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Abstract

We study the asymptotic behaviour of a gradient system in a regime in which the driving
energy becomes singular. For this system gradient-system convergence concepts are ineffec-
tive. We characterize the limiting behaviour in a different way, by proving I'-convergence
of the so-called energy-dissipation functional, which combines the gradient-system compo-
nents of energy and dissipation in a single functional. The I'-limit of these functionals again
characterizes a variational evolution, but this limit functional is not the energy-dissipation
functional of any gradient system. The system in question describes the diffusion of a par-
ticle in a one-dimensional double-well energy landscape, in the limit of small noise. The
wells have different depth, and in the small-noise limit the process converges to a Markov
process on a two-state system, in which jumps only happen from the higher to the lower well.
This transmutation of a gradient system into a variational evolution of non-gradient type is a
model for how many one-directional chemical reactions emerge as limit of reversible ones.
The I'-convergence proved in this paper both identifies the ‘fate’ of the gradient system for
these reactions and the variational structure of the limiting irreversible reactions.

Mathematics Subject Classification 35K10 - 35K15 - 35K57 - 35R06 - 35K67 - 35B25 -
35B27 - 49599 - 60H10 - 60F10 - 70G75 - 37105

1 Introduction

1.1 Diffusion in an asymmetric potential landscape

Our interest in this paper is the limit ¢ — 0 in the family of Fokker—Planck equations in one
dimension defined by
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Fig.1 A typical asymmetric
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Fig.2 The time evolution of a solution pg (¢, x) to (1) whose initial distribution is supported on the left. Time
increases from left to right. At the final time, the solution is close to the equilibrium distribution, which is
proportional to exp{—V (x)/e}. The smaller the value of ¢, the sharper the equilibrium distribution concentrates
around the global minimum x;,

3 pe = 18(8 Oxx Ps + Oy (,osV’)), onR, x R. )]

Here we take an asymmetric double-well potential V : R — R as depicted in Fig. 1.

A typical solution p, (¢, x) is displayed in Fig. 2, showing mass flowing from left to right.
There are two parameters, € > 0 and 7, > 0. The first parameter ¢ controls how fast mass can
move between the potential wells, where smaller values of ¢ correspond to larger transition
times. The second parameter 7, sets the global time scale, and is chosen such that typical
transition times from the local minimum x, to the global minimum x; are of order one as
& — 0 (see Eq. (3) below).

The small-¢ limit in the PDE (1) is known as the high activation energy limit in the context
of chemical reactions. In this setting, the PDE can be derived from the stochastic evolution
of a chemical system, modelled by a one-dimensional diffusion process ¥/ = Y*(¢) in R,
satisfying

dYF = —V'(Y?)dr + +/2¢ dB,,

where By is a standard Brownian motion. For example, consider a particle starting in the left
minimum x, and propagating from left to right. This propagation models a reaction event in
which a molecule’s state changes from a low-energy state x, via a high-energy state xq to
another low-energy state x,. The assumption of asymmetry of the potential V corresponds
to modelling a reaction in which the final energy is lower than the initial energy. The energy
barrier that the particle has to overcome, V (xo) — V(x,), is the activation energy of the
reaction.

Hendrik Antony Kramers was the first to translate the question of determining the rate
of a chemical reaction into properties of PDEs such as (1) [20, 21]. Decreasing ¢ reduces
the noise level in comparison to the potential energy barrier, and a transition from x, to x;
becomes more unlikely, and hence the average time until a transition x, ~~ Xj increases.
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Kramers derived an asymptotic expression for this average time:
Efinf(r > 0: ¥ = x,)[¥§ = x|

_ 2 1 _
= [+ o(Deol s exple ™! (V0x0) = V (k). )

which now is known as the Kramers formula. It shows that the average transition time scales
exponentially with respect to the ratio of the energy barrier V (xo) — V (x,) to the diffusion
coefficient ¢. For further details and background on this model, we refer to the monographs
of Bovier and den Hollander [3], and of Berglund and Gentz [5].

We are interested in the limit ¢ — 0 in the Eq. (1). In this limit we expect the solution
pe to concentrate at the minima x, and xp. Furthermore, transitions from left to right face
a lower energy barrier than from right to left, and because of the exponential scaling in the
energy barrier in (2), we expect that in the limit ¢ — 0 transitions occur much more often
from left to right than from right to left.

Since we want to follow left-to-right transitions, we choose the global time-scale param-
eter T, approximately equal to the left-to-right transition time:

2 |
T, := ————————=expl{e”  (V(xg) — V(x . 3
e L ENIEAT] ple™ (V(xo0) (xa))} (3)
Speeding up the process Y (¢) by 7. as X¢(¢) := Y*(z,t), the accelerated process X* satisfies
the SDE

dX? = —7, V/(X5) dt + /2¢7, dB;, “)

and the Eq. (1) is the Fokker-Planck equation for the transition probabilities p. (¢, dx) =
P (X ;€ dx).

In the rescaled Eq. (1) we therefore expect the limiting dynamics to be characterized by
mass being transferred at rate one from the local minimum x,, to the global minimum x;, and
to see no mass move in the opposite direction. In terms of the solution p., we expect that

P = po = 28y, + (1 —2)éy,, %)

where the density z = z(¢) of particles at x, satisfies d,z = —z, corresponding to left-to-right
transitions happening atrate 1. The time evolution of the limiting density is depicted in Fig. 3.

The main results of this paper imply the convergence (5), but they provide more informa-
tion: they describe the fate of the gradient-system, variational-evolutionary structure satisfied
by (1). We describe this next.

t=1 t =19 t=T
po(O,.’L‘)

Ta Ty Tq Ty Tq Ty Zq Ty

Fig.3 The time evolution of pg, defined as the ¢ — 0 limit of the solution p¢ (¢, x) to (1). The initial distribution
is supported solely on the left. Mass flows only from left to right, with rate one
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1.2 Gradient systems and convergence

Both the convergence of stochastic processes and the convergence of PDEs are classical
problems, and the particular case of the small-noise or high-activation-energy limit is very
well studied; see the monographs of Berglund—Gentz and Bovier-Den Hollander that we
already mentioned for much more on this topic [3, 5].

In this paper, however, our main interest in the ¢ — 0 limit of Eq. (1) is the relation with
convergence of gradient systems. One of the main points of this paper is that while the ¢ > 0
systems are of gradient type, there is no reasonable convergence that remains within the class
of gradient systems. Instead we prove a convergence result to a more general variational
evolution that is not of gradient type.

In this paper we focus on gradient systems in the space of probability measures on R
with a continuity-equation structure. Eq. (1) is of this form; it can be written as the triplet of
equations

0rps + 0y joe =0, (continuity equation), (6a)
Je=JE, (specification of flux), (6b)
JP = =1 [80xpe + pe0x V1, (definition of JZ£ in terms of p;). (6¢)

For pairs (p;, je) satisfying (6a), the second Eq. (6b) can formally be written as

Ze(pes Je) = 0, )

in terms of the trivially nonnegative functional Z,,

1 (7 1 1
Ze(Pes Je) == f/ / —|jet, x) — Jg’(t,x)ydedt. (8)
2 0 R €Te p(t7x)

By expanding the square in Z, (see Lemma 2.2 for details) one finds the equivalent form
of (7),

=T T
(L(Pe,]}:) =) Es(/))’izo +/(; [Rs(pyj) + R:(P, _DEs()O))] dr <0. (9a)

= Dl(p, J)
In (9a) the functional E; is given as
Eq(p) = h dx) = e VWeg 9b
e(p) :=H(plye) where y,(dx):=—-e X, (9b)
&
and H(u|v) is the relative entropy of  with respect to v. The dual pair (R, R}) of dissipation

potentials is formally defined as

1

R:(p, J) = ez
£

2
/J— and RZ(p, §) :=%/52p. (%)
R O 2 Jr

The inequality (9a) is known as the EDP-formulation of the gradient system defined
by E¢, R., and the continuity equation; see e.g. [1, 28, 32] for a general discussion of
gradient systems, and [35] for a specific treatment of gradient systems with continuity-
equation structure. The dissipation potential R} in (9¢) and its dual R, can be interpreted as
infinitesimal versions of the Wasserstein metric, and for this reason system (6) or equivalently
Eq. (1) is known as a Wasserstein gradient flow [1, 32, 39].
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The EDP-formulation (9) can be used not only to define gradient-system solutions, but
also to define convergence of a sequence of gradient systems to a limiting gradient system.
Although this method will not be directly of use to us for the proofs in this paper, since the
limiting system of this paper will not be of gradient-system type, we will use a number of
elements of this method. In addition, it is useful to contrast the method of this paper with this
convergence concept.

Definition 1.1 (EDP-convergence) A sequence (E,, R.) EDP-converges to a limiting gradi-
ent system (Eop, Ro) if

r
1. E. — E),
r
2. DI — D] forall T, and
3. the limit functional Dg can again be written in terms of the limiting functional Eq and a
dissipation potential Ry as

T
Do, j) = /0 [Ro(o. j) + R§(p. ~DEo(p))] dr. (10)

EDP-convergence implies convergence of solutions: If (p,, j¢) is a sequence of solutions
of (1) or equivalently of (9) that converges to a limit (pp, jo), and if the initial state p(0)
satisfies the well-preparedness condition

E¢(pe(r = 0)) = Eo(po(r = 0)), an

then the limit (pg, jo) is a solution of the gradient flow associated with (Egp, Rp). See [28,
29] for an in-depth discussion of EDP-convergence.

1.3 (Non-)convergence as ¢ — 0 in the Kramers problem

For symmetric potentials V, EDP-convergence of the gradient systems (E, R;) of (9b—9c)
has been proved in [2, 24]. For non-symmetric potentials as in this paper, however, we claim
that the sequence (E;, R;) can not converge in this sense, and we now explain this.

1. The functional E. blows up The first argument for non-convergence follows from the
singular behaviour of the driving functional E,. We can rewrite this functional as

_ -1 _—V/jey _ 1
Eeo) =HplZ; ') = [ pologprdx+ | p(-V+10gZc).  (12)
R R &

Since the normalization constant Z, is chosen such that y, has mass one, the term in paren-
theses converges to +oo at all x except for the global minimizer x = x; (this follows from
Lemma 4.4). Therefore E, I"-converges to the singular limit functional

Eo(p) = {0 o= d
400 otherwise.

This implies that if p.(0) retains any mass in the higher well around x, as ¢ — 0, then
E:(p:(0)) — oo. The ‘well-preparedness condition’ (11) therefore can only be satisfied in
a trivial way, with the initial mass being ‘already’ in the lower of the two wells. Indeed, a
gradient system driven by Ep admits only constants as solutions, and does not allow us to
follow transitions from x, to xp.
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2. Other scalings of E. also fail One could mitigate the blow-up of E; by choosing a
different scaling of E,

E.(p) = eEc(p) =8/ p(X)logp(x)dx+/ p(V +elogZ,),
R R

which I'-converges to the functional p — [ pV. With this scaling the well-preparedness
condition (11) is simple to satisfy, and by general compactness arguments (e.g. [13, Ch. 10])
the correspondingly rescaled functionals DT = ¢D! also T'-converge to a limit DO How-
ever, this limit functional DO fails to characterlze an evolution; we prove this in Sect. 1.6.4
below. Other rescaling choices suffer from similar problems.

3. EDP-convergence should fail There also is a more abstract argument why EDP-
convergence should fail, and in fact why any gradient-system convergence should fail. In
the limit ¢ — O the ratio of forward to reverse transitions diverges, leading to a situation in
which motion becomes one-directional. On the other hand, in gradient systems motion can
be reversed by appropriate tilting of the driving functional. Therefore the one-directionality
is incompatible with a gradient structure.

Note that the limiting equation itself, z = —z (see Sect. 1.5), can be given a gradient
structure, even many different gradient structures; one example is

2) =52 2) =525
Our claim here is the following: although the limiting equation can in fact be given a multitude
of gradient structures, none of these structures can be found as the limit of the Wasserstein
gradient structure of Eq. (1). The simplest proof of this statement is the I'-convergence
theorem that we prove in this paper (Theorem 1.3), which identifies the limit functional; this
functional does not generate a gradient structure.

