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Abstract

We use blow up analysis for local integral equations to provide a blow up rates of solutions
of higher order Hardy—Hénon equation in a bounded domain with an isolated singularity,
and show the asymptotic radial symmetry of the solutions near the singularity. This work
generalizes the correspondence results of Jin—Xiong (in, Asymptotic symmetry and local
behavior of solutions of higher order conformally invariant equations with isolated singu-
larities. arXiv:1901.01678) on higher order conformally invariant equations with an isolated
singularity.

Mathematics Subject Classification 35G20 - 35B44 - 45M05

1 Introduction

This article aims to study the local behaviors of positive solutions for the higher order Hardy—
Hénon equation

(=A)%u = |x|"u” in B1\{0}, ey

where 1 <o < % is an integer, T > —20, p > | and the punctured unit ball B;\{0} C R",
n>2.

In the special case of ¢ = 1, the local behavior of the positive solutions for (1) with
isolated singularity has been very well understood. For t > =2, 1 < p < :f%, the blow up
rate of the solution

_ 24T _ ptldt
ulx) <Clx| »1, |Vulx)| <Clx| »' near x =0,
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is obtained by a number of authors, where Vu denotes the gradient of u and C is the positive
constant. See [1,2,5,9,12—14,17] for more precise estimates and details. In the classical paper
[3], Caftarelli-Gidas-Spruck proved that every local solution of (1) is asymptotically radially
symmetric

u(x) =u(lx(+O0(x])) as x =0,

where 7 =0, -5 < p < Zt% and u(|x|) := JCS" u(|x|6)dé is the spherical average of u. Li

[10] improved their results fort < 0,1 < p < %, and simplified the proofs. Recently,
Han et al. [6] studied the asymptotic behavior of solutions to the Yamabe equation with an
asymptotically flat metric. For the fractional case 0 < o < 1, Caffarelli-Jin—Sire—Xiong [4]
studied the blow up rate, asymptotically radially symmetric and removability of the positive
solution for the fractional Yamabe equation with an isolated singularity

nt2e
(=AY u=ur2 in B;\{0}.

Motivated by this work, in our previous work [11], we have studied the fractional Hardy—
Hénon equations and not only derived that there exists a positive constant C such that the
blow up rates

T+p—1

20+t _ 20+
=l [Vux)| < Clx| 771 near x =0,

u(x) < Clx|

fort > -20,1 <p< Zf%g , but also obtained the asymptotically radially symmetric

u(x) =u(lx(l+ O0(x[)) as x — 0,

for —20 < 17 <0, ””jgg <p< %, which is consistent with the classic case o = 1.

Recently, by using blow up analysis Jin—Xiong [8] proved sharp blow up rates of the
positive solutions of higher order conformally invariant equations with an isolated singularity

n+2 .
(=AY u=ur2 in Bi\{0},
where 1 < o < 7 is an integer, and showed the asymptotic radial symmetry of the solutions
near the singularity. That is, they proved that there exists a positive constant C such that

u(x) < Clxlf% near x =0,
and
u(x) =u(lx)(1 4+ O(|x|)) as x — 0.

This is an extension of the celebrated theorem of Caffarelli-Gidas—Spruck [3] for the second
order Yamabe equation and Caffarelli-Jin—Sire—Xiong [4] for the fractional Yamabe equation
with isolated singularity to higher order equations.

Inspired by the above work, we are interested in the higher order Hardy—Hénon equation,
thatis,1 <o < % is an integer, in a bounded domain with an isolated singularity in this paper.
Our result provides a blow up rate estimate and show that the solution of (1) is asymptotically
radially symmetric near an isolated singularity, which is consistent with 0 < o < 1.

Theorem 1.1 Suppose that 1 < o < % is an integer, and u € C2°(B1\{0}) is a positive
solution of (1).
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(i) If 20 <, n”_"'ztd <p< :f%g and

(=A)"u=>=0 in BI\{0}, m=1,2,---,0—1, 2

then there exists a positive constant C = C(n, o, T, p, ) such that

T+p—1

20+t _ 20+
=T |Vu(x)| < Clx|” P near x =0.

u(x) < Clx|~

(i) If 20 <1t <0, % <p< % and the solution satisfies (2), then

u(x) =u(lxD(L+ O(x])) asx—0,
where u(|x|) := JCS" u(|x|0)dé is the spherical average of u.

