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Abstract

We study the evolution of strictly mean-convex entire graphs over R" by Inverse Mean
Curvature flow. First we establish the global existence of starshaped entire graphs with
superlinear growth at infinity. The main result in this work concerns the critical case of
asymptotically conical entire convex graphs. In this case we show that there exists a time
T < +oo, which depends on the growth at infinity of the initial data, such that the unique
solution of the flow exists for all + < T. Moreover, as t — T the solution converges to a flat
plane. Our techniques exploit the ultra-fast diffusion character of the fully-nonlinear flow,
a property that implies that the asymptotic behavior at spatial infinity of our solution plays
a crucial influence on the maximal time of existence, as such behavior propagates infinitely
fast towards the interior.
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1 Introduction

We consider a family of immersions F; : M" — R"*! of n-dimensional mean convex
hypersurfaces in R*t1. We say that M, := F,(M") moves by inverse mean curvature flow
if

d
o F@n= H 'z, vz 1), zeM" (1.1)

where H(z,t) > 0 and v(z, t) denote the mean curvature and exterior unit normal of the
surface M, at the point F(z, t).

The compact case is well understood. It was shown by Gerhardt [13] that for smooth
compact star-shaped initial data of strictly positive mean curvature, the inverse mean curvature
flow admits a smooth solution for all times which approaches a homothetically expanding
spherical solution as t — 00, see also Urbas [22]. For non-starshaped initial data it is
well known that singularities may develop; in the case n = 2 Smoczyk [21] proved that such
singularities can only occur if the speed becomes unbounded, or, equivalently, when the mean
curvature tends to zero somewhere during the evolution. In [16,17], Huisken and Ilmanen
developed a new level set approach to weak solutions of the flow, allowing “jumps” of the
surfaces and solutions of weakly positive mean curvature. Weak solutions of the flow can be
used to derive energy estimates in General Relativity, see [17] and the references therein.

In [18], Huisken and Ilmanen studied further regularity properties of inverse mean cur-
vature flow with compact starshaped initial data of nonnegative mean curvature by a more
classical approach than their works in [16,17]. They showed that starshapedness combined
with the ultra fast-diffusion character of the equation, imply that at time ¢ > 0O the mean
curvature of the surface becomes strictly positive yielding to C* regularity. No extra regu-
larity assumptions on the initial data are necessary. This work is reminiscent of well known
estimates for the fast-diffusion equation

o = Vi(g" 'Vip), on Qx(0,7) (1.2)

on a domain 2 C R” and with exponents m < 1. We will actually see in the next section
that under inverse mean curvature flow, the mean curvature H satisfies an ultra-fast diffusion
equation modeled on (1.2) withm = —1. The work in [ 18] heavily uses that the initial surface
is compact which corresponds to the domain €2 in (1.2) being bounded. However, the case
of non-compact initial data has never been studied before.

Motivated by the theory for the Cauchy problem for the ultra-fast diffusion equation (1.2)
on R" x (0, T), we will study in this work equation (1.1) in the case that the initial surface
My is an entire graph over R", i.e. there exists a vector w € RAHL |w| = 1 such that

(w,v) <0, on M.
We will take from now on w to be the direction of the x,1 axis, namely = e,41 € R,
A solution M; of (1.1) can then be expressed (at each instant ¢) as the graph F(x,t) =

(x,u(x,1)) of a function u : R" x [0, T) — R. In this parametrization, the inverse mean
curvature flow (1.1) is, up to diffeomorphisms, equivalent to

1
<%F(x, r)) =H ', Hvix, 1), xeR" (1.3)
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where L denotes the normal component of the vector. Equation (1.3) can then be expressed
in terms of the height function x,41 = i(x, ) as the fully nonlinear equation

-1
ii; = —/1+ |Di|? (div (D”>> . (1.4)
V1+ |Di?

Entire graph solutions of the mean curvature flow have been studied by Ecker and Huisken
in [8,9]. It follows from these works, which are based on local a’priori estimates, that the
mean curvature flow behaves in some sense better than the heat equation on R": for an
initial data My which is an entire graph over R”, no growth conditions are necessary to
guarantee the long time existence of the flow for all times t € (0, 4-00). See also in [11] for
evolution of entire convex graphs by powers of mean curvature. In the case of other flows,
the evolution of entire convex graphs was studied in the work by Alessandroni and Sinestrari
[1] and Holland [15]. Recently, entire graph solutions of fully-nonlinear flows by powers
of Gaussian curvature were studied by Choi, Daskalopoulos, Kim and Lee in [4]. This is
an example of slow diffusion which becomes degenerate at spatial infinity. Finally, entire
convex graph solutions of other fully-nonlinear flows which are homogeneous of degree one
were recently studied by Choi and Daskalopoulos in [3].

This work concerns with the long time existence of inverse mean curvature flow for an
initial data Mo which is an entire graph. In a first step we will establish in Theorem 4.1
the existence for all times ¢ € (0, +00) of solutions with strictly meanconvex initial data
Mo = {x,4+1 = up(x)} having superlinear growth at infinity, namely lim | 4 & | Dito(x)| =
~+o00, and satisfying a uniform "§-star-shaped" condition (F — Xg, v) H > § > 0 for some
%o € R"*!. These conditions for example hold for initial data io(x) = |x|?, for ¢ > 1. The
proof of this result uses in a crucial way the evolution of (F — Xxp, v) H and the maximum
principle which guarantees that this quantity remains bounded from below at all times.

The main result of the paper proves long-time existence and uniform finite time singular
convergence for convex entire graphs with conical behavior at infinity. We will assume that
M)y lies between two rotationally symmetric cones x,+1 = &; (-, 0), with ¢1(-, 0) := o | x|
and (-, 0) := g |x| + «, x € R", namely u satisfies

ap |x] < u(-,0) <aplx|+«, on R" (1.5)
for some constants ag > 0 and ¥ > 0.

M,

0 (1.6)

We will see that M, will remain convex and will lie between the cones ¢1(x,t) = a(t) |x|
and & (x, t) = a(t) |x| + « which are explicit solutions of (1.1), namely

alt) x| <i(,t) <at)|x|+« on R (1.7)

The coefficient «(¢) is determined in terms of g by the ordinary differential equation (3.3).
We will see in Sect. 3 that a(¢) = 0 at a finite time 7 = T (p), which means that the cone
solutions ¢; become flat at time 7T (¢g). Our goal in this work is to establish that the solution
M; of (1.1) with initial data M will also exist up to this critical time T, as stated next.
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Theorem 1.1 Let Mg be an entire convex C? graph Xnt1 = Uo(x) over R" which lies between
the two cones as in condition (1.5). Assume in addition that the mean curvature H of My
satisfies the global bound

co = H(F,w) < Co. (1.8)

Let T = T (o) denote the lifetime of the cone with initial slope ag. Then, there exists a
unique C°° smooth solution M; of the (1.1) for t € (0, T) which is an entire convex graph
Xpt1 = u(x,t) over R" and satisfies estimate (1.7) and has H > 0 for allt € (0, T). As
t — T, the solution converges in C"? to some horizontal plane of height h € [0, «].

Remark 1.1 (Vanishing mean curvature) Condition (1.8) implies that the initial data M has
strictly positive mean curvature H > 0. Actually for generic initial data which is a graph
Xn+1 = Uo(x) satisfying (1.5) one expects that H (x, io(x)) ~ |x|~" as |x| = +o0. Hence,
under the extra assumption H > 0 one has that (1.8) holds. It would be interesting to see if
it is possible that the result of Theorem 1.1 is valid under the weaker assumption that (1.8)
holds only near spatial infinity, thus allowing the mean curvature H to vanish on a compact
set of M.

Remark 1.2 The solutions in Theorem 1.1 have linear growth at infinity and they are critical
in the sense that all other solutions are expected to live longer. For conical at infinity initial
data, one has (F — %o, v) H ~ |x|~! as x — 4o00. We will see that maximum principle
arguments do not apply in this case to give us the required bound from below on H which
will guarantee existence. One needs to use integral bounds involving H. Since our solutions
are non-compact special account needs to be given to the behavior at infinity of our solution.
This is one of the challenges in this work.

Remark 1.3 (Graphical parametrization) While we use the graphical parametrization in con-
ditions (1.5) and (1.7) and to establish the short time existence of our solution, for all the
a priori estimates, which will occupy the majority of this work, we will use the geometric
parametrization in (1.1) where d F'(z, t) /9t is assumed to be in the direction of the normal v.
This is because the evolution of the various geometric quantities becomes more simplified
in the case of equation (1.1). In particular, # := u(x,?),x € R” will denote the height
function in the graph parametrization, while u := (F, w) will denote the height function in
the geometric parametrization.

2 The geometric equations and preliminaries

We recall the evolution equations for various geometric quantities under the inverse mean
curvature flow. Let g = {g;j}1<i,j<n and A = {h,]}1<1 j<n be the first and second funda-
mental form of the evolving surfaces, let H = g i p; ; be the mean curvature, (F — xo, v) be
the support function with respect to a point ¥y € R"*! and du the induced measure on M;.

Lemma 2.1 (Huisken, [lmanen [18]) Smooth solutions of (1.1) with H > 0 satisfy

a 2
(1) %gijzﬁhij
2) —dp=d
(2) aat pw=dp 1
3) —v=—-VH '= _—VH
) or " H?
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3 1 2 |A]?
(4) o-hij = g3 Shij = 23 ViHV H + = hyj
(5) 8H—v( 1 ViH) AE_ 1 AH - IVH? AP
ar - i\gz v H ~— H? H3 H
© Lrr = Lag A
ot H? H?
9 i 1 _ A2 _
(7) g(F_x(),u):ﬁA(F—xQ,U)-FF(F_)CO,V)~

We will next assume that M, is a graph in the direction of the vector @ and a smooth
solution of (1.1) on 0 < ¢t < t with H > 0 and we will derive the evolution of other useful
geometric quantities under the IMCF. We will use the following identities that hold in terms
of a local orthonormal frame {ej};<;<, on M;:

Vev =hjjej, Veej=—hjjv, Veei=—Hv. 2.1)
Lemma 2.2 The norm of the position vector | F|* satisfies
9 1 2 -2 —1
<5 — mA) |[F|*=-2nH " +4H  (F,v). (2.2)

Proof We have
Vi|FI* =2(F,e), A|F[*=2n—2H(F,v)

and
d 2 -1
o | FIP=2(F.F)=2H"(F.,v)
which readily gives (2.2). O
Lemma 2.3 For any Xg € R**! the support function H (F — Xo, v) satisfies the equation
d 1 _ 2 -
Frie mA (H (F — Xp, v)) :-mVH.V(H (F — Xo, v)). (2.3)
Proof Readily follows by combining the evolution equations of H and (F — Xxo, v). O

Lemma 2.4 For a graph solution M;, the quantity (w, v) satisfies

<i - LA) (w,v) = ﬁ (w, v). 2.4)
ot H? ’ H? 7
Proof We have

ad ]

5«0, V) = (v, 51}) =1 (w, VH)
On the other hand

1 1 1 |A)?
7l Aw,v) = 0 Vi(hik (0, ex)) = ﬁ(w, VH) — — (w,v)

Hence, (2.4) holds. O
Lemma 2.5 For a graph solution M, the function ¢ := —H (w, v) > 0 satisfies

(3 - LA) ¢ = —iVH -Vo. (2.5)

ot H? H3
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Proof Readily follows by combining the evolution of H and (2.4). O

Lemma 2.6 For a graph solution M,, the height function u = (F, w) satisfies the evolution
equation

0 1 2
Proof 1t follows from

a 1
a(F, w) = T (w,v) and A(F,w) = V;(ej, w) = —H (w, v).
We next consider the quantity

(F,v) = —(F, o) (,v)

which will play a crucial role in this work. We will assume that our origin 0 € R”*! is chosen
so that (F, w) > O (in particular this holds if M, lies above the cone x,4+1 = «(f) |x| as in
the picture (1.6)). Since (w, v) < 0, we have (F,v) > 0on M, forall0 <t < 7.

