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Abstract
We consider an incompressible chemotaxis-Navier-Stokes system with nonlinear diffusion
and rotational flux

ng4+u-Vo=An"—-V-mSx,n,c)-Ve), xeQ,t >0,
¢;+u-Ve=Ac—ne, xeQ,t>0,
uy+xkw-Vu+VP =Au+nVep, xe€Q,t>0,
Vu=0, xeQ,t>0

in a bounded domain £ c RY(N = 2, 3) with smooth boundary 92, where k € R. The
chemotaxtic sensitivity S is a given tensor-valued function fulfilling |S(x, n, ¢)| < So(c) for
all (x,n,¢) € Q x [0, 00) x [0, c0) with So(c) nondecreasing on [0, 0o). By introducing
some new methods (see Sect. 4 and Sect. 5), we prove that under the condition m > 1 and
some other proper regularity hypotheses on initial data, the corresponding initial-boundary
problem possesses at least one global weak solution. The present work also shows that
the weak solution could be bounded provided that N = 2. Since S is tensor-valued, it
is easy to see that the restriction on m here is optimal, which answers the left question in
Bellomo-Belloquid-Tao-Winkler (Math Models Methods Appl Sci 25:1663-1763,2015) and
Tao-Winkler (Ann Inst H Poincaré Anal Non Linéaire 30:157-178, 2013). And obviously,
this work improves previous results of several other authors (see Remark 1.1).
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1 Introduction

In this paper, we consider the following chemotaxis-Navier-Stokes system with nonlinear
diffusion and general sensitivity

n,+u-Vn=An" -V .mS(x,n,c)- Vo), xeQ,t>0,

¢t +u-Ve=Ac —nc, xe,t>0,

U +kw-Vyu+VP = Au+nVe, x e, t>0, (L
V.-u=0, x e, t>0,

(Va™ —nS(x,n,c)-Ve)-v=20,c=0,u=0, x€a,t >0,

n(x,0) =ngx), c(x,0) =co(x), u(x, 0) = up(x), x € Q

in a bounded domain & C R with smooth boundary 32, where m > 1,k € R and v
denotes the unit outward normal vector field on d€2. The chemotaxis sensitivity S(x, n, ¢) is
a tensor-valued function satisfying

S € C(Q x [0, 00)%; RNV (1.2)

and
|S(x,n,c)| < Sop(c) forall (x,n,c) e x [0, oo)2 (1.3)

with some nondecreasing Sy : [0, o0) — R. Here N denotes the space dimension, N = 2, 3.
Such system, coupling chemotaxis equations with fluid equations, is proposed to describe
the populations of bacteria (or cells) suspended in sessile drops of liquid ([3, 4, 9, 36]).
It takes into account not only the convection of bacteria and signal, but also the influence
of fluid. In this model, n = n(x,t), c = c(x,t), u = u(x,t) and P = P(x,t) represent
the population density, the concentration of chemical signals, the fluid velocity field and
the associated pressure, respectively. ¢ is the potential of gravitational field and « denotes
the strength of nonlinear fluid convection. Before establishing our main results, we give the
following background knownledge.

Keller-Segel model. In 1970, Keller and Segel ([17]) proposed the mathematical system

ny=V-(Dm)Vn) — V- (nSn)Vc), x e, t>0,
¢ =Ac—c+n, xe,t>0,
(D(n)Vn —nSn))-v=Vec-v=0, x€d,r>0,

n(x,0) =ng(x), c(x,0) =co(x), x € Q

in a bounded domain  C R, where n and ¢ are defined as before. The model reflects
the interaction between the random diffusion and aggregation of bacteria to the high con-
centration chemical signals. Extensive mathematical literature has grown on this model and
its variants, and the results are rather complete. The most important results are around the
existence/boundedness, blow-up and large time behavior. For example, it is well-known that,
when D(n) = 1 and S(n) = 1, solutions to this system may blow up for suitably large initial
data in the case N > 3 ([45]) and N = 2 ([12]). When D(n) decays exponentially and
satisfies g(&)) < Ks% with constant K > 0 and @ € (0, 1), the solution is globally bounded
in a two-dimensional bounded domain ([6]). Horstmann and Winkler also showed that all
solutions to the system are global and uniformly bounded in the case S(n) < C(1 4+ n)™*
witha > 1 — %, while they may blow up under the requirements that @ ¢ RY (N > 2)isa
ball and S fulfills S(n) > Cn=* witha < 1 — % ([14]). Readers can refer to [1, 13, 18, 35,
37,41, 42, 56-61] for more revelent results about this model and its variants.
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Chemotaxis-fluid model. There are many more complex situations in the real life. The
change of living environment also plays an important role in immigration. For example,
bacteria, such as Bacillus subtilis, live in a thin layer of liquid near solid air-water contact.
In such a flow environment, the mutual interaction between cell and fluid may be significant.
Considering that the motion of fluid is described by the incompressible (Navier-)Stokes
equations, such cell-fluid interaction is given by

ng+u-vn=V.-(D(n)Vn) — V- nSx,n,c)-Vc), xeQ,t>0,

¢t +u-Ve=Ac+ h(n,c), xe,t>0,
Uy +kw-Vyu+ VP = Au+nVg, x e, t>0,
V-u=0, x€Q,t>0,

where n, ¢, u, k and P as well as ¢ are defined the same as before. Results around this model
are influenced by the scalar function S, # and ¢. When i (n, ¢) = n—c, which means the signal
is produced by cells, Liu and Wang ([23]) showed that the solution of this model is global in
time and bounded fork 7= Oand N = 3ork = 0and N = 2,3 with S(x,n,c) = m On
the other hand, in a three-dimensional setup involving the tensor-valued sensitivity S(x, n, ¢)
satisfying |S(x, n, ¢)| < So(1 + n)~%, global weak solutions have been shown to exist in
[25] for o > % and global very weak solutions were obtained for « > % in [39] (see also
[16]), which in light of the known results for the fluid-free system mentioned above is an
optimal restriction on . We next address the case that m # 1. For D(n) = mn™~! and
S(x,n,c) = 1, a globally defined weak solution and at least one global bounded solution
can be asserted in the case m > 2 ([S8])andx = O and m > % ([59]), respectively. Black [2]
showed existence of global (very) weak solutions in the system with m # 1 and tensor-valued
sensitivity under some largeness condition for m. When h(n, ¢) = —ng(c), cells consume
the signal only, where g(c) models the per capita consumption rate. One well-known result
is that the system possesses a unique global classical solution converging to the spatially
homogeneous equilibrium (729, 0, 0) with ng = ‘% fQ nog as t — oo in two-dimensional
space ([44, 46]). In the case N = 3, a globally defined weak solution exists under the
requirements that S(x,n,c) = 1, D(n) = 1 and k # 0 ([49]). After this, it was shown by
Zhang and Li that the same result held in the case m > % and D(n) = 1 ([54]). For more
literature, readers can refer to [5, 7, 8, 22, 26, 47, 55, 63, 65] and the references therein.

In order to adapt to more realistic modeling assumptions, further simulation shows that the
directional migration of cells may not be parallel to the gradient of the chemical substances.
Instead, it involves the rotational flux component, which requires S to be a matrix-valued
function in the prototype, for example,

S 1O+ﬂ0_] 0, R
= , L Be
“No 1 1 o) %7

in two-dimensional case. It brings a great mathematical challenge to the proof, since the loss
of some energy structure, which is the key to analyze the scalar-valued S. Consequently, new
methods should be found. The most difficult part is to deal with the term V- (nS(x, n, ¢)-Vc).
In the case of scalar-valued S = S(c), the main estimates on S are based on the following

inequality (see [44, 46])
<C / u*, >0
Q

d / 1[ S(e)|Vel? f Va2 1 / [Vel*
— nlnn+ - + + =
dr lJa 2Ja  glo) Q n Clg ¢
(1.4)
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with some constant C. While if S is of tensor-value, the natural energy inequality like (1.4)
would not be available. Indeed, if S is of tensor-value, the following strongly coupling term

[ nr s olnivel > 1
Q
is indispensable. For example, in [48], Winkler constructs a generalized solution to the system

ng=An—V-mSx,n,c)-Ve), xe,t>0,
c; = Ac —nc, xeQ,t>0,

where S is a tensor-valued sensitivity with |S(x, n, ¢)| < CSo(c) with Sp nondecreasing on
[0, 00). And in two-dimensional situations, for a chemotaxis-Stokes system

n+u-vn=V-(Dmn)Vn) — V- (nSx,n,c)-Vc), x e, t>0,

c;+u-Ve=Ac—nc, xe,t>0, (15)
u;+ kW -Vu+VP =Au+nVo, xeQ,t>0, '
V-u=0, xeQ,t>0

with D(n) = 1, it is proved that a global mass-preserving generalized solution could be
established; besides, there exists 7 > 0 such that the solution satisfies

(n,c,u) € CPNQ x [T, 0)) x CPH(Q x [T, 00)) x C*1(Q x [T, 00); R?)

and
n(, 1), cC,t),u(-, 1)) — (19,0,0) in L®(R)ast — oo

in [52, 53]. When N = 3, D(n) = mn™"! and S is scalar-value, many authors study the

global existence and boundedness of the solution of (1.5) and weaken the restriction on

m step by step. In [9], it requires m € [”17 V2217, 2]. In 2013, m > % is need for locally

bounded solutions ([34]). In [51], the lower bound of m is extended to %. Without regard
to boundedness, the range of m could be extended to cover the whole range m € (1, 0o)
([8]) and then m € (%, o0) ([54]). In the case of tensor-valued S, Winkler ([47]) obtained
uniform-in-time boundedness of global weak solutions in some bounded and convex domain
Q with m > %. Later, this restriction was improved to m > 19—0 ([64]) by one of the current
authors. For |S(x,n,c)| < So(1 + n)~ and non-decreasing Sy, it is proved that m > 1
andm + o > % are required for the global existence of bounded weak solutions ([40]) with

a > 0. The same result could be established under the requirements that m + o > % and

m+ %a > % by Wang ([39]),and m +« > 19—0 by Zheng and Ke ([66]). Inspired by the results
mentioned above, we create a new method to further weaken the restriction on m, under the
circumstance that S is a tensor-valued function.

Notations. Here and below, for given vectors v € RY and w € RY, we define the
matrix v ® w by letting (v ® w);; := vjwj, fori, j € {1,---, N}. We write Wolﬁ(Q) =
Wy 2(Q) N L2(Q) with L2(Q) := {¢ € L*(2; RY)|V - ¢ = 0} (see [30]).

In order to prepare a precise statement of our main results in these respects, let us assume
throughout that the initial data satisfy

no € CH() for certain ¢ > 0 with ng >0 in €,
co € WH(Q) is nonnegative and such that /cy € W2(), (1.6)

N
uy € D(AY) forsome y € (Z, 1),
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where A denotes the Stokes operator with domain D(A) := W>2() N WOI’Z(Q) N L2(Q).
As for the time-independent gravitational potential function ¢, we assume for simplicity that

b € WHX(Q). (1.7)

Within the above frameworks, our main results concerning global existence of solutions
to (1.1) are as follows.

Theorem 1.1 Lerm > 1, @ C R? be a bounded domain with smooth boundary, and assume
(1.2)~(1.3)and (1.6)—(1.7) hold. Then the problem (1.1) admits a global-in-time weak solution
(n, ¢, u, P), which is uniformly bounded in the sense that

nC, Dl + lleC, Dllws) + U DL < C forall t >0

with some positive constant C.

Theorem 1.2 Ler Q be a bounded domain in R® with smooth boundary and S satisfies the
hypotheses (1.2)—(1.3). Assume ¢ satisfies (1.7), and suppose the initial data no, co, ug satisfy
(1.6). If m > 1, then there exist functions satisfying
8m-3 _
nel, 3 (Qx][0,c0)),
8m—3
" e LA ([0, 00): W (),
e L} ([0, 00); WI4(Q)) N L>®(Q x (0, 00)),

ue L2 ([0,00); L2(Q:R*) N L,ljoc(sz x [0, 00): R N L2, ([0, 00); Wy'2 (),

loc loc

such that (n, c, u) is a global weak solution of the problem (1.1) in the sense of Definition
2.1. This solution can be obtained as the pointwise limit a.e. in Q2 x (0, 0c0) of a suitable
sequence of classical solutions to the regularized problem (2.5) below.

