i) > E(W),
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that provides an inequality in the opposite direction with respect to the aimed one.
Analogously, applying the same procedure to the minimization of the action S, on the
Nehari manifold, there results

1,(H) <0 and S,®@) < S,u).

However, if we set
1

- [0.)\"
ﬁ"(nﬁni) ’

U ISR B y
So(Bu) = EﬂzQw(u) - ;ﬂpllullg > Sp(u). (62)

then 8 < 1, I,(B) = 0 and

Indeed, computing

d ~ - Ay~

g B = FQu(@) — B Hiap,

we find that ﬁSw(,Bﬁ) > 0 if and only if 0 < B < B, and %Sw(ﬂii)ng = 0, so that
S, (Bt) > S, (). In other words, here again (62) is an inequality in the opposite direction
with respect to the aimed one.

We now start by proving (ii)(a), namely the coexistence of the regular and the singular
part for a 6-NLS action minimizer.

Proposition 5.2 Let p > 2, « € Rand w > wy. Let also u be a §-NLS action minimizer at
frequency w. Then, q # 0 and ¢ := u — qGy. # 0, for every A > 0.

Proof Let A > 0 and consider the decomposition u = ¢, + ¢G,. Assume by contradiction
that ¢, = 0. Since u # 0, clearly ¢ # 0. As u has to satisfy (7), then @ + 6, = 0, so that
A = wp. Since u has to satisfy also (8), with some computations one obtains that ¢ has to
satisfy

=0+ 1q1"Gu,®)P2 =0,  Vx e R\ {0},

which is clearly not possible.
On the other hand, assume by contradiction that ¢ = 0, or equivalently that u € H'(R?).
This would imply that d(w) = d°(w), which contradicts Proposition 4.9. O

Remark 5.3 Proposition 5.2 marks a difference with the model (2). Indeed, it was proven in
[6, 7] that for any bound state there exists a value of A > 0 such that the regular part of the
decomposition vanishes.

We can move to the proof of point (ii)(b). Preliminarily, we note that, up to the multipli-
cation by a phase factor, a §-NLS action minimizer u = ¢, + ¢G,. can be assumed to display
a charge ¢ > 0. Indeed, since Gy (x) > 0 for every x € R? \ {0} and ¢ # 0, it is sufficient
to multiply u times e’ ? in such a way that ge' > 0. In particular, if 6 satisfies the equation
el = |Z—|, then ge'? = |¢|. As a consequence, we will always assume throughout that ¢ > 0.

The first key point for the proof of (ii)(b) is the switch from the minimization of S,
constrained on N,, to the minimization of Q,, constrained on D2, which is introduced in the
next result.
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Proposition 5.4 Let p > 2, o € R and w > wq. Then,

2
inf Q,(v) = p—fzd«o),

veD,,

with DL defined in (61), and there exists a function u € DL such that Q,(u) = %d (w).
In particular, there results that

2p
Qu(w) = pfd(w) — i Sp(w) = d(w) 63)

2
we D? w € Ny

Remark 5.5 In view of this result, one sees that, in order to study the features of §-NLS action
minimizers at frequency w, it is sufficient (in fact, equivalent) to study the minimizers of Q,,
on DJ.

Proof of Proposition 5.4 Let u be §-NLS action minimizer at frequency o. Then, by
Lemma 4.5 u is a minimizer of S on Nw, so that ||u||p < ||v||p for every v € Nw,

||u||p = pizd(w) and I,,(u) = 0.

Let v € DP. First we see that I,,(v) > 0 = I, («). Indeed, if we assume by contradiction
thaL therqv exists v € D\ {0} such that /,,(v) < 0, then by Lemma 4.5 v cannot be a minimizer
of S on N, and thus ||v ||§ > %d (w), which contradicts the fact that v € DZ. Therefore,

u is a minimizer of I,, on D/, which yields, by using
P 2p
loW) = Qu(u) — [lull, = Quu) — ﬁd(w),

that u is also a minimizer of Q,, on D, and that Q,,(u) = %d(w).

This clearly proves the first part of the proposition and the reverse implication in (63). It s,
then, to prove that every minimizer of Q,, on D) is a 8-NLS action minimizer at frequency
w. To this aim, let w be a minimizer of O, on DJ. It is straightforward that

~ p—2
So(w) = S(w) = Tllwllﬁ =d(®)
p
and, by combining the two equations in (17),
— P _ p—-2 -
lo(w) = Qo (w) — [lwllp = 28, (w) — T”w”p = 2d(w) — 2d(w) =0,
which conclude the proof. O

We can now prove the first part of (ii)(b), which is the positivity up to gauge invariance.