Lemma 2.7 The quantity (ﬁ, v) == —(F, w) (w, v) > 0 satisfies the equation
O LA =B 2 e M o0 @)
— _ , V) = ,V) — — (w, v i, W i, ). .
ot H? H? H H2 I

Proof Using the evolution equations for (F, ®) and (w, v) shown in Lemmas 2.4 and 2.6
respectively, we conclude that

9 1 . VARER 2 , 1
( A) (F,v) = (F,v) — — (w, V) +mV,'(F,w>Vi<a),v).

ot H? H? H
Since
Vi(F, w)Vi{w, v) = hjj (&, w) (ej, ®)

the above readily yields (2.7). O
Lemma 2.8 The product v := (ﬁ, v) H satisfies the evolution equation

L= (v 2 (0,0 + 2 (a5, 0) (e, ) 2.38)

—v—V;|—=Viv)=- ) — (ej, ej, w). .

2" i\ gz Viv 1) 7 (e @) (e, @

Proof Combining the evolution equation of H given in Lemma 2.1 with (2.7), gives

LN 2 V(B )VH= 2 (B 0) [VHP=2 (0, )2+ (e, ) (e, o)
— ——AJv=——"FV(F,v ——(F,v —2{w, V)" +— (&, ®) (¢j, w
ot H? H? H3 H J

__ 2 vwH-2 2y i, -
- _m v - <C(), V) + F (els CL)) <ej7 w)
from which (2.8) readily follows. O

Lemma 2.9 Under the additional assumption that M, is convex, the function v=' =

((F,v) H)™! satisfies

atv i\ g2 iv = Tt v w,V) v . .
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Proof Let v := (F, v) H as in Lemma 2.8. We have

R P I N U 2 oo
o m2)Y T\ T wt) T ms Y

2 -1
=—— Vv 'VH -

2
H3 H2v3 Vol

h..
+2 (o, )07 = 1 (e, ) (e, 0) v
which implies (2.9) since 4;; (e, ®) (¢j, @) > 0 by convexity. ]

Throughout this paper we will make use of the comparison principle in our non-compact
setting. Although rather standard under our assumptions, for the convenience of the reader
we will show next a proposition which justifies this. The assumptions are made so that it is
applicable in our setting.

Proposition 2.10 (Comparison principle) Assume that f € C>(R" x (0, 7))NCY(R" x (0, 7))
satisfies the linear parabolic inequality

fi<aijDijf+biDif +cf, on R"x(0,71)
Sfor some T > 0 with coefficients which are measurable functions and satisfy the bounds
MEP < aij(x. 0 &E < AP (P + 1, () eR" x[0,7], §€R" (210
and
bi(x, ] < A (x> + DY, e, 0]l < A, (x,1) € R" x [0, 7] Q.11

for some constants 0 < A < A < +00. Assume in addition that the solution f satisfies the
polynomial growth upper bound

fe, ) <C(xP+ 1P, on R"x[0,1]
forsome p > 0.If f(-,0) <00onR", then f <0onR" x [0, t].

Proof To justify the application of the maximum principle it is sufficient to construct an
appropriate supersolution ¢ of our equation. We look for such a supersolution in the form

PO, 1) =€ (Ix]* + 1)

for some exponent ¢ > p and 0 = 6(A, g) > 0 to be determined in the sequel. Defining the
operator

Ly :=a;j Dijo +b; Dip +co
a direct calculation shows that under the assumptions on our coefficients we have
o —Lo>(0—-C(A,Q)o

for some constant C (A, ¢) depending only on A, ¢ and the dimension n. Hence, by choosing
0 :=2C(A, q) we conclude that ¢ satisfies the inequality

¢ — Lo > 0.
Now, setting ¢ := € ¢, we have

fx, 1) <@e(x,t), for |x| >R, 0<t<rt
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for Rc >> 1, since we have taken ¢ > p. Since, fe < 0 < ¢, by assumption, the maximum
principle guarantees that f < ¢ on R"” x (0, r) and by letting ¢ — 0 we conclude that
f <0ononR" x [0, 7] as stated in our proposition. O

We will establish next, using the maximum principle, local and global L bounds from
above on the mean curvature of our solution M;. We begin with the local bound. For the fixed
point o € R"*! and number r > 1, we consider the cut off function

ni= (% —|F —%H2.

Proposition 2.11 (Local bound from above on H) For a solution M, of (1.1) on t € [0, 7],
T >0, if supy, n(F(-,0)) H(:,0) < Co, then

sup n(F(-, 1)) H(-, 1) < max(Co, 2nr>). (2.12)

M,

Proof We work on a local orthonormal frame {ej};<;<, on M; where identities (2.1) hold.
We have

Vin = —4 (> = |F = Xo|*)4 (F — o, &) = —4n'/> (F — %o, &)
and
An=8|(F —x0)T 1> —4nn'? + 4n'/(F — %0, v) H
and

d 1 1
5= ' F 5o, ) =~y (F — %o, 2 v) = —4n'? - (F = . v).

We recall the H evolves by the equation

9 1 2 , AP
—H=—AH—- —|VH|" — ——.
ot H? H3 H
Using also the bound |A|2/H > H /n, it follows that
d(nH) 1

< —nAH - 2 WHP g — Ty a2 (F 5, ).
at — H? H3 n

Since

1 1 2 1

the above yields

dmH) 1 2 8 o
oy = gz AH) — o7 Vil Vi — 1 |[(F — %0)"|
4n 2 H
— 2~ —_|\VH*p - —=.
tgn 73 VA = -1

Using

2 2 2
23 ViHVi(1H) = 55 Vil Vi + =5 [VHI*
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we conclude that ¢ := n H satisfies

ap 1 2 4n 3 @

< —Ap— =ViHVip+ — 7 - T,
or — 2t T Ty

For the fixed r > 0 and Xy € R"H1 | let

m(t) := max Hn = max ¢.
(®) ha n M{«)

Since n < r4, it follows from the above differential inequality that m (¢) will decrease if

6 4n__m)
g m(t)_ n

<0 & m>@(t) > 4n’r® = m@)>2nr.

Hence

m(t) < max (m(0), 2nr>).

Remark 2.1 We note that Proposition 2.11 does not require the convexity of M,.

Proposition 2.12 (Global bound from above on H) For a convex graph solution M, of (1.1)
ont €0, 1], ifsupM0 (F,w)H(-,0) < o0, then

sup sup (F,w)H <sup(F,w)H. (2.13)
tel0,7] M, Moy

Proof We will compute the evolution of (F, w)H > 0 from the evolution of H given in
Lemma 2.1 and the evolution of the height function (F, w) given by (2.6). Indeed, combining
these two equations leads

91 2 ) 2
5~ ) (Fo)H) = — I VHP (F.0) = 23 VH - V{F. o)

|A]?
——— (F,0)+ 2w, v).
Writing
2 R 2 2

and using (F, w) > 0 and (w, v) < 0, we conclude that (F, w) H satisfies

a1 2
(E - ﬁA> ((F.w)H) < —g Vi V((F,w)H)

and the bound (2.13) readily follows by the comparison principle. O

3 Self-similar solutions

We will study in this section self-similar entire graph solutions x,4+; = u(x, t) of the IMCF
equation (1.4) which have polynomial growth at infinity, namely u(x, t) ~ |x|4, withg > 1.
These solutions are all rotationally symmetric.

First, we consider rotationally symmetric infinite cones in the direction of the vector
® = epy1. If the vertex P € R"+! of the cone is the origin 0 € R"*! for its position vector
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53 Page 10 of 37 P. Daskalopoulos, G. Huisken

F, then (F,v) = 0, otherwise (¥, v) = (P, v). Since the cone is a rotationally symmetric
graph, in its graph parametrization F(x,t) := (x, {(|x], 7)), x € R" it is given by a height
function

cr,y=a®)r+k, r:=|x|, xeR" (3.1)
for a constant ¥ € R. The function ¢ is a solution of the equation

B (1+¢2?
;rr+(n_ 1) (1+§r2)§r/r

& = (3.2)

which is satisfied by any rotationally symmetric graph F(x,t) := (x,i(|x|, 7)), x € R"
which evolves by equation (1.3).

Cone
solution
It follows from (3.2) that «(¢) satisfies the ODE
"(1) ! @) + ! (3.3)
o =—— |« — . .
n—1 a(t)
On the conical solution we have
1
(W, V) = ——F———= (3.4

VI+a)?
and
(n—1a@)

H(r,t) = (3.5)

We conclude that on the conical solution

- e @ Da®?
vi= —(F.0) (@) H =y() = o0
Setting

0= (0.0 =

A1) 1= (w.0) = T

we have

y(®) =@n—1)10—=B().

To compute the evolution of y (¢) and B(¢) it is simpler to use the equations (2.4) and (2.7)
which directly give

2

= 1)ﬁ(t) and y'(1) = =2 B(1).

Bt =
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This is correct since y (1) and B(¢) are independent of the parametrization. We conclude that

Bt =

n—1

e i @ and v =2 ( r 1). (3.6)

Solving the last ODE’s with initial conditions By € (0, 1) and yg := (n — 1) (1 — Bp) yields

B(1) = Boe® "D and y(1) =@ —1) <1 - (1 - (”701) e2f/<"—‘>> . (37
n—
Finally, recalling that 1 + «2(¢) = B(t)~!, we conclude that the slope «(t) of the conical
solution is
a(t) = ((1 +ad) e 2/0=D _1)!2,
It is clear from the above equations that the conical solution will become flat at time 7T (cg)
given by

n—1
T (o) =

1og(1+ag)=";llog<(nfl_)l_yo). (3.8)

Next, let us briefly discuss other self-similar solutions of equation (1.4) which exists for
all time ¢+ > 0 and they are also rotationally symmetric. It is simple to observe that the time
t cannot be scaled in the fully-nonlinear equation (1.4). Nevertheless, equation (1.4) admits
(non-standard) self-similar solutions of the form

W, )= e™x), (x,)eR"xR (3.9)

for a suitable range of exponents A > 0, where x, 1| = i, (x) are entire convex graphs over
R". The function x,, 1 = it (x), x € R” satisfies the fully-nonlinear elliptic equation

di Dii 1 1+ |Dul?
V|l — )= —.
/1+ |Di|? A x-Du—u

Although equation (3.10) may possess non-radial solutions, restricting ourselves to rotation-
ally symmetric solutions x,+1 = u)(r), r = |x|, it follows that u := u, (r) satisfies the
ODE

(3.10)

i 1 ((+ah)?

ity 4+ (n — 1)(1+u§)7 0. (3.11)

A oru,—u
One needs to impose condition #(0) = k < 0 to guarantee the existence of an entire convex
solution. The following was shown by the authors and J. King in [6].