Summarizing, although for each ¢ > 0 the Eq. (1) is a Wasserstein gradient flow with
components E. and R, these components diverge in the limit ¢ — 0, and only trivial
gradient-system convergence is possible.

On the other hand, the functional Z; combines the components E;, R;, and R} in such
a way that their divergences compensate each other; in the case of solutions of (1), Z, even
is zero for all e. This suggests that 7, is a better candidate for a variational convergence
analysis, and the rest of this paper is devoted to this. Indeed we find below that the limit of Z,
is not of gradient-flow structure, confirming the earlier suggestion that the sequence leaves
the class of gradient systems.

Remark 1.2 In [36, 37] one of us developed convergence results for this same limit & — 0 for
the case of a symmetric potential V, using a functional framework based on L2-spaces that
are weighted with the invariant measure y,. This approach suffers from a similar problem as
the Wasserstein-based approach above. The limiting state space is the space L2, weighted by
the limiting invariant measure &, which is a one-dimensional function space; in combination
with the constraint of unit mass, the effective state space is a singleton. Consequently the
limiting evolution would be trivial.

1.4 Main result—I"-convergence of Z,

In the previous section we introduced the functional Z; of a pair (p, j) with the property that
solutions of the Eq. (1) are minimizers of Z, at value zero. As for gradient structures, we can
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therefore reformulate the question of convergence as ¢ — 0 in terms of I'-convergence of
these functionals. The main questions then are:

(i) Compactness For a family of pairs (p,, j.) depending on &, does boundedness
of Z.(p,, j;) imply the existence of a subsequence of (p, j/) that converges in a
certain topology 7?

(ii) Convergence along sequences Is there a limit functional Zj such that

I'—1limZ, =Zp?
e—0

(iii) Limit equation Does the equation Zy(p, j) = 0 characterize the evolution of (p, j)?

We answer the first question in Theorem 4.7, which establishes that sequences (p;, j.) such
that Z,. (p,, j;) remains bounded are compact in a certain topology.

The second question is answered by Theorems 4.7 (liminf bound) and Theorem 5.4 (limsup
bound), which together establish a limit of Z; in the sense of I"-convergence. Here, we give
a short version that combines these theorems into one statement. For convenience we collect
pairs (p, j) that satisfy the continuity Eq. (6a) in a set CE(0, T'; R); convergence in this set
is defined in a distributional sense (see Definitions 3.1 and 3.2 ). The following theorem
summarizes Theorems 4.7 and 5.4 .

Theorem 1.3 (Main result) Let V satisfy Assumption 4.1. Then

1. Sequences (p¢, je) for which there exists a constant C such that
. C
Te(pes je) <C  and  E¢(p:(0)) < . (13)

are sequentially compact in CE(0, T');
2. Along sequences (p, je) satisfying

pe(t =0) ——pg(dx) := 2%y, (dx) + (1 — 2°)8y,(dx) ase — 0, (14)
the functional T, T'-converges to a limit I.

In the next section we define the limit functional Zy and show that it characterizes the limit
evolution as 7/ = —z.

Remark 1.4 The condition (14) can be interpreted as a well-preparedness property: it states
that the initial datum converges to a measure of the same structure as the subsequent evolution
(see (17a) below). The bound (13) on the initial energy provides a second type of control on
the initial data.

1.5 The limiting functional Z,

Introduce the function S : R? — [0, 0],

alog% —a+b, a,b>0,
S(alb) =15, a=0b>0, (15)

+o00, otherwise.

The map Zyp : CE(0, T) — [0, oo] is defined by

T
Zo(p, J) = 2/0 S (01z(®) dr, (16)
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whenever
p(t,dx) = z(t)8x, (dx) + (1 — z(¢))éx, (dx) for almost all ¢, (17a)
z(0) = z° (see (14)), and (17b)
J is piecewise constant in x and given by j (¢, x) = j(t)L(x, x,)(x). (17¢)

Otherwise, we set Zg(p, j) = +o0.

Lemma 1.5 (See Lemma 4.11) If Zyp(p, j) < oo, then

1. The function z in (17a) is absolutely continuous and non-increasing,
2. The function j(t) in (17¢) satisfies j(t) = —z/(t) for almost all t.

Forall (p, J), Zo(p, j) = 0; if Zo(p, j) = O, then z satisfies 7/ (t) = —z(t) for all t.

The final part of this lemma allows us to characterize any limit of solutions (pg, j¢) of (6).
Such solutions satisfy Z.(pe, je) = 0; therefore any limit (pg, jo) along a subsequence
&r — 0 satisfies

0 < Zop(po, jo) < lim infzsk (pe, Je) =0,
ex—0

and therefore pg has the structure (17a) and the corresponding function z satisfies 7/ = —z.
Since the limit is unique, in fact any sequence (pg,, js,) converges. The evolution of such a
function py is depicted in Fig. 3.

Remark 1.6 (Z; does not define a gradient structure) While the limiting equation 7/ = —z
has multiple gradient structures (see Sect. 1.3), the limiting functional Zy does not define
any gradient structure. This example therefore is another illustration of how convergence
of gradient structures is a stronger property than convergence of the equations (see [28] for
more discussion on this topic).

To see that Z( does not define a gradient system, at least formally, assume for the moment
that there exist E and R such that

T T T
2 / S(—2/|2)dr = / [Ree. ) +R* G ~E'@)] dr 4 E)| - (18)
0 0 0

By taking a short-time limit we deduce that
28(—v|z) =R(z,v) +R*(z, —E'(z)) + E(z) -v  forall z, v,
and by differentiating with respect to v we find
DyR(z, v) = —2log _7” —E(z) forallz,v.
Part of the definition of a gradient system is the requirement that R(z, -) is minimal at v = 0
for each z (see the discussion in [30, p. 1296]), and the expression for the derivative DR(z, v)

above shows that this can not be the case. This mathematical argument backs up the more
philosophical arguments in Sect. 1.3 that that Zy does not define a gradient system.
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1.6 Discussion
1.6.1 Main conclusions

The main mathematical question in this paper is to understand the ‘fate’ of a gradient structure
in a limit in which this gradient structure itself must break down. What we find can be
summarized as follows:

1. Although the energy E. and the dissipation potentials R, and R} diverge, the single
functional Z, that captures the Energy-Dissipation-Principle persists;

2. This functional Z, provides sufficient control for a proof of compactness and I'-
convergence;

3. The limiting functional Zy defines a ‘variational-evolution’ system, but not a gradient
system;

4. Both the EDP functional Z, and its limit Zy have a clear connection to large deviations
(see below).

Although the convergence proved in Theorem 1.3 is not a gradient-system convergence
and the energies £, do not converge, we do use a small component of the typical gradient-
system evolutionary-convergence proof. We need some control on the initial data; this is
visible in the bound on E; in (13), which stipulates that E.(p.(t = 0)) is allowed to diverge,
but not too fast. In fact, the requirement in the proof of Theorem 4.7 is that E.(p.(t = 0))
diverges more slowly than exponentially.

1.6.2 Connection to large-deviation principles

Both the pre-limit functionals Z, and the limit functional Zy have a clear interpretation as
large-deviation rate functions of stochastic processes. In addition, the main result of this
paper makes the diagram in Fig. 4 into a commuting diagram. We now explain this.

Let X; (¢) be independent copies of the upscaled diffusion process satisfying (4), and
define formally the empirical flux-density pair (pgn, je,n) by

1 n ) 1 n
Pen = D bxty and e, & - D xedXE (@), (19)
i=1 i=1
.1, Stochastic ~Large deviations S
reversible “p .00l (e,n) "3 o0 7. Gradient Flow

1 \:
0 0

irreversible S}—_?r%h(isstsi(éo’ n)L,@FE%,(%Yé%ﬁQI}:* 7y  Non-Gradient-Flow
Fig. 4 The top row corresponds to the empirical flux-density pairs (19) stemming from i.i.d. copies of the
reversible diffusion process X f (t) from (4), whose Fokker-Planck equation is (1). The bottom row corresponds
similarly to a jump process defined on two states {a, b}, with jumps only from a to b. We prove the right arrow
by Theorem 1.3, and the left arrow also follows from this result. More explanation is given in the text
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The functional Z, characterizes the large deviations of (¢, je.n) in the limit n — oo for
fixed ¢ [10, 16] (see also [4, (1.3) and (2.8)])

. . n—00 .
P[(ps,na Jav")‘te[O,T] ~ (pe, 15)‘te[0,T]j| ~ CXP(—”Zs(ps, ]s))-

This is the top arrow in Fig. 4.

The limit functional Zp, on the other hand, similarly characterizes the n — oo large
deviations of flux-density pairs of n independent particles jumping between two points x,
and xp, with jump rates given by r,—,, = 1 and ., = 0 (see e.g. [22, 38]). This is the
bottom arrow in Fig. 4.

The right-hand arrow in Fig. 4 is the main result of this paper, Theorem 1.3, which
establishes the I"-convergence of Z, to Zy in the limit ¢ — 0.

In the case at hand, in which the n particles constituting the stochastic processes on the
left-hand side of the diagram are independent, the left-hand arrow also follows from the
results of this paper: The zero sets of Z, and Zy are the forward Kolmogorov equations for
the corresponding single-particle stochastic processes, for which the I"-convergence implies
convergence of solutions to solutions; in turn, this implies that the stochastic processes
converge.

In conclusion, with the results of this paper we see that the diagram of Fig. 4 commutes.

A close connection between Gamma-convergence of rate functions and convergence of
processes is observed more broadly; see [7, 11, 27].

1.6.3 Connections to chemical reactions

There is a strong connection between the philosophy of this paper and results in the chem-
ical literature on the appearance of irreversible chemical reactions as limits of reversible
reactions, for instance using mass-action laws to describe the dynamics. Gorban, Mirkes,
and Yablonksy [18] perform an extensive analysis of such limits and the corresponding
behaviour of thermodynamic potentials. Although the gradient-system description of (1) has
a clear thermodynamic interpretation (see e.g. [32, Ch. 4-5]), the current paper is different
in that the starting point is a diffusion problem, not a discrete reaction system. However, the
connections between these two approaches do merit deeper study.

1.6.4 The renormalized gradient system (Ee, Ee) also does not converge

As we remarked in Sect. 1.3, the functionals E, dlverge as ¢ — 0, but the rescaled functionals
ES := ¢ E, I'-converge to a well-defined limit Eo (,o) = f pV .Itisanatural question whether
switching to the rescaled gradient system (Es, Rs) might solve the singularity problems
described in Sect. 1.3. Here the rescaled potentials are defined by

~ . . ~ 1
Rep.j)i=eRe(p ) and  Ri(p.§):=eR!(p. £),
and EDP-convergence of (ES, ﬁa) would follow from the I'-convergence of
T
Dl (p. J) = DL (p. ) = /0 [Retp. )+ Re (o, —DE.(p) | s
Even if (E P R ¢) does converge in the EDP > sense to (Eo, Ro) for some dissipation poten-

tial Ry, then this limiting gradient system (Eo, Ro) admits a very wide class of curves as
‘solutions’. This can be recognized as follows.
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Letz € C!([0, T]) with z/ < 0, and define (po, Jjo) according to (17); since 7 is bounded
we have Zy(po, jo) < oo. By the recovery-sequence Theorem 5.9 there exists a sequence

(e jg)Nconverging to (po, jo) such that Z. (e, je) — Zo(po, jo) and liminf,_¢ Eg(pg (t=
0)) > Eo(po(t = 0)). We then calculate

DE (po, jo) + Eo(po(T))
< liminf D (e, jo) + Ee(0e(T))
e—0

= lim inf eZ, (o5, Je) + E¢(p:(0)) < Eo(p0(0)).

It follows that (pg, jo) is a solution of the gradient system (Eo, Ro) ThlS shows that any
decreasing function z generates a solution of the gradient system (Eo, Ro) this explains our
claim that it is too degenerate to be of any use.