Proposition 5.6 Let p > 2, @ € Rand w > wy. Then, §-NLS action minimizers at frequency
w are positive, up to gauge invariance.

Proof Let u be a §-NLS action minimizer at frequency w. Up to gauge invariance, it is not
restrictive to assume g > 0.In addition, by Proposition 5.4, u is also a minimizer of Q,, on DP.
Now, let us choose A = w in the decomposition of u and define 2 := {x € R? : ¢, (x) # 0}.
By Proposition 5.2, |€2] > 0. Then, we can write

UX) = ¢po(X) + ¢Gu (%) = "], (X)| +qGu(x),  ¥x € Q\ {0},

@ Springer



195 Page 26 of 32 R. Adami et al.

for some 1 : Q — [0, 277). If one can prove that n(x) = 0 for a.e. x € 2\ {0}, then the proof
is complete as this entails that ¢, (x) = |¢,(X)| = O for every x € RZ, whence u(x) > 0 for
every x € R? \ {0}.
To this aim, assume by contradiction that n # 0 on 21 C (2 \ {0}), with |Q2;] > 0.
Letting & := |¢| + ¢G. (note that u = i in R? \ Q), there results that
) * = [0 + g5 (%) + 2 c0s(7(X)) ¢ (X) G (X)
< 1™ +¢°G5 () + 2/ ®|Gu®) = [E®*,  Vx € Q1.

Hence, as || > 0,

||u||5=/]Rz (1ul?)* dx</Rz (172

On the other hand, it is straightforward to check that Q,,(#) < Q,(«). Now, from (64) and
the positivity of Q,,, there exists 8 € (0, 1) such that IIﬂﬁllg = ||u||§ = %d(w) and

14
2

dx = |||}, (64)

00 (Bi) = B*Qu(@) < Qu(u),

which contradicts the fact that  minimizes Q,, on D{. Thus n = 0 a.e. on  \ {0}, which
concludes the proof. o

The proof of the previous result also entails that for, A = w, the regular part ¢,, of a
8-NLS action minimizer at frequency w is nonnegative. The following corollary points out
that, whenever A > o, it is in fact positive.

Corollary 5.7 Let p > 2, « € R and w > wy. Let also u be a §-NLS action minimizer at
frequency w. Then the regular part ¢, := u — qG, is positive for every A > w, up to gauge
invariance.

Proof Let u be a positive §-NLS action minimizer at frequency w and consider the decom-
position u = ¢, + gG, for a fixed A > w. First, using (21) and ¢ > 0, we see that

$1(X) = ¢0(X) + q(Gu(X) — Gi(x)) > 0,  Vx € R?\ {0}.

Then, one concludes the proof just recalling (24). O

Finally, we may address the problem of the radially symmetric monotonicity of §-NLS
action minimizers.

Proposition 5.8 Let p > 2, € Rand w > wg. Then, 5-NLS action minimizers at frequency
w are radially symmetric decreasing, up to gauge invariance.

Proof Without loss of generality let u be a positive §-NLS action minimizers at frequency
w. Consider also the decomposition u = ¢, + gG,,, corresponding to the choice A = w. In
order to prove the claim is is sufficient to show that ¢, = ¢, with ¢ the radially symmetric
nonincreasing rearrangement of ¢,,.

Assume, by contradiction, that ¢, # ¢, that is ¢, is not radially symmetric nonincreas-
ing. Then, define the function ¥ = ¢ +¢Ge. By (39) and (31), we have | Vo ll2 < [V, ll2
and [|¢7 12 = l¢w |2, so that

Qo (i) < Qu(u).
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Now, applying Proposition 2.4 with f = ¢G,, and g = ¢,,, there results that [|i]|}, > |ju|/},

as ¢, # ¢,. Therefore, (as Q,, is positive) there exists 8 < 1 such that ||ﬂ'zZ||1€ = ||lu ||§ and
Q0(Bi) = B Q0 (i) < Qu(il) < Qu(w),

but, via Proposition 5.4 (arguing as in the proof of Proposition 5.6), this contradicts that u is

a 6-NLS action minimizer, thus concluding the proof. O

We can now sum up all the previous results to prove point (ii) of Theorems 1.5 and 1.11 .

Proof of Theorems 1.5 and 1.11 -(ii) Let u be a §-NLS action minimizer at frequency @ > wy.
Then, by Proposition 5.2, Proposition 5.6, Corollary 5.7 and Proposition 5.8, u satisfies all
the properties stated in (ii).