Remark 1.1

(i) Theorem 1.1 extends the results of Tao and Winkler [33], in which the authors discussed
the chemotaxis-Stokes system (x = 0) in a 2D domain. As mentioned earlier, we not
only extend the results to the chemotaxis-Navier-Stokes system (k # 0), but also
remove the convexity assumption on the domain.

(i1) In the case k # 0 in system (1.1), it is hard to obtain the boundedness of the solution
of system (1.1).

(iii) We should point out that the ideas of [41, 46, 50, 51] can not deal with (1.1). In fact, (1.1)
with rotation loses the natural energy structure, so the relevant study is challenging.

2 Preliminaries and Main Results

Our main efforts center on the discussion of the weak solutions, because of the degeneracy
of the system (1.1).

Definition 2.1 (Weak solutions) By a global weak solution of (1.1) we mean a triple (1, ¢, )
of functions _

nelL (Qx][0,00)),

c € L},.([0, 00); W1 (Q)), @2.1)

loc
ue Ll ([0,00); Wy (2 RY)),

loc
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such thatn > 0 and ¢ > 0 a.e. in 2 x (0, 00),

ne, n" € L}OC(S_Z x [0, 00)) and .
nS(x,n,c)- Ve, cu and nu belongto L} (Q x [0, 00); RY),

V.u=0ae. in Q x (0, c0), and that

—/ /’W’t—/ noe(-, 0)

0o Ja Q

=/ /nmAgo—i—/ /n(S(x,n,c)~Vc)-V<p+/ /nu-Vgo
0 Q

for any ¢ € COO(Q x [0, 00)) as well as

/ /C% /cw( 0)
—/ /Vc-th—/ /nc-(p—{—/ /CM'V(/J
0 Q 0 Q 0 Q
for each ¢ € CSO(S_Z x [0, 00)) and
—/ /ufp,—/uow(~,0)—/<f /u®u- Vo
0 JQ Q 0o Jo
——/ fVu~V(p—/ /anb«(p
0 Q 0 Q

forall ¢ € C5°(Q x [0, 00); RY) fulfilling V - ¢ = 0.

2.2)

In order to solve the difficulties caused by the degenerate diffusion, the nonlinear boundary
conditions and the convection terms in Navier-Stokes equation, we consider an appropriately
regularized problem of (1.1). To this end, we fix a family (po;)ec(0,1) € C5°(£2) of standard
cut-off functions satisfying 0 < p, < 1in Q2 and p. /' 1in Q as ¢ N\ 0, and define

Se(x,n,¢) = pe(X)S(x,n,¢), x€Q, n>=0, ¢>0 (23)

for ¢ € (0, 1) to approximate the sensitivity tensor S, which ensures that S;(x, n,c¢) = 0 on
d€2. Note that if S complies with (1.3), then so does S;, that is,

1S (x, 1, ¢)| < So(c) forall (x,n,c) e x[0,00)%, (2.4)

where Sy is the same as that in (1.3). Then for any ¢ € (0, 1), the regularized problem of
(1.1) is presented as follows

Net + g - Vg = A(ng +€)" — V- (ng Fe(ng)Se(x, ng, cg) - Veg), xeQ,t>0,
Cet +Ug - Veg = ACg — ngcCe, xe,t>0,
Ug + VPe = Aug — k(Yeue - Vg +n:Vo, x e, t>0,
V-u, =0, xe,t>0,
Vng-v=Vce-v=0,u, =0, xe€ed,t >0,
ne(x, 0) = no(x), ¢z (x, 0) = co(x), ue(x, 0) = uo(x), x € Q,
(2.5)
where 1
Fe(s) = —— forall s >0 (2.6)
1+es
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as well as
Yew:= (1+eA)'w forall we L2(Q)

andm > 1.

Let us begin with the following statement on local well-posedness of (2.5), along with a
convenient extensibility criterion. The proof is based on a well-established method involving
the Schauder fixed point theorem and standard regularity theory of parabolic equations. For
more details, we refer to Lemma 2.1 of [31] (see also Lemma 2.1 of [44] and Lemma 2.1 of

[21]).
Lemma 2.1 Assume that ¢ € (0, 1). Then there exist Ty, € (0, 00] and functions

ne € CO(S__2 x [0, Tmax,s)) N C2,1(§'2 x (0, Tnax,e)),
ce € COUQ X [0, Thnax.e)) N CH1(Q x (0, Thnaxe)),
Ug € CO(Q x [0, Thnax,e)) N Cz’](Q x (0, Tmax,s))v
Py € C(Q x (0, Tax.e))

such that (ng, ce, ug, Pe) solves (2.5) classically on Q2 x [0, Tyax.e) withng > 0 and c, > 0,
and such that

ne (- OllLoo(@) + llce (5 Dllwreeqy + 1A ue (-, Ol 2q) — 00 as t = Taxe,

where y is given by (1.6).
Next, we are going to introduce some elementary properties of the solutions to (2.5).
Lemma 2.2 The solution of (2.5) satisfies

Ine G D1y = llnollpiqy forall t € (0, Tnax,e) (2.7)
and

llce -, DllLe) < llcollLe() forall t € (0, Thax,e)- (2.8)

Proof (2.7) and (2.8) follow from an integration of the first equation in (2.5) and an application
of the maximum principle to the second equation. O

For simplicity, here and hereafter, we denote

Cs := So(llcollLo(e)) (2.9)

by using (2.8) and the nondecreasing of S.
Now, let us present the following elementary lemma as a preparation for some estimates
in the sequel. The proof of this lemma can be found in [20, 28].

Lemma 2.3 (Lemma 2.7 in [20]) Let w € C%($2) satisfy Vw - v = 0 on 0.
(i) Then
9| Vw|?
av

where Cygq is an upper bound on the curvature of 9<2. }
(ii) Furthermore, for any n > 0 there is C(n) > 0 such that for every w € CX(Q) with
Vw - v =0 on 0 fulfills

< Cya|Vwl?,

IVwllz20) = nllAwllz2q) + CIlwl2q)-
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(iii) For any positive w € C2(Q),
1 11 1 3 2

(iv) There are Co > 0 and j1g > 0 such that every positive w € C>(Q) fulfilling Vw - v = 0
on 0S2 satisfies

|Aw|? Vw2 Aw ) ) [Vw[*
-2 + 5 <—uo [ wD"Inw|” — o 3 +Co | w.
Q w Q w Q Q

w Q
(2.10)

Now, we display an important auxiliary interpolation lemma by using the idea which comes
from the references [47, 62].

Lemma 2.4 (Lemma 3.8 in [47] and Lemma 2.2 in [62]) Let g > 1,
r€E2g+2,4q + 1]

and Q@ C R3 be a bounded domain with smooth boundary. Then there exists C > 0 such that
forall ¢ € C*(Q) fulfilling ¢ - g—f = 0o0n 30, we have

—A
@q—Dx.

+C 00(Q) -
L@ lellz=)

2(0-3)
2q—Dx

v <ch a-1p2
Vel < C|IVel 2l 2o

Along with (2.8), Lemma 2.4 asserts the following:

Lemma 2.5 Let B € [1, 00). There exists a positive constant Lo g such that the solution of
(2.5) satisfies

2B8+2 _
g = 20pIIVel P D2ecl}s g + 1) forall t € (O, Tax)-

Vel
Finally we recall the following elementary inequality (see Lemma 2.3 in [66]).

Lemma26 LetT >0,7 € (0,T),A > 0,0 > 0and B > 0, and supposethaty : [0, T) —
[0, 00) is absolutely continuous such that

V(1) + Ay*(t) < h(t) forae. t € (0,T)

with some nonnegative function h € L 110 ([0, T)) satisfying

t+t
/ h(s)ds < B forall t € (0,T — 7).
t

Then

1 B
y(t) < max {yo + B, —I(X)é +ZB} forall t € (0,T).
Ta

Firstly, as a basic step of the a priori estimates, we establish the main inequality by applying
standard testing procedures to the first equation in (2.5).

Lemma 2.7 Let p > 1 and m > 0. Then the solution of (2.5) from Lemma 2.1 satisfies

1d m(p —1) _
;Eﬂng—}-sﬂlzp(m—I—#‘/g(ne-}-g)mﬂv 3|V, |?
2.11)
—1)C?
= (,)2# / (ns + &) Ve |?
m Q

forallt > 0, where Cg is given by (2.9).
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Proof We multiply the first equation in (2.5) by (n, + ¢&)” ~land integrate the result by parts,
and then use the Young inequality to obtain

1d
—— e +ell? g +m(p — 1 + &)™ P3| Vn, |2
Sl +elng +mp =1 /Q (ne +&)"tP 73| Vn, |

<@p- 1)/ (ne + 8)p72nsvns c(Fe(ng)Se(x, ng, ce) - Veg)
Q

A

<(p- 1>cs/ (ne + )71 |V, |[Vee|
Q

-1 —1)C3
=< M/ ng(ng + 8)m+p—3|vn€|2 + u [ (ne + 8)p+l—m|vC£|27
2 Q 2m Q

where we use the fact that S (x,ne,c,) = 0on 0 and V - u, = 0, as well as (2.9) and
|Fe| <1 (see (2.6)). O

Now we are in the position to show that the solution of the approximate problem (2.5) is
actually global in time. That is, Tj4x,e = 00 forall ¢ € (0, 1).

Lemma 2.8 Letm > 1 and N = 2, 3. Then for all ¢ € (0, 1), the solution of (2.5) is global
in time.
Proof Multiplying the first equation in (2.5) by (n. + €)™, using V - u, = 0 and the Young
inequality, we obtain

1

d
L e m? / (ne + £)" 2|V, [
ot 1as et Elima gy T (e ‘

= _/ (ng + )"V - (e Fe(ng) S (x, ng, ¢) - V)

1
= /(ne +e)"V- (n8(1+ )Sg(x7n£scs)'vca)

1
f(nﬁa)’" e 152G e ) PV

(2.12)

I /\

IA

m—csfmg+e>’"—1|we||we|
& Q

2
<" / (ne + &) Vne 2 + C1(6) / Veol? forall 1€ (0, Tnare),
Q Q

by using (1.3) and (2.9), where Cj(¢) is a positive constant possibly depending on ¢. Next,
multiplying the second equation with ¢, in (2.5), integrating by parts over Q2 and using

V -ug, =0, we have
1d 2 2 2
EE”CEHLZ(Q) + o |VC€| = - Qnscav (213)

which combined with the Poincaré inequality, n, > 0 and ¢, > 0 implies that there exists
C> (&) > 0 such that

/ Cg < C2(8) forall ¢ € (0, Tmax,s)-
Q

Then integrating (2.13), it yields that for any ¢ € (0, Tinayx ), there is

t+¢
/ f IVeel? < Cs(e) forall £ € (0, Tax.e — ¢) (2.14)
t Q
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with some positive constant C3(g). Recalling (2.7), we derive from the Gagliardo—Nirenberg
inequality that for some positive constants C4(g) and Cs(¢)

/ (I’lg + 8)m+1
= [[(ne + S)m” m+1
(€2)
5 5 Lﬂ_z 2Nm 5 m+1
< C4(&)IV(ne + E)mllL'%';"Q)N+ (e + &)™ " "L Cae) [ (ne + )™
Lt (Q) L7 (Q)

2Nm
< Cs(@)(IV(ne + )"l 51, + 1) forall 1 € (0, Tax.e)-

(2.15)
Combining (2.12), (2.15) and the Young inequality, we obtain some positive constant Cg ()
satisfying