1.7 Notation

CE(0,T) set of pairs (p, j) satisfying the continuity equation Def. 3.1
Chm(XxY) space of functions that are n times differentiable on X and m times on Y

Ve invariant measure normalized to one Eq. (9b)
vt left-normalized invariant measure Sec. 4.2
E; energy Eq. (%9b)
E e, i—g, f() rescaled functionals Def. 5.1
E(lv, A) localized relative entropy Sec. 4.1
Te functional for pre-limit variational formulation Def. 20
Ty functional for limit variational formulation Eq. (16)
Je flux transformed under yg Eq. (39¢)(39d)
M(2), P(2)  signed Borel and probability measures Sec. 3.1
M=0(2) non-negative Borel measures Sec. 3.1
or. 09 07 =10, T] x Rand Q9% = [0, T] x [—1/2,1/2].

R(u|v, A) localized relative Fisher-information Sec. 4.1
Des 7792 measures transformed under y, Eq. (39a)
S(a|b) function in limit functional Z Eq. (15)
Te exponential time-scale parameter Eq. (3)
ﬁﬁ density transformed under ye Eq. (39b)
i limit density Eq. (47)
\4 potential/energy landscape Ass. 4.1
Ve, Qs auxiliary functions Sec. 4.3

2 Elements of the proofs

The proofs of compactness and I"-convergence hinge on a number of ingredients.

Dual form of the functional T, The definition of Z, given in (8) is formal, since it only
makes sense for sufficiently smooth measures p. and j.. The dual formulation that arises
naturally from the large-deviation context (see Sect. 1.6.2) solves this definition problem:

Definition 2.1 The functional Z, : CE(0, T) — [0, co] is defined by

Te(p, j) 1= sup{/OT /}R[jb—srgp(axb - ébV’ + %bz)] :
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b e ([0, T] x R)}. (20)

Note how this dual form of Z, remains singular in multiple ways: the factor 7, p is expo-
nentially large in any region where p has O (1) mass, and it is small near the saddle xo where
p is expected to behave as y.

The following lemma makes the connection rigorous between Z, and the (E;, R, ) gradient
system.

Lemma 2.2 Let (p, j) € CE(0, T) satisfy Ec(p(0)) < oo. Then
Ze(p, j) = Ec(p(T)) — Ec(p(0))
T 2
+/ /[i\va,x)!zps(r,dxwﬁ 0.v/ult, )| yg(dx)] dr. 1)
o Jrl2ete 2

Re (ps (1), Ji (1)) “RE(pe(1).~DEc (0 (1))

Here the integral in (21) should be considered equal to +00 unless the following are satisfied.:

1. j is absolutely continuous with respect to p on Qr, with density v := dj/dp;
2. p is Lebesgue-absolutely continuous on Qr, with density u := dp/dy,;
3. dyu e Ll (Q7).

This type of reformulation is fairly standard, but we did not find an explicit proof for this
case; we provide a proof in Appendix A.4.In (21) we place R} (,08 (1), —DE(p. (t))) between
quotes, since this expression is only formal; in fact, the expression above the brace could be
considered a rigorous interpretation of R} (s (1), —DE (p¢(1))).

Forcing concentration onto the two points x, and xj, The starting point of the proofs of
compactness and the lower bound in Theorem 4.7 is the ‘fundamental estimate’ of every
['-convergence and compactness proof,

Ze(pe, je) < C.

Restricting in (20) to functions b supported in [0, ¢], and taking into account the divergence
of E¢(p:(0)) as C/e (see Sect. 1.3) and the bound on Z,, we obtain for each ¢ € [0, T'] the

estimate
/ / 828
0 R

Since the integral is non-negative and the constant C is independent of ¢, there are con-
stants Cp, C; such that for every ¢ € [0, T,

L 2 c ¢
/ /RTS ax\/m‘ ye(dx)dr < ?1 Ec(ps (1) < ?2
0

/Tf”e
o Jr 2

The divergence of the right-hand side in (22) has consequences for compactness:

2
/e, 0| 7o) di -+ Eepete) =

Hence

2
0v/uet, )| ye(dx) di + sup Ec(pe(0) = = 22)

tel0,T] &

1. Because of the growth of V at o0, the divergence at rate C /¢ of E.(p.(t)) suffices to
prove tightness of p, (t);
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2. However, to prove concentration onto the two points x, and x;, we need to use the
polynomial divergence of the ‘Fisher information’ integral that is guaranteed by (22). By
applying Logarithmic Sobolev inequalities localized to each of the wells, this divergence
is sufficiently slow to force concentration onto {x,, xp}. This does require us to assume
uniform convexity of each of the two wells separately.

The details are given in Sect. 4.

The form of the limit functional Zy One can understand how the limiting functional Zy
appears in at least three different ways. The first is by observing that Zy is the rate function
for the Sanov large-deviation principle of a two-point jump process; see Sect. 1.6.2 above.

The second understanding of the structure of Zy follows from the proof of the lower bound.
This bound follows from making a specific choice for the function b in the dual formula-
tion (20), of the form b (¢, x) = =2 f (t)8§0 (x), where 8;) indicates an appropriately rescaled
derivative of the classical committor function (see Sect. 4.3); in the limit 8;0 converges to a
Dirac measure at the saddle xo. With this choice we find the lower bound (Theorem 4.7)

T
liminf Z, (p¢, je) > 2/ z(t)[f/(t) — (ef® — 1)] dt +z° £(0)
e—0 0 —— — —

from jb  frometep(...)

forany f € C}([0, T]) with £(T) = 0.

The supremum of the right-hand side over functions f equals the functional Zy, expressed
in terms of z. This argument is explained in detail in Sect. 4.

The third way to understand the form of Zy is through the construction of the recovery
sequence. This sequence is obtained by first applying a spatial transformation x +— y =
Ve (x), where the mapping y, is similar to the mapping § used in [2, Sec. 2.1]. The choice of
ve and 7, leads to a desingularization of Z., which takes the formal form

. 1 (T 1 2
7.5, 7) = - —|iq, a,it(t, dydr. 23
(P 1) 2/0 /Ru‘(t,y)b( y) + dyia“ (., y)|"dy (23)

Here 6 and j are transformed versions of p and j that again satisfy the continuity equation,
and it is the density of p with respect to the ‘left-rescaled invariant measure’; see Sect. 5 for
details.

The remarkable aspect of this rescaling is that the expression (23) no longer contains any
singular parameters. The recovery sequence is constructed by solving an auxiliary PDE for
%, based on (23), which then is transformed back to a pair (o, je)-

After transformation to the coordinate y, the left well at x, and the right well interval
[xp—, xp+] (see Fig. 1) are mapped to —1/2 and 1/2. From (23) one then finds an alternative
expression for the function S of (15) in terms of functions u(y) (see Lemma A.4):

1 +1/2 1 2
S(jlz) = —i f{/ ——|j+ ') dy: @ [=1/2,1/2] = (0, 00),
4w Jorp uly)

u(—=1/2) =z, and ii(+1/2) = 0.}

This formula is closely related to the expression for the limiting rate functional in [2,
Eq. (1.30)]; see also [24, App. Al.
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3 Rigorous setup
3.1 Preliminary remarks

Throughout this paper we use the following conventions and notation. We write Q7 for the
time-space domain [0, 7] x R. CZ"'”(QT) is the space of functions f : Qr — R that are n
times differentiable in ¢ and m times differentiable in x, and these derivatives are continuous
and bounded. (In the uses below we will require no mixed derivatives). M(Q7) and M(R)
are the sets of finite signed Borel measures on Q7 and R. We will use two topologies for
measures:

e The narrow topology, generated by duality with continuous and bounded functions; and
e The wide topology, generated by duality with continuous functions with compact support.

The sets Mxo(R) and P(R) are the subsets of non-negative measures and probability mea-
sures with the same topology.

For a measure © € M(R) that is absolutely continuous with respect to the Lebesgue
measure, we write i (dx) for the measure and p (x) for the density, so that u(dx) = p(x)dx.
The push-forward measure of a measure © € M(R) under amap 7 : R — R is given by

(Tew)(A) := n(T~'(A))  forall Borel sets A C Q,
or equivalently

/ o) (Typn)(dy) = / (T (x))u(dx)  for all Borel measurable ¢ : R — R.
R R

3.2 Full definition of the continuity equation

The functionals Z, are defined on pairs of measures (p, j) satisfying the continuity equation
d;p + 9y j = 0 in the following sense.

Definition 3.1 (Continuity Equation) We say that a pair (o(¢, -), j (¢, -)) of time-dependent
Borel measures on R satisfies the continuity equation if:

(i) Foreachr € [0, T], p(t, -) is a probability measure on R. The map ¢ + p(t, -) € P(R)
is continuous with respect to the narrow topology on P(R).

(ii) Foreacht € [0, T], j(¢, -) isalocally finite Borel measure on R. Themap ¢ +— j(z,-) €
M(R) is measurable with respect to the wide topology on M (R), and the joint measure
on Q7 = [0, T] x R given by

/ |j(, B)|dt for A C[0,T], B C R bounded,
teEA

is locally finite on Q7.
(iii) The pair solves 9;p + d j = 0 in the sense that for any test function ¢ € C C' (Q7) with
¢ =0attr =T, we have

T
f / [p(t,dx) d:(t, x) + j(t,dx) 0y (t, x)] dt +/ 0(0,dx)p(0,x) =0.
0 JR R
(24)

We denote by CE(0, T') the set of all pairs (p, j) satisfying the continuity equation. |

This definition gives rise to a corresponding concept of convergence.
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Definition 3.2 (Convergence in CE) We say that (p;, j.) converges in CE(0, T') to (oo, jo) €
CE(0, T) if

1. pe(0, -) converges narrowly to pg(0, -) on R;
2. pe converges narrowly to pg on Q73
3. forallg € CH(Qr) withg =0att =T,

T T
lim/ /jg(t,dx) 3x<p(t,x)dt=/ /.jo(t,dx)a)((p(t,x)dt. (25)
0 R 0 R

e—0

Note that then the identity (24) for (pg, j.) passes to the limit.

Remark 3.3 (The convergence arises from a metric) The narrow convergence of p; is gener-
ated by well-known metrics such as the Lévy—Prokhorov or Bounded-Lipschitz metrics [14,
Sec. 11.3]. Since C.(R) is separable, a metric can also be constructed for the wide topology
in the usual way.

Remark 3.4 (Other definitions of the continuity equation) Definition 3.1 is weaker than the
common continuity-equation concept for Wasserstein-continuous curves [1, Sec. 8.1], in
which j is of the form j = vp with ff plv? < oo. While for curves (ps, Je) with
Ze(pe, je) < oo the flux j, indeed has this structure (see (21)), in the limit j no longer
is absolutely continuous with respect to p (see the characterization of finite Zy in (17¢)).

In addition, we choose to incorporate the initial datum in the distributional definition of
the continuity Eq. (24), as is common in the theory of parabolic equations with weak time
regularity (see e.g. [25, Sec. 1.3]). The explicit initial datum is used below in proving that the
limit of p, connects continuously to the limiting initial datum; see steps 3 and 4 of the proof
of Theorem 4.7.

Remark 3.5 (Different topologies for p and j) It may seem odd that for p we require narrow
continuity in Definition 3.1 and narrow convergence in Definition 3.2, but for j we require
only wide convergence in Definition 3.2.

This difference arises from the following considerations. For j., convergence of the weak
form (25) is what we obtain in the proof of the compactness (Theorem 4.7) and of the
convergence of the recovery sequence (Theorem 5.9). In both cases it is not clear whether j
converges in a stronger manner than widely.

For p,, however, it is important that in the limit no mass is lost at infinity; this requires
narrow convergence. In the setup above, this narrow convergence follows from the wide
convergence of j. on [0, 7] x R, which also implies wide convergence for p, on the same
space; since the limit p(¢, -) is again required to be a probability measure for all #, no mass
escapes to infinity, and the convergence of p; in fact is narrow.

The narrow continuity of ¢ +— p(¢, -) in Definition 3.1 follows from the the conditions
on j: the local bounds on j imply wide continuity of p, and the requirement that p is a
probability measure at all ¢ upgrades this continuity to narrow.