Theorem 3.1 (The existence of self-similar solutions) For every A > 1/(n — 1) and k < 0,

there exists a unique rotationally symmetric entire convex solution x,+1 = u, (r) of (3.10)
on R" with 1, (0) = k. In addition, u = u,_satisfies the following flux condition atr = +00
A(n—1
lim "0 _ 2 202D (3.12)
r—oo u(r) mn—DAr—1

The condition (3.12) shows that u; (x) ~ |x| % as |x| — oo. Notice that since A is any
number A > 1/(n — 1), the exponent g := (nk_’f% covers the whole range g € (1, 400),
hence each solution u; has a polynomial growth at infinity larger than that of the conical
solution x,+1 = () |x| + «. It would be interesting to see whether the limit limj _, 4o 1

gives the conical solution or possibly another solution with super linear behavior as |x| — oo.
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53 Page 12 of 37 P. Daskalopoulos, G. Huisken

4 The super-linear case and short time existence

In this section we assume that My is an entire graph {x,,-1 = u(-, 0)} over R” in the direction
of the vector w := e,+1. We first prove long-time existence for solutions to (1.1) with
superlinear growth that are §-starshaped (see below) and then we establish the short-time
existence for the critical case of convex solutions that lie between the rotationally symmetric
cones x,+1 = & (-, 0), with £1(+, 0) := g |x| and ¢2(+, 0) := g |x| + k&, x € R", asin (1.5).
The solutions M; are then given as the graph of u(-, t) satistying (1.4).

In our first result, Theorem 4.1 below, we will assume that the initial data M is an entire
graph x,4+1 = up(x) over R” with superlinear growth at infinity, i.e.

|Dug(x)] = oo, ug(x) — oo, for |x|] — o0 “4.1)

and is strictly starshaped with a uniformity condition:
We say that My is §-starshaped if there is a point xg € RN {Ce, xp)|uo(x) < xp41}
and a constant § > 0 such that the mean curvature H satisfies

H(F —Xxp,v) >8>0 4.2)

everywhere on My. By Lemma 2.3, this condition which provides a scaling invariant quan-
titative measure for the starshapedness of a hypersurface, is preserved under inverse mean
curvature flow whenever the maximum principle can be applied.

Theorem 4.1 (Existence for superlinear initial data) Assume that the initial surface My is
an entire graph {(x, x,+1)|x € R", x,41 = uo(x)} with ug € CX(R™) and satisfying the
assumptions (4.1) and (4.2), for some ¥y € R"\. Then, there is a smooth solution F
M" x [0, 00) — R"*! of the inverse mean curvature flow (1.1) for all times t > 0 that can
be written as a graph M; = F(-,t)(M™) = {x,4+1 = u(x, t)} with initial data My. If ug is
convex, then the solution M, is also convex for all time.

Remark 4.1 (i) Itis easy to see that the assumptions (4.1) and (4.2) are satisfied if iig(x) =
|x|9, provided g > 1.

(i) The condition “§-starshaped" is reminiscent but different from the “é-non-collapsed”
condition that has been used in mean curvature flow.

Remark 4.2 In the case of convex initial data, the condition iig € C2(R") in Theorem 4.1 may
be replaced by the weaker condition ug € C120C (R™), since the mean curvature is uniformly
controlled on compact sets.

Proof By translating the surface we may assume that Xo = O is the origin of R"*!; then
up(x) > Cop is bounded below everywhere by some negative constant. For the proof we will
assume that iy € C>*(R"). For initial data justin C? as our theorem states, the result follows
by approximation in view of the estimates we establish.

By the assumption (4.1) we may choose Ry > 1 such that |[Dugp(x)| > 100 provided
|x] > Ro. We want to approximate M, with compact surfaces by replacing the region
{up > R} of the surface with the reflection of the region {iip < R} on the plane at height R.
Set, for each R > Ry

o, r(x) := 2R — up(x) 4.3)
and set

Eo g :={(x, xp41) € R" x Rt iig(x) < xpq1 < llo,r(x)}, Xor :=0Eor. (44)
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The outer unit normals v and ¥ to the lower and and upper part of ¥ g are given by

Diig, —1 —Diig g, 1
(Duo, 1) g (ZPM0R D 4.5)
Vv 1+ |Diig|? V' 1+ |Diig g|?
respectively, where by definition Diig g(x) = —Diip(x) and the mean curvatures H and H

satisfy I-Al(x, o, r(x)) = H(x, itp(x)). In particular we get that for (x, x,4+1) € Xo,g With
Xp+1 = R

Dii 21
| Ditg ()] >1-1073. (4.6)

(v, V)(x, Xp41) = m =

In addition we compute that F Rr(x,0) := (x, g, g (x) satisfies

H (x, fig g (x))(FRr(x, 0), D) (x, fig, (X))

= M(«x, ug,r(x), (=Dito, g (x), 1)>)
1+ |Ditg, g (x)|?

H(x, up(x)) i )
T TN ,2R — (D 1

1+ [Ditg(x)|2 (((x iig(x), (Ditg(x) )))
= H(x, ﬁ()(x))(F(x)’ \))(x, '/_tO(.X)) + 2—R 50

V1+|Dig(x)>

such that the surface ¥ g = d Eg is again uniformly §-starshaped. If the initial function u is
convex, all regions Eg are convex as well.

Next we smoothen out the region x, 41 = itg(x) = R using mean curvature flow:

Lemma 4.2 Given iig € C>*(R"), for each $g = JEg as above there is a one-parameter
Sfamily of hypersurfaces ® : S" x [0, sg] — R @ (-, 5)(S") = Tr(s), sg > 0, with
initial data X g (0) = X g satisfying mean curvature flow

d — "

$<D(p, s)= H(®(p,s)), peS", sel0,sg] 4.7
The surfaces g(s), s € [0, sgl, are smooth and approach X in cOl2 g5 5 — 0. For
small sg > 0 they are S-SIarshaped with § > § — o(s%/?). We may choose og € (0, sg] such
thator — 0as R — oo and all g (og) are uniformly bounded in Ccre, Ifug is convex, then
Y g (oR) is strictly convex with some lower bound g > 0 for all its principal curvatures.

Proof of Lemma 4.2 Xy is a uniformly Lipschitz hypersurface over its tangent spaces in view
of (4.6), so we may solve mean curvature flow for a short time with X as initial data,
compare ([9], Theorems 3.4 and 4.2), to obtain a smooth solution X (s) for (4.7) on some
time interval (0, sg], sg > 0 which approaches the initial data in C 0.1/2 35 s — 0. For small
s > 0 this solution has strictly positive mean curvature; this follows from the fact that X g
provides a barrier for Mean curvature flow and can be approximated by a smooth surface of
strictly positive mean curvature from the inside, e.g. by gluing in arbitrary small sectors of an
approximate cylinder along the edge x, 41 = R. Since iip € C>%(R"), the interior regularity
estimates in [9] combined with Schauder theory yield

H(®(p,s)) — H®(p,0)| < c(R)r(p)~ '~ s*/? (4.8)

where r(p) = |®"T!(p, 0)— R| is the distance to the singular set {x,+; = R} andc(R) < oo
depends on the C%%- norm of iig on Bg(0). If y = ®(po, 0) with y*+! = R is a point on
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the edge formed between graph(iig) and graph(iig, ), then in view of the uniform Lipschitz
estimates for small s a rescaling of X g(s) around y for s — 0 converges to the solution
of mean curvature flow I'(s) x R""!1,0 < s < oo, where I'(s) is the unique selfsimilar
expanding solution of curve-shortening flow in the 2-plane containing e, 41 and Diig(po)
that is associated with the angle between v(pg) and D(pg). The unit normal to this solution
interpolates between v(pg) and D (pg) while its geodesic curvature decays exponentially, in
fact it has been shown in ([12], Lemma 6.4 ) that its geodesic curvature « (r, s) at time s and
distance r from y is given by

1 1 1 2(p.
k(r,s) = E Kmax (5> exp (/crznax <§> s — 4 (éfs S)). 4.9

Here kmax(1/2) is determined by the opening angle between v, D in such a way that
kmax(1/2) — 0 as this opening angle tends to 0, or, equivalently, | Dug| — oo on the
edge {x,+1 = R} as R — oo. Let kg be the largest such «;,,, (1/2) arising from an opening
angle on the edge {x,+1 = R}. If we then choose og € (0, Sg] smaller than K% we see that the
surfaces X g(og) are uniformly bounded in C%® in view of (4.9) and Schauder theory while
approximating M uniformly in C>% as R — oo since o < /c12e — 0. Combining then the
8-starshapedness in (4.2), (4.7) with the estimates (4.8) and (4.9) we see that X g (og) must
be S—starshaped with § > & — o(ag/ 2). If the function uq is convex then Xg(s), s > 0 will
be uniformly convex by the strong parabolic maximum principle, i.e. there will be Ax > 0
such that the eigenvalues A;, | <i < n of the second fundamental form all satisfy X; > Ag
everywhere on X g (oR). O

Proof of Theorem 4.1 continued Given a sequence of radii R; — 0o we may choose param-
eters o; := og, — 0 as in the preceding lemma with corresponding smooth approximating
surfaces &/ := X g, (0;) with £ = dE' such that E' C E/ fori < j and ' is §;-starshaped
with §; — 8 as i — oo. From the work of Gerhardt [13] (see also Urbas [22]), for each
approximating surface %/ there is a smooth solution X/ (¢), ¢ € [0, 00) of inverse mean cur-
vature flow starting from X7 that approaches a homothetically expanding sphere as t — oo.
We now combine the §;- starshapedness for each R > 0 with the local bound on the mean
curvature obtained in proposition 2.11 such that

8n

0<d8; <H(F,v) 5max<4 max H,

MoNBR(0) R ) (F,v):=Ci(R)(F,v)  (4.10)

and therefore

0<——<(F,v)<R (4.11)
Ci1(R)

holds everywhere on ¥ (¢) N Bg ,2(0) when R; > 2R. Hence (1) is uniformly starshaped

in Bg/2(0) and we may use the local curvature bound in ([14], Theorem 3.6 and Remark 3.7)

to conclude that

|A]> < Comax( max |A]>,R™' max H+ R7?). (4.12)
MoNBR(0) MoNBg(0)

holds everywhere on Si(t) N Bg s4(0) when R; > 2R, where C; depends on n and
(R maxp,nBg ) H). Thus the solutions satisfy uniform curvature estimates independent
of i on any compact set. Higher regularity then follows from known theory, see in [20]. To
obtain a subsolution we choose foreach T < co an 0 < a9 = a(T) < 00, k(T) > —00
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such that the conical solutions
Cx, 1) =a) x| +x(T), a)=oa

from Sect. 3 provide a lower barrier for all Si(t)ont € [0, T). Here ag is chosen so that T is
the lifetime of the cones ¢ (-, t). It follows that we can pass to the limit to obtain a solution M, of
the inverse mean curvature flow which is defined for all ¢ € (0, +00) and is C°° smooth. Note
that M; is again an entire graph: For each p > 0 the initial hypersurface M is 5-starshaped
also with respect to X, = pw since H(F — x,,v) = H(F,v) — pH(w,v) > 6 > 0 as
(w,v) <0.If R; > p this will also be true for X; (0) and hence, by the maximum principle,
on all ¥;(¢). Thus (F — pw, v) > 0 for all p > 0 everywhere on all M,. Dividing by p and
letting p — oo on compact subsets yields (—w, v) > 0 and hence (—w, v) > 0 by the strong
maximum principle as desired.