Let p € (2,4) and u be a 6-NLS ground state of mass . Combining Lemma 1.10 and
point (i) of Theorem 1.11 one sees that u is also a §-NLS action minimizer at some frequency
® > o (in particular, ® = pﬁl(llullg — Q(u))). Then, one concludes by point (ii) of
Theorem 1.11. O
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Appendix A. Ground states, action minimizers and bound states

In this section, we show that both §-NLS ground states and §-NLS action minimizers are
8-NLS bound states, i.e. they satisfy (7) and (8).

First, we note that (using either the Lagrange Multipliers theorem in the former case or
the simple Du Bois-Reymond equation in the latter case), if u is either a -NLS ground state
of mass p or a §-NLS action minimizers at frequency w, then it satisfies, for any fixed A > 0,

(Vi Vi) + A0 ¢3) + (@ — M (x. u) +Eq (@ +6,) — (x. [ul”u) =0
Vx =x»+&Gy€D. (65)

Whenever u is a §-NLS ground state of mass u, v = w ||§ — Q(u)). Now, lettingé =0
in (65), so that x = x, € H! (IR?), there results

(V. Vi) + (X, oy + (@ — 1)qGy — [ulP2u) =0 Vx € H'(R?).
Hence, as oy, + (0 — 1)qG, — |u|P~2u € L*(R?), ¢, € H*(R?) and, by density,
— Ady + opy + (@ — )G — ulPPu=0 in L*(R?), (66)

which is equivalent to (8). On the other hand, letting x;, = 0 and & = 1 in (65), so that
x = G,., there results

(Gr, (@ — M — [u|P"2u) +q (@ +6;) = 0.
Finally, using (66), we obtain
(Gr, A+ 1)) =g (a+6)),

which is equivalent to ¢, (0) = ¢ (o + 6,,), so that also (7) is satisfied.
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Appendix B. Energy and action

Proof of Lemma 1.10 Letu be a §-NLS ground state at mass y and let w > 0 be the associated
Lagrange multiplier, given by w = ! (||u ||Z — Q(u)). Assume, by contradiction, that there
exists v = 1, + £G). € N, such that S, (v) < S, (u) and let o > 0 be such that ||crv||% = .
Then

o? ol
Sp(ov) = 7Qw(v) - 7”””1)
Computing the derivative with respect to o and using that v € N, we get

d

<o S0(@V) =0 0u) =" Hvlp = o Lo(v) + (@ ="y = o (1= " )il
o

which is greater than or equal to zero if and only if 0 < o < 1. Hence S, (ov) < S, (v), for

every o > (. Therefore, since Sy, (cv) < S, (v) < Sy (),

[ w
E(ov) + E||ov||% < Eu)+ Enun%,

and using the fact that ||ov||% = ||u||% = W, this entails E(ov) < E(u). However, as this
contradicts the assumptions on #, we obtain that « is a §-NLS action minimizer at frequency
. O

Appendix C. Stability of the set of ground states

In this section, we show that the set of ground states at mass u, denoted by A, is orbitally
stable. Although this is an expected result, we report it here for the sake of completeness. The
proof is obtained adaptating the arguments in [31] and collecting some other results already
present in the literature.

Fix A > 0. Let us recall that the energy domain (9) can be endowed with the natural norm

1
11 := (IVelI3 + Al ll3 + (@ +6:)lg1?) (67)

and denote by D* the dual space of D. In view of (67), the expression of the energy E in
(11) can be written as

Lo A0 L p
EW) = EII'IIIID - 5||l/f||z - ;Illﬂllp-
Let us then consider the Cauchy problem

i% = Hyy — [y|P 2y
¥ (0) = %o,

and define its weak solutions as follows.

(68)

Definition C.1 Let / be an open interval such that 0 € I C R. A function ¥ € L*®°(/; D)
is called a local weak solution to (68) on [ if ¥ belongs to L°>°(I; D) N wkoo(r: D*) and
satisfies (68) in the sense of L>°(1; D*). In particular, if / coincides with R, then v is called
a global weak solution to (68).

@ Springer



Ground states for the planar NLSE with a point defect as minimizers... Page290f32 195

The next result concerns the global well-posedness in D and is the first ingredient to prove
the orbital stability of .4, via [31]. The proof is obtained by combining inequality [24, eq.
(2.11)] and the results about the local well-posedness obtained in [36, Appendix B].