The main idea of our approach is to carry out blow up analysis to get the blow up rate
estimate near the isolated singularity, and by the method of moving spheres to study the
asymptotically radially symmetric as in Caffarelli-Jin—Sire—Xiong [4] for the fractional Yam-
abe equation 0 < o < 1. The method of moving spheres has become a very powerful tool
in the study of nonlinear elliptic equations, i.e. the method of moving planes together with
the conformal invariance, which fully exploits the conformal invariance of the problem. It is
known that one of the conformal invariance, i.e. the Kelvin transform of u defined as

R Poy-n)
”"’“”:(ly—n) ”(” |yy—x|2) "R

with 4 > 0, x € R”, plays an important part in our proof. On the other hand, the sign
conditions (2) will ensure the maximum principle and are essential for applying the moving
spheres method. However, in our local situation (1), the sign conditions (2) may change when
performing the Kelvin transforms. Inspired by a unified approach to solve the Nirenberg
problem and its generalizations by the authors Jin—-Li—Xiong in [7], we shall make use of
integral representations. In details, we first prove |x|"u” € LY(B)) under the assumptions of
Theorem 1.1, and then we can rewrite the differential equations (1) into the integral equation
involving the Riesz potential

L)
u(x):/ DTD) 4y by in Bi\(O),
B |.X - Y|" 7

where 1 € C!(By) is a positive function. As a result, we just need to study the integral
equation.

This paper is organized as follows. In Sect. 2, we shall show that (1) can be written as
the form of (3), and then give some results about the integral equation, which implies that
Theorem 1.1 follows from these results. In Sect. 3, we prove the upper bound near the isolated
singularity for the solution of (3), and the asymptotic radial symmetry will be obtained in
Sect. 4.

2 Proof of the main results

For0 <o <3,-20 <t,p>luc C(Bi\{0}), and |x|*u”(x) € L'(By), before that we
consider the integral equation involving the Riesz potential

L)
u(x):/ %dwhm in By\{0}, 3)
B |X - }’|

@ Springer



201 Page4of19 Y.Li

where h € C1(B)) is a positive function, otherwise we consider the equation in a smaller
ball. About the integral Eq. (3), we shall first show some results, which will recover our
previous work [11] for the fractional Yamabe equation 0 < o < 1, and the proof will be
given later in Sects. 3 and 4. Now we first introduce the upper bound of the positive solution
near the singularity.

Theorem 2.1 For —20 < 1,1 < p < Ztgg, suppose that u is a positive solution of (3),

then there exists a positive constant C = C(n, o, T, p) such that

+r+p—1

20
, IVu)| = Clx|” 77 near x =0. 4)

_ 2041
u(x) < Clx| »-t

One consequence of the upper bound of the solution near the singularity in Theorem 2.1 is
the following Harnack inequality.

Corollary 2.2 Assume as in Theorem 2.1, then for all 0 < r < %, then there exists a positive
constant C independent of r such that

sup u<C inf u.
B3, 2\ B2 B3r/2\Br2

The following theorem shows the asymptotic radial symmetry of the positive solution near
the singularity.

Theorem 2.3 For —20 <1 <0, n”_"'zfa <p< % suppose that u is a positive solution
of (3), then

u(x) =u((xP(1 4+ O0(x))) asx —0,

where u(|x|) := JCS" u(|x|0)dé is the spherical average of u.

Next we shall show that we can rewrite the differential Eq. (1) into the integral Eq. (3)
involving the Riesz potential, which implies that Theorem 1.1 follows by Theorems 2.1 and
2.3.