If the initial surface My is convex, then each X;(0) is uniformly convex by Lemma 4.2.
Then in view of the result of Urbas [22] the surfaces X/ (¢), r € [0, co) are also uniformly
convex proving that all limit surfaces M, are convex in this case. This completes the proof
of the longtime existence of solutions with superlinear, §-starshaped initial data, as stated in
Theorem 4.1. o

We will give next a short time existence result for convex initial data My which lies
between two cones as in condition (1.5).

Theorem 4.3 (Short time existence of asymptotically conical solutions) Let My be an entire
convex graph x, 11 = uo(x) over R" which satisfies condition (1.5). Assume in addition that
the mean curvature H of My satisfies the global bounds

0<co<H(F,w) < (. (4.13)

Then, there exists T > 0 and a unique C* smooth solution M, of (1.1) for t € (0, t] which
is an entire convex graph x,4+1 = u(x, t) over R" and satisfies condition (1.7). Moreover, on
M, we have

ct <H(F,w) <C, forall te(0,r1] (4.14)
for a constant c; > 0 depending on T and C := max (Cy, 2n).

Remark 4.3 We note that on the graph M of any convex function iy € Clzoc(R") which
satisfies condition (1.5) one has

0<—(F,v) <(Cy (4.15)

for some constant Cyp which can be taken without loss of generality to be equal to Cyp in
(4.13).

Proof For € € (0, 1), consider the approximations MS of the initial surface M( defined as
entire graphs x, 1 = U ¢(x), with

. (x) = ilg(x) + € (x> +1), xeR" (4.16)

Then, each i . satisfies the conditions of Theorem 4.1 (withitc o € C12OC instead of g € C 2)

and in addition it is strictly convex. By Theorem 4.1 and Remark 4.2 there exists a solution
M; to (1.1) ont € (0, +00) with initial data M. In addition M; are smooth entire convex
graphs given by x,41 = it (x, t), x € R". The functions i, satisfy equation (1.4). Since iq ¢
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satisfies oo |x| < @0, (x) < up,1(x) for all € € (0, 1), the comparison principle implies that
forany 0 < €] < €2 < 1 we have

at) x| Site (x, 1) Sty (x, 1) <ui(x, 1), (x,1) €R" x[0,T)

where T denotes the extinction time of «(¢). In particular, the monotone limit # := lim¢_, ¢ U,
exists and satisfies

o) x| <ulx, 1) <up(x,1). (4.17)
We will show next that u is a solution of (1.4) with initial data (.

Claim 4.1 There exists T > 0 for which the limit u is a smooth convex solution of (1.4) on
R™ x (0, t) with initial data uy.

Proof of Claim 4.1 Consider the approximations it and denote by H, the mean curvature of
M; . Set ve = (I:}, v) H., where (I:}, v) denotes the quantity (I:}, V) 1= —(Fc, w) {w, ve)
on M. Each v, satisfies the equation (2.8) and since each M is convex the last term on the
righthand side of (2.8) is nonnegative. Since (w, v¢) < 1, we conclude that each v, satisfies

el 1
Evg — V,‘ (mvlﬂk) > 2. (418)

Moreover, our initial conditions on it guarantee that v > ¢o > 0 for a uniform in € constant
co. The differential inequality (4.18) implies that

Ve := (Fe,v) He > ¢9/2>0, on M¢, tel0,1] (4.19)

if we choose t := cp/4. On the other hand, our initial assumption that H (F, w) < Co on My
implies that H |F| < C| on My, which in turn gives a uniform in € bound He < C>/(1+|x])

on Mg, for a uniform in € constant C3. Proposition 2.11, implies the bound
Ho<CA+xD7L on M, re]o,1]. (4.20)
Combining the two estimates yields
O<cr <H.(,t) <C, on |x|<R, tel0,r1], (4.21)

for uniform in € and ¢ constants cg, C. These bounds guarantee that the equation (1.4) is
uniformly parabolic in € on compact sets and by standard regularity arguments the limit z
will be a smooth convex solution of (1.4) with initial data izg. By passing to the limit in (4.19)
and (4.20) we conclude that

(ﬁ,v)HZC>O and H§C(1+|x|)_l, on M;, tel0,r] (4.22)

for ¢ := ¢o/2. O

It remains to show that the solution i satisfies the upper bound u(x, ) < a(¢) |x| + « in
(1.7). To this end, we will first show that u(-, #) has linear growth at infinity which will allow
us to apply the comparison principle Proposition 2.10.

Claim 4.2 The limit u satisfies the linear bound
u(x, 1) <0 |x|+«

for some constants 6 > 0 and k1 > 0.
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Proof of Claim 4.2 First notice that for any pair (0, ) with 6 > 0,k € R an elementary
calculation shows that the subgraph of the conical surface {(x) = 6 r + «, r = |x|, is equal
to the complement of a natural family of spheres lying above it:

{(x, xp11) ER" X R|xpy1 < Olx|+x} = ﬂ (R”“\Bp(o, oV 1+62+ IZ))4.23)
p>0,k>K
Since iig(x) < aplx|+«, foreach pg > 0and € > 0 we may now choose €9 = €p(po, €)) > 0
such that for all 0 < € < €9, 0 < p < pp the balls B, (0, p,/1 +a% + K +€), K >k, are
contained in the epigraph

{(x, X041 € R" X R|xpq1 > itg,e(x)}

of the approximating functions ug  given by (4.16). Using the barrier principle for IMCF

applied to the resulting graphs of it; . and the balls expanding by IMCF, B, (0, p,/1 + oz% +
K 4+ €), p(t) = pexp(t/n) we conclude from the monotone convergence of the i;  in the

limit € — O that the balls B, (0, p,/1 + oz% + k), K > k are contained in the epigraph of
u; = limu; ¢ for each p > 0. In other words,

(%) € R X Rl =ate,0) € () (R™N\By) 0, py/1+ad +7).
p>0,k>K
Now note that

o Jad + 1= p) exp(—t/mJad +1 = pOVBDT+ 1,

where

—2t
0(r) = \/exp (—) (I+ad) =1, te[0,nlog/1+ad) N[0, Tmax(ir)).
n
Since Ny(r) = Np>0 We get

((oxn) €R xRz =00} € (1) (R N\Byi (0, p(0W/14+6%() + 7))

p(t),K=>K
which implies the claim
u(x, 1) <6@)|x|+«

in view of (4.23) as required. Notice that 6(¢) > «/(¢) for t > 0 such that this estimate cannot
yet yield the optimal upper bound. O

It remains to show that u(x, t) < «(t) |x| + «. This simply follows from the next claim,
by comparing u with the conical solution ¢>(x, t) := a(?) |x| + «.

Claim 4.3 Assume that uy, iy are two smooth and convex entire graph solutions of equation
(1.4) on R" x (0, t] for some t > O which satisfy the bounds

alx| <ui(x,t) <0lx|+«, i=1,2, on R" x[0, 1] (4.24)
Sfor some constants 0 < o < 6 and k > 0. Assume in addition that u;, i = 1, 2 both satisfy

conditions (4.22). If u1 (-, 0) < (-, 0), then 1 (-, t) < uz(-, 1) on R" x (0, t].
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Proof of Claim 4.3 To simplify the notation for any function # on R” x [0, 7], we set

-1
o —e Dii V1 + |Daf?
2 e 2 J— L
F(D“u, Du) := —+/1 + |Du| <d1v< 1+|Dﬁ|2>> = . (4.25)

Since both i; and u; satisfy
d _ oo o
au = F(D"u, Du) (4.26)

setting iy := s uy + (1 — s)un, we have

d
— (it — itz) = F(D?ity, Dity) — F(D?ity, Diia)

at
lda
:/ — F(D?iiy, Diig)ds
0 ds
1
dF _ _ dF _ _
:/ D;j(uy —uz) + Di(uy — uz)ds
o 90 api
=a;j Djj(uy — u2) + b; D; (uy — u3)
where
1 1
OF IF
aij :=/ —— (D%, Diiy)ds, b :=/ — (D%, Diiy) ds.
o 00 0o Opi

The uniqueness assertion of our theorem will directly follow from Proposition 2.10 if we
show that the coefficients a;; and b; satisfy conditions (2.10) and (2.11). To this end, we
observe using (4.25) that

0F  J1+|Dia> 0H
30,“/' - H2 30,"/"

Since

1 DjiD;it _
H = 3,'/'— —> Diju
Vv 1+|Dil? 1+ |Di|

0F _ 1 (s D;iiDjit
doi;  H2 \'" 1+ |Du?)’

we conclude that

Moreover, a direct calculation shows that
‘7| <C| |2 ﬂ
api (14 |Da|?)1/2
Observe next that (4.22), (1.7) and the convexity of # imply the uniform bound H > ¢/(1 +
[x|) on M;, t € [0, 7] for some ¢ > 0 and we also have the uniform bound from above
H < C/(1 + |x]). Itis easy to conclude then that g;; satisfies
AR+ |xP) < aj(x. 0 &) < AP (L + |x )

for some positive constants A, A. Also, convexity implies the bound | D2 |/(14+|Du |H1/2 <
C H which in turn gives

| D% 5
<Clx|"H = C 1+ Ix].

bi(x,n| <C -
bi(, 01 = C I e =
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We can then apply Proposition 2.10 to conclude that it} < u5, as claimed. O

Let us now conclude the proof of the Theorem 4.3. We have shown above that the limit i
is a smooth convex solution of (1.4) which satisfies conditions (1.7) and (4.22), which in turn
imply (4.14). The uniqueness assertion of the theorem readily follows by Claim 4.3 since
(1.7) and (4.14) also imply (4.22). O

We will next compute the behavior at infinity of v := (I:“ ,v) H, where (I:" ,V) =
—(F, ) (w, v). This will be crucial for the proof of Theorem 6.2 which is the main a’priori
estimate in this work.