Proposition C.2 (Global well-posedness in D) Let 2 < p < 4. Then, for any Yo € D there
exists a unique global weak solution

v € C(R; D) N C'(R; D¥)
of (68). Moreover, the following conservation laws hold:

IOl 2wey = 1YollL2rey, VEeER, (69)
E(W () =EWo), ViekR (70)

Proof The proof is an application of [56, Theorem 2.4], that deals with abstract NLSE in the
spirit of [30], but with general self-adjoint operators in the place of the standard Laplacian.
The hypothesis to be verified are the six conditions [56, (G1)—(G6)] on the nonlinear term
g) = —|¥|P~ 2y of the equation, together with a uniqueness result for the solutions to
(68). The first five conditions (G1)-(G5) and the uniqueness result are proved respectively
in [36, Lemma B.1] and [36, Lemma B.2] and are sufficient for the local well-posedness in
D. We are left to prove hypothesis (G6), that reads in our context as follows:

1 11—
(G6) 3Je € (0,1]and Co(-) =0 ;Ilwllﬁ < TSIIWII% + Co(ll¥ll2), Vv eD.

However, by using [24, eq. (2.11)] and inequality ab < ea” + C(s)bﬁ, with r = ﬁ,

there results

1 2 eC C(s)C .
SIvip < fnt/fn" I < —F vl + Oy 57,

which proves (G6) and concludes the proof. m]

Now, we can introduce the definition of stability and prove the aimed result.

Definition C.3 Fix v > 0. We say that the set of ground states A, is orbitally stable if for
any ¢ > 0 there exists 6 > 0 such that for any yp € D satisfying infuec 4, Yo — ullp <,
the unique global solution v/ (¢) of (68) satisfies inf,c.4, [|[¥ (1) —ulp < e forany r € R.

Proposition C.4 For any (1 > O the set of ground states Ay, is orbitally stable.

Proof We prove it by contradiction as in [31]. Suppose that A, is not orbitally stable. This
means that there exists &9 > 0, a sequence (Y;), C D and a sequence (t,), C R such that

inf |[Y¥g —ullp— 0, as n— oo, (71)
ue Ay,

but
inf ||¥"(t,) —ullp > ey, forevery n e N, (72)
ueAy,
where " is the unique global solution of (68) with initial datum v;j provided by Proposi-
tion C.2.

The convergence in (71) entails the existence of a sequence (1), C A, such that ||y] —
uyllp — 0asn — 4o0. It is straightforward to check that ||1pg||§ — pmasn — +oo.
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Moreover, being (u,) C Ay, they satisfy E(u,) = £(1n) < 0 and, applying [24, eq. (2.11)],
it turns out that [lu,||p and |lu, |, are bounded. As a consequence, since | llp < |[¥ —
uy | p + llun |l p, the boundedness of ||y || p follows. Moreover, the same argument together
with [24, eq. (2.11)] can be used to prove the boundedness of ||/ || ,. By using these estimates,
one can show that E(yy) — £(u). Indeed,

1 A 1
E(Wg) — E(up) < 3 gD = luallp| + 3 9615 — lual3] + » gl — 15|

< (181D + lnllp) 198 — unlld + (108 12 + Nuall2) WG — unll2
Fmax{(1 15" lunll ™ MW — unll, — 0 as 1 — +oo.
In view of (69) and (70), we have that
" @3 — pw and E@W" (1)) — E() as n — +oo. (73)

By (73) and [24, eq. (2.11)], both [|¥"(¢,)|Ip and |[¥"(#,)]l,, are bounded. Moreover, if

we define &, = " (1), then €13 = u and, by using ¥ (1) 13 —  and the

boundedness of [|Y" (t,)|| p and ”wn(tn)”p»
E(&) = E(W" (1) +o(1), as n— +4oo.

This entails that &, is a minimizing sequence for E of mass . Hence, arguing as in the proof
of Theorem 1.5, one has that there exists u € A, such that [|§, — ul|[p — Oasn — 4o0.
By the definition of &, and the facts that ||y" (t,,)||% — pnasn — oo and || (t,)|p is
bounded, there results that

||1//n([n) —ullp—>0 as n— 400,

being in contradiction with (72).

Remark C.5 Proposition C.4 deals with the orbital stability of the whole set of ground states
Ay. As explained in [31], a natural improvement of such a result is the orbital stability of
a single ground state (up to gauge invariace), which is a straightforward consequence of
Proposition C.4 as soon as one can prove the uniqueness of the ground state (up to gauge
invariace). This is true, for instance, for the standard L2-subcritical NLSE [49] and could be
an interesting topic to be studied in the context of the —NLSE in a forthcoming paper.
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