2
m+1 m+1 mf 2m—2 2
i ||na+e||Lm+,(m+/Q(ng+s) + /Q(na+8) V|

(2.16)
=< Cl(g)/ |VC5|2 + Ce(e) forall t € (0, Thax,e)-
Q

Since ftH'g [fQ |Ves|? + Co(e)] is bounded (by (2.14)), we infer from (2.16) and Lemma 2.6
that

f(ns +e)" ! < Coe) forall 1 € (0, Tuar.e) (2.17)
Q

with some positive constant C7(¢).
Testing the third equation of (2.5) against u., integrating by parts and using V - u, = 0
and V - (1 + eA)Lu, = 0 (see also Lemma 3.5 in [49]), we have

1d 2 5
—— \vJ
3o e+ [ v
= / neue - Vo forall t € (0, Tax.e),
Q
which in light of (1.6), (1.7) and (2.17) implies that there is Cg(¢) such that

/ el? < Ca(e) forall £ € (0, Tnan.e)
Q

and e
/ / [Vue|? < Cg(e) forall 1€ (0, Thaxe — S). (2.18)
t Q

Therefore, based on the properties of the Yosida approximation ([27]) of Y, thereis Co(g) > 0
such that
1 YeuellLoo(@) < Co(e) forall 7 € (0, Tax.e)- (2.19)

Testing the projected Navier-Stokes equation ug; + Au, = Pl—k (Yeutg - Vg + nVe]
against Au,, we derive from m > 1 as well as (2.19) and (2.17) that for some positive
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constant C1q(¢), there is

1d 1 2 2
3 1Aty + [ 1w
:/ Aug'P(—I((YgME-V)ME)-I-/ Pln:VolAu,
Q Q
1
< 5/ |Au8|2+x2f |<Ygue-V>ug|2+||V¢||%oo<mf n
Q Q Q
=

|
3 / |Auel? + Croe) f Vuel? + Cro(e) forall 1 € (0, Tar.e)-
Q Q
Hence, applying (2.18) and Lemma 2.6 also implies that for some positive constant C1j (¢),
/ |Vue > < Cri(e) forall 1 € (0, Thax.e)- (2.20)
Q

Let he(x,t) = PneVe — k(Yeue - V)ue]. Then employing m > 1, (2.17) as well as (1.7)
and (2.19)—(2.20), we obtain

lhe (-, t)||L2(Q) < Ciz(e) forall t € (0, Tnax,e)

with some positive constant C;(¢). Due to the regularizing actions of Yosida approximation
in the third equation, we can obtain the bounds for AY u, (-, t) in L2() (see e.g. Lemma 3.9
of [49]) with y € (%, 1). Since D(A?) is continuously embedded into L*°(2) with y > %,
thus, there is C13(¢) > 0 such that

llue (-, D)L= < Ci13(e) forall 1 € (0, Taxe)- 2.21)

We multiply the second equation in (2.5) by —Ac, and use the Young inequality to derive

1d
~—|Veell? +f |Ace|?
Zdt & LZ(Q) o £

=/ csngAca—i—/ Acqug - Veg
Q Q
1
<5 [ 18el +leelagy [ 2+ el [ Vel foral 1€ 0. Ty,
Q Q Q
which together with (2.17) as well as (2.21) and (2.14) yields that
/ IVee (- 0)? < Cra(e) forall € (0, Tax.e) (2.22)
Q

with some positive constant C4(¢). An application of the variation of constants formula to
ce leads to

IVee (- Dl 4

t
< IVe" A Vegll paq) + / Ve ™A (e, (-, 8) = ne -y $)ee (o))l 4y ds
0

t
+/ Ve ADY - (e, 8)ce (-, ) ayds forall ¢ € (0, Tnaxe).
0

Now, in view of (1.6), (2.17) as well as (2.21) and (2.22), empolying the L?-L? estimates
associated heat semigroup, we have some Cjs(¢) > 0 such that

IVee (- D)l 2@y < Cis(e) forall 1 € (0, Tar,e)- (2.23)
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Let p > 1 4+ m. Taking (n. + &)~ as the test function for the first equation of (2.5) and
using Lemma 2.7, the Holder inequality and (2.23), there exists a positive constant Ci6(¢)
such that

d mp—1) .
S+ 61 gy + 2 [ (o 0T

pd
< LG ([erererm) ([ wart)’ 224
Q

1
2
< Cie(e) ( / (ne +s)2<P+1—’">> forall 7 € (0, Tpax.e)-
Q

On the other hand, in view of m > 1 and p > 1 + m, and applying the Gagliardo-Nirenberg
inequality and the Young inequality, we derive that there exist positive constants Cy7(¢) and
Cg(e) such that

2(p41-m)
Tm—1
Cis(@) |l (ng -
L p+m—1I (Q)
NCp=2m+1) pim1 2tlem)  NCp-dmil)
Nntp—2)+2 Nntp—2)+2
< CrEVne + )" ||Lz’("9;’ e +&) 211 77
[ ptm—I (Q)
pm—1  2ptl=m
+Cir@)ll(ne +¢) 2 >
L p+m—I (Q)
NQp—2m+1)
N(m+p—2)+2
< Cis() IV (ne + )5 | 3007 )

—1
<M=l / (ne + )" P3|V + Cig(e) forall 1 € (0, Tyax,e),
Q

which together with (2.24) and an ODE comparison argument entails that
lneC, llLr@) < Cio(e) forall ¢ € (0, Tiyax,e) and p > 1+m, (2.25)

where C19(¢) is a positive constant.
Inlight of Lemma 2.1 of [15] and the Holder inequality, we derive that there are Cp(g) > 0
and C1(¢) > 0 such that
IVee (-, Do)

< Cype)d+  sup [ —ne(,)ce(8) —ue(,5) - Vee (o 8)l 14 )
SE(OaTmax,s)

< Coo(e)(I + [lcoCs ) llLey  sup e, )l L4
$€(0,Trnax.e) ‘ L&y (2.26)

+  sup lue(, ) llee  sup IVee (s, 9)lipag)
s€(0,Tnax,e) 5€(0,Tnax,e)

< Ca(¢) forall t € (0, Tax.e)-

In view of (2.26) and using the outcome of (2.24) with suitably large p as a starting point,
we employ a Moser-type iteration (see e.g. Lemma A.1 of [32]) applied to the first equation
of (2.5) and obtain some C»,(g) > 0 such that

lne (-, Dllzeo(@) < Caa(e) forall 1 € (T, Tnax,e) (2.27)

with T € (0, Thnax.e)-
Assume that T4y < 00. In view of (2.21), (2.26) and (2.27), we apply Lemma 2.1 to
reach a contradiction. ]
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3 A Quasi-energy Functional

In this section we establish some suitable e-independent bounds for solutions to (2.5), which
will be a starting point of a series of arguments. Next, in consequence of the space-time L
estimate for ¢, contained in the latter, recalling (iv) of Lemma 2.3, we directly obtain the
following result.

Lemma 3.1 Let m > 1. There exists k1 > 0 such that for every ¢ € (0, 1)

Vee|? 3 Ve | ne|Vee |
a [Vee| +uo/cg|D21nc€|2+ I/LO/ | j' +/ eI Vel
dt Jo ce Q 4 Jo < Q G

4
< —2/ Vng - Vep + —||c0||Loo(Q)f |Vug|2 + k1 forall t >0,
Q o Q

(3.1)

where 1 is the same as in (2.10).

Proof From the second equation in (2.5) we see

; / |VC8|2 = 2/ Vg - Vg |VC€|2C81
dt Jo ¢  “Ja  ce o ¢
Acgc Veel2e
_2/ clet +/ | sg et
o Cs .
|AC£|2 Ace
= -2 +2 Acsng +2

|VC£| Acs /|vcs|2ns / |VC5| (us Vee)

(3.2)

-Vee)

Q
Together with (2.8), an applicatlon of (iv) in Lemma 2.3 yields

_2/ |Acs|2+/ |Vee > Ace
c 2

4
< uo/“cAL>lnc| —-uo/"' Cel +—C(uo)/ e (3.3)
Q

|Vee|*
mfww%mﬁ—m/ Lt Clleellim@ forall 1> 0
Q

with some positive constant ;g > 0 and C (Mo) > (. As to the terms containing u., we note
that for all e > 0

2/ Acg
Q Ce

|Vee|? 1
=2 5 (ug -Veg) —2 | —Veg - (Vug - Veg)
Q (g Q Ce

(ue - Vee)

1
—2 | —up - (D%, -Veg) forall 1 >0
Q Ce

and by writing v“ = V(é) also

|wm >
-Veg) =2 —us (D“cg - V) forall t > 0.
Q

Ce
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So that, due to the Young inequality and Lemma 2.2, we conclude that

A Vee|?
2/ CE(LLS.VCS)—/ | C;' (s - Vo)
Q Ce Q &

C c

1
—2 | —Vece - (Vug - Veg)

Q Ce
34
po [ Vel G4

4 2
< 5+ — | celVugl
4 Jo o Jo

Vee|* 4
5@/ | ;' +—||c0||Lm(Q)/ |Vug|* forall ¢ >0,
4 Jo o 1o Q

where g > 0 is the same as in (2.10). Integrating by parts, we have

2/ Acgng = —2/ Vng - Veg. 3.5)
Q Q
Finally, in light of (3.2)—(3.5), we can derive that (3.1) holds. O

In order to absorb the second integral on the right side hand of (3.1), it is necessary to gain
the time evolution of fQ |ug|?, which is the same as most-studied on the chemotaxis-fluid
system (see e.g. [64]).

Lemma 3.2 Let m > 1. There exists ko > 0 such that for any ¢ € (0, 1), the solution of (2.5)
satisfies

d
—/ |u5|2—|—/ |Vue|> < kallne +€l? oy forall t > 0. (3.6)
dt Jg Q LN+2(Q)

Proof Firstly, multiplying the third equation in (2.5) by u,, integrating by parts and using
V -u, =0, we have

1d
7—/ |u£|2+/ |vug|2=/ngue.v¢ forall t > 0. (3.7
2dt Q Q Q

Here we use the Holder inequality, (1.6) and the continuity of the embedding W!2(Q) —
2
L2 (2) and find C; > 0 such that

/ neltg - Vo
Q

IA

IV l=@linell v, @ Vuellr2(q)

IA

Cillne ”L% @ IVuellz2@)

IA

Cillng +¢ Vu
ine +el, g Vel 20

2N
N+

IA

1 1
| Vue|? +-C? +¢)? forall ¢+ > 0,
2” u€||L2(Q) 2 illne ”L%(Q)

which together with (3.7) entails (3.6) by choosing k; = C 12 O
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Lemma3.3 Let m > 1 and S satisfy (1.2)—(1.3). Suppose that (1.6)—(1.7) hold. Then the
solution of (2.5) satisfies

d Ve 2 8
- </ 76"'7”60”0’0(9)/ lue|?
t\Ja ¢ o Q
4 n |Vc |vc |4
+*||CO||L°°<Q>/ IVue|2+Mo/ clezlncgler/ el Ve e
MO Q Q o

8
52/ Viel|Vesl + ~llcolle@allne + &2 o 41 forall £ >0,
Q Mo LN+Z(Q)

(3.8)
where |1 is as in (2.10).

Proof Taking an evident linear combination of the inequalities provided by Lemmas 3.1-3.2,
and using the fact that —2 [, Vn, - Ve <2 [, [Vng||Ve|, it implies that (3.8) holds. O

Lemma3.4 For T > 0, there is C > 0 such that for each ¢ € (0, 1), the solution of (2.5)
satisfies

/ 2 <C forall t >0 (3.9)
Q

and

T
/ / IVeo2 < C(T + 1) forall T > 0. (3.10)
0 Q

Proof We multiply the second equation in (2.5) by ¢, to see that

ld, 2 2 2
EE”CSHLZ(Q) + |VC5| =) nec: <0 forall t >0

by using V - u, = 0 and ngc > 0. From the above inequality, (3.9)—(3.10) immediately
follows by integrating with respect to time. O

Next we can estimate the integrals on the right-hand sides of (3.8) by taking a totally
different approach from [64]. In fact, different from [64], in this paper, we try to use the
terms |, M and [q(n, + &)" P~ 3|Vng|? by using some careful analysis and a clever

choose of p > 1, which will be a new step and method to solve the chemotaxis system.