2.1 Proof of Theorem 1.1
To prove Theorem 1.1, we first need the following proposition.

n+t

Proposition 2.4 Suppose that 1 < o < 5 is an integer, T > —20, p > ;= and u €

2
C29 (B1\{0}) is a positive solution of (1), then |x|"u? € LY(By).

Proof Let n be a smooth function defined in R satisfying n(z) = 0 for |7] < 1, n(¢) = 1 for
[t] > 2,and 0 < n(t) < 1forl1 <t < 2.Forsmall ¢ > 0, let p.(x) = n(s‘1|x|)‘1 with
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q= %. Multiplying both sides by ¢, (x) and using integration by parts, we have
A=Ay
/ X" uf g = / u(—=A)7 @e +/ ¥ds
B B 9B v
<Ce 2 / un(e x4 + C
e<|x|<2e
1
= Cs_z"f upd +C
e<|x|<2e
1 T
—ce ™ [ lugl T
e<|x|<2e
T T L
<Ce™ 0 / Ix|?upl +C
e<|x|<2e
g Tap_n P
< Ce 2t ( |x|Tupg08> +C.
By
Since p > n”jzfr , we have
/ |x|Fu? </ lx|*uP . < C.
2e<|x|=<1 By
By sending ¢ — 0, we obtain
/ |x|*u? < C.
By
Thus, we complete the proof. O
Next, we return to prove thatif u € C 20 (E\{O}) is a positive solution of (1), then
‘L’up
u(@) = B, a)f DIWEO) 4 4y, ®)
B, |x — y["=
with
(n—2(r)
B(n,o0) = —— 21
( ) 2207.[”/2[‘(0)

where I' is the Gamma function, and /4 is smooth in B, and satisfies (—A)°h; = 0in B,. As
a result, we can finish the proof of Theorem 1.1 by Theorems 2.1 and 2.3. For the purpose,

we recall the green function of —A on the unit ball is

1 ) x 2—n
Gi(x,y) = ——— [ Ix = yI"7" = | — — Ixly for x,y € By,
(n —2)wy—q

|x|
and
9 1—|x|?

Gi(x,y)= ——  for x € By, y € 9By,

Hi(x,y) =
3Vy Wy—1lx — y|"

where w,,_1 is the surface area of the unit sphere in R”. Define

Go(x,y) = / Gi(x,y)G1(y1,y2) - G1(Yo—1, ¥)dy1 - - - dyo_1,
B]><~~-><B]
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then we have
Go(x,y) = B(n,0)|lx —y[* " + Ay (x, y),

where A, (-, -) is smooth in B} x By. For2 <i < o, define

Hi(x,y) I=/ Gi(x, yDG1(y1,y2) - - G1i—2, Yi—)H i1, y)dy1 - - - dy; 1.
By x--xBj

Proof of Theorem 1.1 We can suppose that u € C2 (B1\{0}) and u > 0 in By, otherwise we
just consider the equation in a smaller ball. By the above argument, we know that we only
need to obtain (5), then we can finish the proof. To prove (5), let

v(x) ::/B Gg(x,y)|y|fup(y)dy+Z/BB H;(x, y)(=A)7 " u(y)dSy,
1 i=1 1

and
wi=u—v.
Then
(=A)w =0 in Bj\{0}.
Combining with |y|“u” (y) € L'(By) from Proposition 2.4 and the fact that the Riesz potential

ly
can choose p > 0 such that f Ba, [¥|*uP (y)dy < e. Then for all sufficiently large 1, we have

n
|20 —n , #), v e L) (By) N L'(By). Moreover, for every & > 0 we

is weak type (l

xe€B,:|vx)| > A| < < C(n,a)gk—ﬁ_

TP A
xeB,: Go(x, Y)Iy|*ul(y)dy > 5
2,

Bap

Hence, w € Lﬁ(Bl) N LY(B)) and for every ¢ > 0 there exist p > 0 such that for all

e

sufficiently large A,

x € B, lwkx)| >A| <

A
xeszlu(x)|>§‘+

A
x € By |v(x)| > 5‘

It follows that
lx € B, : [wx)| > 1| < C(n,0)er 7% .

By the generalized Bocher’s Theorem for polyharmonic function, (—A)°w(x) = 0 in Bj.
Sincew = Aw = --- = A° lw = 0o0n dB;, w = 0 and thus u = v. Since —Au > 0
in B1\{0}, and u > 0 in Bj, we know from the Maximum Principle that ¢y := infp u =
mingp, u > 0. By |y|"u?(y) € LY(B)), we can find that r < % such that for x € B,,

ci
/ [Ag (x, WIIy[Tu? (y)dy < >
Br

then

[y[Fu?(y)

u(x) = B(n,a)/ 55 dy + hi(x),
B, lx —y|"™=°
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where

hi(x) :/B Aa(x,y)lylfu”(y)der/ Go (x, WIyITu? (y)dy

1 T

o
+D 0 HiG (=AY T u(y)ds,.
i=1 dB;

Hence, we have for x € B,,

C1

() —5+f83 Hi(x, yu(y)dS,
1

%

C1 . 1
> ——+infu = —.
2 B

On the other hand, 4 is smooth in B, and satisfies (—A)?h; = 0 in B,. We complete the
proof. O

3 The upper bound near the isolated singularity

In this section, we shall give proofs of Theorem 2.1 and Corollary 2.2 respectively. The
following we start our proof.