Proposition 4.4 Under the assumptions of Theorem 4.3, the function v := (ﬁ, v) H on M;
satisfies the asymptotic behavior

lim v(F(z,t),t) =y(t), forall te (0,r] (4.27)
|F(z,1)]—>+00

with y (t) given by (3.7).

Proof We will use the graph representation x,4+1 = u(x,t), (x,t) € R" x [0, T), of the
solution M; of (1.1) fort € (0, t], as given by Theorem 4.3 and we will show that
lim wv(x,u(x,t),t) = y(¢), uniformly on [zp, 7] (4.28)
[x|—>400

for all 7p € (0, t/2), which readily yields (4.27). The function u satisfies the equation
(1.4) and conditions (1.7) and (4.22). We may then consider H and (I:" , V) as functions of
(x,7) € R" x [0, t]. Throughout the proof ¢, C will denote positive constants which may
change from line to line but always remain uniform in ¢, for z € [0, 7].

Since (F, v) = /(1 + |Dii|*)'/2, by (1.7) we have (F, v) < C |x|, on [0, 7]. Combining
this with (4.22) yields

cQ+xD'<Hx,n<Ccl+xP~L on R"x[0,1]. (4.29)
In addition, (1.7) and the convexity of & imply the gradient estimate

sup |Du(x,t)] <C. (4.30)
R*x[0,7]

The function u satisfies (4.26), where the fully nonlinear operator F is given by (4.25). For
this proposition we will use an a priori estimate for fully-nonlinear parabolic equations which
was proven by G. Tian and X-J. Wang in [22] (Theorem 1.1 in [22]) to show that the mean
curvature H of our surface remains sufficiently close to that of the cone ¢y (x, 1) = «(t) |x],

for | x| sufficiently large, because of condition (1.7). To this end, let & be the function defined
by

u(x, 1) =a@)|x| (1 +ax, ). (431)

We notice that the ellipticity of the operator F depends on H(x,t) ~ |x|~1, for |x|
large. Hence, equation (4.26) becomes singular as [x| — oo. To avoid this issue it is more
convenient to work in cylindrical coordinates for |x| > p, with p large. Let i be the function
defined by (4.31) and express & in polar coordinates u(r, 0y, ...,60,—1,1), r = |x|. We
introduce cylindrical (s, 6, ..., 6,—1) with s := logr and define the function (s, ¥, 1) in
terms of i, setting

u(r, v, t)y =a(s,y, 1), s:=logr, ¥ :=(@01,...,0,_1)€ sl
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It follows by a direct calculation that i satisfies an equation of the form
i, = F(D*i, D, i)

where D2 := DS2 wﬁ and Dit := (5, Dy 1) denote first and second derivatives with respect

to the cylindrical variable (s, ). The nonlinearity F also depends on y.
Observe first that (1.7) implies the bound

0< s, ¥, 1) < %e S<Ce, on Rx 8! x[0,1] 4.32)

with C = C (7). Also, a direct calculation shows that
a(t) e iy

(F.v) (4.33)
\/1 +a2(t)(1 + i + iiy)? + | Dy id|2)

where by (4.30), \/1 +o2(M)(A+d+a5)%+ |Dyil>) = 1+ |Dii|> < C. On the other
hand, the condition |(F, v)| < Cp on M (see in (4.15)) and the maximum principle on the
evolution of (F, v) given in Lemma 2.1 implies that |(F, v)| < C on M, for ¢t € [0, ].
Hence, (4.33) implies the bound

0<is(.1)<Ce™®, on RxS8"'x][0,7] (4.34)
For any 59 > 0, and 79 € (0, 7), we set

QAZ.O,T0 =[50 — 2,50 +2] x " ! x [t0/2, 71,
Ol i=Tso— 1,50+ 1] x $" ! x [10, 7]

50,70

so that QYO . QYU o It is not difficult to verify (using (4.32) and (4.34)) that the non-

linearity F satisfies the assumptions of Theorem 1.1 in [22] on QYO 0 for any so > 0 with
bounds that are independent from sq (as long as so > 0). It follows that from Theorem 1.1 in
[22] that for any s9 > 0

2 A N
||DS"”MHC&’O‘/2(Q§010) < Cq ||M||L90(Q§0',0)

for an exponent & > 0. Here C, depends on the initial data, T and 79, but is independent of
so. This also implies the bound

”esoﬁnca.a/z(Q!OT < Cq Ne™ill o2 (4.35)

S0 70
Combining (4.35) with the bounds (4.32) and (4.34) gives ”esOMHCZ«HJ(Ql < Cqy < 00.

Since the constant C, is independent of so (as long as so > 0) we ﬁnally obtaln the bound

el c2ta e xiay.ep) = Cro < 00 (4.36)

where C denotes the half cylinder given by C := [0, 4-00) x §"~!. This estimate shows that i

is uniformly small in Cg;lr “normas s — +o00. Expressing the mean curvature v := (I:“ , V) H
in cylindrical coordinates we readily deduce that (4.28) holds, which also implies (4.27). O
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5 LP bounds on 1/H

We will assume in this section that M, is a solution of (1.1) on [0, t] as given by Theorem
4.3 which satisfies condition (1.7) and that T < T — 34, for some § > 0 and small, where
T = T (o) denotes the extinction time of a(7) given in terms of ag by (3.8). Recall that
vi= (ﬁ, v) H, where (I:", v) = —(F, w) (w, v). Our goal is to establish a’priori bounds on
suitably weighted L? norms of v~!(-, 1) on M;, for any p > 1, that depend on 8 but are
independent of 7. In the next section we will use these L” bounds and a Moser iteration
argument to bound the L°° norm of v~! on M,. This L bound constitutes the main a priori
estimate on which the proof of the long time existence of the flow is based upon. We begin
with the following straightforward observation which will be frequently used in the sequel.

Lemma 5.1 Assume that M, is an entire convex graph over R" satisfying (1.7) witha(t) < ap.
Then, (F,v) := —(F, w) {(w, v), satisfies

(F,v) = 2(n,00) Vy (D |F. (5.1)
Proof We begin by noticing that the lower bound in condition (1.7) implies the bound
t
(Foo)z —O__|F
V1+a2()
1
In addition, it follows from the convexity of M; and (1.7) that —(w, v) > ———. Thus,
V14 a@)?
~ a(t)
(F,v) == —(F,0){0,v) > ——= |F| = Mao,n) yy (@) |F|.
14 a(t)
The last inequality follows from the definition of y (1) := (n — Da(t)>/(1 + a(¢)?) and
a(r) < ap. o
Werecall thatv=! := ((F, v) H) ™ satisfies equation (2.9) and by (4.27) lim| | o0 v(2, 1)

= y(t), where y () satisfies the ODE (3.6) with initial condition y(0) := y = (n —
Dad/(1+ ad).

Let 7 (¢) denote the solution of the ODE (3.6) with initial condition y(0) := 7y :=
(n — Dag/(1 + &%) for some number & that satisfies 0 < &y < «g. Then, y(t) < y ().
Denote by T = f"(&o) the vanishing time of 7 that clearly satisfies T <T= T («p). For a
given number § > 0 (small) we will choose from now on &g such that the vanishing time T
of y satisfies

T-25<T<T-35.

For that choice of y we will have y(¢) < y(¢), forall r < T. Hence, if we set

w(, 1) =P v, 0" =p@) (F,v) H)™! (5.2)
then by (4.27) we have
Iim  w(z,t) = )9(t))/(1‘)_1 <1, tel0, 7], T< T. (5.3)
|F(z,t)|—00

We will next compute the evolution of w from the evolution of v~!, shown in (2.9), and

the ODE for 7, shown in (3.6). Indeed, if we multiply (2.9) by y (¢) and use (3.6), we obtain
0 1 2 e e

5w—v,~ (WViw> S—H—%Ilez—i-Z(a), v)zy lwz—i—cly Lw 5.4
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with

27 (n—1a*@)

cl: —2 <0, since y < y(t):= 1120 <(mn-1).

n—1
Next, we set
W= (w—1)4.
Because of (5.3), for each given t € [0, 7], T < T < T, the function w(-, t) satisfies
w(-,t) =0, for |F|> R() (5.5)

for some R(t) < oo. Notice that the main difficulty in our proof comes from the fact that we
don’t know that R(¢) is uniform in ¢.

Lemma 5.2 (Energy inequality) Under the assumptions of Theorem 4.3, for any p > 0,
q = (p +3)/2 the function W = (w — )4 with w := p ((F, v) H)~! satisfies
d

@ ﬁ)p+'du+2A2)7‘2y/ PRIV du <
dt M, M,

<cipp! (/ wﬂ“dw/ wﬁ“dw/ CO(z,t)ﬁ)pdu>
M, M, M,

with A, C(p) positive constants that depend on the initial data (and C(p) also on linearly
p)and

(5.6)

co(z,t) =2 <(w, )2+ L — 1) . (5.7)
n—1 "

Proof If we first set w := w — 1, we see from (5.4) that

< —— V> + 29 o, v) 2@+ 1D* + 9 er(@ + 1)
H~w

IV |* + 27 N, v)20? + 77 dHo, v)? + b

T H?w
+ 77 2w, v)? + ).

We next observe that since (w, v)z < landc; <0, we have 4(w, v)2 + ¢1 < 4, thus

d 1
__Vi(

_ 2 _ ] - ] - "
gw ﬁviw)f—Hizuﬂvwﬁ‘f‘ZV lw2+4V lw++)/ 1CO(Z,I)

with co(z, 1) = 2{w, v)? + ¢1)4, ¢; = 29/(n — 1) — 2, hence given by (5.7). Let 0 :=
(w — 1) = wy. If we multiply the last inequality by w” = ﬁ)i, for some number p > 0,
and integrate by parts (recalling that by (5.5) w(-, ) has compact support in M;), we obtain
1 d 1 1
——— | oldp < - / — WP v *d —2/ —— 0P |VD*d
bt 1dr Mrw n= PMtsz [Vw|“du Mtszwlwl 2

+237_1/ WP dp+ @y + D | wrde (5.8)
M, M;

+r1/ colz, 1) i d.
M,
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Here we also used that d(dw)/dt = du. Also, for p = 0 we use the inequality

1 1 ow
V—V-i)x-oduu:/‘ — —do <0.
/M, Gz Va0 Mnata=0) H? 9v
We next remark that from the definition of w := ((F,v)H)"'y, we may express

H'=9p7"w(F,v). Also, w Xiw>1} = (w — 1)4 = W. Hence, we may combine the two
gradient terms on the right hand side of (5.8) to conclude
1 d

A 2
——— | @rttap < - <p+2)9—2f (F,0) 0PV 2 du
p+1dt M, M,

+2;9*1/ WP dp+ @y '+ | wrtldu
M, M;

+ 17_1/ co(z, ) WP dp.
M,

Writing

3
li)p+l|Vﬁ)|2 — W |pr+ |2
p

and using (5.1) we obtain

d
— | @rtldp < —Nﬁ‘zy/

~ PE3 ~_ ~
IFRIV'T Pdu+ea(p) p 1/ B2 dp
dt M, M,

M;

+c1(p>?“/ W+‘du+ﬁ“<p+1>/ colz, 1) WP dp
M; M;

for some new positive constants ¢; (p) depending (linearly) on p and the initial data. This
readily gives (5.6) by setting g := (p + 3)/2. O

We will next prove the following variant of Hardy’s inequality adapted to our situation
(see in [2] and [19] for standard Hardy inequalities on complete non-compact manifolds).