Lemma3.5 Let 1 < m < 2and N = 2,3. Moreover, assume that S satisfy (1.2)—(1.3).
Suppose that (1.6)—(1.7) hold. Then for any p € (1, min{m, 3 — m}), there exists C > 0
independent of € such that the solution of (2.5) satisfies

\v/ 2
/(ng+8)p+/ |Vc‘g|2+/ ﬂ—i—/ |ug|2§Cforall t>0. 3.11)
Q Q Q Q

Ce

Moreover, for each T > 0, one can find a constant C > 0 independent of € such that

ne +¢ B
/ /[”COT'MQ)IVcaler(n8+s)’"+” 3|Vn£|2:| <CT+1, @312

4
/0 /Q[IVuEIZJrCC—;'] <C(T+1) (3.13)

T
/ / Ve |* <C(T +1) (3.14)
0 Q

and
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as well as ’
/ /[%|Dzlnc£|2+(na+e>'"+"‘1+%]sc<r+1). (3.15)
0 Q

Proof Since 1 < m < 2 ensures that
1 < min{m, 3 — m},
one can fix
p € (1, min{m, 3 — m}).
Therefore, (2.11) entails

1d m(p —1) _
;EHI’IE‘FSHZI)(Q)+f‘/s‘2(n£+8)m+p 3|Vn8|2

. 2
_ (=G}

(3.16)

/ (ng + &)PT1=" Ve, |2 forall t >0,
2m Q

which in light of (3.8) yields that

d Vel 8 / , 1 »
— || —— + —lcoll= ue|” + —|ne +e
dr (/Q Ce o ” 0||L (Q) Q| El p” & ”Lp(g)

4 ng|Vee|?
+*||00||L°°<sz)/ |Vus|2+M0/ cngzlncgler/ felrfel
120] Q Q o Ce

Veel* —1
+@ | C;| +m(p )/(n8+8)m+p—3|vn€|2 (3.17)
4 Q G 2 Q2

—1)C?
- u/mﬁs)“l‘mwc-aﬁz/ Ve || Vee|
2m Q Q@

8
+—lleollzo@yk2llne +&ll* oy forall ¢t > 0.
Mo LN+2(Q)

In the following, we derive the estimates on the right-hand sides in (3.17) underlying an
appropriate interpolation type inequality and basic estimates established in Sect. 2. Indeed,
in view of the Young inequality, we have

2/ Vnel|Ve|
Q

m(p— 1) 4 (3.18)
<mr= / (s +&)" P3| Vne | + ———— f (e + )" P|Vee|?
4 Q m(p—1) Jo

for all # > 0. Inserting (3.18) into (3.17), we derive that
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d / Ve 8 , 1 »
L + S leolie / e+ Line + el
dt < Q Ce Mo @ Jq p Lre

4 ng|Ves|?
4‘*”COHLD‘?(Q)/ IVus|2+uo/ cngzlncg|2+/ Helrfel
2] Q Q o Ce
Vee|* —1
v ] Cf' - e )/(ng+e)’"+”*3|wg|2 (3.19)
4 Jo 4 o

(p — DHC? _ 4 o
< u/(nﬁe)!’“ m|ch|2+7f<ng+e>3 Ml |Ve|?
2m Q m(p—1) Jg

8
+—llcollLo@yraline +€ll* v forall > 0.
o LN+2(Q)

Next, with the help of the Gagliardo—Nirenberg inequality and (2.7), we derive that there are
Cy > 0 and C > 0 such that

2
Ine + €1 2y g,

m+p—1 m
=(ne+e) 2| 4N
L (N+2)(m+p—T) (Q)

mtp=l 2N<m1+V;32)+2 mtp=l m+z;Jfl_2N(mi/p7722)+2
< CHlIVG +0) S T e+ )T
L m+p— Q)
4
m+p—1 ——s
+Cillne +6) 2 |50
Lm+p—l(Q)

m+p—1 ZWZZZHQ
= CIVie +) 2 12, +1) forall t > 0.

This combined with m > 1 and N = 2, 3 implies that there exists a positive constant C3

such that
o leollz@yeallng + el ax
0 L (3.20)

—1
_ %/(% + )" P3|\ Vng|? 4+ C; forall 1 >0
Q

by using the Young inequality. Next, inserting (3.20) into (3.19) yields that

d Ve 8 / , 1 »
— + —llcoll Lo Ug|”™ + —llne +€ll;p
dt (,/S; ce %0 ” 0||L (Q) Q| £| p” e ”Ll Q)

4 ng|Ves)?
+*||00||L°°<sz)/ |v”s|2+M0/ clezlnc8|2+/ Delrtel
1<0) Q Q Q

Ce

Ve m(p—1

el e R )/<ng+e>'"”*3|ws|2
4 Q Cg 8 Q

S er 4
< / P DS oy yeyptiom b, ey |19,
Q 2m m(p —1)

+C3 forall ¢t > 0,
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which together with (2.8) implies that

d |VC5|2 8 /‘ P 1 p
— + —llcollL> Ug|”+ —llng + |7,
1t (/ - 0” ollLoe(e) |ue| lIne ”Ll Q)

4 2 2 2
+—llcollLe) | Vuel”+ o | cel D7 Ince|
Ko Q Q
4
0 Ve m(p—1 _
+M7/ | ;l + (p )/(n8+8)m+[7 3|Vn5|2
4 Ja ¢ 8 Q

- 1C? 4
5/[@ R I S I S . }W%F+@
Q

2m m(p —1) llcoll oo

—1C2 4
< f u(”s Loty e g p
o om m(p — 1) llcoll Lo ()

|Vee|?
+ ————— 4+ C3 forall t >0

@ llcollLee(w)
(3.21)

by using ¢ € (0, 1). Therefore,

d Ve > 8 / , 1 »
— + —lleollLe uel* + —llne +¢
7 (/Q . g ool Q| el pll et el g

4 \ Vo 2 2 e 2
+—llcollLe) | [Vuel”+po | ce|D7Ince|
1o Q Q

Vel m(p—1
e )/mrwW“”WwF
4 Q CE 8 Q

- 1C? 4 1
sf@ﬁw>Q—JJMHwW%+———4w+&Wﬂ——————sz
Q 2m m(p — 1) llcollLeo ()

|Vee |

+ ———  + (C3 forall ¢t > 0.
@ lleollze@)

(3.22)

On the other hand, recalling m € (1,2) and p € (1, min{m, 3 — m}), a direct computation

shows

lim

§—>—+00

(p—1C3 pm 4 2om—p | _
|:2m (s +¢e) +m(p_])(s+8) =0.

So that, there exists no > 0, such that for any s > 7o,

1

2llcoll (@)

% p—m L 2—m—p
|: o (s+e) +m(p_l)(s+e) <
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Therefore, by some basic calculations, we have

— D3
/ (ne + 3)[u(’15 +e)P™ + L(ns + )2 P Ve,
Q 2m

m(p — 1)
_ 2
= / (ne + 8)[w(m +e)l™ + L(ng +8)> " P Ve
neg>1n0 2m m(P - 1)
(p—1C3

4
+/ e+ L2 4 P (e 6PV P
ng<no 2m m(p —

1)
ne + ¢
5/ lecal2
ne>no 2llcoll L)

—1)C? 4
+ / (ne + 8)[7@ )Cs (e + &)’ ™" + ————(ne +£)* " P |Vee |
ne<no 2m m(p —

D
5/ ﬂ|Vc£|2
a 2llcollL= ()

—1)C? 4
+ f [umg + )P (n, + &) P Ve |
ne <10 2m m(p—1)

ne + ¢
5/ _nete |ch|2+yo/ Ve
Q 2llcollL= () ne<no

ng +¢
5/ €7|Vca|2+yof Ve |?
Q 2llcoll o) Q

(p—1)C2 _ 4 o
= %(nwl)”“ "y (o + 1)
m m(p—1)

by using ¢ € (0, 1) as well asm € (1,2) and p € (1, min{m, 3 — m}). Substituting (3.23)
into (3.22), we have

d ([ Vel | 8 / )1 ,
S+ el [ e+ e +e
T (fg ool | el + e+ el
4
+7||CO||L°°(Q)/ |VM€|2+M()/ ce|D? Inc,|?
12%0) Q Q

Vet m(p—1 _ neg +¢
mofl 38| + (p ) /("8 +6)" P3| Vn P +/ S ——|Vef?
4 Jo o a 2llcollL=(@)

(3.23)
with

<+ 7)/ |VC5|2 + C3 forall 7> 0.
llcoll oo ()

(3.24)

Recalling (2.7), we derive from the Gagliardo—Nirenberg inequality that for some positive

constants C4 and C5 such that

/ (ne + 8)m+p_l+%

(m+p 1+ N)erp 1
L(m+p 1+ )

= [[(ne +£

m+p m+p—1 (Q)

p 1||(m+p 1+N)m+p T -2

< C4lIV(ng

(Q) ” (I’lg + 8) 2
Lm+p—1 (Q)
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m+[11 (m+p— 1+N)

FCulng oy E T R
LmF+p=T (Q)
< C5(IV(ne 2@ D

which implies that there exist positive constants Cg and C7 such that

1 2 1
Y% 2 > — m+P—‘+N—1>—/ r_c
IV (e @ = ¢ /Q(n£+e) Z e Q(”8+5) 7

(3.25)

by using m > 1, N = 2, 3 and the Young inequality.
According to the Young inequality and the Poincaré inequality, (3.25) and (2.8), we con-
clude that with some Cg > 0 and Cy > 0, it follows

IVCel2
+ 7||CO||L°°(Q) Iuel + *Ilna + €||Lp(g)
/(n +8)m+17 1+N +/ |VC‘F|

4
gcg(/ (ng+g)m+l’*3|vn€|2+/ | C;' +/ |Vue|?) + Co forall ¢ > 0.
Q Q G Q

(3.26)
Thus, we infer from (3.24) and (3.26) that there exist Cjp > 0 and C1; > 0 such that for all
g€ (0,1),

d [Vee|*> 8 / , 1 »
— + —Jlcollze ugl* + —|ne +¢
dr (/Q Ce o “ 0||L (Q) Q| é‘| p” 5 ”Lp(g)

Ve |2 8 , 1 »
+C1o< + —llcollLe) [ luel™ + —lne +ell
Q Ce 2] @ Q ‘ p ‘ Lre)

+C1 (/ (ne + 8)m+p_1+% +/ |VCs|4)
Q Q

2
+—||co||Loo<m/ IVus|2+Mo/ ce| D* Inc|?
Ko Q

Vet m(p — ne + &
oo [Tl (” )f(ns+e)’"+p 3| Vn,|? +f B Lk
8 Ja ¢ Q 2llcollL=()

<+ 7)/ IchI + Cyy forall ¢ > 0.
llcoll oo () .

Now, we define

[Vee> 8 f ) 2
1) = — 4+ —||c 0 u +
ye(t) (/Q Lt eolla [ P+ =g
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and

he (1)

:=cn(/o%+w””*+%+/ﬁv@ﬁ)uo
Q Q
2 ne|Veg|?
+(—Wmhmm/WWM”+m/cmﬂmQF+/AL—L (.0)
J2%0) Q Ce

Veel* m(p—1 ne +¢
+(@ | 8| + (P )/( 8+8)m+p 3|Vl’lg|2 f €7|VC5|2> (’,t).

8 Jo o} 2llcollLee ()

For all t > 0, (3.27) implies that y, satisfies

1
Ve(®) + Croye (@) + he(t) < (yo + 7)/ |Vee|? + Cpp forall ¢ > 0.
llcollLe@) ™ Ja

Since he(r) > 0 and [/ [(yo + m) Jo IVeel? + Clz] is bounded, from (3.10) as
well as (1.6) and Lemma 2.6, we firstly achieve

IVee|> 8 / ) 2
—— + —llcoll uel” +
/Q - Mo” oo () Q| el o

and thus proves (3.11) by using the fact that

lne + SIIIL)p(Q) < Cy3 forall ¢ >0,

[Vee 2
Vel < —llee (. Dll=o)-
Ce
Then another integration of (3.27) thereupon shows that (3.12)—(3.15) hold. ]
When the nonlinear diffusion is strong enough, the energy type inequality is relatively
easy. Actually, for the case of m > 2, we have the following energy-type inequality by using

the Young inequality and the second equation in (2.5).