4 Compactness

The limit ¢ — 0 is accompanied by the concentration of p, onto the two minima of the wells,
at x, and xp. This concentration is essential for the further analysis of the functionals Z, and
their I'-limits; if p, would maintain mass at other points in R, then the main statement and
the corresponding analysis of the functionals Z, both would fail.
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V' >a>0 V7' >a>0
V()
Tp— Tph4-
[ \ / / Tb \ \
Za Lep xo Ler x
Byg
B(],
By

Fig.5 Illustration of Assumption 4.1

In the case of a potential V with wells of equal depth (as in [2, 24]), a constant bound
on the initial energy E.(p.(t = 0)) leads to a similar bound on later energies E.(p.(t)),
which in turn leads to concentration onto {x,, x}. In the unequal-well case of this paper, as
we discussed in the introduction, we are forced to allow for divergent E;; consequently the
concentration onto {x,, xp} has to come from different arguments.

Here we choose to obtain this concentration from the ‘Fisher-information’ or ‘local-slope
term’; this is the second term in D! in (9a), or equivalently the second half of the integral
in (21). This requires imposing conditions on the convexity of the wells, which we do in
part 5 of the following set of assumptions on V.

Assumption 4.1 Let V € C%(R) and let the special x-values
=00 < Xg < Xt <X < X < Xp— < Xp < Xp4 < OO
satisfy the following:

1. Two wells, the left well at value zero: {V < 0} = {x,} U [xp—, xp+];

2. xp is the bottom of the right well: V (x;) = ming V < 0;

3. Xxp is the saddle, and the intermediate range lies below it: V(x) < V(xp) forx, < x < xp,
with V(x) < V(xp) unless x = xo;

4. The saddle is non-degenerate: V" (xg) < 0;

5. Uniform convexity away from the saddle: there exist A, « > Osuchthat A >V’ > a > 0
on (—o00, x¢¢] and [x.,, 00).

We also choose two open intervals B, and Bj containing x, and [x;—, xp4], respectively,
and such that supg |, BV < V(x0). The set By is defined as the set separating B, and Bj,.
Figure 5 illustrates these features.

Assumptions 1-4 encode the basic geometry of a two-well potential with unequal wells.
Condition number 5 is added to rule out concentration at different points than x, and x;. The
following two examples illustrate how concentration at different points may happen if this
convexity condition is not imposed.

Failure type I: A hilly right well Since the energy barrier is lower for transitions from left
to right than vice versa, it is natural to assume that in the limit all mass travels from left to
right. Indeed, this is true under weak assumptions, but the mass that arrives in the right well
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V(z)

barrier

Tq ~> Tg
Td Ty

barrier
Ty~ T

Fig. 6 Example of a potential V that is excluded by Assumption 4.1 (failure of ‘type I’ in the text). If the
deeper well has internal energy barriers that are larger than the barrier V (xg) — V (x,) for escape from x,,
then mass may collect in intermediary valleys instead of at xj,. In this example the mass will concentrate onto
{xa, x4, xp}, with no mass moving from x4 to xj

[xp—, xp+] need not all end up in x,. Figure 6 shows why: if the right well has a ‘sub-well’
(say xg4) such that the transition x; ~> x; has a higher energy barrier than the transition
Xq ~> Xgq, then the mass leaving x, will be held back at x;, with further transitions to x;
happening at an exponentially longer time scale. If we start with all mass concentrated at x,,
then the limiting evolution will be concentrated on {x,, x4} instead of on {x,, xp}.

Failure type II: Hills at high energy levels Something similar can happen in the ‘wings’
of the energy landscape, as illustrated by Fig. 7. If valleys exist outside of the region {x :
V(x) < V(xp)} with energy barriers larger than the x, ~~ x; barrier, then the slowness
of transitions between such valleys again will prevent concentration into the sub-zero zone
{x: V() <0}

4.1 Logarithmic Sobolev inequalties

We use logarithmic Sobolev inequalities to capitalize on the uniform convexity bounds in
part 5 of Assumption 4.1. Such inequalities are usually formulated for reference measures
with unit mass, but in our case it will be convenient to generalize to all finite positive measures,
and also allow for localization to subsets of R.

For A C Rand u, v € Mxo(R), we set

/flogf dv—pL(A)logM ifu<<v, p=fv
A

E(plv, A) == v(A)
+00 otherwise,
2 .
2/8\/? dv, ifpu<v, pu=fv
R(ulv, A) := A| /|
+00 otherwise.

With these definitions, the energy E, and the ‘slope’ R} (o, —DE.(p)) (see (9b)) can be
written as

E.(p)=Eplye.R)  and  R*(p, ~DE:(p)) £ er.R(plye, R). (26)
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V()

barrier
"L‘e > _'L'a

[ barrier
zp Tgq ~> Tp

Te Za xo x

Fig. 7 Second example of a potential V that is excluded by Assumption 4.1 (failure of ‘type II’ in the text).
If energy barriers exist outside of the range [x4, x;] that are larger than the barrier V (xg) — V(x4) of the
escape from x,, then these will prevent mass from moving to x, (and then also from transitioning to xp). In
this example the mass will concentrate onto {x., x4, Xp}, with no mass moving from x, to x, or xp

The identity (x) can also be seen as arigorous definition of the left-hand side R} (0, —DE¢(p))
in terms of the right-hand side R(p|ye, R): this right-hand side is well defined for all p, and
in addition Lemma 2.2 shows that this is the term that appears in the reformulation of Z, in
gradient-system form.

Note that the functions £ and R are (1, 0)-homogeneous in the pair (u, v), i.e. for each
w,v e Mso(R)anda,b >0,

E(aplbv, A) = a&l(ulv, A) and R(au|bv, A) = aR(u|v, A).

The following Lemma generalizes classical Logarithmic Sobolev inequalities based on uni-
form convexity bounds to the homogeneous functionals £ and R and the restriction to subsets
ACR

Lemma 4.2 (Logarithmic Sobolev inequality) Ler A C R be an interval. If W € C?(A) with
W"” > o > Qon A, then

af(ule™Vdx, A) < R(ule™Vdx, A)  forall u € M=o(A). (7)

Proof By e.g. [6, Cor. 5.7.2] or [9, Cor. 1], if W € C%(R) with W’ > a > 0 on R, then the
inequality (27) holds for A = R and for all © € P(R). By the homogeneity of £ and R the
same applies to all u € Mxo(R).

To generalize to the case of A ; R and a given potential W € C?(A) with W” > « on A,
first smoothly extend W to the whole of R in such a way that W’ > o on R and fR eV < oo
Next define the sequence of C? potentials

Wi (x) := W(x) + kdist(x, A)*  forx € R.

As k — oo the measures e~ ") dx converge narrowly on R to e =" ™)1 4 (x)dx. Each Wy
satisfies W/ > o on R, and it follows that for any 1 € Mo (R) with (R \ A) =0,
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af(ule ™ Vdx, A) = aE(ule W1 ,4dx, R) = Jim a&(ule " dx, R)
—00

@7) onR
<" lim Rule™edx, B) = Riule™"dx, 4).
— 00

This proves the claim (27). ]
Bounds on the entropy give rise to concentration estimates of the underlying measure.

Lemma 4.3 (Concentration estimates based on £) Let Ay C Ay C R, and let u,v €
M=0(A2) with v(Ay) > 0. Then

E(plv, Az2) + n(Az)

A .
A = (oA v(AD)

(28)

Proof By homogeneity of £ it is sufficient to prove the inequality for the case w(Az) =
v(Aj) = 1. We can also assume that u < v, and we set u = fv.

Applying Young’s inequality with the dual pair (s) = slogs —s + 1 and n*(¢) = ¢’ — 1,
we find for any a > 0 that

1 1 1
WA = - fadvff/ n(f)dv—i—f/ (e" = 1) dv
aJa a Ja,

aAl

1 e
=— [ n(fHdv+ —v(Ap.
a Ja, a
Choosing a = |logv(A1)| = —logv(A;) we find

E(ulv, A2) + 1),

1
A -
wAD = o

which is (28) for the case (Az) = v(Az) = 1. i

4.2 Invariant measures and their normalizations
In the introduction we defined the invariant measure

1
Ye(dx) = Z—e_v(")/‘E dx, with  Z, = / eV W/E gy,
R

&
The measure y, is normalized in the usual manner, and is therefore a probability measure on
R. Since V has a single global minimum at x,, the measures y, converge to 8y, ; therefore
the mass of y, around x, vanishes. It will also be useful to have a differently normalized

measure y,/ in which the mass around x, does not vanish. For this reason we also define the
left-normalized measures yf by

1 *0
yidx) = ?e_v(")/sdx, with  Z¢ :=/ e Ve dy.

& oo

Figure 8 illustrates the behaviour of ¢ and y. as ¢ — 0. The following lemma charac-
terizes some of their behaviour in precise form.
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V(z)

Tp— T+

Zq o

Ve (@) ~ exp{-V(z)/e}

Ta o Th— Tp Th4 Ty

Fig. 8 Behavior of the left-normalized invariant measure yse and the fully-normalized measure y, for small
values of &

Lemma4.4 Let V satisfy Assumption 4.1.

1. ye and yf are well-defined, and in the limit ¢ — 0,

Z,;:[l-i-()(l)]/%e—v(xb)/s’ ZE =11+ o(1)] V%’(Tj). (29)

2. IfX > xoand V < V(xg) on (xg, X], then

.o
Ze [* v

eTe Jy,

. 1
— — ase— 0.
2

b

Forany 8 > 0, lim_o yf({V > 8}) = 0.
4. Forany x, < ¢ < x9 < Xp— < d, the sequence yf L(—o0, ¢) converges as measures to
8y, and y£((c, d)) — oo.

Part 3 above expresses the property that the left-normalized measures concentrate in the
limite — O onto the set {V < 0} = {x,}U[xp—, xp]. Part 4 expresses the fact that the ‘left-
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hand’ part of y has a well-behaved limit 8, while the right-hand part of y¢ has unbounded
mass.

Proof For part 1, the superquadratic growth of V towards oo that follows from uniform
convexity implies that Z, and Z! are finite for each ¢; the scaling of Z. and Z then follow
directly from Laplace’s method (Lemma A.2). The same holds for part 2, and the convergence
of y£|(—o0, ¢) to 8y, (part 4).

For part 3, we estimate using the superquadratic growth of V that

1 e Ve < 1 / exp(—l((S vCe@x? - 1))) 200,
ZE Jv=s zt Jr €
This proves the claim.
Finally, to show that yf ((c,d)) — oo (part 4), note that V(x) < —u < 0 for some
constant i > 0 on an open interval (xp— + 8, xp— + 28) C (c, d); from this the divergence
follows. |

4.3 Auxiliary functions ¢, and y,

To desingularize the functional Z, we will need an auxiliary function ¢, that is adapted to
the singular structure of this system and distinguishes the two wells, in the sense of having
constant, but different, values there. For the recovery sequence we will need a related function
Ve, and we define it here at the same time, and study the properties of ¢, and y, together.

Fix two smooth functions x,, x, € CZ°(R) with x4, > 0, supp x« C B, and supp x5 C
By, and x4 (xg) =1 = xp(xp). Set

X

and M.(x) := / e

—0o0

(e 1= eiv/EXa _ eiv/EXh
€ - fe—V/sxa fe—V/aXh

The function M, has the following properties:

1. 0< M, <1,
2. M, is equal to 1 on By and equal to zero outside of B, U By U By, and converges in L'
[CRUEPAEAR

Define ¢, € CZ(R) and y, € C*(R) by

4 X

Pe(x) 1= Ze / eV O M, (&) de (30)
ETe Jxg
4 x

Ye(x) = 5/ eV d. (31
ETe Jxg

The functions y, and ¢, are shown in Fig. 9. The definition of ¢, is a minor modification
of [15, Lemma 3.6] and is nearly the same as the committor function, known from potential
theory [3] and Transition-Path Theory [42]; see also [26] for a discussion of its use in coarse-
graining, which is similar to its function here. The following lemma describes in different
ways how ¢, approximates the function x > sign(x)/2.

Lemma 4.5 The function ¢, satisfies

1. ¢¢ is non-decreasing on R;
2. There exists C > 0 such that |¢p.| < C for sufficiently small g, limy_, o ¢ (—00) = —1/2,
and limg_o ¢ (+00) = 1/2;
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Fig.9 Comparison of the
functions ¢, and y.. Note how
the two functions are very similar +
in the region between and around
the two wells; towards o0,
however, y; is unbounded, while

the range of ¢ is bounded f f
Tq zp

-

3. ¢, converges uniformly to —1/2 on B, and to 1/2 on By.
4, Zﬁev/gp,g converges uniformly on R to —x,.