Proposition 5.3 (Hardy inequality) Let M; be a solution of (1.1) as in Theorem 4.3. Then,
there exists a constant C, > O depending only on dimension n such that any function g that
is compactly supported on M;, we have

/gzdusC(n)<f IVg|2|F|2du+/ glellFldﬂ>- (5.9)
M, M, M,

Proof To simplify the notation, set p (F') := | F'| and recall that from our assumptions on M;
we have p > 0 everywhere. We begin by computing Ap. We have

FT)2  (Fv)
Ap = ViV-((F. F)'/2) = V:((F. F)"V2 (s, FY) = " _ | g\
Y i Vi({ ) i (€ ) (ei, F)) T FP T

from which we conclude the lower bound

n—1
Ap =

—H. (5.10)

Let g := p?” ¢ for some y < 0 to be chosen momentarily. We then have

IVgl* = IV(o" ¥)I> = lyp” "W Vp + p? Vi |* = 2yp? "y Vp - V.
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We next observe that it is convenient to choose y = —1/2 which gives
IVgl> = —yp~>Vp - Vs
or equivalently (using that ¥2 = g%p)

1 1
|Vgl*p? > A vyl = —5 Ve V(g*p).

After integrating by parts we obtain
1
/ IVgl*o*dp > 5/ g’ p Apdu.
M, M;

Combining this with inequality (5.10) yields

n—1 1
/ IVel*p®du > —/ gdp — f/ ¢*p Hdu (5.11)
M, 2 I, 2 Jm,

from which (5.9) readily follows. O

We will now combine (5.6) with the above Hardy inequality to prove the following L?*!
bound on W in terms of its initial data.

Theorem 5.4 (LP*! estimate on W) Assume that M, is a solution to (1.1) as in Theorem 4.3
defined fort € (0, t], and assume that t < T —35 with T given by (3.8) and § > 0. Then, for
any p > 0 there exists a constant C = C(p) depending on p, T, § and also on the constants
K, oo such that

sup/ sz+1(-,t)du§C(p,8,T)<1+/ ﬁ)l’“du). (5.12)
tel0,t] I M, My

Proof We recall that y (¢) is a solutlon of the ODE (3 6) with initial value 0 < y(0) < y(0)
so that that its vanishing time T satisfies T —28 < T < T — 8, for the given small number
8 > 0. For any number p > 0, set ¢ := (p + 3)/2. Applying (5.11) for g = w¥ gives

—1 1
/ VoI R FPdp > | 0%du — ff w2 |F|Hdp. (5.13)
M, 2 Jm, 2 Jm,
We will next estimate |F|H x(p~0; in terms of . Recall that by definition w(-,#) :=
7(t) ((F,v) H)~! and that from (5.1) we have |F| < A~' y~Y2(F, v). Thus,
\FIH <A~ Y V2 (F vyH =271y 12 pw L
Since w xw=1} < (W — 1) xjw=1} = (W — l)Jr = w, we have
|FIH X1y <2~y 29l
Thus (5.13) yields
-1 1
/ Vo2 FPdu > ——— | @*du — frly—l/%?/ ©2du.  (5.14)
M, 2 In 2 M,

Recall that ¢ = (p + 3)/2, so that 2¢ — 1 = p + 2. If we now combine this last estimate
with (5.6) and also use that 7 ~'y > 1 and n — 1 > 1, we obtain the differential inequality

d

,L’l‘)]?+l dlL f_kz )’/\71/ ,L’l‘}p+3d,u+
dt . M,

+C(p)p~! (f ﬁﬂ’“dm/ u?”“dwr/ co(z,nwdu)
M, M, M,
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for constant C(p) depending on p and also on «, «g and with co(z, t) given by (5.7). We may
apply the interpolation inequality

ptl 3 e 3 C(p) 1
|g|"+2du=/ gl |gl 2 du < lgl"Pdu+ == | 1g1”Tan
/ M, M, 2C(p) Jm, 222 Iy,

to g := w to conclude that

d
— | wrttdp<cpyp! </

WP du + /
dt M, M,

co(z, t) ﬁ)pdu) (5.15)
M;

for a new constant C(p) that depends on p and also on our initial data g, ¥ and dimension
n.
Because M; is non-compact, in order to estimate the last term in (5.15) in terms of

/ WPt dp we will need to look more carefully into the coefficient co(z, t). We claim
M,

thetfollowing.

Claim 5.1 Assumethat y (t) is chosen so that its vanishing time T satisfies T —286 < T<T-35

for the given small number § > 0. Then, there exists a number Rs > 1 (depending on §) such
that

co(.t)=0 on M;N{|F|>Rs}, 0<t<T. (5.16)

Proof of claim 5.1 Recall that c(-, 1) := 2 ((w, v)2+)7(t)/(n—l)—l)+andthat)?(t) <y(@®

for all t < T. Since by definition ¥ (t) = (n — 1) a(1)?/(1 4+ a(t)?) we may also express
y@)=m—-1) &(t)z/(l:i— &(1)?) for some function of time function & (7). It follows from
the condition T — 25 < T < T — § that

0 < m1(8) <alt) — &) < ), Vi<T

for some positive constants w1(8), 2(8) that tend to zero as § — 0. Consider the cones
defined by the graphs x,+1 = «(t) |x| and x,, 41 = &(t) |x| 4+ « over x € R". These cones

intersect at |x| = r(t) := «/(a(t) — &(t)). Let R(t) := /1 + () r(¢). It follows from
(1.7) and a simple geometric consideration that uses the convexity of M; that

co(-,t) =0 on M, N{|F|> R()}.

Since,
/1 2 t 1 + (Xz ~
R(t) ==« +aA()§Kﬁ::R5, 0<t<T
a(t) —a(t) w1(8)
the claim follows. O

Using the above claim and the bound cg(z,7) < 2, we may now estimate the term

co(z,t) WPdu in (5.15) as
M;

p/(p+1)
/ co(z, ) wPdp < 2/ wPdu < C(Rs, p) (/ WPt du)
M, M;N{co>0} M;

< C(Rs, p) (f WPt dp + 1).
M,
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Combining the last estimate with (5.15), we obtain

d
S wrtap < cp.d) P! 1+f WP dp ). (5.17)
dt M, M,

Since we have assumed that 7 (7) vanishes at TandT —26 <T < T — §, it follows that
]9(1‘)_1 < C(d) forallt < T — 38. We conclude from (5.17) that

d
— | @du < Cc(p,d) <1+/ wrH du>
M,

dt M,
for another constant C(p, §). After integrating this inequality in time ¢ we conclude that if
T < T —36,(5.12) holds. O

6 L estimateson 1/H

We will assume throughout this section that M; is an entire graph convex solution of (1.1)
on [0, ] as in Theorem 4.3 and that T < T — 38, for some § > 0, where T is the number
given by (3.8). We will establish a local L* bound on ((I:", v) H)~! which holds on M, for
all ¢ € [0, 7] and depends only on the initial data, on 7 and on §. This bound constitutes the
main step in the proof of the long time existence result Theorem 1.1. It states as follows.

Theorem 6.1 (L°° bound on w in terms of its spatial averages) Assume that M; is a solution
to (1.1) as in Theorem 4.3 defined for t € (0, t], and assume that T < T — 36 with T
given by (3.8) and § > 0. There exist absolute constants i > 0 and o > 0 and a constant
C that depends on ao, k, on 8, and the initial bound supy, (F,w) H, for which w :=

P() ((F,v) H)™! satisfies the bound

o
sup ullian) = Cro (14 sup sup R [ we ndp) . 6.1)
M:N{|F|<R}

te(to, 7] te(tp/4,7] R>1
forany ty € (0, T/2].

For the proof of this theorem we will use a parabolic variant of Moser’s iteration on the
differential inequality (5.4) that is satisfied by w := p(¢) ((I:“ V) H y~L. Such technique was
first introduced in the nonlinear parabolic context by Dahlberg and Kenig in [5]. In fact we
will closely follow the proof in [5] (see also in the proof of Lemma 1.2.6 in [7]). For the
inverse mean curvature flow in the compact setting, a similar bound was shown in [18] via a
variant of the Stampacchia iteration method.

The estimate (6.1) will be shown in two steps Propositions 6.2 and 6.5 below. Let us begin
by introducing some notation. For any given number #y € (0, 7] we set

S ={(P.0) e R x (0,10]: P eM, te(0 t]}=UeonM x{1}.

Also, for any given numbers pg > 1, 1o € (0, t] and r € (0, 1) we consider the cylinders in
R x (0, +-00) given by

Q;o.to ={(x,1) € R x(0,400): po(l —r) <|x| <po(1+7r), (I—=r)tg<t =<tp}.
In particular, we set

o 1/4 * L 1/2 w . 3/4
on.,to = Qﬂo,t()’ on,to = on,to’ on,to T on,to'
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Notice that since in equation (1.4) one cannot scale the time ¢, it is not necessary to use the
standard parabolic scaling in the above cylinders, one can just use the same scale in x and ¢.

Proposition 6.2 Assume that M, is a solution to (1.1) as in Theorem 4.3 defined fort € (0, 7],
and assume that t < T — 38 with T given by (3.8) and 6 > 0. There exist absolute constants
w > 0and o > 0 and a constant C that depends on g, k, on 8, and the initial bound
supy, (F, o) H, for which w := 7(1) ((ﬁ, v) H)~! satisfies the bound

[ea
lwllLoo(Qpy NS = C o™ <1+ sup PJ"/ w(-J)CM) (6.2)
M,NQ**

1&(to/4,10] 00:10
which holds for any py > 2 such that Q p, 1o N Sy, is not empty.

Remark 6.1 For the remaining of this section we will call uniform constants the constants
that may depend on the number § > 0, the constants g, «, but that are independent of pg
and 1.

Since w satisfies the differential inequality (5.4), if we set w := max(w, 1) it follows that
W satisfies the same differential inequality and since & < w? we have

O v (L) <——2 IV |* + ¢ 9~ w2 (6.3)
—w —V; | —=V;w — w c w”. .
o1 N2 "") ="y 27

for some new constant ¢, > 0.

Remark 6.2 In the following we shall not distinguish between the image F(z, t) of a point
z € M and its coordinate vector in R"*!.