3.1 Proof of Theorem 2.1

First, we recall the Doubling Property [15, Lemma 5.1] and denote Bg(x) as the ball in R"
with radius R and center x. For convenience, we write B (0) as Bg for short.

Proposition 3.1 Suppose that 9 # D C ¥ C R", ¥ is closed and T = X \ D. Let
M : D — (0, 00) be bounded on compact subset of D. If for a fixed positive constant k,
there exists y € D satisfying

M (y)dist(y, I') > 2k,
then there exists x € D such that
M(x) > M(y), Mx)dist(x,I") > 2k,
and for all z € D N By p—1,)(X),
M(z) <2M(x).

Next, in order to prove Theorem 2.1, we start with the following lemma.

Lemma3.2 Letl < p < Zf%g, 0 <« < 1andc(x) € C?>*%(By) satisfy

lell ez < Cro ¢x) = Ca in By ©)

for some positive constants C1, Cy. Suppose that h € c! (By) andu € C2“(Bl) is a nonneg-
ative solution of

u(x) :/ LMD by i By %
B |X - )’|n 7
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then there exists a positive constant C depending only on n, o, p, C1, C2 such that
—1 p—1
()% + |Vu(x)| 75T < C[dist(x, 8B))]"" in B.

Proof Arguing by contradiction, for k = 1,2, - - -, we assume that there exist nonnegative
functions uy satisfying (7) and points yx € By such that

p=1 _p=l X _
luk ()| 77+ [Vug (yo)| 771 > 2k[dist(yk, dB1)] . ®)
Define
p-1 ol
My (x) := lug(x)] 27 + [V (x)| r20-1,
Via Proposition 3.1, for D = By, I' = 9 By, there exists x; € By such that
My(xk) > Mi(yk), My (xx) > 2k[dist(xy, dB1)]™" > 2k, )

and for any z € By and |z — x¢| < kMk_l(xk),

M (z) < 2Mi (xg)- (10)
It follows from (9) that
A = M;l(xk) — 0 ask — oo, an
dist(xg, dB1) > 2kAg, fork=1,2,---. (12)
Consider
20 20

we () i= A0 u O+ ey), v i= A0 (e + Ay)  in By

Combining (12), we obtain that for any y € B,
1
Xk + Aky — xil < Mlyl < Ak < Edist(xk, dB1),
that is,

X+ ey € Bidistey.am) (0 C B

Therefore, wy is well defined in By and
p=l p=l
lwe (W) 207 = Aglug (xk + Agy)| 2o,
=1 _p=1
[Vwr(P)[2+P~1 = A [Vug (x + Agy)[2ep-L
From (10), we find that for all y € By,
=1 p—1 p—1 p—1
[ug Cex + )27+ [Vig (g + A )1 207771 < 2 Jug () |27 + [Vug () | 772071 )
That is,
p-1 ol
lwe (W] 22 + [Vwr(p)[2oFP~1 < 204 My (xx) = 2. (13)

Moreover, wy satisfies

p
wy (x) :/ Mdy + vr(x) in By, (14)
B X =y
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and
p—1 n—1
Wk OF + [Vwg(0)| 7T =1,
where ¢ (y) := c(xx + Ary). By (11) it follows that

lvkllcr g,y — 0.
By condition (6), we obtain that {cy} is uniformly bounded in R". For each R > 0, and
for all y, z € Bg, we have

IDPer(y) — DPer ()| < CiAl Iy — 21" < Cily — 2%, 181=0,1,---,20

for k is large enough. Therefore, by Arzela-Ascoli’s Theorem, there exists a function ¢ €
C20 (R"), after extracting a subsequence, ¢y — ¢ in C120‘Z (R™). Moreover, by (11), we obtain

lek(y) —cr(z)] — 0 as k — oo. (15)

This implies that the function ¢ actually is a constant C. By (6) again, ¢y > C2 > 0, we
conclude that C is a positive constant.
On the other hand, applying the regularity results in Section 2.1 of [7], after passing to a

subsequence, we have, for some nonnegative function w € Clzof (R™),
wy — w in Cpp (R")

for some o > 0. Moreover, w satisfies

CwP
wx) = / _CwTD) g R (16)
Re |x — y|1=%0
and
p—1 p—1
WO +|Vw ()= 7T =1.
Since p < Zf%g, this contradicts the Liouville-type result [16, Theorem 1.4] that the only
nonnegative entire solution of (16) is w = 0. Then we conclude the lemma. ]

We now turn to prove Theorem 2.1.