Lemma3.6 Letm > 2 and N = 2, 3. Then there exists C > 0 independent of & such that
the solution of (2.5) satisfies

/ (ne +e)"" ' <C forall t > 0. (3.28)
Q
In addition, for any T > 0, one can find a constant C > 0 independent of € such that
T 2
/ / [(ng + )T 4 (n, + 8)2'"*4|Vn6|2] <C(T+1) forall T >0. (3.29)
0 Q
Proof Firstly, picking p as m — 1 in (2.11), we arrive that

m(m — 2) _
Lm— l(g)+#/;2(ns+8)2m 4|V”ls|2

—-2)C2
< u[ [Vee|? forall ¢ > 0.
2m Q

1
— ||ne + el
m —
(3.30)
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Due to (2.7), one has for any ¢ € (0, 1), [lne + ¢l 1q) < lInollL1(q) + €. Since m > 2,
by using the Gagliardo-Nirenberg inequality, we can find some positive Cy, C3, C4 and Cs
such that

/ (ns + )"
Q

m—1

= ll(e + " MI",L
Lm=T(Q)
11\\11(m—2) m—} _ 11\\11(m—2) |
1 =Y eNm-1) MmNy Nem—) 1 m=
<GIVe+e)" pg e+ 2 +Cal|(ne + )" ")
Lm=T(Q) Lm=T(Q)
N(m—2)
N Nl
< C3(IIV (1 +a)’"*1||;2(§;”( Y4 1) forall >0
and
2
/ (n‘)2 + 8)2m_2+ﬁ
Q
2rn72+%
_ m—1y =T
= |[(ne +¢) Il m-2+d
L m—1 (Q)
2m—2+%
3 . A (3.31)
< CallV(ne + )" T2 g llne + )" M
Lm=T(Q)
2m72+%
+Call(ns + "N T
Lm=1(Q)
< Cs(IV(ne + e)m—lniz(m +1) forall 7 > 0.
N(m—2 . . .
The fact %N(m)” < 2 enables us to use the Young inequality to deduce that there exists
¥ _

a positive constant Cg such that

_p _m(m—=2) 1 12
/Q(ng+s>’" = X o Ve + 0" e, + Co

-2
=% / (e + &) 4|Vng|? + Cg forall 1 > 0.
Q
Substituting the above inequality and (3.31) into (3.30), we derive
1 d m—1 m—1
ma”’?s +elpm-ig + /;2(’18 +¢)

m(m —2 2
+% / (s + )" 4| Vne|* + C7 f (ne + )24 (3.32)
Q Q

_ 2
- (m —2)Cs

/|ch|2+C8 forall ¢ >0
2m Q

with some positive constants C7 and Cg. Recalling (3.10), in light of a basic calculation, this
firstly entails (3.28). And thereafter, an integration of (3.32) yields (3.29). ]

Lemma3.7 Letm = 2 and N = 2, 3. Then there exists C > 0 independent of & such that
the solution of (2.5) satisfies

/ nelnn, < C forall t > 0. (3.33)
Q
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In addition, for any T > 0, one can find a constant C > 0 independent of € such that
T 2m—2+2 2
/ / |:n8 N | Vg :| <C(T+1) forall T > 0. (3.34)
0 Q

Proof Using the first equation of (2.5), from integration by parts we obtain

d
—/nalnng :/ natlnng—i—/ng,
dt Jq Q Q

=/ A(ng+s)21nng—f InneV - (s Fe () Se (x, ne, ¢) - Veg)
Q Q

—/ Inngug - Vng
Q

ne +¢)|Vn 2
5_2/ M+/ So(ce)| VeI Ve |
Q ng Q

5—2/ |Vne|* + cs/ |Vnel|Vee |
Q Q

2 1 2 2
<— [ |Vng|"+ -C5 | |Vce|” forall 1 >0
Q 4 7 Jo

by using (2.6). Based on the elementary inequality zIlnz < %z% for all z > 0, and from
2 10

< g < % for m = 2, we apply the Gagliardo-Nirenberg inequality to obtain positive
constants C and C; independent of ¢ € (0, 1) such that

3 3N
s N5 s_s N5

n
31NN 331NN
LZ(QZ) ”nEHLl(Q) > + Cl ”nE ”
ST
2
2@ + 1) forall ¢t > 0.

5

< C1[|Vne| S

5

= Gl V|

Since N < 3 also indicates that

5 N-—3N
0<Z—7 2,
31-3+N

whence by means of the Young inequality we obtain

[ nennet [nemnct 3 [ o
- n n —
di Qne ng Qns ne 2 Jo ng

' (3.35)
< chf |Vee|? 4 C3 forall 1> 0
Q
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with some positive constant C3. Recalling m = 2, by using the Gagliardo-Nirenberg inequal-
ity and (2.7), we can find some positive constants C4 and Cs such that

2m—2+% 242
fng N :/n5 N
Q Q
2

2 g 2+%
= C4||Vn£ ||L2(Q) “né‘”Ll(Q) LY(Q)

< Cs(1Vnellja g + 1) forall 1> 0,

+Calin||

which combined with (3.35) implies that

d 1 om—2+% 1
E/gznslnna+£2nalnns+ﬁ/;zn5m N +Z/Q|Vng|2

| (3.36)
< chf |Vee|? 4 Cg forall >0
Q

with some C¢ > 0. According to Lemma 3.4, there exists C;7 > 0 such that
SNACE [, Vel + Csl < €7 forall + > 0. Thanks to Lemma 2.6, it derives (3.33),
and then (3.34) follows by integrating (3.36) in time. This completes the proof of Lemma
3.7. O

Lemma 3.8 Letm > 2 and N = 2, 3. Then there exists C > 0 such that the solution of (2.5)
satisfies

/[|u£|2 +|VeP1 < C forall t > 0. (3.37)
Q

Moreover, for any T > 0, it holds that

T
/ /[|Vc£|4+|Vu8|2+|Ac£|2]SC(T—i—l). (3.38)
0 Q

Proof We multiply the second equation in (2.5) by —Ac, and integrate by parts to see that
1d 2 2
E E ”VCE ||L2(Q) + /Q |ACS|
= / negcg Acg + / (ug - Veg)Acg
Q Q
= / NeCe Ace —/ Veg - V(ug - Veg)
Q Q

= / NgCe Acg —/ Veg - (Vug - Veg),
Q Q

where we have used the fact that

(3.39)

1
/ Ve - (D%ce - 1tg) = 7/ ug - V|Vee)> =0 forall ¢ > 0.
Q 2 Ja
On the other hand, we make use of Lemma 2.2 and the Young inequality to derive
2 2 | 2
ngce Acg <Cj ng; + — |Acg|” forall t > 0, (3.40)
Q Q 4 Ja

with some positive constant Cj. In the last equation in (3.39), we use the Cauchy-Schwarz
inequality to obtain

- / Vee - (Vg - Vee) <[ Vatell 2y IVeel2agy forall 1€ (0, Tax o).
Q

@ Springer



Global Existence, Regularity and Boundedness. .. Page 250f46 150

Now thanks to Lemma 2.2 and the Gagliardo-Nirenberg inequality, we have

”VCE”L‘*(Q) <CallAce 2@y llce L) + C2||c8||2Lw(Q)
<GC3l|Acell2@) + C3 forall t >0

(3.41)

with some positive constants C» > 0 and C3 > 0. Thus, we use the Young inequality to
derive

- / Vee - (Vug - Veg)
Q
= IVuell 2 [CallAcell 2@y + C3] (3.42)
1
< CallVuell7 g + leAcallsz(Q) +Cy forall £ >0
with some positive constant C4. Inserting (3.40) and (3.42) into (3.39), we have
1 e L 18 <cavue 2 ci | n2+c 3.43
Zdt” C€||L2(Q)+2 Q| C£| = 4” u8||L2(Q)+ 1 Qn5+ 5- ( . )
Apart from that, (3.41) and the Young inequality also guarantee the existence of Cg such that

IVeelfagq) + 1Vesll aiqy <CollAcel}a g, + Co forall 1> 0,

which along with (3.43) implies that there is C7 > 0 such that

1
“V S”LZ(Q) + - / IACE|2 ||VC8||L4(Q) + ”VCS ||L2(Q)
(3.44)
< Call VuellFa gy + c%/Qng +C7 forall ¢ > 0.

Now, we try to analyze the evolution of f o lue |2, which contributes to absorbing || Vu, 1 2@
on the right-hand side of (3.44). To this end, multiplying the third equation of (2.5) by u,,
integrating by parts and using V - u, = 0, we have

2dt/ | |* +/ |V |? /ngug-wp forall 7 > 0.

Recalling the Poincaré inequality we can find a constant Cq > 0 fulfilling

V1172 = CallV¥lifaq, forall ¥ e Wy(Q).

Then the Young inequality along with the assumed boundedness of V¢ yields

1d 5 5 1 5

- V -

M[gw +/Q| e +4CQfQ|us|

L / o2 4 —— / e? + Call Ve 2ng / n? (3.45)
4Cq Jo 4Cq Jo ) Jo ¢

1
E/ |Vus|2+CQ”V¢”%OO(Q)/ ng forall ¢+ > 0.
Q Q

IA

Noticing thatm > 2 and N < 3 imply 2m — 2 + % > 2, then by using Lemma 2.6, Lemma
3.6 and Lemma 3.7, we obtain that there is a positive constant Cg such that

/u?ng forall ¢ > 0.
Q
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Therefore, integration of (3.45) entails that

T
/ / |Vug|> < Co forall T > 0
0o Ja

with some Co > 0. This combined with Lemma 3.6 and Lemma 3.7 implies that

T
/ [c4||w5||§2(m+cl2/ nf+Cq71 < Cio(T +1) forall T > 0.
0 Q

Thereupon an integration of (3.44) yields for some Cy

/|VC£|ZSC11 forall + >0
Q
and

T
/ / [lAce|* + Ve *] < Cii(T + 1) forall T > 0.
0 Q

constant C such that

Now we can obtain the staring point through the following lemma.
Lemma 3.9 Let (ng, ce, u.) be the solution of (2.5) and m > 2. Then there exists a positive

sup / (e + )" =3+7 < C. (3.46)
te(0,00) J 2
Proof Choosing p as 3m — 3 + % in (2.11), implies that
1 d 3m—3+2
e +ell” N
3m—3+ 5 dt

3m—3+% Q)
mQ3m —4+ 2)
+ N

2
2 2
_ Gm—4+ $)C;

2
/ (ne 4 8)m+3m—3+ﬁ—3|vn8|2
Q
2m

(3.47)
/(ng T o)A g 2 forall > 0.
Q

Due to (2.7), one has for any ¢ € (0, 1), [Ine + €l 1) < llnollziq) + 1€2|. Therefore,
Ci(i =1,2,3,4) such that

/ (n€ + 8)3m73+%

Q

an application of the Gagliardo-Nirenberg inequality yields that there are positive constants

3n173+%

2m—2+-1
= [[(ne + &) V|

-2+

3m—3+%

1
L 2m—2+ ()

N
1-F+n@m-2+

NGm—4+2) I3+ % NGm—4+%)

T TN T
2m—2+L ) om—2+ L 2m=24+5 1-F+NQm-2+)

< CilV(ne + &) 2V | g Vllne + )2 Y "

-3+ %
_ 1 2m—2++
+Cill(ne + &) v N

P
L 2m=2+ 5 )

[+ @
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N(3m—4+N)
+N (2 2+ )
< G190 + 0" " 1) forall 1> 0
and
444
/(”8 + )N
Q
dm—d+ 4
1
_ 2m— 2+N 2m— 2+N
= ll(ns +e) 1
L2m 2+N Q)
4m— 4+;t,
-2
2m—2 2m—2 2m— 2+1 (348)
< G3lIV (e + )22 R 2, 0 e + 2" 2R
L2m 2+NI )
4m— 4+;\‘]
2, 24 L 2m=2+5
+C3ll(ne + &)W | N
L2m 2+N Q)

< CalV 1 + )™ 2V |2, o) + 1) forall 1> 0.