Wl

Pe
B, By

W=

Proof. The non-negativity of M, proves the monotonicity of ¢.. The bound on ¢, and the
convergence of the limit values follow from remarking that

Z[ oo
Sup e = e (+00) = 78/‘ Ve M,.
R ETe Jxg
Since on supp M, C B, U By U By, the potential V takes its maximum at the saddle xo,
and since M, is equal to one around the saddle, the integral converges to 1/2 by part 2 of
Lemma 4.4. The behaviour at —oo is proved in the same way.

Since the expression Zfev/ ¢ /et converges to zero uniformly on B, and Bp, Eq. (30)
implies that ¢ becomes constant on B, and Bj, and converges uniformly on those sets to its
limit values, which are —1/2 and 1/2, respectively.

Finally,

e Ve _ St Xb ot Xa . _
Zee e = Za/'e,\//gxb Zsfe,v/exa = Qe b Xb — UeaXa-

The first term vanishes uniformly since the scalar o, equals Zf / f e V/E Xb ~
eV)/¢ 5 0. The second term converges to — x,, since

Ueqg = 77 eiv/EXa = /XaygZ — Xa(xq) = 1. O

The function y, is very similar to ¢, but differs in the tails, and will be used as a coordinate
transformation in Section 5.

Lemma4.6 1. The function y; is strictly increasing and bijective.

2. Forany x < xq such that V(x) < V(xg), we have y.(x) — —% ase — 0.

3. Forany x > xq such that V(x) < V(xg), we have y.(x) — +% ase — 0.

4. ¢s o0y, ! converges uniformly on R to the truncated identity function id; /2, defined by

—1/2 ifx<—1/2
idijp(x) = {x if—1/2<x<1)2
12 ifx>1/2.
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Fig. 10 The structure of the map
ye of (31). Points to the left of xo
with V(x) < V(xp) are mapped

to —1/2, and similarly, points to
the right of x( are mapped

to +1/2. The smaller the value
of ¢, the sharper is the
concentration effect. As & — 0,

points far to the left of x, and far
to the right of x;, are mapped T
to Foo, respectively a

Proof Since y,(x) > 0 for any x € R and y,(x) — +00 as x — =00, the map y, is strictly
increasing and bijective. For x < xq satisfying V (x) < V (xp), we obtain

=
=)

Ye ()

N[

l X
Yelx) = — - Zt f V@ dz
ETe X0
=1 +0(1)]i LoV xa)/e 2me . l Vi(xo)/e 2me (-1
€T V7(xq) 2 V" (x0)1
1
H _77
2

by using (29) and applying Lemma A.2(b) to the integral. The argument for the case x > x¢
is similar.
To show that ¢, oy~ 1 converges uniformly on R to idy 5, first note that
oL(v:' )

L (i' ) = =52 = Me(y;'(v)) foranyy e R.
dy yi(ye ')

The function M; o y, ! converges in L' (R) to 1[_1/2,1/2); this can be recognized from the
fact that ys_l(y) converges to 0 forany —1/2 < y < 1/2, to 400 for y > 1/2, and to —o0
for y < —1/2. The uniform convergence of ¢ o y; I then follows by integration. O

4.4 Compactness and lower bound

Having defined the auxiliary function ¢, we can state and prove the main compactness
theorem, which includes a lower bound on Z;.

Theorem 4.7 (Compactness and lower bound) Let V satisfy Assumption 4.1. Let (p, je) €
CE(0, T) satisfy

sup Ze (pe, Je) + €Ec(p:(0)) = C < 00, (32)
&
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and assume that p(0) satisfies the narrow convergence
Pe(0) ——pg(dx) :=z°8,(dx) + (1 — 2°)8y,(dx) ase — 0. (33)
Then there exists a (po, jo) € CE(0, T) and a subsequence along which
1. pe ——po narrowly in M([0, T] x R), where py € M([0, T] x R) has the structure
po(dtdx) = po(t, dx)dr := z(t)dx, (dx)dt + (1 — z(1))d,, (dx)dt, 34)

and z : [0, T] — [0, 1] is absolutely continuous.
2. je converges in duality with CCI’O([O, T) x R) to

Jo(dtdx) = j(£) L[y, x, ) (x)dxdt,

where j(t) = —7/(t) for almost all t € [0, T].
3. liminfe— 0 Ze (e, je) = Zo(po, jo)-

Remark 4.8 Note that the two assumptions on the initial data, the convergence (33) and the
boundedness E.(p:(0)) < C/¢ of (32), are closely related, but independent: it is possible to
satisfy one but not the other.

Proof Recall from the discussion in Sect. 2 that by the assumption (32) on the initial data we
have the ‘fundamental estimate’

1L

Here u, is the density of p, with respect to the invariant measure y.
Step 1: Concentration for the case of the outer half-lines Set Oy := (—00, x.¢]. Recall
that V' > o > 0 on Oy; by Lemma 4.2 we therefore have

/et x ‘ yo(d)df + sup Ea(pe(t) < <. (35)

te[0,T] &

&y, 00) < R(ulye. 0 forall p € Moo(®) and e > 0.

Then

T T
/0 E(oe(Dlye, Op) 1 < /O R(pe(0)lye. O0) di

T dp. (1)

:f/ f pg( Ve (dx)di

o4 Oy Ve
<2 o)

o E£°T

c
= — 0 ase — 0.

AET,

Therefore, if A C O, with dist(A, {x,}) > 0, then by Lemma 4.3,

T T
ye(A) \ -1 0
/0 ,Os(t,A)thOOgyg(OZ)) /0[5<ps<t)|yg,0e)+1]dt—>0.

It follows that p.1 o, concentrates onto [0, T] x {x,}. By a similar argument p, 1|, o0)
concentrates onto [0, 7] x {xp}. This also implies that p, is tight on [0, 7] x R.

Step 2: Concentration for the case of the whole domain R We have proved concentration
of Pl (—o0,x,] ONto [0, TT X {x4} and of pe1[x, o) onto [0, T] x {x;}. What remains is to
bridge the gap between x.¢ and x;.
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We write u! for the density of p. with respect to the left-normalized invariant measure
vl ie il = usZg/Ze. We then estimate

2 (1. x)eVEO-VEN/e 41y

— Z[ V(xo)/e [(dx)dt

= Crgzﬁ/ /

Since V < V(xp) on [x4, xp4] it follows that

L

Applying the generlized Poincaré inequality of Lemma A.1 to f (, x) = /uf on [x,, Xp+]
we find

2 35
(1, x)ye(dx)dr < Ce3/2.

Ug

-3/2.

T
Y4 ¥4
W 0,7 Loy ) = /0 B O 1y
3/2 T ? 1 Y4
§C|:8_./ +/ yg ([xaaxb+])_ “ug(l)”Ll(xa,ber;ygl) dt]
0

T
= C[s‘” + v (s xps D! /0 P (1 [xa,xm)dr}

/2

<Cce3 since yf([xa, Xp+]) = oo by Lemma 4.4.

To prove concentration, take an interval A such that [x.¢, x.-] C A C {V > §} for some

8 > 0. Then
T T
/ pg(t,A)dt:/ /uﬁ(t,x)y;’(dx)dz
0 0 A

14 4
= Ve (MlucllLro,7:1% (g x04)

-3/2 e9/¢ e—0
(4

<Ce —

&
Therefore p, does not charge the region [0, 7] x A in the limit.

Concluding, p. concentrates onto [0, T'] X {x,, xp} as & — 0. It follows that the limit pg
has support contained in [0, T'] x {x,, x5}, and for almost every ¢ € [0, T'], po(t, -) has mass
one on R. This establishes the structure (34), except for the continuity of z; at this stage we
only know that z € L*°(0, T) with 0 < z < 1, and the absolute continuity of z will follow
in Step 4 below.

Remark 4.9 After completing the proof of compactness outlined in the previous two steps,
André Schlichting pointed out that by using the Muckenhoupt criterion it is possible to replace
the assumption of convex wells by two monotonicity assumptions, one for each well; see
Theorem 3.19 in [40] for an example.

Step 3: Lower bound on I, From Definition 2.1 and the bound (32) we have for any
b e C>'(Q7) the estimate

. T . 1 / 1 2
C > Tolpe. jo) = [jeb = etepe (b = bV + 267 drar. (36)
0o JR e 2
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Fix ¥ € CL([0, T]) withinf ¥ > —1 and ¥/(T) = 0. Define F, : [0, T] x R — R by

Fut, x) == 1og<1 F ) (A = g () ) with ¢, given by (30).
———
::as(x)

Lemma4.10 F; and 55 have the following properties:

Fs € C)(Qr) and 3 F: € CL(Q7);

Fe(T,x) =0forall x € R;

sup, ;[ Fe(t, x)| < max{log(1 + sup ), —log(1 + inf y)};

55 converges uniformly on [0, T] x B, to 1 and on [0, T] x By, to zero;

F; converges uniformly on [0, T] x B, to log(1 + v (t)) and on [0, T] x By, to zero.

RAEE R S

These follow directly from Lemma 4.6. ~ -
We now set b, (t,x) = 20, Fe(t,x) = 2y ()¢, (x)/(1 + ¥ (t)¢¢(x)) and find that the
expression in brackets in (36) equals

2 2 zt
dcbe — bV’—i— X J [¢,~_,¢, e = Vo Ze Viey,

2 T T4y 1+ Y eTe

By Lemma 4.5 and the concentration of p. we therefore find that

. (T 1 1,
;E}%/(; /RSTE/O@ (8xba - gbs v+ Ebs)

T
2
= lim/ /‘i,vpsteV/S,ug
e=>0Jo Jr 14+ Vo

T
_ Y (1)
= 2/0 T v po(t, dx) xa(x) dr

Y 10
_5 /O s o 37)

We now turn to the first term in (36). Applying the Definition 3.1 of CE, and the assump-
tion (33) on the convergence of the initial data, we find

T T
/ /stbs =—2/ /psarFs_Z/ pe (0, dx) Fe (0, x)
0

V' e
/ /ps“rw% /Rps(O,dX)Fs(O,X)

T
e G} f Ok ey A0 —2z°log(1 + ¥ (0)). (38)
0 + Y )

Writing f(¢) := —log(1+¥(¢)) wehave f(T) = 0; combining (37) and (38), and observing
that /(1 + ) = e/ — 1, we find

liggfza(pEa ]e) > Jo(2),
with

T
Jo(2) = 2sup{/ z(t)[f’(t) —efW 4 l]dt +2°£(0) : feClI0,T]), f(T)= 0}.
0
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Lemma4.11 Letz € L*°(0, T) withz > 0, and let z° > 0. Then Jy(z) = Ko(z), where

T
2/ S(—E/(t)li(t)) dt if z = 7 a.e. with Znon-increasing
o 0
Ko@) = and absolutely continuous, and 7(0) = z°
+0o0

otherwise.
IfKKo(z) = 0, then z(t) = z°e™" for almostall0 <t < T.

We prove this lemma below, and first finish the proof of Theorem 4.7. Note that since
Jo(z) = Ko(z) < oo, the function z has an absolutely continuous representative and z(0) =
z°; this concludes the proof of part 1 of the theorem.

Step 4 of the proof of Theorem 4.7: Convergence of j. Choose any ¢ € CCI’O(QT) with
¢ =0att = T,andset ®(¢, x) := fox o(t,&)d&;notethat € C;(QT)and 0, ® € C.(Q07).
We calculate

T T
/ / Jep = / / Je(t, dx)0 @ (¢, x) dxdt
0 R 0 R

e [T
= _/ /pg(t,dx)B,CD(t,x)dxdt—/ pe (0, dx)® (0, x)
0 JR R
T
=2 —/ /PO(I,dX)G;CD(t,x)dxdt—/ po (dx)P (0, x)
0 JR R
T
(3.34) _ / [2(0)8, (1. x0) + (1 — 2(£))8, Dz, xp)] dt
0

—2(0)®(0, xg) — (1 — 2(0) @ (0, xp)

T
=/ Z (P, xa) — (1, xp)) dt
0

T
= / /(—z’(t))(p(t, X)Ly, x,1(x) dxdz.
0 R

This proves the convergence of part 2. Finally, with this definition of the limit jy of j., we
have

Zo(po, jo) = Jo(2) = Ko(2),

and this concludes the proof of Theorem 4.7. |

Proofof Lemma4.11 A closely related statement and its proof are discussed in [33, Sec. 3];
for completeness we give a standalone proof.