Proof of Theorem 2.1 For xo € Bj,2\{0}, we denote R := %|x0|. Then for any y € By, we
[xol

have 5 < |xo + Ry| < 3‘)260', and deduce that xo + Ry € B1\{0}. Define

20+T 20+t
w(y) := R 7 u(xg + Ry), v(y):=R 1 h(xo+ Ry).

Therefore, we obtain that

weo = [ EPE gy uw) i By
B |X _Y|

where ¢(y) := |y + %|. Notice that
l<‘y+x—0‘<3 in E
R
Moreover,

”C”C3(FI) <C, c(y)= 372 in B.
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Applying Lemma 3.2, we obtain that

p— —1
WwO)|'F + [Vw ()| 75T < C.

That is,
2047 p-1 2047 4 p-1
(R 7T u(xp)) 22 + (R »=1 " |Vu(xp)]) r+2-1 < C.

Hence,

_ 2047 _ 20+t

u(xp) < CR »' <Clxo| »1,
_ 20+4t+p—1 _ 20+4t4p-1
[Vu(xp)] < CR 71 < Clxo| 7!

Then Theorem 2.1 is proved by the fact that xg € By, \ {0} is arbitrary. O

3.2 Proof of Corollary 2.2

Using the upper bound, we shall prove the Harnack inequality.
Proof of Corollary 2.2 Let
204t 20+t
w) :=r - Tulry), v(y):=rrT1h(ry),

then

TP
weo = [ PEEELdy o0 in B\(0)
B]/r |X - y|

Theorem 2.1 gives that there exists a positive constant C such that
w(x) < C in By\Bj/io.

For z € 9By, let

IyI"w? (y)
B1/r\Bo/10(2) lx — ¥l
For x1, x2 € By,2(2),
TwP
(x)) = TPy
8 n—20 Yy

B1/r\Bo;10(2) lx1 — I
_/ lxa — y"727 |y|"wP(y)
B1/-\Bo;10(2) |xi — y|"720 |xp — y|*—20

< (7) / Drere)
\2 Bi/\By/10(z) lxy — y|n=20

7 n—2o0
= (5) g(x2).

Hence, g satisfies the Harnack inequality in By 2(z). Since i € C!(By) is a positive function,

there exist a constant Cy > 1 such that maxz——=v < Cpmingz—— v. On the other hand,
) Bi,2(2) Bi12(2)

we can write w as

[y[Tw? (y) .
wx) = / DI 4yt gy 400 in Bijaca),
Bo/10(2) lx =yl
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then from Proposition 2.2 in [7] we conclude that

sup w <C inf w.
Bi)2(2) Bi2(2)

A covering argument leads to

sup w<C inf w.
B32\Bi)2 B3o\Bi2

We complete the proof of Harnack inequality by rescaling back to u.

4 Asymptotical radial symmetry

Last, we give a proof of the Theorem 2.3 for completely.

4.1 Proof of Theorem 2.3

Proof of Theorem 2.3 Assume that there exists some positive constant ¢ € (0, 1) such that

forall0 < A < [x]| <&,y € B3\ (Bi(x) U{0}),

ux . (y) < u(y),

n—2o0 2 _
Uy (y) = < * > u(x—i—L);)).
ly — x| ly — x|

Letr > 0 and x1, xp € 9B, be such that

where

u(x)) = maxu, wu(xy)=minu,
B 3B,

r r

and define
e(x1 — x7) e £
= — A= 7( — 7).
X3 X1+ pTEp—— 1 [x1 — x| + 1
Then
e(x1 — x7) £
= —_— | < —-.
|x3] X1+4|x1_x2| sr+y

Via some direct computations and |x |2 = |x2)? = r2, we find that

2

P € e(x1 — x2)
ool -4 §) -+ 222
|x3] 1 [x1 — x2| + 2 X+ pTET——y
2 _ 2
_elnPmP) L
4|x1 — x2|
which follows from this and (18) that A < |x3] < & by choosing r < %6.