Apart from these, (3.48) also implies that
1
V0 + 0 2 g 412 [ k™4 forall 1 = 0,
4 Jo

which in view of the Young inequality implies that

2402
(Bm —4+ N)Cs/(n€+8)3m—3+%+1—m|vcs|2
Q

2m
3m—4+ %
= = X : 2~ e - N)/(ng+8)4"1_4+%
2G4 2m -2+ )? 8 o
+c5/ Vel
Q
mGm —4+ %) 2t 2
=< Gm—2+ 1y x 3 IV (ne + ) Vg + 11 (349)
+C5/ Vel
mQ3m — 4 +
_ %/( 6+8)m+3m %+7_%|Vn8|2
1 mQGm — 4+ %
+ RV ( N)+C5/ |Vee|* forall 1 >0

with some Cs > 0. Due to m > 2, we observe that

NGm—4+ %)

1-Y+Nem—2+7)
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and thus by another application of the Young inequality we obtain that there is C¢ > 0 such
that

/(ng+8)3m73+%
Q

mQBm — 4+ %)
= X —
8 em—2+1)
mQGm —4+ 2
- % / (ne + 8)m+3m73+%73|v%|2 + Cg forall t > 0.
Q
Substituting the above inequality and (3.49) into (3.47), we have
1 d 3m—3+2 a2
———— —|ns + ¢ N +/(ﬂ+8)m +%
3m — 3+ % dt Iz ”L3'"’3+%(Q) Q €
mQG3m — 4+ %)
—

_oa 1
IV (e + &) 724 175 g, + Co

2
/(n8+8)m+3m73+W73|Vn£|2
Q

scsf [Vee|* +C7 forall £ >0
Q

with some positive constant C7. This combined with (3.38) and Lemma 2.6 yields that there
exists a positive constant Cg such that

/ (ns 4+ £)"=3F% <Cg forall t > 0. (3.50)
Q

[m}

Lemma 3.10 Let (ng, c., ue) be the solution of (2.5) and m > 1. Then there are C > 0 and
po > 1 such that

sup /(ng + &) < C. (3.51)
Q

t€(0,00)
Proof Let

_Jpifl<m<?2
PO=15m—3+2 it m=2,

where p € (1, min{m, 3 —m}) is the same as that in (3.11). Then an elementary computation
shows that pg > 1, so that, (3.50) and (3.11) entails (3.51). ]

Lemma3.11 Letm > 2 and N = 2, 3. Then for each T > 0, one can find a constant C > 0
independent of ¢ such that the solution of (2.5) satisfies

T
/ / L \Vee? < (T +1). (3.52)
0 Q Ce

Proof Recalling (3.1), we integrate by parts to derive

d Ve |? 3 Ve |* ne|Vee |2
d [ Vel +MO/ C£|Dzlnca|2+ﬂ/ | :I +/ elVeel
dt Jo ce Q 4 Jo c; Q G

&
4
< 2/ neAce + —||c0||Lw(Q)/ Vg |> + ki (3.53)
Q no Q

4
S/ng—i-/ |AC§|2+7”CO||LOO(Q)/ |vl/{g|2+K1 forall + >0
Q Q no Q
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by using the Young inequality. Next, m > 2 entails that
3 3+ 2 >2
m — N )
N =

so that, using (3.46) and (3.38), we derive that

T
4
/ /|:n§+IACEIZ—I—M—||co||Loo(Q)|Vug|2+K11|§C(T+1) forall T > 0.
0 Q 0

Then the result of (3.52) can be obtained by an integration of (3.53) and using (1.6). ]

4 Boundedness for the Case N = 2

In this subsection, we obtain some regularity properties for n., c¢, and u, in the following
form on the basis of Lemma 3.5.

Lemma4.1 Letm > 1 and N = 2. Then there exists C > 0 independent of € such that the
solution of (2.5) satisfies
/ |Vug|> < C forallt > 0. (4.1)
Q

Proof In view of (3.11), from D(1 + eA) := W>2(Q) N Wy 2(Q) <> L™(K), there are
positive constants C; and C, such that

IYertell ooy = I +eA)  uell o) < CillueC, Ol 2y < Caforallz > 0. (4.2)

Next, testing the projected Navier-Stokes equation ug; + Aug = P[—« (Yettg - V)ug +n. Vo)
by Au., we derive
ld Al ul? Au. 2
STl + | 14w
=/ Augp(—K(Ygug-V)ug)—i—f Pn:Vo)Au, 4.3)
Q Q

1 2, 2 2 2 2
< Auel + 12 | 1Vatte - Ve + V0|2 [ 12 forall 1 > 0.
2 Ja Q Q

In view of the Young inequality and (4.2), there is C3 > 0 such that
2 f |(Yerte - Vyue* <i?(| Yot} oo g / |V |*
Q Q
5c3/ |Vue|? forall > 0,
Q

which together with (4.3) and the fact that [| A(-)[| .2 (q) defines anorm equivalentto ||« || y2.2 (g
on D(A) (see Theorem 2.1.1 of [30]) yields

ld 2 2 / 2 2 / 2
——||V A <C v \% o forallt > 0
YL u£||L2(Q)+/Q| uel? < Cy | IVuel? + V@l | ni foralls >

4.4)
with some Cjy. Let

| 2m—=1if m > 2,
90 = m+pif 1l <m<?2,
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where p € (1, min{m, 3 — m}) is the same as that in (3.11). For any m > 1 ensures that
q0 > 2,

therefore, in view of Lemmas 3.5-3.7 and the Young inequality, (4.4) directly leads to (4.1)
by performing some basic calculations. O

Lemma4.2 Letm > 1 and N = 2. Then there exists a positive constant C independent of &
such that the solution of (2.5) from Lemma 2.1 satisfies

|AY ue (., N2 < Cforallt >0

as well as
lne(-, Hllpeoe) < C forallt >0

and
llce (-, D) llwrooqy < C forallt >0,

where y is the same as that in (1.6).

Proof Now, involving the variation-of-constants formula for ¢, and applying V - u, = 0 in
x € Q,t > 0, we have

t
(1) =@ Vet f A (Yo 8)Fce (0 )+ V- (e, $)ce (- $))ds, t> 0.
0

So that, forany 2 < g < min{(zfﬁ, 4}, where pg > 1 is the same as (3.51), there is
IVee (-, D llzao

t
< Ve Dol + / Ve ™A ne(, 9)ce8) + e (o ) lLa@ds oy )
A .

t
+ / [Ve'"9A=DY . (ug (-, 5)ce (- ) |l La (@ ds.
0

To address the right-hand side of (4.5), in view of (1.6), it can be derived through the standard
LP-L19 estimates on Neumann heat semigroup (see Lemma 1.3 of [43])

Ve Deg ey < Cs forallt > 0
with some positive constant Cs. Since
1 2 ( 1 1>
——=— =) > -1,
2 2\p0 ¢

recalling (3.51) and (2.8), we deduce from the standard L”-LY estimates on Neumann heat
semigroup that there are A; > 0, C¢ > 0 and C7 > 0 such that

t
/ Ve =)A=V (-, 5)ee (-, 8) + ¢, )l Layds
0

1

! _l_ 2.1 _1 ,
SC6/ (14 (—s) 2 2% q)]e—’\‘(’_‘)llcg(-,S)IILOO(Q)[Hne(',S)llLPO(Q)+1]dS
0

< Cyforallt > 0.
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Now, we estimate the third term on the right-hand side of (4.5). In fact, since, W12(Q) —
LP(Q2) for any p > 1, the boundedness of |[[Vug(-, 1|2 (see (4.1)) as well as
Vee (D)l 2 (see (3.11) and (3.37)) and [|ce (-, 1) || 2 (g (see (3.9)) yields that there exists
a positive constant Cg such that

||Mg(', t)”Ll()(Q) + ”Cg(', [)||L16(Q) < C8 for all ¢ > 0.

Pick 0 < ¢ < 4 satisfying } +%(§ — 1) < tand& € (0, } —0). Inlight of Holder’s inequality,
we derive from the standard L”-L9 estimates on Neumann heat semigroup that there exist
constants Ay, Cg, Cio, as well as C1; and Cj; such that

!
/ IV BDY - 1, 5)es . 9)) 10y ds
0
t
< Cy f [(=A + DAV - (e (-, 5)ee (-, )l L4y ds
0
' ——Lk —a(t—s)
<Cio [ ¢=5)"""27 e 2 ue (- 8)ce (- ) || L3 (yds
0
t
ol = _
<cn / (1 — )R e 2 (L 5) s e )l (@ ds
0

t
1= _ _
< Cirlleollze@) / (6 — )" 3R () s ds
0

<Cppforallt >0

by using (2.8). Combining the above estimates, we obtain a positive constant C;3 such that

2
/ |[Vee(x, 1)1 < Cy3 forallt > 0 and some ¢ € (Z,min {¢4}> . (4.6
Q (2= po)+

For any p > 2 4 m, in view of (2.11) and (4.6), we derive from the Holder inequality that
there exists a positive constant C4 such that

(

1d m(p—1) _
;E”ng + SHZP(Q) + T /S;(ns + )" tp 3|V”l«s|2 + llne + 8||1L]p(Q)

(p—1C3 -
< Tsfg(ng +)PTIMVe P+ lIne + 6117 g

q—2 2
(p— 1)C? 4yt \ T 7
=< - f (ne +e)a2 (pt=m / Vel + [Ine + 5”{1}(9)
2m Q Q

2
- (p—1DC5Ca

q=2
49 _ q
. (/ (ng + g)qﬁz(p+1 m)) + |Ine + 8||Z,,(Q) forall ¢+ > 0,
Q

where Cy is the same as that in (2.9). Recalling (2.7), we employ the Gagliardo-Nirenberg
inequality and find positive constants Cis > 0, C1 > 0 as well as Cy7 > 0 and Ci13 > 0
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satisfying
2 q=2
(P = DCsC4 /(,,E L eyaaprim)
2m Q
2 _
B (p—1DC5C14 mip- 2(,1’1’11', m
= 27”(’18 +é) Il 2q(p+1—m)
m L @=2m+p=1) (Q)
2P mt mpol 2ptlom) 5P p-m+7
mtp=T +p—1 “mEp—T
< CisIV (e ST e e
[ m+p=1 (Q)
2(p+1—m)
m+p—1 —
+Cisl(ne +&)" 2 | "4
L mt+p—1 (Q)
p m+%
< Cig(IV (e + )5 1,20 + 1) forall £ >0
and
/(”6 + &)’
Q
2p
mip=l =T
= (e +e)" 2 I,
L m+p—1 (Q)
p—1

m+p m+p—T1 — ’”35_172"[_*_[7_1
ST e + ) T
m+p—1 mf;:l
+Cirll(ng +&) 2 |77,
Lm+p—1(Q)
p—1
L;’(*S;)‘ +1) forall r > 0.

L m+p—1 (Q)

< CplV(n,

=Ci(IV(ne +¢
Since p > 2+ m as well asg > 2 and m > 1, we see that

p— m‘f‘* p—1
— % <2 and 2—————— <2,
m+p—1 m+p—1

which allow for an application of the Young inequality to entail some positive constant Cyg

such that
1 d » »
——|lng +8||L,,(Q) + ||ng +8||L,,(Q) < Cyg forall r >0

By a comparison argument, this in particular entails that there is C2o > 0 such that
/(ng +¢&)P < Cy forall t >0 and p > 2. 4.7

Fix y € (%, 1) and define
M(T) := sup [[AYuc(-, )| ;2 forall T >0.
1e(0,T)
Lettg := (t —1)4 forany ¢ € (0, T), then from the variation-of-constants formula of «, and

the regularization estimates on Stokes semigroup ([11]), one can find C2; > 0 and A3 > 0
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fulfilling
IAY we (-, )1l 12
t
< A e TRy (1)l 2y + / IAY e D4 he (-, Dyd | 2 gy dT
" (4.8)
t
< 17wl gy + Cor [ 0= 077 3E DR (1) g dr,
1o
where he (-, 7) = Plng(-, 1)V — k Yeue (-, ) - VIue (-, v)]. If t € (0, 1], then by (1.6),
there is Cp; such that

| AY e~ =04y (., 2@ = ||Ay€_A“0||L2(Q) < Con.