Step 1: If Jo(z) < 00, then z is non-increasing on [0, T]Fix ¢ € C°((0, T)) with ¢ > 0.
Applying the definition of Jy(z) to f = —A¢ we find

T
—)\/ 79’ < Jo(z)  forallr > 0,
0

which implies [ z¢’ > 0. Since ¢ € C2°((0, T)) is arbitrary, it follows that the equivalence
class z € L has a non-increasing representative, and from now on we write z for this
non-increasing representative. We also find that —z’ is a positive measure on (0, T'). By the
monotonicity of z, the limits of z at # = 0, T exist, and if necessary we redefine z to be
continuous at ¢ = 0, 7. By construction, z now is non-increasing on [0, T] and —7' is a
positive measure on [0, 7] without atoms att = 0, T'.
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Step 2: Reformulation and matching initial data Since —z' is a finite measure and z is
continuous at t = 0, 7', we can rewrite

T
Jo(2) = 2sup[ / [0 =z = 1) ]ar+ & 2000 -
0

feclqo. ], f(T) = 0}.

By choosing functions f with f(0) = A € R and supp f a vanishingly small interval close
tot = 0 we find Jo(z) > 2A(z° — z(0)), and by taking limits A — o0 it follows that
z(0) = z°.

Step 3: Primal form Still under the assumption that Jo(z) < oo, we recognize e/ — 1 as
the dual n*(f) of the function n(a) := S(a|l) (which is equal to aloga — a + 1 for a > 0).
We then use the well-known duality characterization of convex functions of measures (see
e.g. [1, Lemma 9.4.4]) to find, writing w(dr) := z(t)dt,

T d(_z/) . /
Jo(z) = A n( dﬂ« (t)),u(dt) if —z L1

+00 otherwise,

and this functional coincides with Ky (see e.g. [35, Lemma 2.3]). The reverse statement,
assuming KCp(z) < oo and showing that Jp(z) < oo, follows directly by Young’s inequality
for the pair (1, n*).

Step 4: Absolute continuity Finally, if Jy(z) = Ko(z) < oo, then the superlinearity of n
implies that 7’ € L! (0, T), and therefore z is absolutely continuous.

Step 5: Characterization of minimizers If Ko(z) = 0, then 7'(t) = —Z(¢) for almost all ¢,
implying that 7(¢) = z°%". ]

5 Recovery sequence

In this section we state and prove Theorem 5.9, which establishes the existence of a recovery
sequence for the I"-convergence of Theorem 1.3.

5.1 Spatial transformation

We start by transforming the system by a nonlinear mapping in space, given by the function
ye defined in Sect. 4.3; this function maps R with variable x to R with variable y, and is
inspired by a similar choice in [2]. This mapping desingularizes the system.

We define the transformed versions p, and 7f of p. and y! by pushing them forward
under y,,

e 1= (vedwoe and  PLi= (vewrd, (39)
which implies that the transformed density #¢ is given by
i (1, ye (0)) = ug (2, x). (39b)

We transform j; in such a way that the continuity equation is conserved, which leads to the
choice

Je = (ys)#(yéjs), (39¢)

@ Springer



Gamma-convergence of a gradient-flow structure to... Page290f44 103

which has an equivalent formulation in the case of Lebesgue-absolutely-continuous fluxes,

Je(t, ye(x)) = je(t, x). (39d)

Indeed, if (p, j) satisfies the continuity Eq. (6a), then the transformed pair (0, J.) satisfies
the corresponding continuity equation in the variables (z, y),

dpe +0yje =0 in RY xR,

which is defined again as in Definition 3.1, and one can check that (p, j) € CE(0,T) <=
(p, ) € CE(0, T). Since y, is a diffeomorphism, there is a one-to-one relationship between
(p, j) and (p, j).

In terms of j, and the density 4! the rate function formally takes the simpler form

1 [T 1 2
T (p, j) = = — i, ayat(t, y)|~ dydr.
(0. ) 2/0 /Rﬁg(z,y)|J5( y) + dyil(t, y)|"dy

Note how the parameters ¢ and 7, are absorbed into the density 7 and the derivative with
respect to the new coordinate y. The coordinate transformation y, is the almost the same as
in [2]; the only difference is that we use the left-normalized stationary measure, whereas in
the symmetric case one can use the stationary measure normalized in the usual manner.

This simpler, transformed form is the basis for the construction of the recovery sequence.
To make this precise we first define the rescaled versions of Z, and Zy.

Definition 5.1 (Rescaled functionals) For given p and j, define p and j as in (39a) and (39c).
We define E;, Z,, and Zy to be the rescaled versions of E,, Z., and Zy,

E. : P(R) — [0, 0], E.(p) == Ec(p),
Z. : CE(0, T) — [0, 0], Ze (b, 1) i=Te(p, J),
7o : CE(0, T) — [0, oo, Zo(p, J) :==To(p, j).

The following lemma is a direct consequence of the definition (20), the transformation (39),
and part 2 of Lemma 2.2.

Lemma 5.2 (Dual formulation of Z,) We have

P o 1,
Ze (p, j) = sup 0 Jb—ug|0d,b+ Eb dydt, (40)
’

beC(Qr)

provided p(t, ) is absolutely continuous with respect to P with density a(t, -); otherwise
we set L (,6, j) = 4o0.

While the left-normalized stationary measure yf in the original variables concentrates
onto the set {x : V(x) < 0} = {x,} U [xp—1, xp+], under this transformation the interval
[xp—1, xp+] collapses onto a point (see also Fig. 10):

Lemma 5.3 (The measures )98’5 concentrate onto {£1/2}) Let a measurable set A C R have
positive distance to +1/2. Then

lim p(A) = 0.
e—0
Proof Fix 0 < § < V(xg). Since A has positive distance to {£1/2}, by Lemma 4.6 we have
for sufficiently small ¢ that V > 6 on y_ L(A). Therefore
LA =y 07 A) < v Vo) = 8.
By Lemma 4.4, the right-hand side vanishes in the limit ¢ — 0. O
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5.2 Statement and proof for the transformed system

Theorem 5.4 (Upper bound in transformed coordinates) For any (po, jo) € CE(0, T) such
that Zo(po, Jo) < 00, there exist (pg, J.) € CE(0, T) such that

A CE . . A oA
(e Je) — (Po, Jo) and sup e E¢ (p¢(0)) < oo, (41)
e>0
and that
lim sup Z; (B¢, ) < Zo(o, Jjo)- (42)
e—0

Proof Recall that Q7 := [0, T] x R and set Q% := [0, T] x [—1/2, +1/2]. Iffo(,ég, Jo) is
finite, then by combining Definitions 5.1 and (16) we find that the pair (0o, jo) is given by

po(t,dy) = Zo()6-12(dy) + (1 — Z0(1))841/2(dy), (43)
Jot, dy) = jo()L(—1/2,41/2 () dy, (44)
where 1 > Z(r) is absolutely continuous and jy satisfies jo(zr) = —9;20(t) > 0. For the

later construction of (pg, J.) we will want to assume that Zq satisfies the following regularity
assumption.

Assumption 5.5 The density Zo : [0, T] — [0, 1] satisfies
20€ C*([0,T]) and inf Z20(r), [0:20(1)| > O. (45)
1€[0,T]

Note that this implies that o is bounded away from zero and of class C'.
Indeed, we can assume that Z has this regularity since this set is energy-dense:

Lemma 5.6 (Energy-dense approximations) IfZo(po, jo) is finite, then there are densities Eg
satisfying Assumption 5.5 such that the pair (ﬁg, jg ) definedvia 23 asin (43) and (44) satisfies

N N CE PN . ~ A N = A~ A
(,00,13)6—6(,00,]0) and limsup Zo(p3, 73) < Zo(pos Jo)-
g §—0

By a standard diagonal argument (e.g. [8, Rem. 1.29]) we can continue under the assump-
tion that Zo satisfies Assumption 5.5. The bound on the energy (41) follows from the
8-independent estimate in (51e) below. From now on we therefore assume that Assump-
tion 5.5 is satisfied.

The proof of Theorem 5.4 now consists of three steps.

Step 1: characterization of Zo(fo, jo) By Lemma A.4 the limiting rate function satisfies

~ 1 Ay
oo jo) = 5 /Q , b o dydr, (46)
T
where i : Q(} — [0, 00) is the function given by
io(t, ) = (5 =) (O (v + 3) + 200 (% - ) )

and by Q(% — R is defined by

Bott, y) i RO Fb0EY) 4G = 2o()
o do(t, y) o+ H+ 200G -

(48)
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Fig. 11 The polynomial ﬁO (f} y)
y > do(t, y) on [—1/2, +1/2] ’
for the three cases jo(t) > Zo(t)
(yellow), jo (1) = 2o (1) (red)
and Jo(r) < Zo(¢) (blue). In
pa{tigula{, the function a}ways """"""""" 730 ({;)
satisfies i (t, —1/2) = Z¢(t)
and ag(t, +1/2) =0

The second-order polynomial it¢(z, -) is either concave (jo > Zo), linear (jo = Zo) or convex
(Jo < Zo). These three cases are sketched in Fig. 11. Note that under Assumption 5.5, l;o and
dy l;o are bounded on QOT.

Step 2: Solve an auxiliary PDE for ¢ > 0 We define the function ﬁﬁ : E — [0, 00) as the
weak solution to the auxiliary PDE

gedpiay = dyyig — 9y (bol o i), (49)
where g¢ € L®(R) is the Lebesgue density of the left-stationary measure ¢ from (39a),

that is P (dy) = g{(y)dy.
This choice is inspired by the observation that if we define the pair (o, J¢) by

pe(t,dy) = ag(t, )P (dy) and . := —dyiig + bol po i, (50)

then by the characterization of weighted L2-norms we have

Ze(pe, Jo) = sup/
b JOr

A 1

N 2
= bbol gy — |06+ =b dydt
S‘ipfgrug[ o (y 2 )] ’

1 L2
= E\/;z() Mebo,

T

. 1
[(—ayﬁﬁ + boﬂggﬁﬁ) b—al (ayb + 5;,2)} dydr

which is an approximation of fo (00, Jo) as given by (46).
‘We choose initial data ﬁﬁ'o for (49) that approximate po(¢ = 0) in the following sense
(see Lemma 5.8 for a proof that such initial data can be found):

0 <al°(y) <1 foralmostall y € R, (51a)
aee (NP dy) ——po(0,dy) as &— 0, (51b)
/R il Py =1, (5lc)
ﬁf"’ is constant on (—oo, —1/4) and on (1/4, 00), (51d)
sugség(ﬁﬁ"’;?f) < V)l + 1. (5le)
e

The following lemma gives the relevant properties of @i¢, e, and J.
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Lemma 5.7 (Auxiliary PDE) Assume Assumption 5.5. For any ¢ > 0 and any initial condi-
tion ﬁﬁ"’ satisfying (51), there exists a solution ﬁf to the PDE (49) in the following sense:
ﬁﬁ : E — [0, 00) is such that

ﬁﬁ >0 ae onQr,
~0 . 72,10 N 2 .72
i, € C(0,T; L*(Q7)), dyii, € L0, T; L (R)), and
plata) e PR)  forallt,

and for any ¢ € CC](QT) withe =0att =T,

| [atatone + (o, + bt gyif) dvp] s + [ 8000, 31 dy =0,
or

(52)
Define the pair (pe, Je) by (50).
Then we have
(i) (e, je) € CE(0, T) and
N | 720
Ze(Pe, Je) = 2 boug dydt. (53)
QO
T
(i) sup,-o£Ee(pe(0, ) < |V (xp)| + 1.
(iii) The pair (pe, Je) converges to (py, Jo) in the sense of Definition 3.2.
(iV) There exists a function ﬁé € L%2(0, T; H (Q)) such that
A e—>0
i1 g £ Gy weakly in L*(Q%), (54)

Step 3: Conclude The convergence of (0., Je) to (0o, jo) in CE(0, T) is given by part (iii)
of Lemma 5.7. The energy bound (41) is satisfied by part (ii), and note that this bound is
independent of the regularity Assumption 5.5.