It follows from (17) that

Uy (X2) < u(x2).

a7

(18)
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Since
e(x2 — x1 X2 — X1 &
X2 —x3=x2 — x| + ( ) _ (le—X2|+*),
Axp —xal  xp —x2| 4
then
)
[x2 = x3] = |x; — x2| + —,
4
X2 —X3 X2 — X1
2= x5 x—xl(lx —xl+5)
and
My —x3) el —x1)
lxz — x312 4lx1 — x|
Hence,
A n—20 22 (x2 — x3)
Uxz 2 (X2) = (7) u <x3 + 72>
[x2 — x3] [x2 — x3]
s n=20 () — x1)
= = u\xs3 + DT
[x1 —xal + 3 4lx1 — x2|
A n—20
= — u(.xl).
(lxl —x2| + i)
On the other hand,
A n—20 u(xy) u(xy)
Uyy, (X2) = (m) u(xy) = et s n—20 >
— = _ 2 r
q <4\x18 x| + 1) 2 (? + l) 2
then

n—2o0

u(xp) < (8;’ + 1) s 1 (02) < (14 Cr) " 2% u(xa),

for some C = C(g). That is,

rglaxu < (1 +Cr)r;1inu.

r r

Hence for any x € 0B,,

w0 g mon
u(|x|) mingp, u
_u(x) s mingp, u . - _cr
u(|x|) maxjyp, U 1+ Cr
In conclusion, we have
_u(x) — 1’ <Cr.
u(lxl)

It follows that
u(x) =u(|x)D(1+ 0O()) as x — 0.

Therefore, in order to complete the proof of Theorem 2.3, it suffices to prove (17). O
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4.2 The proof of (17)

20+t 20+t
Replacing u(x) by r =T u(rx) and h(x) by r =T h(rx) forr = % we can consider the Eq.
(3) in B3 for convenience, namely,

TP
un= [ D g ihey i By, (19)
By ly — 272
2/3

with i € C! (B3,2) is positive and |VInh| < C in B3/;. Moreover, if we extend u to be
identically O outside B3/2, then (19) can be written as

T,
un = [ nly'z'_”%dzm(y) in By\(0).

Forall 0 < |x| < %6 and A > 0, it is a straightforward computation to show that

() / ( & )"* kx,k‘ruﬁ’kmd +hep(y) in By
u = Z n AN
x, Y o \z — x| ly — 2|20 x, Y 3/2

2
)‘Iz(f;lé),p* :=n+20 — pn-—20), Bg/é‘ = {yx1, ¥ € B3} Itfollows

where z, ; = x +
that

A\ .
u(y)—ux,x(w:/ K(x. A y,2) |z|fu"<z)—< ) |zxa| uy ;@)
|z—x|>=A |Z—)C|

+h(y) — hy 2 (),

1 A n—2o 1
K(x,A;y,2) = —( )

ly —z|n=2 ly — x| |y —z[P=20

where

On the other hand, since & € C! (B3,2) is positive and |[VInh| < C in B3, then by [8,
Lemma 3.1], there exists ro € (0, 1/2) depending only on n, o and C such that for every
x € Byand 0 < A < rg there hold

hya(y) < h(y) in B3p. (20)

The aim is to show that there exists some positive constant ¢ € (0, r9) such that for |x| < ¢,
A € (0, |x]),

Uux . (¥) = u(y) in B3pp\(Bi(x) U{0}), 2
thatis (17).

4.3 The proof of (21)

To prove (21), for fixed x € By;16\{0}, we first define
00 == sup {0 < i < [x| | u s () < u(y)in B3pp\(Br(x) U{0)), VO < i < u},

and then show A(x) = |x|.
For sake of clarity, the proof of (21) is divided into three steps. For the first step, we need
the following Claim 1 to make sure that A(x) is well defined.
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Claim 1 There exists Ag(x) < |x]| such that for all A € (0, A¢(x)),
uy 3 (y) <u(y) in B3;\(B;(x) U {0}).
Second, we give that

Claim 2 There exists a positive constant ¢ € (0, ro) sufficiently small such that for all |x| < &,
A € (0, |x]),

ux(y) <u(y) in B3p\Bya.
Last, we are going to prove that
Claim 3
A(x) = |x].