Whereas if ¢ > 1, due to t — t9p = 1 and using the boundedness of fQ [Vue|? (see (4.1)), we
have
IAY e 04 (- 10) 120y < Ca3(t — 10) Y lus (-, 0) |l 20y < Cos (4.9)

with Co3 > 0 and Cy4 > 0. In the following we will estimate ||h.(-, T)|| L2(Q)- Choose

B e (%, y). Then we have the embedding D(AP) < L®(Q) (see [11]). Thus, there exist
Cys > 0, Cy¢ > 0 and C»7 > 0 such that

A

e (Ol 2y < Casll(Yette - Ve (-, Dl 12 + Casline (-, Dl 12
CosllugllLoo @) IVue (-, Dl 2@y + Ca6 (4.10)
Corll APug |l 12y I Vits (-, D) 12y + Ca6 forall 1> 0.

IA

IA

On the other hand, recalling (4.1), then by using the interpolation between D(A?) and D(A 3 )
(see [10]), we have Cpg > 0 and Cp9 > 0 such that

1A el 20y < CosllAY ue 2 g | Vitell 2, < CooM(T)

a
L2 L2(Q)

witha = @ € (0, 1). This together with (4.10) and (4.1) implies that there exists some
2y—1

C3p > 0 such that
e, Dl L2y <C30M(T) + Cy forall 1 € (0, 7). 4.11)
Duetoy < 1,1 —19 <1, (4.8)~(4.9) and (4.11), we have
IAYus (-, )l 20y <C31 + CoM(T)
for some positive constants C3; and C3,. Since ¢t € (0, T) is arbitrary, we further have
M(T) < C31 + C3oM*(T).
Then a standard ODE comparison argument implies that there is C33 > 0 such that
1A ue (-, )|l 12(q) <C33 forall ¢ >0,

which combined with the fact that D(AY) is continuously embedded into L°°(£2) implies
that for some positive constant C34 such that

llug (-, )Ly < C34 forall ¢ > 0. 4.12)
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To prove the boundedness of || Ve, (-, 1) || 1 (q), We rewrite the variation-of-constants for-
mula for ¢, in the form

t
Col 1) = B Dy 1 / SIBD[ (L s)es( 5)
0

+ce(-,8) —ug(-, ) - Vee (-, 8)]ds forall ¢ > 0.

Thankstog > 2 (by2 < g < min{(ﬁ%, 4}), one has
| . 2 1
-+ — <1
2 2¢q
So that, one can pick
0 e (1 + 2 1)
2 297

and by N = 2, one can derive that D((—A + 1)?) < W1H>°(Q) (see [14]). Therefore, in
light of LP—L9 estimates associated with the heat semigroup, (4.7) as well as (4.12) and
(2.8), we derive that there exist positive constants A4, C35, C36, C37, and C3g such that

llce Gy Dllwico(qy
< C3sll(=A+ Dce(, )lla(
0 —Aqt

< Gt e " |collLa (@)

t
+ C36 / (t =) Ve = ng(,9)ce(y8) + oy 8) — ety 5) - Vs (-, 9) || La () ds
0
t
< Cz7+ C37/ (t — ) 0™ 1co(-, @) Ung (-, $)llLa) + Dds
0

t
+ C37 / (t — )™ lug (-, 9) oo @) 1 Vee -, $) | Lo (@ ds
0

< Csg forallt > 0.
(4.13)
Next, using the outcome of (4.7) with suitably large p as a starting point, recalling the
boundedness of |c. (-, 1)]| wioo(q) (see (4.13)), we may invoke Lemma A.1 in [32] which by
means of a Moser-type iteration applied to the first equation in (2.5) and establish

lne (-, )l Loy < Cag forall + >0

with some positive constant C39. The proof of Lemma 4.2 is thus completed. O

Now we can establish global existence and boundedness in the approximate problem (2.5)
by using Lemma 4.2 and an idea of [60] (see also [24, 47]).

Proof of Theorem 1.1. Firstly, according to the standard parabolic regularity theory (see e.g.
Theorem I'V.5.3 of [19]) to the second equation and third equation in system (2.5), there exists
a positive constant C, such that

llce G, )] < Ce forall t € (0, 00) (4.14)

w'
C™ 2 (Qx[t,t+1])

and

lue (-, D)l < C, forall t € (0, 00).

c“-%(qu,tHJ) -
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Next, employing the same arguments as that in the proof of Lemmas 3.22-3.23 in [47], and
taking advantages of Lemma 4.2, we conclude that for all 7 > 0 and ¢ € (0, 1), there exists
C(T) independent of ¢ such that

T
/0 191 (1 + )5 (. D)l (22t < C(T) forall 1 € (0.7)

and ,
/ / |V (ng —l—s)§|2 < C(T) forall t € (0,T) (4.15)
0 Ja

with ¢ > max{m, 2(m — 1)}. Then combined with (4.14)—(4.15) as well as Lemma 4.2, the
Aubin-Lions compactness lemma (see e.g. Simon [29]) and the Egorov theorem, one can
derive the existence of a sequence of numbers & = ¢; N\ 0 such that

ne—n weakly star in L>(2 x (0, 00)),
ne — n in CY ([0, 00); (W2(Q))),
ce — ¢ in CP(Q x [0, 00)),

ne — n a.e. in Q x (0, 00)

as well as _
ue — u in Cp (S x [0, 00))

and
Dug— Du weakly starin L*°(Q x (0, 00))

hold for some limit (n, ¢, #) € (L% (2 x (0, 00)))* with nonnegative n and c. Based on the
above convergence properties, we can pass to the limit in each term of weak formulation
for (2.5) to construct a global weak solution of (1.1). Finally, the boundedness of (n, c, u)
may result from the boundedness of (n, c,, u.) (see Lemma 4.2) and the Banach-Alaoglu
theorem. This completes the proof of Theorem 1.1. O

5 Further g-independent Estimates on (2.5) in the Case N = 3
In order to pass to limits in (2.5) with safety in the case N = 3, we need some more &-
independent estimates for the solution. Indeed, by means of the interpolation, the estimates

from Lemma 3.5 imply bounds for further spatio-temporal integrals.

Lemma5.1 Let m > 1 and N = 3. Then there exists a positive constant C such that the
solution of (2.5) satisfies

/(na +e&)" <C forall t >0 (5.1)
Q
as well as ’
/ / (ne + )" 3|V > < C forall T >0 (5.2)
0 Q
and
T 2
/ /(ng +e)?m=HNm < C forall T > 0. (5.3)
0 Q
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Proof Picking p = m in (2.11), one has
d m(m — 1) _
*Eﬂns + ellfm@ + — /;2(’16 +8)*" 73| Vn, |*

m— 1)C2
< g/(ng+z-:>|Vcs|2
2m Q

for all + > 0. In the following, we will estimate the right-side of (5.4). Recalling (2.7), in
light of the Gagliardo-Nirenberg inequality, there exist positive constants Cy, C, and C3
independent of ¢ € (0, 1) such that

/ (ng + )"

= (e + )77 | 2"’2,1,,

5.4

L2m— 1(9)
= 3m 2 = 2mml }5:1’2 3 = Zm 1
< Ve +0 7T 18 e + "5 17T o e+ 0" T
3m—3
< CoIVne + ) T 152, + D)

- m(m — 1)

X
- 2 2m—1)

2m—1
51V +6) 77 172, + Ca,

where in the last inequality we have used the Young inequality. Inserting the above inequality
into (5.4), one has some positive constant C4 such that

d m(m — 1) _
—Ennﬁen’i’m(m+f/(ns+s)2'" 3|Vng|2+f<ng+e)m
2 Q
5.5
(m —1)C} ) (5.3)
= 27/(118+8)|ch| + C4 forall ¢t > 0.
m Q

In the case when m > 2, by virtue of ¢ € (0, 1), (3.10) as well as (3.52) and (2.8), we can
find Cs > 0 such that forall 7 > 0,

T
f /(na+e>|wg|2
o Jao
T
1
5/ /ng+ ce|Veel?
o Ja ce (5.6)
T, T
e 2 2
§||CO||L°°(Q)/ /‘*IVCsI +||Co||L°°(Q)/ /IVCsI
0 JQ Ce 0o JQ

< Cs(T +1).

Whereas for | < m < 2, by means of (3.12) we derive

ng +¢
//(nngS)IVCe <||co||Loo<Q>f/ et ve
Q ||CO||L°°(SZ)

<Ce(T +1) forall T >0

with some Cg > 0. This combining with (5.5)—(5.6) yields (5.1)—(5.2) by means of an ODE
comparison argument. In view of (5.1), the Gagliardo-Nirenberg inequality entails that there
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exist C7 > 0, Cg > 0 and Cg > 0 such that

T 2
/ /(na +8)m+m—l+ﬁmds
0 Q

T — 2(m+m—l+]%m)
— ||(n£ + e 7 m—+m— ds
0

2(m+m—1+%m)

L mtm=T (Q)
T 2(m—+m 1+Nm) _
<G f IV (e 2@l e L ds
0 Lm+m=T(Q)
T T 2(m+m71+%m)
40 [ o™ BT T
0 L m+m—1 ()
T m+m—1
<[ 190+ 0™ ds +1)
0
< Co(T +1) forall T > 0. 5.7
The proof is completed. O

Next, an application of Lemma 5.1 also enables us to get a higher order regularity of n,
and u, in the case N = 3.

Lemma5.2 Let m > 1 and N = 3. Then there exists a positive constant C such that the
solution of (2.5) satisfies

T —
/ / IV(ne +&)"| % < C forall T >0
0 Q

and

T
/ / |Ms|170 <C(T+1) forall T > 0. (5.8)
0 Ja
Proof Recalling N = 3, then the Young inequality, (5.2) and (5.7) enable us to obtain that

r 8m—3
/ / IV(ne + &)™ o
0 Q

8m—. (m—1)(8m—3)
=m 4m (n(9 + 8) 4m |v(”la + 5)| 4m

8m—3 (n—1)Sm=3) _ 2m—3)(8m—3) 2m— 3)(8m 3)
=m dm (ng + 8) 4m 8m (ng =+ g) |V(n£ —+ g)| 4m

8m—3 @m=3)(8m=3)

ZmW/ /(ne +8) (na te) I V(e +e)|

< C]/ [/ (ne+8)2m*3|Vn8|2+/(ng+8)m+m,1+%m]
0 Q o
<Cy(T+1) forall T >0

with some positive constants C1 and C,. Finally, due to (3.11) and (3.13), employing the
Holder inequality and the Gagliardo-Nirenberg inequality, we conclude that there exist pos-
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itive constants C3 and C4 such that

T 10 T 10
5 3
/ / lug|3 = / e ll 10
0 JQ 0 L3 (Q)

r 4 10
0

Cy(T 4+ 1) forall T > 0.

IA

IA

The proof is completed. O

6 Regularity Properties of Time Derivatives

In preparation of an Aubin-Lions type compactness argument, besides the e-independent
estimates derived before (see Lemma 3.5 and Lemma 5.2), the time regularity is also indis-
pensable.