To prove the limsup-bound (42), we observe that

~ 1 ~
im Z. (e, 7o) 2 tim 7/ BRat dydr
e—0 e—02 Q(}
1 ~
=g f/ bRig dydt
2 QO
T

“46) ~ . .
=" Zo(00, Jo)-

This concludes the proof of Theorem 5.4. |

5.3 Proof of Lemma 5.7
We now prove the main Lemma 5.7 used for the proof of Theorem 5.4.

Step 1: Existence of the solution ﬁﬁ Using classical methods such as those in [23] one
finds a function 4% with

al(t)=0 and /ﬁﬁ(r,y);?f(dy)zl for all 7,
R

@ Springer



Gamma-convergence of a gradient-flow structure to... Page330f44 103

that satisfies the e-independent bounds

~L
”u(Q”C([()’T];LZ(Q(})) <C, (55a)
ldyagll 20y < C. (55b)
||§£3tﬁ£||L2(o,T;Hfl(R)) <C, (55¢)

and solves Eq. (49) in the weak form (52).
To briefly indicate the main steps in this existence proof, define the function B(¢, y) :=
f Y 12 bo(t, y) dy and observe that the transformed function ﬁﬁ =e B ﬁﬁ satisfies the equa-

tion
2L, <eB ﬁf) =9, (eB 0,0). (56)

Applying the usual method of multiplying by the solution f)ﬁ and integrating we obtain this
a priori estimate:

T
/ /eB|ayﬁ§|2dydz+ sup /eB<’>§§ﬁf(r)2dy5/e*B@)gf(zzf"’)z
0 JR 1e[0,T]1JR R

(Sla)y
< e BO) . (57)

One then constructs by e.g. Galerkin approximation a sequence of approximating solu-
tions of (56) that satisfy (57), for which one can extract a subsequence that converges to
a limit. Upon transforming back to the function ftﬁ one obtains the weak form (52) and the
bounds (55b) and (55¢).

In order to deduce (55a) from (55b) and (55¢) one applies e.g. [41, Th. 5] with the compact
embedding H! (Q(%) — LZ(Q(%). The missing L( Q%)—estimate can be obtained from (55b)
by applying the generalized Poincaré inequality of Lemma A.1 to u = )?f and observing
that pf([—1/2,1/2]) — oo as & — 0.

By the strong maximum principle and the positivity (51b) of the initial data the solutions
ftﬁ are strictly positive, and since J, € L2(Q7) the mass of 5 (f) = yfﬁf(r) equals the mass
of the initial data ?f, which is one by (51c).

Note that by Assumption 5.5 the function B is not only bounded but also independent
of ¢, implying that the constants in (55) also are independent of €.

Step 2: Part (i), the value of fg (e, Je) The fact that (o, jo) € CE(0, T) follows from the
regularity (55) of ¢ and from the weak form (52) of the equation. The value of Z. (Pe, Je)
was already calculated before Lemma 5.7.

Step 3: Convergence of (p, Je) By construction (see (51b)) the initial measures g, (0, -)
converge to oo (0, -). To prove convergence of (0, J.) we therefore need to show convergence
in the continuity equation.

For any test function ¢ € Cp(Qr),

‘/ PP
or

2

V P gLof dydr
or

s( / e%ﬁﬁf(r)"‘@dr) (/ |¢e3é§|dydr)
or Or

7 N
<C g:(y)dy.
supp(¢)

2
(50
cs
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Hence for any test function with support outside of [0, T'] x {£1/2}, by Lemma 5.3,

e—0

/ @pe — 0. (58)
or

Take any sequence gx — 0. By (58) the family of measures f, is tight, and therefore it
converges weakly on [0, T'] x R, along a subsequence (denoted the same), to a measure p
that is concentrated on [0, 7] x {£1/2}, and therefore has the form

Po(t,dy) =Zo(t)d-1,2(dy) + (1 —Zo(2))51,2(dy)

for some measurable function zg : [0, T] — [0, 1].
Since the function B is bounded, we find that j, = —eBayﬁﬁ is bounded in L2(Q7),
because

ST
/ |fg|2dydrs||e3||oo/ Bl ot P dydr 2 C.
or or

Hence, taking another subsequence, the flux j;, converges weakly in L*(Q7) to some Jo €

L*(Q7).

Combining these convergence statements of p,, and J,, , we find for any test function ¢ €

clor).
CE N ~ k _ _
0= /Q [8:0 ey + Oy oy ] ——> /Q [0 o+ dye To]-
T T

Therefore (0, , Je,) converges to (0, Jo) in the sense of CE(O0, T).

Finally, since py is concentrated on [0, T] x {£1/2}, the limiting flux 7 is piecewise
constant in y with jumps only at {£1/2}, and j € L%(Qr) implies that Jo vanishes outside
of (—=1/2, +1/2). Therefore, the continuity equation 0 = 9,0y + 9y in the distributional
sense implies that the flux is given by

Jo(t,dy) = = 0:z20(O) L (—1/2,41/2)(y) dy. (59

Step 4: The limit (pg, Jo) is equal to (po, jo) We now show that the limit 7 obtained above
coincides with the function Zg that characterizes po (see (43)). This proves that (pg, 7o) =

(Po. Jo) and itp = fip on Q9.
By further extracting subsequences we can assume that

at —ug inL*(Q%) and  9yal —d,uo in L*(Qr).

By passing to the limit in (50) we find that j, = — dyuo + 13011 0 uo almost everywhere in
Q7. In combination with (59) this means that for almost every ¢ € [0, T'], the function y
uo(t, y) is a weak solution of the ODE

_ A _ _ 1 1
— dyuo(t, y) + bo(t, y)uo(t, y) = — 9;z0(¢), for — 5 <¥<j3 (60)

This is a first-order ODE in y on the interval (—1/2, 1/2), and we show below that &
satisfies not one but rwo boundary conditions, at £1/2:

uo(t,—1/2) =zo(t) and up(t,+1/2)=0 forae.zt. (61)

The solution of (60) with left boundary condition uo (¢, —1/2) = Zo(¢) is given by

y
wo(t, y) = Py [zo(r) + a,zo(z)/ e B dz].
—1/2
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Since

1/2 A
/+ / o BUD gy — Z9(t) -
—1/2 9:20(1)

the second boundary condition #g (¢, +1/2) = 0 therefore enforces
3 logZo (1) = d log 20(1). (62)

Combined with the convergence assumption on the initial condition g, (0, dy), which
implies 7o(0) = Zo(0), it follows that Zyp = Zo. This unique characterization of the limit
(p, Jo) also implies that the convergence holds not only along subsequences but in the sense
of a full limit ¢ — 0.

Step 5: Prove the boundary conditions (61) on ug To prove the left boundary condition
in (61), let Us be a small neighborhood around —1/2 of length 26 > 0. Since 8y12£ is bounded
in L2(Q7) by (55b), there is an € L?(0, T) such that

alae,y) < al(r, =1/2) + a(r) |y +1/2|'*  foralle and ae. (1, y) € QY.

We can then estimate for any non-negative ¢ € C([0, T']),

T T
f (Ot Us) dt = / / POl )Py
0 0 Us

IA

T
7Ly fo YO —1/2)di + Yl fU v+ 17217294 dy)

IA

T
%(Ua)/o YOk, —1/2)dr + cnv/nmsl/z/ gy dy.

Us
For each § > 0, fUa éﬁ(y)dy converges to 1 as ¢ — 0, and
T T
lim / V(1) pe(t, Us) dt = / ¥ (t)zo(r) dz.
e—0 Jo 0

Therefore,

T T
/ ¥ (1)Zo(t) dt < lim igf/ ik, —1/2)dr + C'81/2.
0 &= 0

Noting that § > 0 is arbitrary and repeating the argument for the reversed inequality, we find
that

T T
/ Y ()Zo(t) dt = 1imO/ Y (nal, —1/2)dr.
0 £~V Jo

Since the trace map w € L0, T; HI(Q(%)) — w(,—1/2) € L2%(0,T) is weakly continu-
ous, the sequence of functions ¢ +— ﬁf (t, —1/2) converges weakly in L%(0, T') to the limit
uo(t, —1/2). This proves the first boundary condition in (61). The argument for the second
boundary condition is similar, using that )96‘5 ((1/2 -6, 1/2+ 8)) — ooase — 0.

This concludes the proof of Lemma 5.7.
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5.4 Proof of Lemma 5.6

Approximation results of this type are very common; see e.g. [2, Theorem 6.1] or [34,
Lemma 4.7]. Fix a pair (9o, jo) with Zo(po, jo) < 0o, and write fo in terms of the absolutely
continuous function Zg as in (43).

We first approximate Zo by a sequence of more regular functions z,, for n — 0. We do
this by first extending Zo to R by constants:

20(0) ift <0
20(t) :={20(t) ifO<r<T
30(T) ift>T.

The extended function Z( again is non-increasing; we then regularize by convolution by
setting

2y = ay*Z0,
where o, (s) := n~Ya(s/n) is a regularizing sequence.

Then z,, — Zg in W1 1(R), and therefore the corresponding pair (bn, Jn) converges in CE
to (0o, Jo) Since the function S in (15) is jointly convex in its two arguments, we have

T
fo S(—azin(t)lin(t))dtS/RS(—Bzén(t)lén(t))dt
< A(apy*S(—aréoléo))(t)dt=/RS(—Mo(t)I%o(t))dt

T
= /0 S(—03:20(1)|Z0(2)) dr.

Next, define z(¢) := 1/2 — t /4T, and note that 7 and — 9,7 are bounded away from zero
on [0, T]. For each n € (0, 1), the convex combination

@) =nz@) + 1 —pzy@), t€[0,T]

also satisfies inf 7, inf(—9,Z;) > 0. Again using the convexity of S we find that
T T
[ scazoma=cnra-n [ seazoioa.
0 0
Setting fq (1) = Z(1)8—1/2 + (1 — Z;(1))81 2 and defining j accordingly, we then have
To(Ag» jg) < Cn+ (1 = mZo(Bo, fo)-
The sequence (ﬁg , j(;] ) therefore satisfies the claim of Lemma 5.6.
5.5 The initial data in (51) can be realized

In the proof of Theorem 5.4 we postulated a choice of initial data with certain properties.
The next lemma shows that it possible to construct such initial data.

Lemma 5.8 For any given p° = z°6_1;2 + (1 — 2°)81,2 it is possible to choose a sequence
ﬁﬁ"’ satisfying the requirements (51).
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Proof. For instance one may choose

20(0) ify<-1/4

~lo, \ ._ Jsmooth monotonic between — 1/4 and 1/4
g (y) = .

z
(1 —20(0) +a.)== ify > 1/4,
Zg

where a; — 0 can be tuned in order to achieve the mass constraint (51c). One can verify that
the definitions of y, and yf imply that 1 — z9 4+ a. < 1, and because Zf /Z; < 1 we have
the bound [|25°]| e < 1.

To show (51e) for this choice we can write

R Z V4 Z
AloAly ~loLe A ~f0Le N R A
eE (uy,) = £/Rn<us —Zf)dyg = S/RMS —Zg log(us —Zg)dyg.

Splitting the integral into parts, the integral over (1/4, co) equals
(1 = 20(0) + a¢) log(1 — z0(0) + a¢) e ((1/4, 00)) < 0.
The integral over the remaining interval (—oo, 1/4) can be bounded from above by

Z: 29
)gelogz—j < V)| +1 forsmalle. O

&€

Ze

e (=00, 1/4) Tog lut°l1oe 77
&

5.6 Recovery sequence for the untransformed system

Theorem 5.9 Let V satisfy Assumption 4.1. Let (po, jo) € CE(0, T) satisfy Zo(po, jo) <

00. Then there exists a sequence (pg, jo) € CE(0,T) such that (pg, je) <K (00, jo),
SUPg~0 € Ee(0:(0)) < 00, and Ze(pe, je) —> Zo(po, jo)-

Proof Since Zo(po, jo) < 00, po and jo have the structure (17) in terms of z and j. Define
the corresponding (49, jo) by

po(t, dx) := z(1)6_1,2(dx) + (1 — z(2))81/2(dx),
Jo(t,dx) == j(OL1—1/2,1/21(x) dx.