Proof of Claim 1 First of all, we are going to show that there exist p and Ao(x) satisfying
0 < Xo(x) < p < |x| such that for all A € (0, Ao(x)),

ux(y) <u(y) in By (x)\B(x). (22)
Then we will prove that for all A € (0, Ao(x)),

wea () S u(y) in Bsya\ (B, U(0)). (23)
Indeed, forevery 0 < A < u < %|x|, we have

IVInu| < Co  in Biya(x).

Thenforall0 <r < u := min[%, "{CZOG},H e sn 1

d n—20 n—=20 _

—(r p u(x+r9))=r 2 lu(err@)(

—r

2 u

n—2o Vu -6
dr

n=20 _| n—2o
>y 2 u(x +r0) > — Cor | > 0.
Forany y € B, (x),0 <X < |y — x| < u, let
y—Xx e
= o=y —xl, n=———r.
ly — x| ly — x|
It follows that
n—2o0 n—2o
ryt u(x+rb) <r? ulx+r0).
That is (22). By Eq. (3), we have
u(x) > 42"’”/ [yI*uf (y)dy =: C1 > 0, 24)
B3

and thus we can find 0 < Ag(x) < w such that, for every A € (0, Ao(x)),

w () = u) in Bsa\ (Bu (U (0)).

that is (23). O
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Proof of Claim 2 For% <ly| < % and0 < A < |x] < %,we have

1
ly =xI = Iyl = Ix[ = 2 > Ix].

Hence
A2y —x 2
‘ij <lol+ 2 oy,
ly — x| ly —x
and
220y — 2
lx-i—(y D) s - S K
ly — x| ly — x| 2

It follows from Theorem 2.1 that

)\2 — X _ 2041
u<X+(y72)>§C|x| Pl
ly —x

Thus, for0 < A < |x| < %, % <|yl < %, we conclude that

ly — x|
)\n—2(7|x|_2;,7%]r (25)

p(n—20)—n—t p(n—20)—n—t

lx| 7T <Clg| »T

A n—2o _ 20+t

Uuxx(y) < (7) Clx| rT
C
C

=<

Since n”jiy <p< %, we have W > 0. Then by (24), ¢ > 0 can be

chosen sufficiently small to guarantee that forall 0 < A < |x| <& < rp and % <Pl =5,

n—20)—n—1t

e () < Clel T < u(y). (26)

[m}

Proof of Claim 3 'We prove Claim 3 by contradiction. Assume Ax) < [x| <e<n for some
x # 0. We want to show that there exists a positive constant g € (0, W) such that for

A e (Mx), A(x) +79),
ux(y) <u(y) in Bzp\(B(x) U{0}), 27

which contradicts the definition of 1(x), then we obtain A(x) = |x|.

By the Claim 2, it is obviously to obtain that (27) in B3>\ B,4. Next, we need to consider
the region By 4\ (B (x) U {0}).

It is a straightforward computation to show that for every Ax) <A< x| <o,

T..D )“ [7* T )4
u(y) — ux 2(y) = K(x, iy, 2) | lzI7uf () — |zeo | u? , (2)
B12\B.(x) |z — x| '

+ T, A, y),
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where (20) is used in the above inequality and

*

A\ .
K(x, % y,2) Izlfu”(z)—< ) |2xa|"uy (@) ) dz
lz — x| ’

J(x,h,u,y) :=/

B3/2\Bi2

A\
_/ K(x’)"5 Y, Z)< > |Z)C,}L’I Mfyk(Z)dZ.
BS), lz — x|

It follows that

sy = [ K2kl (0@ - il @) dz
B3/2\Bi2

—/" K(x, 2y, 2zl ul ; (2)dz.
B5 )

By (24) and (25), we have

3\" » p=20)—n—z\ P
J, hu,y) > o / K, A y,2)| Cp — [ Clel  »T dz
2 B3/2\Bi2
3 T |x| n—2o Yot p
- (*) / K(x,A;y,2) ( ) |x|” »-1 dz.
2) Jgg, |z — x|