For the given numbers po > 1 and #p € (0, t] and any numbers 1/4 <r <7 < 1/2, we
consider a radial cutoff function ¥ = ¥ (p, 1), p = |x|, x € R*"T! with ¢ € CSO(QZOJO)
satisfying

=1 on Q) . 0=<¢ =1 pol¥pl+tolyl<CGF—r"" (6.4)

We extend i to be equal to zero outside Q and define the function 1 on S;, by

Zo,to

n(F,0):==vy(Fl, 1), FeM,. (6.5)
Lemma 6.3 Under the assumptions of Theorem 6.2, forany p > 1 and 6 := (p + 2)/2, we
have

fo
sup [ GRIP) 0 du+ / f P2 IV (™) P d
te(0,10] J M, 0 M,

0]
<Cty' G- / / w?dudt
0 M:N{n=>0}

where 1 € C¢(Sy,) is the cutoff function defined by (6.5)

(6.6)

Proof We begin by observing that the cutoff function defined by (6.5) satisfies
Vil Cog' G=n" and ol = CG -7 (i HTUE I +15") 67)

where we have denoted by V7 the gradient of 77 on M. The first inequality follows from (6.4)
and the calculation

1 _ 1 _
Vinl = 5 ¥l IF] VWViF, F) < Cpy' F—r)7!
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while the second inequality follows from (6.4) and the calculation
01l = 1l IFI™ 1, F)l + 10l = € G =)' (02 B 0 41

Using equation (6.3) and that d(du)/dt = du, w > 1 and H ' = )9’1(13“, v) w, we have
d _
E/W’nzdu=p/ﬂ)p_l n2ﬁ)zdu+2/w”nmdu+/w"n2du

1 1
<=pp =) [ e PR Valde - 2p [ GparRive P
1
—ZP/ 7 0 AN ndu+2fu?”n|nz|du
Jrczpﬁ_lfﬁ)”+1 nzdu+/u—f”n2du
. A2 _
<—p(p+ D7 2/<F,v> BP0 |Vl du
2 2 2 - ptl -
=2py " [ {F,v) w’T nV;wVindnp
+2/u')pn|m|d,u+52 /u‘w“ n>du.
with & :=cy pp~' + 1. Let = (p + 2)/2. Writing
w? |Vo? =672 |V’ and w?’T've =0"'w’ v’
we obtain

R A 2 _
DR dp < —p(p + 1)672 2/<F, WPV’ P du

dt
—2p9‘1ﬁ‘2/<ﬁ, vy’ 0! |Vl |V’ du
+2/u_ﬂ”n|n,|du+52 /u'ﬂ’“ n’du.
We estimate
/<F V)wHIVHIIVwIdM<M/ VPRIV du

_ 29 2 2
+ W (F,v) VP dp
(p+1) /

to conclude
d . A2 _
o [ortan s P+ e 772 [ (Fo v du

<C (VZ# (F,v) w29|Vn|2du+V‘/ Pt 2du+/wpnlmldu>
(6.8)

for a uniform constant C that is in particular independent of p. Also, by (6.7) we have

/wf’mmdu <CGFE-n"" (tgl prndmpaz /w"n H™'|(F, u>|du>.
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Using that
H! = )?_1 (F,v)w < )?_1 (F,v)w
and
(F.v)[(F.v)| <CIF? <Cpj

on the support of 1 and also that w > 1, we obtain the bound

/w”nlmldu<C(r—r) < 1/wpndu+/A w”“ndu)

(6.9)
scilG-nt [ art

Since p > 1, we have

4pp+ 1) _

He~2 =
=ptD (p+2)7?

VIS

Integrating (6.8) in time on (0, ¢] for all ¢ € (0, fo] and using (6.7) and (6.9) yields

sup / wP n?dudt + 9~ / / (F,v) 17|Vw O dudr
M, M,

te(0,10]

2
<CF-r) <p0 // P HE, v w¥dpdt
M;N{n=>0}
+t0—1/ / ;7“12;"+‘dudt).

0 M;N{n>0}

A 2
Using the bounds w > 1, (5.1) and ¢ p§ < (F,v)” < |F|> < Cp§ and p~! < Cj, for
to < T — 35, we obtain

to
sup (an")(-,t)dquf / pan* |Vl 2dp dr
M; 0 M;

1€(0.10]

)
<Cty' (- r)_zf f wXdpdt.
0 M;N{n>0}

Finally, using the estimate

fo _ 1 to B
f / p&nzlvw"lzdudtzif / p2 |V (nin?)|2d . dt
0 M; 0 M;
]
—4/ / o5 IVnlPw®dudr
0o Jm
1 [ .
25f f pg IV (?)|*dp dt
0 M,

)
—C(F— r)_Z/ / w2 dpdt
0 M;N{n>0}

we conclude (6.6). O
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We will prove next a variant of the following Sobolev inequality which holds on any
complete manifold N", withn > 3

n=2

(/ 1 du) ' sC(n)/ VI + H? 2 d (6.10)
N N
and for any f € C!(N™). When n = 2 we will use instead the inequality
12
(/ |f|4du> < CIN?suppf|'? / VIR H A (61
N2 N2

which holds for any f € CH(N?).

Lemma 6.4 We set g* :=q/(q — 1) withq = n/2ifn > 3 and q = 2 if n = 2. Then, for
anyk € (0,g*) and h € Ccl’O(Sto) we have

10 10
/ / thd,udtsc{/ |M,ﬂsupph|)‘/ IVh|> + H*h* dpdi
0 M; 0 M,

1/q
- sup </ hz(k_l)q(-,t)du> .
1€(0,50] \J M,

withh =0ifn>3and» =1/2ifn =2.

(6.12)

Proof Since h(-,t) € CC1 (M), it follows from (6.10) that for » > 3 and any ¢ € (0, fp] we
have

2/q*
(/ |h|4 dp,> <C) IVh)?> + H*h* dpu.
M; M;

Hence, for any ¢ € (0, 79] we have

/ th d//L =/ h2 hZ(k—])dM
M; M,
. /q* 1/q
< ([ weran) ™ ([ weean)
M, M;

1/q
50(/ |Vh|2+H2h2dpL> sup (/ hz(k’l)q(-,t)du> .
M, te(=0,10] \V M,

Inequality (6.12) with A = 0 now follows by integrating in . When n = 2 one uses the same
calculation as above with the only difference that now ¢* = 2 and by (6.11) we have

1/q*
(/ i du) SC|Mmsupph|”2f VP + H f2dp
M, M,

leading to (6.12) with A = 1/2. O

We will next combine (6.6) and (6.12) to conclude the proof of Proposition 6.2 via a Moser
iteration argument.

Proof of Proposition 6.2 For the given numbers pg > 1 and 7y € (0, ] and any numbers
1/4<r <7 <1/2,weletn e Cc(S,, N Q ) be the cutoff function given by (6.4)—(6.5).
Clearly,

ok
00,70

B <iFi=2p0. on 5,00}

0,10
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which includes the support of 7.
We first apply (6.12) to h :=nu? Cl’O(S,U) to obtain

to 0]
o [ sc{p(;" [ e v + g 12 dpdr
M, M,

g (6.13)
- sup (p&” / (nw“)>2<k—“q<~,r)du> I
1€(0,10] M,

Notice that we have multiplied by p;" to make the inequality scaling invariant in space. For
n > 3 inequality (6.13) simply follows from (6.12), since A = 0 and ¢ = n/2. Whenn = 2
we apply (6.12) with A = 1/2 and ¢ = 2 and use the fact that |[M; Nsuppn| < C pg.

From Proposition 2.12 we have

ps H> < C|FPPH* < C (6.14)
since | F'| > po/2 on the support of . We next choose k = k(p) > 1 such that
20(k — 1)g = p.
Since 6 = (p +2)/2 this means that (p +2)(k— 1)g = p,hence (k—1)g = p/(p+2) < 1
ork<(g+1)/q<q/(qg—1):=¢qg* Inadditionk > 1+ p/(p +2)qg > 1+ 1/(3q), since
p > 1. Summarizing, for future reference we have

1
l+— <k=k(p) <q* (6.15)
3q

with ¢, ¢* as in Lemma 6.4. Thus, from (6.13) and (6.14) we obtain

i) 10
" f f " du sc{pa” / / 05 IV ”))? + 0?0’ dpdr
0 M, 0 M;

1/q (6.16)
- sup (pa" / k= Dage (., t)du> .
1€(0.10] M;
To simplify the notation, set
Spoto = Lot N Sio and - Sy 1= Oy 1y N St
and recall that from its definition n = 1 on Q}, , and n = 0 outside QZO,,O. Also, set

B:=(F—r 21"
Combining (6.6) and (6.16) yields

P //S % duds < € B1HVa 1 O <p0—n //S

00,10 00110

1+1/q
w2 dudt) .(6.17)

We will now iterate this inequality to obtain the desired L° bound on w. To this end, we
define po, p1, ... and 6p, 61, ... by letting po = 1 and setting

pv+2 14
6, = v2 . Opy1 = ky 6y, ku=ku(pu)=1+m. (6.18)
We also define
(I+v) ) \
Py 1= 205 20) and Q,:=Qp . S =8 = Qb 15 N Sty
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Observe that under this notation Qg = QZo,to while lim,_, o, Q) = Q;o,to' Also, set

1/26,
M, = <p6" // v2 dudt) .

It then follows from (6.17) that
M < ¢ Bl 21 ) (6.19)
with
By =(ry—roy) 2ty < Cvieg !
Since ¢ > 1, it follows from (6.19) that
Myi1 < (CoB g~/ 20 pplo (6.20)

with A, = (1 + 1/¢)/k(py). Since lim,_, » py, = +00 we have lim,_, » k(p,) =1+ 1/q.
It follows that

E’" <6, < (E*)" and E' < p, < (E")’

for some numbers 1 < E < E* < 00. Also, | < A, < 1 + C E~". We conclude from the
bounds above that

lim M, < C1, " M°

V—>00

for some absolute constants 4o and og. Thus,

o1
1005y = ™ (o0 [[ @ duar (621)
MiNQpy.14

with 26p = po+2 = 3 and for some new positive absolute constants ;1 and 0. The constant
C is independent of pg and fy.