By construction fo (Po, Jo) = Zo(po, jo) < 0o, and therefore by Theorem 5.4 there exists a
sequence (/e je) that converges to (o, jo) With Zs (Be, je) —> Zo(pos jo)-
We define (p;, jo) by back-transforming the relation (39):

pe = ((ve) ")yhe and  je(t,x) = folt, e (x)).

By definition then Z; (p;, j:) = fs (Pe» Je) —> Zo(po, jo). The only remaining fact to check

is the convergence (g, Jje) =5 (00, jo)-
By Theorem 5.4, Z.(p¢, je) and € E;(p:(0)) are bounded. We next verify the conver-
gence (33) of the initial data. Note that by the properties of push-forwards,

pe(0,dx) = ug° )y (dx)  with  uf®(x) = g (ye (). (63)

O
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Lemma5.10 1. uﬁ"’ is bounded uniformly in x and ¢;

2. for small g, on the interval (—oo, %(xa + x0)) the function uﬁ"’ is equal to a constant ag,
with limg_. ¢ a; = z0(0);

3. forsmall e, on the interval (% (xp+xp—), 00) the function uﬁ"’ Zg/Zf is equal to a constant
be, with limg_.o by = 1 — z¢(0).

Assuming this lemma for the moment, we calculate for any ¢ € Cp(R) that

5 (atx0) ot o
/ pe(0, dx)(x) = as/ Ye (d0)o(x) — 2(0)p(xq).

(e, ) —00
Similarly,
o° o £—0
/ .0, 400900) = b |, Y @0)g (0 =2 (1 = 20)g ).
5 (x0+xp-) 5 (x0+xp-)

Finally, by the uniform boundedness of u%° on R,

1

5 (Xo+xp-) 0
< Cligl | =1

1
2 (xa+x0)

%(XO""X[:*)
/1 e (0, dx)p(x)
2 (xa+x0)

Therefore p. (0, -) satisfies the convergence condition (33). Theorem 4.7 then implies that
up to extraction of a subsequence, (o, je) converges to a limit (pg, 7); the only property to

check is that (g, 7o) = (0o, jo)-

Let po(t) = Zo(t)dx, + (1 — Zo(1))dx,; by (33) we have Zp(0) = z0(0). Recall from
Lemma 4.6 that the function ¢, o y_ ! converges uniformly on R to the function id; /2. We
then calculate for any € Cp([0, T]) that

T T
f v / pelt, Ve (x) dt = / o) / Pt dy)pe (v () di
0 R 0 R
T
s / o) / Po(t. dy)idy 2(y) di
0 R

T
= /0 Y ([ —%z0() + $(1 — zo(t))] dt.

On the other hand, since ¢, is uniformly bounded and converges to F1/2 in neighbourhoods
of x, and xj, we also have

T T
fo (o) fR pe(t, dx)ge (x) df —> /0 P O[= 1200 + 11 = 20()] dr.

Since these two should agree for all ¢ € Cp([0, T]), it follows that Zp = zo and therefore
Py = P0-

Finally, to show that also 7, = jo, note that both 7 and j are of the form j (¢)1y,,x,], and
since they satisfy the continuity equation with the same measure p we have 9, (75 — jo) =0
in duality with CCI’O([O, T1 x R). It follows that j, = jo almost everywhere on [0, T] x R.

We still owe the reader the proof of Lemma 5.10.

Proofof Lemma 5.10 Part 1 follows directly from the boundedness of ﬁf’o (see (51a)) and
the transformation (63). For part 2, recall from (51d) that 12?" is a constant (say a.) on the

interval (—oo, —1/4). Since 1£-°! converges to 20(0)8_1,2 + (1 — 20(0))81 2, the constant
a, converges to zo(0). Since y = —1/2 is an interior point of the interval (—oco, —1/4), for
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sufficiently small ¢ the function y, maps the interval (—oo, %(xa + xo)) into (—oo, —1/4)
(see Lemma 4.6) and therefore u%° equals a, on (—00, 1 (x4 + x0)).

For part 3 the argument is very similar, only replacing the left-normalized ]7; by the
standard normalized y,. O
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A Auxiliary results
A.1 A generalized Poincaré inequality

LemmaA.1 Forany —oo < a < b < 0o and for all bounded non-negative Borel measures
[ on [a, b], we have the following inequality:

1 Bty = €1 10y + 10 DT NS 122 )
forall f € Hl(a, b)N Lz(a, b; ),
with a constant C > 0 that only depends on a and b.

Proof By density it suffices to prove the inequality for f € C'([a, b]). For x, y € [a, b] we
have

2 2 4
£ = 200 +2 f £1() £ s) ds.
and therefore

plla, b)) £200) < 1 £ 172, + 2060a BDIFll 20y 1| 200

(u
2 l "2 2
< NG + #a BD] 1 G2y + @b = U f I -

The assertion follows by choosing e.g. « = 1/2(b — a). i

A.2 Laplace’s method

Lemma A.2 (Laplace’s method; see e.g. [31, Sec. 7.2]) Let f : [a, b] — R be twice differ-
entiable.

(a) Suppose that for some x; € (a, b), we have f(x;) = inf|, p) f. Then

g 2T ape
e dx =[1+o0(1)] — € Yoasn — 00.
a nf (X,‘)
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(b) Ifxi =a orx; =D, then

2
nf”(x;)

e M) gsn — oo,

b
1
/ e Wdx =14 o0()] 5
a 2

A.3 Duality characterizations

Lemma A.3 (Duality characterization of quadratic entropies) For X = [0, T] x R4, f.g:
X — R measurable with g > 0, and any nonnegative Borel measure |1, we have the
characterization

1 2 bx)?
[ = [ [(— ) )g(x)+b(x)f(x)] dp (o).
x2 gx) beCX(X) J X 2

A proof is given for instance in [2, Lemma 3.4]. The representation there can be further
simplified by setting a = —b?/2.

Lemma A.4 (Duality characterization of S) The function S defined in (15) has the alternative
characterization

) 1 ) +1/2 1 ) )

sl = yinf [ o . (64)
u J_1 u(y)

where the infimum is taken over smooth functions u : [—1/2, +1/2] — [0, 0o) satisfying

the boundary conditions u(—1/2) = z and u(+1/2) = 0 and the positivity requirement

u'(y) > Oforall y € (—1/2,1/2). The optimal function u is the polynomial

u) = (3 =00 +1) +2(-))- (65)

Proof This result is very similar to that in [24, Prop. Al], which dealt with the slightly
different argument (j2 + u’ 2) /u with strictly positive boundary conditions for u«; the sign of
j and the degeneracy of u at the boundary y = 1/2 require some modifications.

If j = 0, then the integral equals fiﬁz 4(v")? in terms of v = /u, for which the optimal
function v is linear and the corresponding value of the integral equals 4z. This proves the
identity (64) for the case j = 0.

If j < 0, then one can estimate
[, G+ [ P tu? 240

lim sup dy = lim sup dy

art2 Jo1p u ar1j2 J-12 u
> limsup 2j(logu(a) — logz) = +o0,
at1)2

which establishes the identity (64) for the case j < 0. In the case j > 0 but z = 0, a similar
calculation at y = —1/2 yields the same conclusion.

The final case to consider is j, z > 0. Following the argument of [24], we set f (u, u’) =
(j + u))?/4u, such that the Euler-Lagrange equation is — (8, f (u, u')) + 8, f(u, u’) =
0. It follows by differentiating (or applying Noether’s theorem) that the Hamiltonian
Wy fu,u') — flu,u') = > — j2)/4u is constant on [—1/2, 1/2], say equal to y /4. By
differentiating the resulting equation u’ 2= 24y u we find that all solutions are second-order
polynomials, and by applying the boundary conditions on # we obtain (65) and y = 4(z— j).
The identity (64) then follows from a direct calculation. O
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A.4 Proof of Lemma 2.2

Results of this type are fairly standard; similar arguments can be found in [12, Th. 2.3] or
[19, Lemmas 8.4 and 8.5]. Since we could not find a complete result, we provide a proof
here. For the length of this proof we use subscripts ¢ to indicate time slices.

Step 1: Alternative duality estimate We have

Ze(p. j) = sup /(prT—pofo)
recy?op /R

[ oo (ot - Doenv e s00%). 69

One first obtains this inequality for f € Cg’z(QT) by substituting b = 9, f in (8) and
using the narrow continuity of p with a standard truncation and regularization in time. For
general f € C ;’Z(QT) the inequality follows from a regularized truncation in space, using
the finiteness of the measure p on Q7.

Step 2: Dual equation Fix ¢ € C2'(Qr) and ¢ € C®(R). Define g € Cy2(Qr) as the
solution of the backward parabolic equation

1 , ety (1 5 1 ,
018 + ng(axxgz - gaxgtv ) = 7gt(*(ﬂ; — Oxor + E‘Ptv )

2 2
gr = e¥/?
g is bounded.

Such a solution exists by e.g. [17, Th. 1.12]. By calculating the derivative explicitly, we find
that

d 1 2
— | g2V = 28tg/ e Ve (3xgt + *890) >0,
dr Jr R 2

implying that

/e¢e’v/8:/g%e7V/E z/gée*"/f. (67)
R R R

The function f := 2log g is an element of C;’2(QT) and satisfies the equation

1 1 1 1
o fr + 5Te<3xxft + E(axft)2 - gaxftV/) — 8Te<§§0t2 — Oxor + g‘/’tvl)

with final datum fr = . Substituting in (66) yields

. 1 2 1 /
T(p. j) = | [pr¥ — pofo] — ’0”5(5% — o + -V )
R Or €

By reorganizing this inequality and applying the Donsker-Varadhan dual characterization of
the relative entropy we find

1 1
/ pry — IOg/ yee¥ + sfe/ p(ﬂp,2 — Oyor + fsz/)
R R or 2 &
szmn+/mm—m/nﬂ
R R

vo67
. yee” (0F) .
sIa(p,J)JrH(pol)/s)—lOgm < Zc(p, j) +H(polye).
R &
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Taking the supremum over ¢ € C°(R) and ¢ € CL1.’2(QT), and applying also the dual
formulation of the Fisher Information [16, Lemma D.44], we find

T
H(prlye) + srg/O R(ptlye, R)ydt < Ze(p, j) + H(polye).-

Summarizing, Z.(p, j) < oo implies that p is absolutely continuous on Q7 with respect
to y.(dx)dt, or equivalently to with respect to Lebesgue measure on Q7; the density u :=
dp/dy. satisfies dyu € Llloc(QT)' This proves parts 2 and 3 of Lemma 2.2.

Step 3: Regularity of j To show that j < p, we use the regularity of u to rewrite

. . Ox U eT
Z(p, j) = sup / [b<1 + 8&;)“‘*) - 75101?2”-
beCl(Qr) Y Or u

By the dual characterization of L%(Qr; p), finiteness of Z(p, j) implies that there exists
veLX0r;p) with j = vp, and we have the estimate

1

Oyl \2 .
| e(v+en==) =T . (68)
€T Jor u

Step 4: Rewriting T Finally, to show the identity (21), we note that v € L%(07: p) implies
that the curve ¢ — p; is absolutely continuous in the Wasserstein sense [1, Th. 8.3.1]. By
[1, Th. 10.4.9], the bound on d,u, /u; implies that the global Wasserstein slope |0 E¢|(po;) is
bounded and 9, u, /u; is an element of the Fréchet subdifferential. Finally, by the chain rule
[1, Sec. 10.1.2], we have

o,
/ v b = Ec(p(T) — Ec(p(0)).
or u

Expanding the square in (68) establishes (21) with an inequality.

Step 5. Inverting the argument The argument up to now can be summarized as “if Z, (p, j)
is finite, then p and j are regular and identity (21) holds as an inequality”. Vice versa, if the
regularity conditions on p and j are satisfied and the right-hand side in (21) is finite, then the
calculations can be reversed, and we find that Z is finite and that the inequality is an identity.
This concludes the proof.
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