: n+t n+20+42t p(n—20)—n—t
Since ;=5 < p < 555, we have . 0. Then ¢ > 0 can be chosen

sufficiently small to guarantee that

cl [/3\"
J(x, au,y) =L (*) / K(x, X\ y,2)dz
2 2 B32\Bi2

3 T p(n72a)17n7r K )L 1 d
— | - P— . S
5 le| - (x,2;y,2) 2= 2 4*

.
3/2

cl /3\°
>—L <7> / K(0,%;y —x,2)dz
2 2 B23/16\9/16

3\" /16?72 pu20)nr
_ <,> <7> le| »1 / K, Ay — x, 2)dz,
2 7 B

33/16
Indeed, since for |y — x| = A < %,
KO, Ay —x,2) =0,
and for |z| > %, ly — x| = A,
(=2 - VyK (O, &y =x,2) = (0 = 20)|y —x[*7 " 72(Iz — |y = x*) > 0.
Using the positive and smoothness of K, we have

Sily —xI =2 _ Sa(ly —x[—4)

KO, Ay —x,2) < | (28)
y

y—x e = mrT

fori(x) <A <|y—x| < |x|+% < 15—6,% <|z] <M < 400, where M and 0 < §; < 8, <
+o00 are positive constants. If M is large enough, then

0<c<(y—x) Vy(ly —x""2K(0, Ay —x,2)) < c3 < +00.
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Thus, (28) holds for [z > M, x(x) <A < |y — x| < |x| + 1.
With the help of it, for y € By4\(B;.(x) U {0}), there exists positive constants C> and C3
such that

Ci (3\° 1) —x| =X
T, hu,y) =— (*) / l(|y—|,,_2(),dz
2.\2 B23/16\9/16 ly —x —z
<3>r (16>p(n—2g) | |,,(,,7ig)lfnff / S (ly — x| —A) 4
o — e - ——dz
2 7 By 1Y — X — 2"

n—20)—n—t

Jt
>Co(ly — x| =2) = C3(ly —x[ = M)le| 77!

For ¢ sufficiently small, we have
G
J(x, hu,y) > T(Iy —x|—=2).

It follows that we can choose € € (O, W) such that for every Ax) <A< A(x)+7,
and y € By4\(By.(x) U {0}),

p*
K(x,A;y,2) (Izlfup(z) — < * > |22 | ufyk(z)) dz

|z — x|

Uy — iy (y) = /

Bi/2\B.(x)

> / K(x, Ay, 2)lzl" (u"(z) - u?;\(z)) dz.
B2\ By (x) '
So Claim 2 gives that

w0 =)= [ K@kl (0@ - ul @) dz

Bi/4\By.(x)

+/ K(x, 2y, 2)zI° (u”(z)—ufﬂz)) dz
Bi/2\Bs;16
> Ky 2l () @ =l @) dz
/31/4\BA(X) XA XA
+2T./ K(x,Ay,2) (u”(z)—u?ﬂz)) dz
Bi12\Bs;16
2—4*’/ K (x, A; y,z)‘u"- (z) —ul (z)‘dz
Bija\B,.(x) ) o
+2ff K, 23,0) (@) =l ) dz.
Bi/2\Bs/16

Since lullcs; @) = C, it follows that there exists some constant C > 0 such that for

any A(x) < A < A(x) + 7%,z € Bia\Bx(x),

uf 5 () —ui, ()] < CO =) =< CE.

Moreover, for z € By/2\Bs/16, there exists some constant C; > 0 such that

u?(z) — uf ,(z) = C.
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Hence, we have

u(y) —uxi(y) = —C8[ K(x, 2 y,2)dz+ C / K(x, 1y, 2)dz
Bi/4\B(x) B1,2\Bs/16
z—CE/ K(x,A;y,z)dz+C1/ K0,y —x,z)dz.
Bi/4\By(x) B7/16\B3/8
On the other hand, since
/ K(x,A;y,2)dz 5/ KO, 1y —x,2)dz
B4\ By (x) Bs;16\B;.

=C(y =xl=2),

and

S1(ly — x| — 2
/ K©O,2y —x,2)dz > 1(|y—x|n_2()7
B7/16\B3/8 y—x =z

Then we can choose # sufficient small such that for A(x) < A < A(x) +7,
uc () <u(y) in Biua\(Bi(x) U{0}).

Combining Claim 2, we get a contradiction and then we finish the proof. O
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