To finish the proof of the proposition it will be sufficient to estimate the integral on the
right hand side of (6.21) in terms of

I:= sup ,06"/ wC,Hdu .
te(to/4.10] M;NQe 1o

To this end, we set again B := (r — r)—2 ty ! and combine (6.13) with (6.6) and the bound
(6.14), to obtain for 6y := 3/2 the bound

(,00" //S w2k dudt) <CB <p0" //S W% d;wlt)

£0-10 £0-10

1/q
. sup " / i w20 *&=Da (x tydu .
te((1-7) fo.101) M0,
(6.22)
If we choose k > 1 so that 26p(k — 1)g = 1, the above bound yields
Py " // Wk dudr < c B 14 (po‘” /f w290dudz). (6.23)
Slr’o"o SZOJO
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Setting,

m(r, k) = // w200k dudt
SV

0010

follows from (6.22) that for any 1/4 < r < r < 3/4, we have
m@r, k) < C(F—r) "2 ' 1Y m(F, 1), (6.24)
Using Holder’s inequality we have
m@F, 1) < m@, k)M m, )=/

for any s € (0, 1) with A = % Fory > landr € [2/3, 1], (6.24) shows that

1
logm(3r” /4, k) <log C +logto~' 4+ —log I 4+ log(3 (r — r¥)/4)~2
q

1—A

A
+ %logm(3r/4, k) + logm(3/4, s)

since m(3r /4, q) < m(3/4, q). Integrating in r with respect to dr /r on [2/3, 1] we find after
a change of variable that

1 1 dr

Y logm(3r /4, k) "

23 (6.25)

| A ] dr

<Cilog! + Cylogty”" + Calogm(3/4,s) + Cz + E/ mQ3r/4, k) —.
2/3 r

Now choose s so that 20ps = 1 (recall that we have set 6y = 3) and y so close to 1 so
that y’l > A/k. If m(1/2,k) < 1, then since k > 1 we conclude that m(1/2,1) < C and
the bound ”w”L""(on,ro”Szo) < C follows from (6.21). Otherwise, logm(3r4, k) > 0 for
r € [2/3, 1] and from (6.25) we obtain

A\ [ d
(7/71 B E) /m logm(3r /4, k) Tr < Cilogl 4 Cylogty™" + Calogm(3/4,5) + C3

which yields
m(1/2,k) < Cty "> 1% m(3/4,s)

or equivalently

[,

Since, fo;Z,romSto wdpdt < C I, combining (6.26) with (6.21) yields the bound

o3
wZG()k d,LL dt < CZ_O—ILZIOQ pa” // J}d,u dt (626)

¥
p0-10"St0 010

1 L20(Q, 1N8) < Clo 17 (6.27)

for some new absolute constants ¢ > 0 and p > 0. The constant C is independent of ry and
fo. Recalling that w = max(w, 1) we conclude (6.2). ]
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Proposition 6.2 provides an L* bound on w(-,¢#) on M; N {|F| > 2},0 < ¢t < 7. The
next result gives an L° bound on w(-, ) on M; N {|F| < 1}. For any given 7y € (0, t] and
r € (0, 1) we consider the parabolic cylinders in R"*! x (0, +00) given by

Q1 = B2(0) x (t0/2,70] and Q" := B4(0) x (t0/4, to]

where B,(0) := {x € R""! : |x| < r} denotes the ball in R"*! centered at the origin of
radius r. We have the following estimate.

Proposition 6.5 Assume that M; is a solution to (1.1) as in Theorem 4.3 defined fort € (0, 7]
and assume that t < T — 38 with T given by (3.8) and § > 0. There exist absolute constants
w > 0and o > 0 and a constant C that depends on g, k, on 8, and the initial bound
supy, (F, @) H, for which w := 7 (1) ((ﬁ, v) H)~! satisfies the bound

o
i@y <o (14 s [ wend (6.28)
1€(to/4,101  MiN QT

which holds for any ty > 0 such that Qs N Sy, is not empty.

Proof The proof is the very similar as the proof of Proposition 6.2. It is actually simpler as
it doesn’t need to be scaled with respect to pg. O

Proof of Theorem 6.1 Readily follows by combining the two estimates in Propositions 6.2
and 6.5. O

We will next combine Theorems 5.4 and 6.1 to obtain the following L> bound on w in
terms of the initial data.

Theorem 6.6 (L°° bound on w in terms of the initial data) Assume that M, is a solution
to (1.1) as in Theorem 4.3 defined for t € (0, t), and assume that T < T — 35§ with
T = T(ao) given by (3.8) and § > 0. Then, of any to € (0, t/2] there exists a constant
Cs (to, 00, K, SUP g, W, inf py, w) such that

sup [lw(, D)z, < Cs(to, o, k, sup w, inf w). (6.29)
te(ty,t) My My
Proof We recall the definition of i := (w — 1)y, withw := p(t) v=! = P (1) (F,v)H)™!
and p as defined at the beginning of this section. Since (F,v) = —(F,w) {w,v) and
—(w,v) = (/1 +|Di|?)7! satisfies (,/1+a)™' < (w,v) < 1, it follows that the
assumed initial bound (1.8) and the definition of w imply the bound

co <w(-,0) < Co (6.30)

for some positive constants co, Co depending on the constants cg, Cg in (1.8) and «g, yp :=
7(0).

Forany 79 € (0, /2] we have that (6.1) holds. Hence, it is sufficient to bound the righthand
side of (6.1) in terms of the initial data and #g. Since w < w+ 1 and W is compactly supported
for each ¢t € (tp/4, t] (the latter follows from (5.3) and the fact that y (£) < y(¢)), we have

sup  sup R_"/ w(,)du <1+ sup / w(, Hdun.  (6.31)
1€(to/4,1] R=1 M,N{|F|<R)} 1€(to/4,11 I M;

We next want to apply the L”*! bound (5.12) for p = 0, to bound sup; ¢ 4,1 [y, (-, 1) d e
in terms of the initial data and 7y. Notice that we cannot use (5.12) on the interval [0, 7], as
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we have not assumed that (5.3) holds at = 0 which would imply that w(-, 0) is compactly
supported. It holds only for r > 0 as a consequence of parabolic regularity (see Proposition
4.4). Thus, we first apply (5.12) on (#y/4, 7] to obtain

sup / w(,)du <C@6,T) (1 +/ zb(-,to/4)du> . (6.32)
te(to/4,71J M; My 4
To conclude our proof we will bound f My w(, tp/4) d in terms of sup M, W and the size of
the support of (-, 79/4). Let us first bound sup Miga W in terms of sup,,, w. We will do that for
to/4 < 19, for a rp > 0 depending only on the initial data. This is sufficient since #( in (6.29)
can be chosen small. To this end, we will use the maximum principle on w to equation (5.4).
Indeed, setting m (t) := sup,,, w, a straightforward application of the maximum principle on
equation (5.4), using also the facts that (w, v) < 1,¢; < Oand y~'(r) <y~ (z) on [0, 101,
gives that

dm(t) _ o o
o =20 Om@? +apT Om@) < 277 @)y m@)?
yielding
0 7
sup m(t) < - m(0) y (1) .
1€[0,70] v (10) —2m(0) 7o
If 7 is sufficiently small such that y/2 < y(t0) < 9, we conclude that
2m(0) y,
sup m(t) < w
1€10,70] Yo —4m(0) 7o

By decreasing 7 is necessary we may assume that yy —4m(0) 7o > /2. We conclude using
also (6.30) that for such a 7y we have

sup w(-, 1) <2m(0) < 2Co. (6.33)

1€[0,70]
Since we may assume without loss of generality that #o/4 < 7o, the last bound and w<w
imply that sup Myys w < 2Cp. On the other hand, by (5.3) and the fact that y () < y(?),

we have that @ := (w — 1) is compactly supported for all # € (0, t) and in particular for
t := tp/4. This means that its support is contained in a ball in R+ of radius Ry := Ry (o).
Hence,

f W(-, 10/4)dp < C(Ro, Co). (6.34)
Mig/a

Finally, by combining (6.1) with (6.31), (6.32) and (6.34) we conclude that (6.29) holds. O

7 Long time existence Theorem 1.1

In this final section we will give the proof of our long time existence Theorem 1.1, which
says that our solution M; of the inverse mean curvature flow will exist up to time 7', where
T denotes the critical time where the cone at infinity becomes flat and is given by (3.8).

Proof of Theorem 1.1 Our short time existence Theorem 4.3 implies the existence of a max-
imal time T, > O for which a convex solution M, of (1.1) exists on [0, Tymax) and the
following hold:
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i. My, t € [0, Tmax) is an entire convex graph x,+; = u(x,t) over R” which satisfies
condition (1.7);
ii. u is C* smooth on R” x (0, Tmax);
iii. ¢;; < H(F,w) < Cp,ont € [0, 1], forall 0 < 71 < Tmax.

It Tmax = T, we are done, otherwise Tmax < 7 — 8, for some § > 0. We claim that

inf inf H (F,v) > cs > 0. (7.1)
tel0,Tmax) M;
To this end, we will combine (6.29) with (6.33). We have seen in the proof of Theorem 6.6
that there exists 7o > 0 depending only on the initial data such that (6.33) holds. Assume
without loss of generality that tp < 7 /2. Since w := p(¢)(H (I:", )7L, it follows from
(6.33) that

inf inf H ﬁ,u > cq1(19) > 0.
ot inf (F,v) > ci(r)

Now we apply (6.29) for 79 := 79 and 7 := Ty« to obtain the bound

sup  [lw(-, D)z, < Cs(to).
1€(T0, Tmax)
This can be done since conditions i.—iii. above imply that Theorem 6.6 holds on (0, Tyax). It
follows that
inf inf H (F,v) > c2(8, 10) > O.
1€(70, Tmax) M:

Combining the last two bounds yields that (7.1) holds and since (I:", v) = —(F,w) (w,v) <
(F, w) we also have

inf inf H (F,w) > cs > 0. (7.2)
1€(0,Tmax) M;

In addition, by Proposition 2.12 we have

sup H (F,w) <sup H (F, w) < Cop. (7.3)
M, M,

On the other hand, #; < 0 and (1.7) imply that the pointwise limit i (x, Tmax) =
lim,_, ., u(x,t) exists for all x € R" and it defines a convex graph. Moreover, it sat-
isfies (1.7) at t = tmax. Now the lower and upper bounds (7.1), (7.3) and (1.7) for
t € [0, Tmax], imply that the fully-nonlinear equation (1.4) satisfied by u is strictly parabolic
on compact subsets of R” x [0, Tyax]. It follows by standard local regularity results on fully-
nonlinear equations that (-, Tmax) is C® smooth. Moreover, the above bounds show that
¢s < H(F,w) < Cyon M, . Also,since [{F, v)| < Coon M (see in (4.15)) its evolution
equation given in Lemma 2.1 and convexity imply the bound |[(F, v)| < C(T) on M, . We
conclude from the above discussion that at time ¢ = Tmax the entire graph M, given by
Xn+1 = Uu(-, Tmax) satisfies all the assumptions of our short time existence result Theorem
4.3, hence the flow can be extended beyond 7y,x contradicting its maximality. This shows
that Tax = T, showing that our solution exists for all # € (0, T').

Let us now observe that as t — T, the solution converges to a horizontal plane of height
h € [0, k]. First, the pointwise limit u (x, T) := lim,_, 7 u(x, t) exists, since u;(x, t) > 0 for
allt < T. Second, u(-, T) is convex and lies between the two horizontal planes x, 1| = 0
and x,+1 = «. The latter simply follows from (1.7) and the fact that «(7") = 0. In addition,
our a’priori local bound from above on the mean curvature H shown in Proposition 2.11,
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which holds uniformly up to ¢ = T, implies that ii(-, T) € C;>' (R™). It follows that ii(-, T)

loc
must be a horizontal plane of height 4 € [0, «], and that the convergence lim;_, 7 u(-, 1) = h

is in C1, on any compact subset of R” and for all o« < 1. O
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