Lemma 6.1 Letm > 1 and N = 3. Assume that (1.6) and (1.7) hold. Then for any T > 0,
one can find C > 0 independent of € such that

T
/ 18, 016 + &) C, Dll @yt < C(T +1) 6.1)
0
as well as
T s
f Brce (. OI° s dt <C(T+1) (6.2)
0 wh2 (@)
and
T s
f 10rue (.0 s dt <C(T +1). (6.3)
0 (W2 ()

Proof Fix ¢ > 0. Multiplying the first equation in (2.5) by m(ns + )" lo € C®(Q), it
follows

/ [(ne +&)"lip
Q

/ [A(ns +8)" =V - (ngFe(ng)Se(x, ng, ce) - Veg) — g - Vna] ~m(ng + 5)’”71(/)
Q
< ‘—mQ/ (ne + )" (g + )" 'Vn, - V(p‘

Q

+ ‘—mz(m ) f (s +&)" " L(ng + &)" 2 VnePg
Q
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+m / Fe(ng)Se(x, neg, ce)(m — Dng(ne + S)m_zvna - Vegp
Q

+m / Fe(ng)Se(x, ng, ce)ne(ng + S)milvce : V‘P’ + / (ng +&)"ug - VW‘
Q Q

<m? / (ng+s>’"—‘(ng+e>m—l|wg|} @l
Q
+m? { f (ne + )" (ne + a)m—zwnaﬁ} lllwo g
Q
+ { / m?Cs(ne +e)m-1|Vns||ch|} lpllwrooq)
Q

+{/ [Csm(ne +&)"|Vee| + (ne + e)mlugl]} l@llw1.co()-
Q

Due to the embedding Wa4(Q) — WL®(Q) for q > 3, we deduce from the Young
inequality that there exist positive constants C; and C3 such that

T
/0 |9 (-, 1) | (w2a(@)-dt

T T T
<C U /(na+s>2’”‘3|wa|2+f f(na+e)2’"‘1+f /(ns+e>|ch|2}
0 Q 0 Q
T T 4
+C / /|ch|4+/ /(ns+8)§'” / /(ng+e)7 / f|u8|3}
0 Q 0 Q
T r 8m
scz{/ /(ns+s>2’"‘3|Vng|2+/ / |Vce|4+/ f(nﬁs)?“}
0 Q 0 Q 0 Q
T 10 T
+C / / lug|3 +/ /(n5+8)|Vce|2+T} forall T > 0.
0 Q 0 Q

According to the bounds provided by Lemma 3.5 and Lemma 5.2, it readily yields (6.1). For
any chosen ¢ € C®(2), we use it to test n.-equation in (2.5) and use (2.8) to obtain

‘/ atca('v t)(p’
Q

= /[Acs_cs'i'ns_us'VCE]'W‘
Q

= —f ch-VqJ—/ nscgq)—i—/ Cellg -V(p‘ (6.4)
Q Q Q

V 3
Vel 5 o+ mscell 3 o+ el 5 o+ llesuell 3 ]||¢||W S

IA

IA
[N

w3 (@)

\% 00 00
Il CSHL§(Q) + llcoll (Q)Ilnalng(m + lleollz (Q)Iluelng(Q)} Il
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for all + > 0. In view of the Young inequality and m > 1, (6.4) implies that there exists
C3 > 0 fulfilling

T s
f 10ice G0N s dt
0 W2(Q)*

r T 8m r 10
< ¢ (/ / |Vc€|2+/ /(nﬁe)?*l +/ / |u€|?+r) forall T > 0,
0 Q 0 Q 0 Q

which combined with Lemma 3.5 and Lemma 5.2 implies (6.2).
Finally, for the proof of (6.3), we pick + > 0 and multiply the third equation in (2.5) by
an arbitrary solenoidal ¢ € Cgf’a (Q: R%). Then by using the Holder inequality, we obtain

‘/ Orue (-, 1)90‘
Q

:’—/Vug-Vw—K/(YguS(@ua)-V(p—}-/nEV(]b-(p’
Q Q Q

< {uwgnL%(m el Yeue @ sl 3 o+ ||nEV¢||L%(m} 915 g, forall £> 0.
(6.5)
Since || Yev|l12(q) < vl 2(q) forallv € L(z, (R2), together with (1.7) and the Young inequal-

ity, (6.5) further implies that there exist positive constants C4 and Cs such that

(Q

T 5
[ v’ o a
0

Wy 2 ()%

T s T s T 5
<Cy (/ /|V”£|§+/ f|Ysus®us|§+/ /’%3)
0 Q 0 Q 0 Q
T T T m
<Cs (/ / |w8|2+/ / |Y£u8|2+/ /(ng+g)7—1+r> forall T > 0.
0 Q 0 Q 0 Q

This combined with the outcome of Lemma 3.5 and Lemma 5.2, we immediately obtain
(6.3). ]

In order to guarantee the pointwise convergence for each component of the approximate
solution, some further estimates on ngu,, u, - Vcg and ng Se (x, ng, cg) Ve are also needed.

Lemma 6.2 Let m > 1 and N = 3, and suppose that (1.6) and (1.7) hold. Then for any
T > 0, one can find C > 0 independent of & such that

T 10(8m—3)
/ f et S8 < (T + 1) (6.6)
0 Q
as well as
T 20
/ / e - Veo|TT < C(T + 1) (6.7)
0 Q
and
T 4(8m—3)
/ f [neSe(x, ne, ce) - Ve | 958m < C(T + 1). (6.8)
0 Q
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Proof Inlight of (2.9), (3.14), (5.3), (5.8) and the Young inequality, we derive that there exist
positive constants Cg, C7 and Cg such that

10(8m—3) 6(8m+7) Sm 3 8m+9
|n5u |’$(8m+7) < |VC5

< CG(T + 1) forall T > 0,

M,Wﬂ§</;/Qw>f(/ /w>

<Cy(T+1) forall T >0

£
11

and

, o) 9+8m 9+8m
[ [ mesitrome o ve 5 < (f /'Ws') </ L )
0 Q

Cs(T + 1) forall T > 0.

A

IA

These already establish (6.6)—(6.8). ]

7 Passing to the Limit. Proof of Theorem 1.2

Now, let us take the limit of the approximate solution (n, c¢, Ue)ec(0.1), and prove that the
limit functions of each component make up the solution of the problem (1.1) in the sense of
Definition 2.1.

We are now in the position to extract a suitable sequence of numbers ¢ along which the
respective solutions approach a limit in convenient topologies.

Proof of Theorem 1.2 First, based on Lemma 5.2, we see that (n, + ¢) is bounded in

8m—3

Llo“c’” (10, o0); Wl’% (2)), whereas 0, (ns + €)™ is bounded in L}OC([O, 00); (W24(Q))*)

thanks to Lemma 6.1. Therefore, a variant of the Aubin-Lions lemma ([29]) asserts that

8m—-3 _
(ne+e)ie ©.1) is relatively compactin L, O‘Z” (2 x [0, 00)) with respect to the strong topology
therein. Thus, one can choose ¢ = ¢; C (0, 1)en such that ; N\ 0 as j — oo and
(ne +&)™ — z{', and hence n, — z; a.e. in  x (0, oo) for some nonnegative measurable
1: 2x(0, 00) — R.Now, with the help of the Egorov theorem, we conclude that necessarily
z1 = n, thus

m
£€(0,1)

ne — n ae. in Q x (0, 00). 7.1

Therefore, due to (5.3)—(5.8), 8m 4m > 1 and 8"‘3—_3 > 1, there exists a subsequence ¢ = &; C
(0, ) jen such that e; \(0Oas j — oo

8m—3

(ne + )" 'Vne—n""1Vn i L2 (S x [0, 00)) (7.2)
and _
ne—n in L, 3 (Q x [0, 00)). (7.3)

Likewise, Lemma 3.5, Lemma 5.2 and Lemma 6.1 also imply that there is C; > 0 such that

licell2 qo.oonwi2y < C1(T + 1), [19cell s <C(T+1
(10,00); W1-2(£2))
loc ,(,(<[0 00): (W' 2 (@))")
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and

luell;2 ([0,00); W1-2(R)) <Ci(T+1), ||8tua|| 5 <C(T+D.
loc (10,00); (Wo ()"

I(lL
In view of the embeddings Wi2(Q) — LX(Q) — (Wl’%(Q)))*, we can again infer from
the Aubin-Lions lemma ([29]) that there indeed exist ¢ = &; C (0, 1)jen and the limit
functions ¢ and u such that

Cce = ¢ in LIZOC(S_Z x [0, 00)) and a.e. in © x (0, 00), (7.4)
Ug — U in LIZOC(S_Z x [0, 00)) and a.e. in 2 x (0, 00) (7.5)
as well as
Vee—Ve in L7 (€ x [0, 00)) (7.6)
and .
Vue—Vu in L} (2 x [0, 00)). (1.7)

For the same u as that in (7.5), in view of (5.8) and (3.11), one can thus pick ¢ = ¢; C
(0, 1) jen such that e; N\ 0 as j — oo and

10

ug—u in L3 (2 x [0, 00)),
Ao ) .72
Ug u in L, .((0, 00); L7 (2)).
Similarly, for the same ¢ as that in (7.4), recalling (2.8) and (3.14), we can also choose
e=1¢; C(0,1);en suchthate; Ny Oas j — oo and
ce—c in L}, ([0, 00); W' (),
* .
ce — ¢ in L®(Q x (0, 00)).

Next, let g (x, 1) := —ngce — ue - Vcg. Together with Lemma 2.2 and Lemma 5.2, we make
use of the Young inequality and obtain some C, > 0 such that

fT/| 2 < ol / /| |
negcC. o0 n
o Jo oF OlL=e ¢ (1.8)

Co(T + 1) forall T >0
and therefore, we further deduce from (6.7) that ¢, — Ac, = g, is bounded in
Lmin{%’gmai}(ﬂ x (0, T)) forany € € (0, 1). So that, one may invoke the standard parabolic

regularity theory to infer that (¢, )< (0,1 is bounded in Lmin(Fy, ¥ ((0 T); w2 min{ 373}(9)).
This together with (6.2) and the Aubin-Lions lemma enables us to ﬁnd a subsequence

e =¢; C(0,1)jensuchthate; \ Oasj — ooanchg — szmelll }(QX(O 7))

IA

IA

forall T € (0, o0) and some z; € Lminl i }(Q x (0,7)) as j — oo, hence Ve, — 22
a.e.in 2 x (0, 00) as j — o0. In view of (7 6) and the Egorov theorem, we conclude that
7o = Ve, and

Ve — Ve ae. in Q x (0,00) as e =¢; \(0. (7.9

Thereupon, in view of (1.2), (2.3) and (7.1), we may further infer that

ngSe(x, ng, cg) - Veg — nS(x,n,c)- Ve ae.in Q x (0,00) as e:=¢; \(0. (7.10)
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On the other hand, it follows from (6.8) and the Aubin-Lions lemma that there exists a further
subsequence ¢ = ¢; C (0, 1) jen such that

4(8m—3)

neSe(X, ng, cg) - Vee—2z3  in Llogc+8m (€2 x (0, 00)),

which together with the Egorov theorem and (7.10) implies that z3 = nS(x, n, ¢)Vc, and
therefore, (7.10) can be rewritten as

ngSe(x,ng,ce) - Vee—nS(x,n,c)Ve
4(8m—3)

in L, (2x(0,00)) as e =¢; \ 0. (7.11)

oc

Employing the same arguments as those in the proof of (7.11), and taking advantage of (6.6),
(6.7), (7.1), (7.4), (7.5), (7.8) and (7.9), we conclude that

8m—3 _
nece — nc in L (2 x (0,00)) as e =¢; \(0, (7.12)

10(8m—3)
neus—nu in L,0""" (Q x (0,00)) as e =¢; \(0 (7.13)

as well as "

ug - Veg—u-Ve in L (Qx (0,00)) as e =¢; \ 0
and o

ceg—cu in L3 (S x (0,00)) as & =¢; \( 0. (7.14)

Here we have used the fact that
Cell C o n
0 ehe 0l L>®(2) 0 € (7.15)

C3(T + 1) forall T > 0 with some positive constant C3
by (2.8) and (5.8). According to a well-established argument (see e.g. [16, 49, 58]), one can
infer from (7.5) and the Lebesgue dominated convergence theorem that

IA

IA

Yeue @ ue — u®u in L}, (2 x[0,00)) as & =&; \( 0. (7.16)

Now (7.2), (7.11), (7.12), (7.13) and (7.14) firstly warrant that the integrability requirements
in (2.2) are satisfied. Secondly, the regularity properties (2.1) therein are obvious from (7.3)—
(7.7). Finally, relying on the above convergence properties, one can pass to the limit in each
term of weak formulation for (2.5) to construct a global weak solution of (1.1) and thereby
completes the proof. O
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